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There are many applications in gauge theories where the usually employed framework involving
gauge-dependent Green’s functions leads to considerable problems. In order to overcome the diffi-
culties invariably tied to gauge dependence, we present a manifestly gauge-invariant approach. We
propose a generating functional of appropriately chosen gauge-invariant Green’s functions for the
bosonic sector of the standard model. Since the corresponding external sources emit one-particle
states, these functions yield the same S-matrix elements as those obtained in the usual framework.
We evaluate the generating functional for the bosonic sector of the standard model up to the one-loop
level and carry out its renormalization in the on-shell scheme. Explicit results for some two-point
functions are given. Gauge invariance is manifest at any step of our calculation.

PACS number(s): 11.15.Bt, 11.15.Ex, 12.15.-y

I. INTRODUCTION

The concept of gauge symmetry has played an important role in the development of quantum field theory and
particle physics. Nevertheless, most practical calculations in perturbation theory are done by fixing a gauge at the
beginning and using gauge-dependent Green’s functions ,E] Gauge dependence manifests itself only in the off-shell
behavior of these Green’s functions. Their pole positions and residues, i.e., particle masses, decay widths, and S-
matrix elements, are gauge-independent. As long as one is only dealing with physical, and therefore, gauge-invariant
quantities there seems to be no reason why the gauge symmetry should be manifest throughout the whole calculation.

There are, however, situations where one is interested to gain information from off-shell quantities or where one
is forced to deal with them. For instance, problems with the gauge-dependent approach arise when one is dealing
with finite width effects of unstable particles, which is relevant for W-boson production at the CERN e*e™ collider
LEP2 or at future colliders [E] Another example are the oblique parameters S,T,U [H] which parametrize effects
of new physics on the vacuum polarization of the electroweak gauge bosons and which are defined through gauge-
dependent self-energies. Off-shell information [E] is also used to investigate the electroweak phase transition where
one is studying the effective potential at finite temperature. In the context of effective field theories one encounters
gauge-dependencies [E], if one includes electromagnetic effects [ﬁ] in chiral perturbation theory [E} Another example
where a gauge-dependent framework causes considerable complications is the matching of a full and an effective
theory. As pointed out in Refs. [E,E], there are some subtleties involved concerning gauge invariance, if the matching
is performed at the level of gauge-dependent Green’s functions.

Several attempts have been made in order to solve these problems with gauge-dependencies in different applications.
For instance, the fermion loop scheme [EI] was developed to treat unstable particles in W-pair production. The pinch-
technique [@,B] was used to define quantities S,7T, U which are independent of the gauge-parameter . Another
approach to improve the properties of Green’s functions with respect to gauge transformations is the background field
method [[L§] which was applied to the standard model in Ref. [L].

The techniques employed differ in the degree with which the symmetry properties are manifest. All these approaches
work within the usually employed gauge-fixed framework and try to improve the properties of Green’s functions with
respect to the gauge symmetry. Instead, we proposed a manifestly gauge-invariant functional approach in Ref. ]
which is better suited for the applications we have in mind. It deals from the beginning only with Green’s functions
of gauge-invariant operators. We first applied our method to an effective field theory analysis of the Abelian Higgs
model. Later we showed how one can treat charged particles with this new method in a manifestly gauge-invariant
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way []E] This was done by a detailed comparison of QED in our approach with the conventional, gauge-dependent
method. The extension to the electroweak standard model was briefly sketched in that reference as well.

In the present paper we discuss the application of our method to the non-Abelian case in full detail. Generalizing
the functional methods developed in Refs. ,IE,E] we construct a generating functional for appropriately chosen
gauge-invariant Green’s functions for the bosonic sector of the standard model at the one-loop level. This is done
by coupling external sources to gauge-invariant operators in such a way that the sources emit one-particle states of
the Higgs boson, the W- and Z-boson and the photon. Due to the manifestly preserved gauge symmetry in our
approach, the generating functional and the corresponding Green’s functions automatically exhibit useful physical
properties. In the usual approach to gauge theories these properties have to be imposed by specific renormalization
conditions or by employing Ward identities. Finally, we show how one can extract physical quantities like masses,
coupling constants and S-matrix elements from these gauge-invariant Green’s functions. Since the external sources
emit one-particle states, the gauge-invariant Green’s functions lead to the same S-matrix elements as those obtained
in the usual framework. In a first step we have not included fermions in our analysis. In principle, the treatment
of fermions is straightforward in our approach. The corresponding source terms have been written down already in
Ref. L.

Because we couple sources only to gauge-invariant operators it is possible to calculate the generating functional and
the corresponding Green’s functions without fixing a gauge in the path integral [E,E] At tree level we can solve the
equations of motion for the physical degrees of freedom and define their propagators. The manifestly gauge-invariant
method generalizes to the one-loop level where no Faddeev-Popov ghost fields appear. We note that the propagators
which enter loop diagrams are not identical to the ones in unitary gauge in the usual framework. Therefore, the
Green’s functionsﬂ of our gauge-invariant operators have a decent high-energy behavior and the renormalizability of
the theory is clearly visible. This is due to the fact that the Goldstone boson modes are still present in the loops.
We will discuss the renormalization of the theory in the presence of external sources in detail, using dimensional
regularization and employing heat-kernel techniques.

In the present work we concentrate on the development of a gauge-invariant functional approach to the symmetry
breaking sector of the standard model in the spontaneously broken phase, thereby laying the theoretical foundations.
A first application of our gauge-invariant method can be found in Ref. [@] where we have performed a detailed
analysis of the electroweak chiral Lagrangian , which describes the low-energy structure of a strongly interacting
electroweak symmetry breaking sector. In Ref. [@] we have studied two issues related to gauge invariance where
the usual approach with gauge-dependent Green’s functions leads to considerable problems. In particular, we have
determined the number of independent parameters in the effective Lagrangian by making use of the equations of
motion to remove redundant terms. Furthermore, we have evaluated the effective Lagrangian for the standard model
with a heavy Higgs boson. The calculation was performed by matching gauge-invariant Green’s functions in the full
and the effective theory at low energies.

Finally, we would like to stress that the construction of the generating functional is done in such a way that the
gauge symmetry is manifestly preserved at any stage. In this respect our method differs from the treatment of
charged particles as proposed in Refs. [@,@], although the starting point for the choice of gauge-invariant fields is
very similar. We note that there are other attempts in the literature to define gauge-invariant and gauge-independent
Green’s functions in field theories, for instance the Vilkovisky-DeWitt effective action [23]. Another method which
naturally deals with gauge-invariant objects is of course lattice gauge theory [@]

This paper is organized as follows: In the next section we discuss our choice of gauge-invariant operators and the
corresponding external sources which emit one-particle states of the bosons. Then we define the generating functional
for the Green’s functions. In Sec. we evaluate the generating functional at tree level. In particular, we discuss
the solutions of the equations of motion for the physical degrees of freedom. In Sec. m we calculate the generating
functional at the one-loop level in such a way that the gauge symmetry is manifestly preserved throughout. The result
encodes all one loop effects of the theory. In Sec. [V| we discuss the renormalization of the model and determine the
renormalization prescriptions. In Sec. m we calculate the two-point functions for the gauge-invariant operators and
present some properties of these Green’s functions which follow from the gauge symmetry. Furthermore we extract
the electric charge and the masses of the bosons from the relevant two-point functions. Finally, we summarize our
results in Sec. . Some technical details and lengthy expressions which are needed for the calculation can be found
in several Appendices.

'Note that we distinguish between the Green’s functions, like two-point or n-point functions, of gauge-invariant operators
which are obtained from the generating functional and the propagators which appear in the solutions of the equations of motion
at tree level or within loop integrals.



II. THE LAGRANGIAN AND THE GAUGE-INVARIANT GENERATING FUNCTIONAL

The Lagrangian of the standard model without fermions is of the form

1 1 A 1 0 iia 1
L= 5DM<1>TDM<I> - §m2<1>h1> + Z(q)fq))z + @WHVWW + WBWBW , (2.1)
1
where ® = zz denotes the Higgs boson doublet which is coupled to the SU(2)., gauge fields Wi (a=1,2,3) and
the U(1)y gauge field B,, through the covariant derivative
I S |
D, ®=(0,— 17W# — ZEB“ d. (2.2)

Note that we have absorbed the coupling constants g and ¢’ into the gauge fields W and By, respectively. The field
strengths are given by

We, = 0,W — 9, W + e WiW (2.3)

B,, =0,B,-0,B,. (2.4)

The Higgs field ® and the gauge fields W, B, transform under S U(2);, gauge transformations in the following way:
> —-VP, VeSU2),

W, — VYW,V —i(0, V)V, W, = W;}; : (2.5)

and under U(1)y gauge transformations as follows:

> — e—iw/2 P,
B, — B, — 0w . (2.6)

For computational convenience we are working in Fuclidean space-time.

For m? > 0 the classical potential has its minimum at a nonzero value ®® = m?/\ and the SU(2)r x U(1)y
symmetry is spontaneously broken down to U(1)em. Accordingly, the field ® describes one massive mode, the Higgs
particle, and three Goldstone bosons which render the gauge fields W and Z massive. Finally, the spectrum contains
the massless photon. At tree level, the masses and the electric coupling constant e are given by the relations

2,2 20,2 4 12 2 12
2 _ o 2 ar2 _ MG s m(g*+9d7) o g9
MH—2m,MW— I ,MZ—T,G—W. (27)
Furthermore we will use the following definition of the weak mixing angle:
A =cos’ O = M3, /M2, s> =1—c2. (2.8)

In order to have nontrivial solutions of the equations of motion, we furthermore couple external sources to the gauge
fields and the Higgs boson. As discussed in detail for the Abelian Higgs model in Ref. [@] and for QED in Ref. [@,
the appropriate choice of the source terms is crucial for a manifestly gauge-invariant analysis.

The sources will only respect the gauge symmetry, if they do not couple to the gauge degrees of freedom. Otherwise,
one has to impose constraints on the fields in order to solve the equations of motion. Usually, this problem is cured
by fixing a gauge. However, one can also turn the argument around and consider only those external sources which
couple to gauge-invariant operators. As we will see below, such a manifestly gauge-invariant treatment is in fact
possible at the classical level as well as when quantum corrections are taken into account.

In order to write down appropriate source terms we will introduce another set of fields for the dynamical degrees
of freedom which are already invariant under the non-Abelian group SU(2). and, in parts, under the Abelian group
U(1)y as well. It has been known for a long time @«@] that all fields in the standard model Lagrangian can be
written, in the spontaneously broken phase, in a gauge-invariant way up to the unbroken U(1)en,. It is convenient to
use a polar representation for the Higgs doublet field

= “=RU. (2.9)



where the unitary field U, satisfying UTU = 1, describes the three Goldstone bosons, while the radial component R
represents the Higgs boson. Furthermore, we define the Y-charge conjugate doublet

D = ity ®*, (2.10)

and similarly, U = inU*.
We introduce the following operators:

. - 2
V! =id'D,d+idD,d = T-RW!

)
2 Tt & m? 2712
VP =-3'D,®+ D, = T-R*WE,
3 et = . m2 2
Vi =i®'D,& —i0'D,@ = T-R'Z,, (2.11)
involving the gauge boson fields
1 -
Wi =z (UT(D U) - (D#U)TU) , (2.12)
_ 7 ~
Wy == (UT(D 0) — (DU) U) (2.13)
2, =i (UT(D ) ) (2.14)
A, =B, +52,, (2.15)
1 .
Wi = W, F W), (2.16)

which are invariant under the SU(2), gauge transformations from Eq. (R.5). Up to a constant factor the operators Vi
in Eq. (R.11)) correspond to the currents of the global symmetry SU(2)x.
In terms of these composite fields the Lagrangian from Eq. (Ell) reads

1m? m? o1 1w i 1
L& = 5 |OnBiOuR — m?R? + R4+R2 (iju + Zzuzuﬂ + 4—92WWWW + @B,WBW, (2.17)
where
Wi, = 0,V — Wi+ e WIWS | a=1,2,3, (2.18)
WS =Z,+ B, (2.19)

In order to calculate Green’s functions from which we then can extract physical quantities like masses, coupling
constants and S-matrix elements, we have to introduce external sources which emit one-particle states of the Higgs
field and the gauge bosons. In analogy to the Abelian case [LQ,JL] we couple sources to the SU(2) x U(1)y gauge-
invariant operator ®'® and the field strength B,,. For the massive gauge bosons the situation is more involved.
Whereas the field Z, is fully gauge-invariant, the charged gauge fields Wﬁf and the corresponding currents Vf have
a residual gauge dependence under the U(1)y gauge transformations from Eq. (@)

Wﬂf — ejF“"VV:E , VMjE — ejF“*’VMjE : (2.20)

We can, however, compensate this gauge dependence by multiplying the charged fields Wi and VMjE by a phase

factor [PIRJ[I7. In terms of the operators Vi from Eq. (B-11)) we can then write appropriate SU(2);, x U(1)y

gauge-invariant source terms for all the fields as follows:

1
Esourcc

1 1
= = h®'® = DK By + Jio"V) (2.21)

with external sources h, K, and J;j(a =1,2,3). The phase factor in Eq. ) is defined by

o0 = (T [ dyule— ) 0,5,0)) (2.22)



with

0 10
T=|-100], (2.23)
0 00
and
1
Go(z —y) = (el =5 v)- (2.24)

Since the vacuum in the spontaneously broken phase corresponds to the value R = 1, Green’s functions of the field
®td contain one-particle poles of the Higgs boson, whereas those of cp“be have one-particle poles of the gauge bosons
W and Z.

In Ref. [@] it was shown to all orders in perturbation theory that a phase factor ¢ which is defined analogously to
Eq. () does not spoil the renormalizability of QED. Since the proof did not rely on any particular feature of QED,
the same should be true for the present case as well. This is due to the fact that the phase factor only contains the
Abelian gauge degree of freedom which does not affect the dynamics of the theory. Since the operator ®'® and the
currents Vi from Eq. () have dimension less than four, source terms involving these operators do not spoil the
renormalizability either. The reader should note, however, that we do not have a formal proof of renormalizability to
all orders in perturbation theory for the present case. As will be shown below, at the one-loop level everything works
fine and on physical grounds we expect this to happen at all orders.

Green’s functions of the operators in Eq. (ﬁ) are, however, more singular at short distances than (gauge-
dependent) Green’s functions of the fields @, W, and B), themselves. Time ordering of these operators gives rise
to ambiguities, and the corresponding Green’s functions are only unique up to contact terms. In order to make the
theory finite, these contact terms of dimension four need to be added to the Lagrangian which is then given by

ESM = EgM —"_ Z\;O'LII‘CC —"_ EsO'LII‘CC ° (2'25)
The first term in Eq. (:2§) is defined in Eq. (2.17). The second term is given by
/\l 1/\ 1 7> a, a
Esourcc = _§h(I)T(I) - §KMVBNV + J#SD bv,f’ (226)
where
h=h+4dv;JEJ + i J2T7 + 4TI 2.27)
Ky = Ky + cgj (0,7 — 8,J2) — 2icp; (JH T, — T JF). (2.28)
The last term in Eq. (R.25) is defined by
e = = g T = ATV Ty = Ty = o) I + v — ) Ty = )
i _ _ 1
L OuIE ~ TN T = B T+ e (0,07 — 0,TE)0,IF — 8,.T7)
+ 16’UJJ2(JJJM_)2 +4'UJJJJ(JJJU_ + J;J;)Q +CJJ2(JHZJMZ)2
+ Wgazz I IEIE + 205522(T 5T, + I TN IETE
+ cnnh® + comnm®h + den g sh T 4 Aem P I + cnzzh 2 T7 + emzzm®JZT7 (2.29)
where we introduced the quantities
1 .
To =5 widy), JP=J4, (2.30)
duJf =0, FiBL)JF , B =PT.B,, (2.31)
0,0,
PT,, =0, —PLu, PL, = HD . (2.32)

The contact terms in £2, .. will not contribute to any physical S-matrix elements.

For later use we define the following SU(2)r, x U(1)y gauge-invariant fields:



Ve =™V, (2.33)

+
Wi = oTWyr, (2.34)
AL =PT,u Ay, (2.35)
where
#(0) = e (21 [ ot~ 1) 0,B,0)) (2:36)

The projection on the transverse mode in Eq. (2.35) leads to a fully SU(2). x U(1)y gauge-invariant field, since the
SU(2), invariant field A, from Eq. (B.15) transforms under U(1)y as follows:

A, — A, — 0w, (2.37)
i.e. like an Abelian gauge field.
Furthermore we introduce the quantities
VE=WE 4t YE=2,+4JZ, (2.38)
JE=o*JE . (2.39)

The generating functional W [h, K., J;j] for the gauge-invariant Green’s functions is defined by the path integral
et — [ agjo, W, BJe S (2.40)

Note that we still integrate over the original fields &, Wi, and By, in Eq. (R.40). Furthermore, we have absorbed

an appropriate normalization factor into the measure du[®, Wi, B,,]. Derivatives of this functional with respect to
the field h generate Green’s functions of the scalar density ®f®, derivatives with respect to the source K v generate
Green’s functions of the field strength By, while derivatives with respect to Jj; generate Green’s functions for the
currents Kz.

In the spontaneously broken phase, these Green’s functions have one-particle poles from the Higgs boson as well as
the gauge bosons. Thus, one can extract S-matrix elements for the physical degrees of freedom from the generating
functional in Eq. (R.40). Due to the equivalence theorem [R§ these S-matrix elements will be identical to the ones
obtained from those Green’s functions which are used in the usually employed formalism. The presence of the contact
terms in £2 .. in Eq. (.29) reflects the fact that the off-shell continuation of the S-matrix is not unambiguously
defined. Note that this is a general feature of any field theory and not particular to those involving a gauged symmetry.
The continuation we choose here has the virtue of being gauge-invariant.

There is another aspect worth noting. In Refs. [@,@] it was pointed out that the complete screening of the SU(2)r,
charge of the composite fields V' and ®'d can be interpreted as the manifestation of confinement in the electroweak
theory, similarly to the mechanism in QCD. As discussed in Ref. [@] the physically observed particles then correspond
to “mesonic” and “baryonic” bound states of the usual fields that appear in the Lagrangian. To illustrate this point
more clearly, it is useful to include the fermions for a moment. As shown in Ref. [[L']], for up and down type quarks
and leptons one may consider the following composite fields:

VA

m m

which appear in the Yukawa interactions. The interpolating fermion fields

m

VA

ok = —=Rdk,  ®i¢k Ruf,

itk = —Rek,  @fk =

d]Z = Uqulcn U]Z = ﬁqu[c,v

e =utlk, Uk =UNk, (2.42)
are SU(2) -invariant and have the same U(1)y quantum numbers as their right-handed counterparts. The fields ¢}
and ¥ in Eqs. (R.41)) and (.49) are the usual fermion doublets for the quarks and leptons with family index k.

Denoting schematically all doublets (Higgs, quarks, leptons) by ¢, one can interpret the fields built out of ¢f¢’
as “mesons” and the fields ¢’ = —qi€” ¢; as “baryons,” cf. Eq. (-10). The fields q'D,q' and §'D,q" can then be



viewed at as P-wave states of these “mesons” and “baryons.” Thus we have the following “mesons” Rd%, Rek, R*Z,
and ®T®, which correspond for each family k to the physical d—quarkﬁ, the electron, the Z-boson and to the Higgs
boson, respectively. Furthermore, there are the following “baryons” Rulz, Ruf and RQWj, which correspond to the
physical u-quark, the neutrino and the W-bosons. The fundamental fields lf, qf and ® which carry SU(2)-charges
are confined at low energies, i.e. around the electroweak scale, in these “mesons” and “baryons” due to the strong
non-Abelian forces of the SU(2); gauge fields. Therefore the SU(2);, charge cannot be observed in physical states,
similarly to color in QCD. Note that the notions “meson” and “baryon” are convention dependent. In particular, we
use different conventions than those employed in Ref. [26].

Our approach, extending the gauge-invariant treatment to the full group SU(2); x U(1)y, can thus be viewed at
as a well-defined framework for carrying out calculations which involve only those external fields which correspond to
the physically observed particles.

As was pointed out in Refs. [E,E] it is possible to evaluate the path integral in Eq. () without the need to fix
a gauge as will be shown in the following.

ITI. TREE LEVEL
At tree level, the generating functional for the bosonic sector of the standard model is given by

Wemlh, K, J0] = / A% Lom (R, Wb+, 22 AL | (3.1)

where R, wff’i, Zﬁl, and Aff’T are determined by the equations of motion

_ 1 ~
—OR =~ |m’(R* = )+ Yi¥, + 1 ViV7 - h} R, (3.2)
—~d Wk = —MZR? (Wi +47F) £i (P2 + Aw) WE £2 (WIW, - W, W) Wi (3.3)
2 2
02y = PTy, (“MEIR2VZ +T,) + i—Qa#KW T i—QPT,,#S# : (3.4)
0, Ay = $*PT,, T, — €20,K,, — €*PT,,S,, . (3.5)

Furthermore, the equations for the Goldstone boson field U correspond to

R .

4,V = =2V F VWL (3.6)
R

V7 = —2%)}5 —8i(JW, — T W) (3.7)

In order to simplify the notation we have omitted the prescription “cl” in the equations above. In Egs. (@)7(@) we
have introduced the quantities

Vi =TV =Wy 4y (38)
AWy = (0, Fi[Z, +5°Z] - AT]) Wy, (3.9)
Wi, =d W5 —dWr (3.10)
Zuw = 0,2, — 0,2, (3.11)
A = 0p Ay — 00 AL, (3.12)

T, =2Z,(WiW, + WIW.) —4ZWiW, + 2i(WEW, - W, W)
—2i(d WIW, —d W W —d WIW +d W, W), (3.13)

Sy = —vaig JZ (TSI, + T J8) + 2050250

— 20g[i(d, T} — dpJN) T —i(dpd, —duJ)) TS (3.14)

20f course, if we switch on the QCD interactions, the quarks will be confined in hadrons.



The covariant derivatives in d,JF, d yi[, and d#wi, are defined in the same way as in Eq. (@)

Several things about Egs. (@)7(@) are worth being noticed. First of all, only the physical degrees of freedom
enter these equations. The radial variable R which is related to the massive Higgs boson is determined by Eq. (@)
Solutions for the massive gauge boson fields wff, cf. Eq. (£.34), and 2, follow from Eqs. (B.9) and (ﬁ) Finally,
Eq. @) determines the transverse component of the massless photon field AZ. Note that the equations of motion
do not determine the longitudinal component of the photon field and the phase of the gauge boson fields Wf which
correspond to the U(1)y gauge degree of freedom. Even more they do not determine the classical Goldstone boson
field U either, since it corresponds to the SU(2); gauge degrees of freedom. Thus, gauge invariance implies that
these equations have a whole class of solutions in terms of the original fields ®, Wy, B,,. Every two representatives
are related to each other by a gauge transformation. Nevertheless, the physical degrees of freedom are uniquely
determined by these equations of motion. Moreover, since the action is gauge-invariant, the generating functional in
Eq. (@) is uniquely determined as well.

The most important point is the fact that the classical Goldstone boson field U represents the SU(2), gauge degrees
of freedom. Thus, no Goldstone bosons are propagating at the classical level of the theory. All gauge-invariant sources
emit physical modes only. Moreover, Egs. (@) and (g@), which follow from the requirement that the variation of
the Lagrangian with respect to the Goldstone boson field U vanishes, are not equations of motion, but constraints
expressing the fact that the gauge fields mljf, Z,, and A, couple to conserved currents. They can also be obtained by
taking the derivative of the equations of motion for the gauge fields. Note that we have already used the constraints
to bring these equations of motion into the form given in Egs. (@)7@)

In order to solve the classical equations of motion (B.2)-(B.§) we introduce a parameter x which counts powers of
the external sources:

h, K,ulu Jg = O(X) . (315)
From this we get the counting rules
R—1,W; 2, Ay = O(x) . (3.16)

We will see below that this counting scheme is self-consistent.
The solution of the equation of motion for the Higgs field R, Eq. (@), reads, up to and including quadratic terms
in powers of the external sources,

(r= 1)) = [ d'yGute =) (R =319 = VEVE ) )+ [ s Gute ) (h)Gun(y ~ ()

—3m? /ddy Gu(z — 1) (/ d Gy (y — z)h(z)>2 . (3.17)

In order to calculate the two-point functions of the physical fields in Sec. @ we will not need the terms of third and
higher order in powers of the external sources in Eq. (B.17).
The solutions for the equations of motion for the gauge fields, Eqgs. (B.3)~(B-), are given by

Wil(z) = / d*yGw (z —y) (—4My T (y), (3.18)
Wit () = =405 (2) (3.19)
2l (2) = / d*yGz(x — y) <—4M§J5T + 2—2@,31?,,0 (), (3.20)
Zi(x) = 40  (2), (3.21)
AT () = / dyGa(e —y) (~0,K ) (0) (3.22)

We will only need the leading terms of the solution in powers of the external sources later on. In Egs. (B.17)—(B-29)
we have introduced the quantities

JeT =PTuJr,  JPT=PTwJ7,
JEl=PLLJr,  JPT=PL,JZ, (3.23)

and



Gui (o~ y) = (el =5 1),
Giw (=) = (ol 50
Gala ~1) = (ol =57 )
G~ y) = (ol =) (3:21)

The U(1)y gauge degree of freedom of the longitudinal component of Bﬁ can be parametrized as follows:

Bl = 0w, (3.25)

with an arbitrary function w. The solutions for the longitudinal component of the photon Aﬁ and the phase of the
W-boson field Wﬂf are given by

Al =0w+ s*Z) (3.26)
+ _ Fiwypt
Wy =e "W, . (3.27)
The gauge dependence of these fields manifests itself through the presence of the undetermined function w. The

SU(2), gauge invariance corresponds to the freedom to choose an arbitrary field U. For instance, the choice U = ((1))
leads to the unitary gauge.

IV. ONE-LOOP LEVEL

The one-loop contribution to the generating functional can be evaluated with the saddle-point method. Before we
proceed with the explicit calculation of the generating functional some general remarks are in order. If we write the
fluctuations y around the classical fields F as F = F¢! + y, we obtain the following representation for the one-loop
approximation to the generating functional:

et ) — ¢ JteESe [yl /2 ) atDy (4.1)

Gauge invariance implies that the operator D has zero eigenvalues corresponding to fluctuations y which are equivalent
to infinitesimal gauge transformations. Indeed, if F°% is a solution of the equation of motion, i.e., a stationary point
of the classical action,

0Ssm
5.7:i F=Fcl

~0, (4.2)

then any gauge transformation yields another equivalent solution. The index 7 in ¢ labels the different fields. Thus,

differentiating equation (@) with respect to the gauge parameters w* one obtains
52Ssm 0F7
oM =0. (4.3)
OF 1 0FT 6w | p_ pei

The quadratic form which appears in Eq. @) is identical to the differential operator D. If we denote the zero
eigenvector by ¢ and parametrize it in terms of scalar fields a by way of ( = Pa, with some differential operator P,
Eq. (@) translates to the identity PTD = DP = 0. Let o, be the eigenvectors of the operator PT P, i.e.

PTPa,, = lmam, . (4.4)

Then, the expansion of the fluctuation y in terms of eigenvectors of the operator Dis given by

Y= Z angn + Z mem ) (45)



where (,, = Pa,, and &, have zero and non-zero eigenvalues, respectively.
In order to evaluate the path integral in Eq. ([L1]), we use Polyakov’s method [Rd] and equip the space of fields with
a metric

ol = [ ateyty =3 a2+ Yt (46)

With our choice for the scalar fields «,,, the metric on the kernel of the differential operator D is diagonal:
9mm = /ddxamPTPam = 5ﬁlmlma (47)

and the volume element associated with this metric is then given by

du[@, W, B,] = N ][ dan [ ] dbm Vdet PTP . (4.8)

The integration over the zero modes yields the volume factor of the gauge group, which can be absorbed by the
normalization of the integral. The remaining integral over the non-zero modes is damped by the usual Gaussian
factor. Up to an irrelevant infinite constant one obtains the following result for the one-loop generating functional
from Eq. (.1):

1 ~ 1
Wsmlh, Ky, J;] = /dd:vESM + 5111 det’'D — 3 Indet PTP . (4.9)

The first term on the right-hand side represents the classical action which describes the tree-level contributions to the
generating functional. In the second term, the determinant det’D is defined as the product of all non-zero eigenvalues
of the operator D. The last term originates from the path integral measure. The sum of the last two terms in Eq. (@)
corresponds to the one-loop contributions to the generating functional.

We now discuss in more detail the evaluation of the one-loop contributions to the generating functional in Eq. (@)
for the standard model. The choice of an appropriate parametrization of the physical modes and their quantum
fluctuations is very important in order to obtain an expression for the differential operator which is still tractable.
We introduce the following fluctuations f,7n“, wy, and b, around the Higgs field R, the Goldstone boson field U, the
three SU(2), gauge fields W and the U(1)y gauge field B,,, respectively:

)

R— R+ £f, 4.10
m

U—e"?VU, 4.11

(
(

1 a ayst — aTa
WH—>WH+§Q’U}#V1§ V, WH:W#77 (
(

B, — B, +g'b,

where

k(o) = =g’ [ d'yGola ~ 1)0,b,(0). (4.14)

(x

The matrices ¢ in Eq. (.17) are defined through the relations

V(z) = exp (i%n%w)t“(m)) , VeSu(_). (4.15)

tt=vUut+UUt,

2 =i(UUt —out,

=00 -UvUt, (4.16)
and satisfy the Pauli algebra

[th,t7] = 2ie¥heh | (¢, 47} = 26%1 . (4.17)
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Using the above transformation properties we get
b .
Wi — (7)) (Wh + gul, + ¢'PL,wb, 6% + i tr(t*VID,V))

oy b 2VA (0 n\Y 2\ et (o M@
= (GT ) <WZ + ng + g/PL#ybyéb?’ — W (D#E) — st dﬁ (D#E) y (418)

where
Dy’ = 8™ — Wi (4.19)

The basic idea for this choice of parametrization of the quantum fluctuations is the following. If we shift the
fields only linearly, the correspondence between zero modes of the differential operator and fluctuations corresponding
to gauge transformations is only true at leading order. However, if we use the parametrization given above this
correspondence is true at higher orders in the fluctuations as well.

We collect all the fluctuations in a vector

y=1| 1. (4.20)
A
"

a

where q;‘ = ( 7“:“ ) describes the fluctuations of the gauge fields. Here and in the following, lowercase Latin indices
n

(a,b) run from 1 to 3, whereas uppercase Latin indices (A, B) run from 1 to 4. The differential operator D which is
acting on the space of fluctuations from Eq. ) can be represented by a 3 x 3-matrix. Before we write down this
matrix it is useful to make some additional transformations of the differential operator.

As noted above, the differential operator D has zero modes due to gauge invariance. In the basis f,n%, ql‘j‘ they can
be written in the form

0
MVKRéaB af = Pa, (4.21)
AB
Du
where a” are four arbitrary scalar functions. e covariant derivative D is defined throu
h B f bitrary scalar functi Th 'd"DfB defined through
DpP =420, — AW, (4.22)
abc
ABc __ € 7A:avB:b7
! _{ 0 , A=4and/or B=4. (4.23)

The generating functional is then given by the expression in Eq. (@) Using the fact that zero and non-zero
eigenvectors are orthogonal to each other leads to the identity

Indet’D = In det (f) +PPT ¢ 5p) ~Indet(PTP) | (4.24)

up to an irrelevant infinite constant. Again, det’ D denotes the product of all non-zero eigenvalues. The operator dp
will be defined below. _

In order to remove the dependence of the differential operators D + PPT + §p and PT P on the phase factor ¢ we
define

D+ PPT +6p =0, (15 +PPT 4 5P) or, (4.25)
PTP = 0,(P"P)OT, (4.26)
where
10 0 ab g
Or=(0¢* 0 |, 02_<9”O 1). (4.27)
0 0 048
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The transformation matrices O; and O9 have unit determinant since det ¢ = 1, because the matrix T which appears
in the phase factor is traceless, cf. Eq. (2.23).
Therefore, the generating functional at the one-loop level can be written in the following form:

1 ~
Wanlh, Ky, J3] = / deLey + 5 ndet (Q +pPPT + 5P) —Indet PTP, (4.28)
where the solutions of the equations of motion (B.3)-(B.H§) have to be inserted. It represents the full one-loop contri-

butions of the bosonic sector of the standard model. _
The explicit expressions for the components of the differential operator D + PPT + §p, which we parametrize by

d & 0,
D+PPT +5p= |67 D A, |, (4.29)
5T AT D,

can be found in Egs. (Al)-(A9) in Appendix [A]. The operators PP, PT P, and §p are listed in Egs. (A21)-(A23).

We would like to stress an important point here. At the classical level only physical modes propagate. The
classical Goldstone boson field U represents the SU(2);, gauge degrees of freedom. At the quantum level, however,
the situation is different. Quantum fluctuations around the classical field U¢ denoted by n?, cf. Eqs. (f.11]) and
(B.15), imply virtual Goldstone boson modes propagating within loops. Note that these modes are absent in any
gauge-dependent approach based on the unitary gauge. They are, however, necessary in order to ensure a decent
high-energy behavior of the theory. N

In order to diagonalize the differential operator D + PPT + §p we introduce some additional quantities:

Dyy = Dy — 6d" "6, —9 0719, (4.30)
©=D-6"d?s, (4.31)
9, = A, —6Td15, . (4.32)
Using the identity
77 @ +PPT 4 5P) T = diag(d, ©, D,,) , (4.33)

where

1 —d=16 —d~ 16, +d 16019,
T=10 1 -0y, , (4.34)
0 0 Ouw

and the fact that the transformation matrix 7 has unit determinant, one obtains the following intermediate result for
the generating functional:

1 1 1
Wnlh, Ky, Ji] = / d%zLsn + 5 Indetd + 5 Indet ® + 5 Indet D —Indet PTP. (4.35)

In a second step we rotate from the fluctuations of the weak eigenstates of the gauge bosons to the corresponding
mass eigenstates:

Dyy — Dy = 0D, 07, (4.36)
with the orthogonal matrix
100 0
0={00c s (437
00s ¢

After this rotation we get

Dw £z gﬁ,

- v Spv
D, =| &7 DZ, ﬁﬁu , (4.38)
&t gkt Dy
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where the components are defined by the following equations:

Dy, = Dpl = ot T sl — ot Te ol M =W, 2, A, (4.39)
TM _ M M,T ;—1¢M M,T—1qM _

§MV_ HV_5M d 51/ _ﬁu S} 191/ ) M—Z,A, (440)
M =, — o d o — o Te ol (4.41)

Similar relations hold for the transposed components gff, Nﬁ;T,

quantities

and ﬁ;j‘l;T. Furthermore, we have introduced the

M M T ;—1 M
OM — AM _§Tg M M =W, 2, A (4.42)

Note that the index W which appears in Egs. (#.3§), (.39), and ({.49) refers to the two components w,? of the
fluctuations which correspond to the original fields W;*Q. We will use Greek letters o, 3 = 1,2 to label these two

components. The expressions for the differential operators which appear in Egs. (¢.39)—(f.41]) can be found in
Appendix @ The operators §, and A, are listed in Eqgs. ()7() The first terms on the right-hand side of
Eos. (£39) (1) are given by Eqs. (K39) (RH).

Finally, we can diagonalize the differential operator 5#,, from Eq. () in an analogous way to the diagonalization

of the operator é + PPT 4+ §p in Eq. () The corresponding transformation matrix has again unit determinant.
This is, of course, also true for the orthogonal matrix O, Eq. ) Therefore we can write the generating functional
in the following form:

1 1 1 1 1
Wemlh, Ky, J5] = /ddeSM +3 Indetd + 5 Indet © + 5 Indet DY + 5 Indet D + 5 Indet DA — Indet PTP .
(4.43)

The operators which appear in Eq. (f.43) are defined through the relations

W W _ pW _ W, T —1sW _ gW,T—1gW
D,,=D,,=D,, —4,"d 6, —9,7"073,",

(4.44)
Z _ P2 ZT (WL FZ
DHV - DHV - §MP (D )pU ov (445)
A _ DA FAT (WY lza AT (1Z2\ "1 AraA
DHV - DHV  Sup (D )pcr §ov — Nup (D )pa’ Now s (4.46)
A _~A _FEZT (myW\~1lzA
N,uu = 77;“/ — Sup (D )po' go’y : (447)

Equation () and the equivalent forms in Eqs. (£.35) and ([.4d) represent our result for the generating functional
Wsmlh, Ky, J;] for the gauge-invariant Green’s functions for the bosonic sector of the standard model. These
formulas encode the full tree-level and one-loop effects of the theory. If one expands the generating functional up to
a given order in powers of the external sources one can extract any n-point Green’s functions for the gauge-invariant
operators ®Td, B,,, and KZ. Since the equations of motion @)7(@) only involve gauge-invariant fields and because
the differential operators which enter the generating functional only contain gauge-invariant quantities, cf. the explicit
expressions in Appendix @, the evaluation of the generating functional and the final result will be manifestly gauge-
invariant. In Sec. @ we will calculate the two-point functions of these gauge-invariant operators. Before we come to
this, we discuss in the next section the renormalization of the theory in the presence of the external sources.

V. RENORMALIZATION

In order to render the generating functional Wswml[h, Ky, J] of the standard model in Eq. (), and the equivalent
forms in Egs. (4.34) and (), finite, one has to renormalize the bare constants m2, \, g, ¢’, the scalar field ® and
the sources before the regulator can be removed. There is no wave-function renormalization for the gauge fields W
and B, on account of gauge invariance, cf. our definition of the covariant derivative in Eq. (E) The ultraviolet
divergences are related to the poles of the d-dimensional determinant, which appear in the generating functional for

d=0,2,4,.... In general, for a differential operator D of the form
D=-D,D,+6, D,=0,+T,, (5.1)

the pole term of the determinant at d = 4 is given by

13



1 _ 11 1. - 1
—Indet D = —— dtr (| =T, T + =52 ) +0(1 5.2
g e d—4167r2/ ‘7”(12“ “+2U)+ OF (52)

with
Ly = [Du, Dy . (5.3)

This identity can readily be derived @] using the heat kernel method ] The symbol “tr” in Eq. () denotes
the trace over internal and Lorentz indices which will be suppressed in the following. We cannot apply, however,
formula (@) in our case. This is due to the fact that the differential operatorﬂ D + PPT| which appears in the
one-loop expression for the generating functional, is not an ordinary local differential operator of the form given
in Eq. (@)7 but a nonlocal functional of the fields due to the presence of derivatives of the massless propagator
Go(x —y) = (z|1/(—0)|y) in some of the components. These massless propagators originate from the phase factor ¢,
cf. Eq. () In order to calculate the counterterms, we therefore split the differential operator in a local, Dj,., and
a “nonlocal,” 0D, part

D+ PPT = Dy, + 6D , (5.4)

where § D contains all the terms stemming from the phase factor. The explicit expressions for these operators can be
found in Appendix B, cf. Egs. (B1(]) and () Using this decomposition we can write

%hldet(D + PP = %mdet Dioc + %Tr [Dje6D] — iTr [(Dgiw)?} + %Tr [(Dlgigpf] e (5.5)
The first term on the right-hand side of Eq. (5.) can now be treated in the usual way using Eq (5.9), whereas we
can use a short distance expansion to extract the divergent and local contributions from the other terms. Techniques
for performing such a short distance expansion have been discussed in detail in Ref. [@] Here we present only the
general procedure.

We write the second term on the right-hand side of Eq. (5.3) in the form

loc loc

%ﬂ[pflap] - %/dd:cddytr (2D ) loDl)) . (5.6)

Due to the presence of one propagator Dgi this term can be viewed as a tadpole graph.

The ultraviolet poles in Eq. (@) are connected to the short distance properties of the operator Djy., which in
turn are governed by the Laplacian O, since D), is of the form given in Eq. (@) Observing that in d-dimensional
Euclidean space one has the identity

(ele*ly) = (4mn) "2 (5.7)
where z = x — y, we define the heat kernel H(z|\|y) through the equation
p— . p— _22
(e Procfy) = (4mA) Y2 e/ H(z|Aly) - (5-8)

Using Eq. (5.§) we can then write

_ < dA 2
(@ Digely) :/O @mnare © X H(xz|Aly) (5.9)
[ dA 2 iaam
n=0

In the second line we have expanded the heat kernel H(z|A]y) in terms of the heat coefficients H, (x|y). These heat
coefficients can in turn be expanded around the point z in order to obtain local counterterms at the end:

3For the calculation of the counterterms it is convenient to introduce a real representation for the Higgs field. See Appendix E
for details.
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1
+ 32n (OuOuHp)|,_, + -+ . (5.11)

Hy(zly) = Hu(z|z) — 2. (0, Hn)| o=y

=y

One now inserts the resulting expression for (z|D;_!|y) into Eq. (f-q). Moreover, one can use the following represen-

tations for the massless propagator Gy and derivatives thereof

T dp —2%/4p
= e — 5.12
gO (2) ‘/0 (47Tp)d/2 € ? ( )
o0 dp 1 1 *22/411
_ i1 1
8#90(2) /0 (47Tp)d/2 < 2Z#p) € ) (5 3)
°  dp 1.1 1 1\ _.e
5M(9,,g0(2) = ‘/O 7(47Tp)d/2 <—§6u,j; + ZZMZVF> e /4[), (514)

which appear in (y|6D|z). If one now performs the integration over d?z and the parameters p and A, one observes
that the ultraviolet poles manifest themselves as divergences at the lower end of the integration over A\. Power
counting shows that higher order heat coefficients H,, lead to a less singular behavior for short distances since they
are accompanied by additional powers of A in Eq. () The same is true for higher derivative terms in the expansion
of H, in Eq. (5.11)), due to the presence of additional powers of z,,. Therefore only a finite number of terms in the
expansions in Egs. (p.10) and (p.11)) lead to ultraviolet divergent contributions. At the end, we need only the leading
order term Ho(z|z) and the next-to-leading order terms (0,0, Ho)|,_, and Hi(z|z) to extract the counterterms. The

explicit expressions for these quantities can be inferred from the results (cf. Ref. [Lg] for the derivation):

Ho(z|z) =1, Hyi(z|x)=-7,

r=

(DyHy)| , =0 (DuDyHy)| _ = =Ty . (5.15)
The third term in Eq. (5.5) can be written in the form

- %Tr [(D_15D)2} = —i /ddxddyddzddutr (<x|D_1|y><y|5D|z><Z|D_1|u><u|5D|:17>) ; (5.16)

loc loc loc

which can be interpreted as a two-point function with two propagators Dlgi Similar arguments as used above then
lead to the observation that we need only the leading term in the short distance behavior of Dy, which amounts to
setting

(el D) — al == ) (5.17)

in Eq. () Again we have suppressed all internal and Lorentz indices in Eq. () Finally, all the subsequent
terms in Eq. (@)7 which contain three and more propagators le)i, lead to ultraviolet finite integrals.

The ultraviolet contributions from the measure of the path integral to the generating functional, i.e. the term
—Indet PT P, can be treated in the usual way, using Eq. @) The explicit result for the operator P P can be found
in Eq. (B27).

This procedure leads to the counterterm Lagrangian from which one can read off the renormalization prescriptions
which will remove the poles in the generating functional in Eq. () The full list of renormalization prescriptions for
all the fields, the mass parameter m?2, the coupling constants, and the sources are listed in Appendix E in Egs. (B2§)-
(B33), and ()7() In the next section we will only need the renormalization prescriptions for the fields, the
mass and the coupling constants which are given in Eqgs. (B26)—(B33)).

VI. PHYSICAL INPUT PARAMETERS FROM GAUGE-INVARIANT GREEN’S FUNCTIONS

In this section we relate the bare parameters of the theory to physical quantities. As physical input parameters
we choose the masses of the Higgs and the W and Z bosons, and the electric charge (on-shell scheme). The physical

mass of the Higgs boson, which we denote by Mﬁpole, is determined by the pole position of the two-point function

(0T (2T @)(z) (@) (y)[0) - (6.1)
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The physical masses of the W-boson, M%V,polc’ and the Z-boson, M%ypolc, are defined by the pole positions of the
two-point function

(OIT (V) () (V) ()]0) - (6.2)
The electric charge is determined by the three-point function
(01T By (z) (V1) () (V5 ) (2)]0) - (6.3)

Alternatively, one can define a renormalized electric charge as the residue at the photon pole of the two-point function

(OIT By () Bpo ()0) - (6.4)
We will denote the corresponding coupling constant by eZ_. At this point several comments are in order. In the
usual approach to gauge theories dealing with gauge-dependent Green’s functions, two- and three-point functions are
related by Ward identities. These kind of Ward identities follow, however, from the fact that these Green’s functions
are gauge-dependent. In contrast, there are no Ward identities of this type between our gauge-invariant Green’s
functions. Nevertheless, the absence of Ward identities does not imply any lack of knowledge. All information that
Ward identities encode in any gauge-dependent framework is manifest in our approach. Therefore, one may expect the
coupling constant which can be extracted from the three-point function in Eq. (@) and from the two-point function
in Eq. (@) to be the same, if they are evaluated at the same scale. Below, we will extract the electric charge e2,, from
the residue of the two-point function in Eq. @) We have not explicitly checked whether the definition through the
three-point function in Eq. (@) leads to the same result. Note that the residue of the two-point function of the field
strength B, in Eq. @) differs from unity and that there is no freedom to adjust the residue by a renormalization
factor. This can be traced back to our normalization of the gauge field B,, in the covariant derivative, cf. Eq. £2).
Before we begin with the evaluation of the physical input parameters let us discuss an example for relations that
usually are derived with the help of Ward identities, but which are manifest in our approach. Consider the covariant
derivative D,, as defined in Eq. @) Gauge invariance ensures that the covariant structure of D, is not destroyed by
counterterms. In fact all counterterms are gauge-invariant in our approach. Therefore the fields W2 and B,, are not

2 T~

renormalized, cf. Egs. (B2() and () Factoring out the gauge coupling constants g and ¢’ from the gauge fields,

which we then denote by W;} and B,,, the covariant derivative reads
Tll

D,® = (8H—i2

W — i%g'f?u) P (6.5)
Thus, the wave function renormalization of the field W;} (B,,) must be the inverse of the renormalization for g (g').
This follows automatically from gauge invariance.

For the determination of the two-point functions in Eqs. (1)), (F-2), and (6.4) we need the generating functional
Wamlh, K, J g] up to second order in the external sources. Using a saddle-point approximation for the path integral,
the generating functional at tree level is given by the action, evaluated at the solutions of the classical equations of
motion. Inserting the solutions of the equation of motion from Egs. ()7() into the classical action we get the

following result for the generating functional at tree level, expanded up to second order in powers of the external
sources:

Wentlh, Ky 22175 = [ dted — ™ dladty ] — " SRSV -
SM[ y Dpvs #] - € 2\ (‘T) + zraty 2\ ng((E y) Y A W( W,z gW(‘T y) W,y )
s’ (e ) = 2 12T e? % 2 12T
~ 5o | @O Eu) — AMETE ) Gz(z —y) | (0K pu) =AMz J;" ,
- %62(6Vf<w)mg,4(x - y)(apf{p“)y + contact terms} . (6.6)

We have indicated the space-time arguments of the sources by the subscripts z and .

The contact terms in Eq. (@) do not contribute to the pole positions of the two-point functions. Note that only
the transversal modes are propagating at this order of the expansion. From the pole positions of the propagators we
can read off the masses of the particles at tree level:

MF = 2m? My,; Mz; M2 =0. (6.7)
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The two-point function of the field strength B, in Eq. @) is obtained from the generating functional in Eq. (@), if
we switch off all the sources, except for K,,,. It contains poles at p* = 0 and at p> = —M% (note that we are working
in Euclidean space-time), because of the presence of the propagators G4 and Gz in Eq g) This is due to the fact
that the field B, is a linear combination of the photon and the Z-boson field, cf. Eq. (2.15). From the residue at the
pole position of the photon we get the electric charge

2 2
Eros = €7 . (6.8)

At the one-loop level the generating functional is given by the expression in Eq. (4.43), where the diagonalization of
the differential operator for the quantum fluctuations has been carried out completely. Expanding the determinants
in powers of the external sources leads after a lengthy calculation to the following result for the generating functional:

d m2 m2
Woutlh, Ky 7] = | (;iT’;d{ = ) = (55 ) MG (9) [1+ S0 (P10 )] H(p)

- (%M@ 5T 6w ) [1+ S5 00w ()] 7 (-p)

(B0 T W) 6 0) [1+ 5L, 606, 0] ( ?j:ff;i )
+ 167,75 (p) S (2,5 (—p) + 4T 75 (p)25 (p*) 2% (—p) + contact terms} , (6.9)
where we have introduced the abbreviations
T2 ) = 2 (MBI ) + SO Ronto) ) (6.10)
T (p) = € (0, K pu(p)) (6.11)
Gz (p) = < gZO(p ng(p) ) , (6.12)
2,07 = (EE%Z(](Q;) Egﬁ;@? ) : (6.13)

:((1) (1)) (6.14)

The propagators G in Eq. (@) are defined in Eq. ) The explicit results for the self-energies 3 can be found in
Appendix . We note that these self-energies are part of our gauge-invariant Green’s functions and should not be
confused with the self-energies of the Higgs boson and the gauge fields in the usual approach.

Since our calculation preserves gauge invariance, the self-energy X7 from Eq. (@) has the property X% (0) = 0
which guarantees that the photon remains massless. From the result in Eq. (C6) follows that X% ,(0) = 0. Therefore
the self-energy mixing-matrix Eig,y(p2) in Eq. () is diagonal at p> = 0. Furthermore, gauge invariance implies
that the equations of motion and the differential operators only contain the transverse component AE. Therefore
only the self-energies %7 4 and Eﬂ appear in the generating functional in Eq. (@) There are no quantities ¥4 A
and $4. All these properties of the self-energies follow directly from gauge invariance. There is no need to impose
them by any kind of renormalization conditions. We note that these properties for the self-energies also hold for the
corresponding self-energies of the gauge fields in the background field approach to the standard model . The latter
Green’s functions still depend, however, on the gauge fixing parameter {g for the quantum fluctuations.

As a check on our calculation we have verified that in the limit ¢’ — 0 the self-energies ¥z and X,y coincide. This
statement is true for the transversal self-energies, ¥7, Egs. (CJ) and (C4), as well as the longitudinal self-energies
$E, Egs. (C9) and (CF).

From the expression for the generating functional in Eq. (@) we define the full propagators:

G"(p*) =G(*) (1+S(*)G(?)) (6.15)
1
TR0

(6.16)
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The second line follows after Dyson resummation. In Eq. ) we denoted the bare mass by M?2. For the gauge bosons
we consider only the transverse components. The definition in Eq. () can be applied to the mixing propagator
gfu“ as well.

Usmg the explicit results from Appendix D one observes that all self-energies behave for large momenta as

Y(p?) ~ p* In(p?/u?) for p*> — oo . (6.17)

Note that there are individual contributions to the self-energies which grow like p*. They cancel each other, however,
in the large p? limit. Therefore, the full propagators in Eq. ) or () have the proper high energy behavior
proportional to 1/(p? In(p?/u?)). This can be traced back to the fact that the Goldstone boson modes are present in
the calculation of the generating functional at one-loop level. The propagators in Eq. (| - ) or ( ) are not identical
to the propagators in the unitary gauge in the usually employed formalism.

We note that there are terms proportional to 1/p? in EEL and E:;’L, cf. Bgs. (C2)—(CF). The limit p?> — 0 in these
self-energies is, however, well defined.

We define the physical masses of the particles through the pole position of the two-point functions in Egs. (@)
and () These poles then appear in the full, resummed propagators as defined in Eq. (p.1). The masses of the
Z-boson and the photon can be identified with the eigenvalues of the inverse full mixing-propagator, i.e. the zeros of
the determinant of (g%l)—l. At the one-loop level we get the relations

M%I,pole = 2m2 —Re [E@TQ(pQ = M2 ,pole)} (618)
~ 2m* — Re [Sgie(p” = —2m?)] , (6.19)
MI%Vpole = M&V —Re [ETﬂ(p2 = _M%V,pole):| (620)
~ M2, — Re [ETE(;P - —M%V)} , (6.21)
M%,pole = M% —Re [22 (p2 = _M%,pole)] (622)
~ M2~ Re [SE(p° = —M3)] . (6.23)

The approximations are valid at the one-loop level. Note that we are working in Euclidean space-time. Furthermore,
only bare quantities enter on the right-hand side of the Eqs. (6.19), (b.21]), and (.23)). The photon remains massless
due to the relation X% (0) = 0. At the one-loop level only the diagonal elements of the self-energy ET from Eq. (| -
enter the definitions for the physical masses of Z-boson and the photon. The explicit expressions for the physical
masses can be inferred from the results for the self-energies given in Appendix D We do not list them here because
they are too lengthy.

We define the electric charge €2, as the residue at the photon pole of the two-point function (0|7 B, (x)B,e (y)]0).
As discussed before, this two-point function has poles at p> = 0 and at p> = —M%. Due to the fact that EZA( ) =0,
the residue at the photon pole is given by the expression

) . (6.24)
p*=0

The approximation used is valid at the one-loop level. From the expression for 25 in Eq. (@) we get the following
relation between the physical coupling constant eZ,; and the bare coupling constant e?:

€

2 2 ( 9
Cres = 1+ QE.A( )
1- o A0 »

p*=0

ers =€ (14 €*6e?) (6.25)
1 M3 19 1
2= 14 |A2m*) + == In (X || - = 2
o¢ [ (2m) + 55 n<2m2>} 3 1672° (6:26)
where
d—4 2
LW 1 1 , 1 2m
A2 (@M AT +1)) + I () 2
o) = B (2 = ) + T 1) )+ i (2 (6.27)

Only bare quantities appear on the right-hand side of Eq. (
usual definition of the electric charge in the Thompson limit

The expressions for the physical masses, Eqs. (), (),
if one inserts the renormalization prescriptions from Eqs. (|
the pole terms served as an important test of our calculation.

). We note that the result for e agrees with the
in the absence of fermion contrlbutlons.
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VII. SUMMARY AND DISCUSSION

In this article we have presented a manifestly gauge-invariant approach to the bosonic sector of the standard model.
Its essential feature is to consider gauge-invariant Green’s functions. Hence, the generating functional involves external
sources that couple to gauge-invariant operators only. In order to obtain the same S-matrix elements as in the usual
gauge-dependent approach, we chose sources that emit one-particle states of the Higgs boson, the W- and the Z-boson
and the photon. In addition to that, however, the off-shell behavior of our Green’s functions is completely free of any
gauge-artifacts. This property makes our approach particularly suitable for situations where one is interested to gain
information from off-shell quantities or where one is forced to deal with them, like, for instance, the analysis of finite
width effects or the parametrization of new physics in terms of the oblique parameters S, T and U.

As gauge-invariant operators we chose the scalar density ®'®, the Abelian field strength By, and the quantities
©"V?, where V? are the currents of the global SU(2)r symmetry, cf. Egs. (B-11) and (R.33). The third component

of the current, Vi’, the scalar density and the Abelian field strength are already invariant under the full gauge-group
SU(2)r, x U(1)y. The other two components of the current are only invariant under the non-Abelian subgroup
SU(2)r, but transform non-trivially under the Abelian group. In order to ensure full SU(2)r, x U(1)y invariance, we
introduced an Abelian phase factor ¢®® coupling to the charged SU(2)g currents as given in Eq. (@) The scalar
density and the Abelian field strength excite one-particle states of the Higgs boson and the photon, respectively, while
the currents emit one-particle states of the massive gauge fields.

Since we couple external sources to gauge-invariant operators only, the generating functional can be defined in terms
of a path integral without the need to fix a gauge. At tree level, it is given by the classical action. The equations
of motion determine only the physical degrees of freedom. Hence, they have a whole class of solutions in terms of
the original fields. Every two representatives are related to each other by a gauge transformation. Since the action
is gauge-invariant, the generating functional is uniquely determined. An important property of our approach is the
fact, that the classical Goldstone boson field represents the SU(2);, gauge degrees of freedom. Thus, no Goldstone
boson fields are propagating at the classical level of the theory. All gauge-invariant sources emit physical modes only.
Moreover, the equations which follow from the requirement that the variation of the Lagrangian with respect to the
Goldstone boson field vanishes, are not equations of motion but constraints, expressing the fact that the gauge fields
couple to conserved currents. These constraints can also be obtained by taking the derivative of the equations of
motion for the gauge fields.

The one-loop contribution to the generating functional can be evaluated with the saddle-point approximation.
Because of gauge invariance, the quadratic form in the path integral representation of this contribution has zero
eigenvalues. They correspond to fluctuations around the classical fields which are equivalent to infinitesimal gauge
transformations. Hence, the expansion of the fluctuations involves eigenvectors of the differential operator with zero
and non-zero eigenvalues. In order to evaluate the path integral one has to equip the space of fields with a metric. The
volume element associated with this metric yields a nontrivial one-loop contribution to the generating functional. The
integration over the zero modes yields the volume factor of the gauge group, which is absorbed by the normalization of
the integral. The remaining integral over the non-zero modes is damped by the usual Gaussian factor. It corresponds
to the product of the non-zero eigenvalues of the differential operator in the quadratic form. As usual, all one-loop
contributions can be expressed in terms of determinants of differential operators. Since the gauge is not fixed, there
are no ghost contributions in our approach.

As mentioned above, the classical Goldstone boson field represents the SU(2), gauge degrees of freedom. Thus, at
the classical level only physical modes propagate. At the quantum level, however, the situation is different. Quantum
fluctuations around the classical Goldstone boson field imply virtual Goldstone boson modes propagating within loops.
Note that these modes are absent in any gauge-dependent approach based on the unitary gauge. They are, however,
necessary in order to ensure a decent high energy behavior of the theory.

The one-loop renormalization of the theory was discussed in detail. The Green’s functions of currents, scalar
densities and field strengths are more singular at short distances than the Green’s functions of the fields. The time
ordering of these operators gives rise to ambiguities which do not occur for the fields themselves. These ambiguities
are reflected by the presence of additional source terms, which enter Green’s functions through contact terms. We
stress that this is a general feature of any field theory. It is neither particular to our gauge-invariant approach nor
to gauge theories in general. Using dimensional regularization and employing heat-kernel techniques we analyzed
the short distance properties of the theory. Ultraviolet divergences are related to the poles of the d-dimensional
determinant which describes the one-loop contributions to the generating functional. With this approach we were
able to determine the renormalization prescriptions of the mass parameter and all coupling constants, fields and
source terms, independently of any renormalization scheme. Due to the dimension of the source terms involved, the
generating functional should be renormalizable at any loop level. Furthermore, the phase factor which was introduced
in order to ensure full SU(2);, x U(1)y invariance should not spoil the renormalizability of the theory at any loop-level
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either. This is due to the fact that the phase factor only contains the Abelian gauge degree of freedom which does
not affect the dynamics of the theory.

Finally, we related the bare parameters of the theory to physical quantities in the on-shell scheme, i.e., we chose
the masses of the Higgs, the W- and the Z-boson as well as the electric charge as physical input parameters. The
masses were defined as pole positions of the two-point functions

(OIT (@) (2)(@T2)(y)[0),  (OIT(L"V,) (@) (" Vi) (y)]0) - (7.1)

The results for the pole masses can be found in Egs. (6.19), (p.21)), and (.23). The electric charge was defined as the
residue at the photon pole of the two-point function

(O[T By () Byo (y)10) - (7.2)

The calculation showed that the result in Eq. () for the electromagnetic coupling constant defined in this way
agrees with the well known result for the electric charge in the Thompson limit. This result is quite interesting since
there are no Ward identities in the usual sense between our gauge-invariant Green’s functions. Note, that the usual
Ward identities relate gauge-dependent Green’s functions. Hence, in our approach there is ad hoc no identity relating
the residue of the two-point function in Eq. (@) at the photon pole to a three-point vertex. We did not evaluate any
three-point function in order to check whether it leads to the same result for the coupling constant.

At any rate, the absence of Ward identities does not imply any lack of knowledge. All information that Ward
identities encode in any gauge-dependent framework is manifest in our gauge-invariant approach. As an example this
was explicitly discussed for the relation between the renormalization factors of the coupling constants g and ¢’ and
those of the gauge fields corresponding to the symmetry groups SU(2), and U(1)y, respectively.

We have not included fermions in the present analysis of the standard model. However, the treatment of spin-1/2

particles in our approach is straightforward. One may choose, for instance, the gauge-invariant fields @qu, Eﬁqf, @Tlf,

and ;Iv)TlE, cf. Eq. () The corresponding sources which emit fermionic one-particle states have already been
specified in Ref. []E] As pointed out in Refs. [@,@] the complete screening of the SU(2)y, charge of the composite
fields V', ®T® and of the fermionic fields written above can also be interpreted as the manifestation of confinement
in the electroweak theory, similarly to the mechanism in QCD. As discussed in Ref. [@] the physically observed
particles then correspond to “mesonic” and “baryonic” bound states of the usual fields that appear in the electroweak
Lagrangian, see also Sec. @ Our approach, extending the gauge-invariant treatment to the full group SU(2) xU(1)y,
can thus be viewed at as a well-defined framework for carrying out calculations which involve only those external
fields which correspond to the physically observed particlesﬁ.

We note that the application of our approach to other non-Abelian gauge theories like QCD is also possible.
However, the structure of the relevant source terms will be different from those used in this article. The definition of,
e.g., SU(2)r x U(1)y invariant sources exciting fermionic one-particle states as given in Ref. [[7] is only possible in
the spontaneously broken phase. Hence, an analogous definition does not exist in QCD. Physically, however, it is not
necessary either. Since QCD is confining, asymptotic states do not carry any SU(3). charge. From a physical point
of view it should thus be enough to consider Green’s functions of SU(3). invariant operators like, for instance, ¥ or
tr(GuvGpw). Note, however, that the selection of suitable gauge-invariant Green’s functions depends on the physical
problem one wants to investigate. There is no definite choice which applies to all cases. We believe, however, that a
suitable choice should always be possible, since physical quantities are gauge-invariant. Any generating functional for
QCD that involves gauge-invariant source terms only can then be evaluated in the perturbative regime with the same
technique as described in this article. For attempts to dress SU(3). charged quarks and gluons with a non-Abelian
generalization of our phase factor see Refs. [@,E]

A first application of our gauge-invariant method can be found in Ref. [IE] where we analyzed the electroweak chiral
Lagrangian [@], which describes the low-energy structure of a strongly interacting electroweak symmetry breaking
sector. In particular, we determined the number of independent parameters in the effective Lagrangian. Furthermore,
we evaluated the effective Lagrangian for the standard model with a heavy Higgs boson by matching gauge-invariant
Green’s functions in the full and the effective theory.

10f course, if we switch on the QCD interactions, the quarks will be confined in hadrons.
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APPENDIX A: DIFFERENTIAL OPERATORS

The explicit results for the differential operators which appear in Sec. m are given below. In the following, upper
case Latin indices A, B, ... run from 1 to 4, lower case Latin indices a, b, ... run from 1 to 3, and Greek indices a, (3, . . .

label the components 1, 2. B
The components of the differential operator D + PPT + 6p in Eq. ) are given by

1 ~
o 2 2/ p2 avya
d=-0+2m"+3m*(R —1)—1—12”2“—}%
1

2
Ta a 1 5 a
57" = Y0, + (DY)

—~ab ~
5b - _XZQP - (szp)bv

o - 1

pab — _(ngp)ab + 5ab (m2(R2 — 1) — h) + M‘%VR25ab + Zlﬁlﬁa

B ~A~ AB
51/ = MWRIMPTHV )
A ~

5 = MWPTHERZJJS ,

ASP = foPeMy RYS + 2My (9, R)5“F — sMz6*P (20°3(9, R) + RT““W5,) PT,,, ,
ATAY = — fAY N RYS 4 2My (8, R)64 + sMzo4*PT,,,, (RWST — 2(9, R)6™)

n =y H g g

DY = =6,u(D,D,)"P + 2f WS+ (M*)APPT,,, + M, 64PPLy,
—~ AC —, —~ DB ~
+PT,,, (M*)°P(R? — 1)PT,,, + 365 PT,, 00 PTo

where we introduced the quantities

ab __ ab abe c 3cnpL
DIt — 9,69 — e (WS — §%°BL) |
~ab ab 1 abcAy)c
2# = 2# + 55 XH )

é;jB — auaAB _ fABc (wz _ 536B£) ,

~ A ya
Y, = ( A ) ,
a -2V
We = 005 — 0, Wy — (Wi = BIOTEW) + W) = BT W,
3 3 3 le%g ale’ 16}
W, = W, — OW, + Wi T, Wi

0 1
af _
T —(—1 0>’

ﬁTW = diag (6 Opw Oy PTyu)
M, 0 0 0
2 - 0 M3, 0 0
- 0 0 M2z —csMz |-
0 0 —esMz  s°M3

j;w = 9/2”013' (5#VJSJS - JSJS) :
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Note that the combination Wﬁ -B ﬁ which appears in the expressions above is SU(2), x U(1)y gauge-invariant, since
Wi — By =Z,+s°Z, — Al . (A20)

Using the definition from Eq. (}.21) of the operator P which creates zero modes, we obtain the following expressions
for the differential operators PP and PT P which appear in Eq. ()

0 0 0
pP” — | 0 MZ R —MwRD. |, (A21)
0 Mwé;‘bR —(Q#QV)AB
Prp— < —D5eDsY JE) M, R?6° _OD > _ (A22)
Furthermore, the operator §p is defined by
dp = diag (0,0,04*6*P ME,PL,,) . (A23)

The operators ¢, and A, which appear in Egs. ()7() are given by the following expressions:

OV = MwRY? (A24)
57 = MzRYS (6 + $*PTy) (A25)
5;' = scMzRYPLy, , (A26)
o = MwRY?, (A27)
57T = My (*0, + 5°PT,0) VIR, (A28)
50T = seMzPL, VIR, (A29)
AW = g9 My RY® + 2Myy (9, R)5 (A30)
AT = oty RYS 4 2My (9, R)8 (A31)
AZ" =" MzR(PY — s"WOPT,) + 26 M z(0,R) (*0, + s*PTo) | (A32)
AN = e seMzR(YS + WSPT,,) + 25¢0* Mz (0, R)PLy., | (A33)
AZT" = BN, (PYS — 2T, WE)R + 28 My (28,0, + °PTyw) (0,R), (A34)
AMT = %05 My(VC + PT,uWS)R + 28¢5 MyPL, (9, R) . (A35)
The first terms on the right-hand side of Eqgs. ([.39)—([.41]) read as follows:
DY = DI £ T8 (95 (W3 = BE)) +20W2 = BE)D,) b — (TEWI) (WATE?)5,,

+(W3 = B)(Wg = By )b 0" + 2127 WP+ Mgy (R? = 1)8,0,6°7, (A36)

DZ, = DZ° + AWIWS, + 8*PTupJpo PTo
+MZ (*6up + s°PTy,) (R? — 1) (6,0 + s°PTy) (A37)
DA = DAY 4+ PWEWS6,., + s> M3 PL,,(R* — 1)PL,, + *PT,,Jp0PT,, (A38)
68" = =27 ((0,W3) +2W50, ) 8y — (VS — BEYWS 8,0, — 26T2W5 (A39)
277 = e ((0sW2) +2W206) TOP6, — (WS — BEYWE5,, — 20 TP, (A40)
&0, = =T (0 05) + 20050, ) G — sOWE = BEYWSS,, — 25T2°WP (A41)
AT = =5 (0,) +2W30,) T8, — sOWE — BEYWSS,, — 2sW° T2F, (A42)
i, = SOWIWES,, + seM3 (26, + s*PT,,) (R? — 1)PLy, — s¢P T, 000 P o, (A43)
M = sAWIWS 6, + seMZPL,,(R? — 1) (¢®6,, + s°PT,,) — $¢PT,p e PTo, . (A44)
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Free propagators are the inverse of the following operators:

d=d, =-0+2m?, (A45)

0% = DO = (—O + M2,)5*, (A46)
DO = pwo? — (o4 M2)6,,5°7, (A47)
D70 =D5Y = (-0 + MZ)PT,, + (-0 + My, )PL,,, (A48)
DAY = DAY — _OPT,, + (-0 + M})PL,, (A49)

which are obtained in the limit where all sources are switched off. We observe that all transversal components
propagate with the proper mass, while all longitudinal components propagate with the W-boson mass.

Since we perform a saddle-point approximation in the path integral, the fields which appear in the list of differential
operators in Egs. (A])-(JA44) obey the equations of motion (B.2)-(B.7). We have used this fact to simplify the
expressions of those operators in Eqs. ()7(@) which correspond to the fluctuations 1% of the Goldstone bosons.
Furthermorezvit is important to ensure Ehat the full differential operator é + PPT + §p is Hermitian, i.e. satisfies the
relation (y, [D + PPT +6ply’) = (v/, [D + PPT + §p]y) for arbitrary fluctuation vectors y, v’

APPENDIX B: RENORMALIZATION PRESCRIPTIONS

For the calculation of the counterterms and the renormalization prescriptions it is convenient to switch to a real
O(4)-representation for the Higgs field:

¢1
2
o= % |- (B1)
¢4
The covariant derivative for the Higgs field is given by
VMM = (9,6 + FYM)oM | N, M =1,2,3,4, (B2)
F,=WiT{ + B,Th, a=1,2,3, (B3)

where the matrices 17 g are defined through

a 1 Ta Ta a 1 Ta Ta
TR:§(T +T )7 TL:§(T -T )7
(FNM 2 —gNMe, (FYNM = sNgM _ s s (B1)

It can easily be shown that the matrices T} and T} separately satisfy the Pauli algebra. The Lagrangian in Eq. )
can then be rewritten in terms of the fields in the real representation. The main changes compared to the notation
with a complex doublet ® are obtained by the following replacements:

1 1
§DH<I>TDH<I> - §VH¢TVM¢ , T — 9T,
Jo®VE — 4Tt Th, (B5)
with
ity = 0" TV u6. (B6)

The evaluation of the path integral representation of the generating functional in Eq. @) is again performed by
a saddle-point approximation around the classical action. The quantum fluctuations are introduced as simple shifts
in the fields

o — N + N
F, — Fy+ guwiTh+ g'b,T7 . (B7)
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It will be useful to treat the fluctuations wy, b, and the matrices 77, TI% in a unified way by introducing the quantities:

A - wy A - T _
qu—<b:>, t—<TIL%>, A=1,2,3,4, (BS)

The terms quadratic in the fluctuations determine the differential operator D+ PPT | after the proper treatment of
the zero modes. From the path integral measure one gets the operator P” P. The final result for these operators can
be written in the following way, which is suitable for using the heat-kernel method and the short distance expansion
outlined in Sec. M,

D+ PP" = Dioe + 6D, (B9)

where the local part Dy, of the differential operator is given by

Dioc = —D,D, + 7, (B10)

D, = ‘éﬂ %fﬁp ) : (B11)

d)M = oMM, 4 FYM —4j M (B12)

D)P =489, — fAPWS, (B13)

5= (21 9ra ) , (B14)
Oqf Oqq

apft = (=m? + AT O — h— v R — I ) MM
+ 22N M — (t49 @ $TEHYM 4+ 16(5,4,)VM |
TNE = —2PTu0) + 4 PPV
Gofun = 2o )M 4 46N (i, t YV
GAB = —5,,¢TtMP g — 2w AGE | sALsBT

Here we introduced the quantities
Ju=73,Tg, (B19)
wAGAE — 1D, D7 = —pABewe, (B20)

The quantities f45¢ and juv have been defined in Egs. ([-23) and (R19), respectively.
The nonlocal part 6D of the differential operator which contains the contributions from the phase factor reads

0 D
6D = ! ‘I) , B21
<5qu 6Dy (B21)
5 NB 1 ¢B4 -arpafmB - NarmaBB N 1 1 B4 [ ;amaBB N 1
DD, = 4965 (25 TEOTRNV 16 + (4,3, TP TR0) - (005 ) — 4967 (30T Ti0) (9,00 ) (B22)
1 e [e3% e’ [e3% M
SDAM = 4g/544 (aua) (¢7ie T TRV ) — (Vo) VIS TEOTY) (B23)
1 e eale] 1 e e ale 1
SDAB = 8g'5M <aﬂa) (67 je TP TP 0) + 496265 (aﬂa> CR ) <aya>
1\ - . 1 1) - 1
A4 ¢B4 A4 ¢B4 A4 ¢B4
— 65 (aﬂaga> T — 64165475 <aga,,a> + 6445 (aﬂaga) Ton <a,€a,,a) . (B24)

The contributions to the counterterms from the path integral measure can be calculated from the expression
(PTP)P = —(D,D,)*" - ¢"tA17 . (B25)

The determination of the counterterms then proceeds along the lines sketched in Sec. . From the counterterms
we can read off the renormalization prescriptions for the fields, the mass parameter m?, the coupling constants and
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the sources. The relations between bare and renormalized fields, masses and coupling constants which are needed in
Sec. @ are given by

Wi=Wwgr" (B26)
B, =B, (B27)
o=2)"¢., (B28)
Zy=1—(6g2 +2¢.%)(A-(2m?) + 62) (B29)
=m: [1 ~(24)\, +3g2 + g.. )(A€(2mz) +om?) — (Zy — 1)} ) (B30)
3 (g2 2
A=\ l (24)\ +3¢2 + gr + 3 (g, + gT/\) + gr> (A-(2m?2) + 6)) — 2(Z4 — 1)] , (B31)
43
7 =gt |1+ a0 o) (B32)
1
7t = |1 o (el +.067)] (B33)
where we denoted the pole term by
d—4 2
2 H 1 _ 1 ! 1 2mr
Ac(2m2) = 672 <—d — 2(1n(47r) +T7(1) + 1)) 39,2 ( z ) (B34)
The finite renormalization constants dm?,..., 8¢’ % which appear in the Egs. (B3()-(B33) are determined by the
renormalization conditions given in Sec. m
The renormalization of the source terms can be achieved by using the following prescriptions:
h = cph,, (B35)
1
cn =1- (24) +397 + 9 (Ae(2m2) + bcp) — (Zy — 1), (B36)
K. =K,,, (B37)
TS = e, o (B38)
1
co =1 - 7(24g7 +29,") (A (2m3) +bey) = (Z5 — 1), (B39)
JMZ — CZJMZT7 (B40)
cz =1— (692 +29,")(Ac(2m2) + dcz) — (Zs — 1), (B41)
2 9 . 4 1, 2
vjj = + (2493 +2g.° + gvdjg; — E(vjj +4)(24\ +3g2 + g )) (A.(2m?) + dvjj)
—U;-j(Z¢ —1) = 2v},;(co — 1), (B42)
1 T r
cjj = (24gr + SQT — 2( 4+ 4)(24N, + 392 + g )) (Ao (2m?) + dcjj) — cii(Zy — 1) =25 ;(cz — 1), (B43)
4
cpj = Cp; + §(A (2m?) + bcp;) — ¢, (cz — 1), (B44)
T 16 T
cBjj = Cpj; — §(A5(2mf) + depyj) — 2¢p5(co — 1), (B45)
” 128 - -
Vdjj = Vgjj — T(As@mf) + 5vdjj) - Udjj(CZ -1)- ZUdjj(C'u -1), (B46)
16
Vgj = Vi + g(A (2m?) + dvgj) — 2vg;(co — 1), (B47)
, 128 - ,
Cdjj = Cgj; — 7(A5(2m3) + 5Cdjj> - Cdjj(CZ -1) - 2Cdjj(cv -1), (B48)
16
caj = Ci + E(Aa@mf) + deaj) — 2¢q;(cz — 1), (B49)
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37 64
Vyg2 =07 9 — (E(vgj)zg;4 +2(vj; + 4)? — §> (Ac(2m?) 4 6vg79) — 407 79(cy — 1), (B50)
r 7 r\2 14 64 2 T
VyjJJ =Vj155 — ﬂ(”dj) 9, + 3 (Ac(2my) +6vy570) — 4G y5(co — 1), (B51)
Cjj2 = CTIJ2 — 2(C;j + 4)2(A€(2mf) + 66]]2) - 4CTJJ2(CZ - 1) , (B52)
128

Vyezz =Vjeyy — (4(1);]» +4)(cj; +4) - T) (Ac(2m?) 4+ 6v2z2) — 20795 7(co — 1) — 2055, ,(cz — 1), (B53)

r 128 2 r r
VjjzzZ =Vjjzz — T(A€(2mr) +6v5z22) = 20y 57(co — 1) =20 55(cz — 1), (B54)
Chh = C;zh — 2(A5(2m$) + 5Chh) — ZCZh(Ch — 1) y (B55)

, m2 — m2
Cmh = Cmn — 4(Ae(2m2) + demp) — chp(ecn — 1) — ¢l (T’”) ) (B56)
chyy = g — 4] + 4)(Ac(2my) + 6cnys) = chyglen —1) = 2¢h 7 (co — 1), (B57)
Chzz = Chzg — M) +4)(Ac(2m?) + Scnzz) — Chyzlen — 1) = 2¢h z5(cz — 1), (B58)

m2 — m2
CmJg = Cpyg — 405 + 4)(Ac(2m2) + dcmay) — 2¢8 5 5(co — 1) = sy (T) , (B59)
mQT— m?2

Cmzz = Crgz — 4(cj; + 4)(Ae(2m2) + 0cmzz) — 2¢h, 7 7(cz —1) = ¢ s (TT) ) (B60)

In order to renormalize on-shell quantities, like masses, coupling constants and S-matrix elements it will not be

necessary to determine all the finite renormalization constants dc and dv which appear in Egs. (B35)—(B60).

APPENDIX C: SELF-ENERGIES

The explicit results for the self-energies which appear in the generating functional in Eq. (@) are given by the
following expressions:

e2 3 2m? 1 p? 32m? 13 M2 1
Seta(p®) = @{ (ZM—%) Ao(2m?) + <Z@ + 12 + ZM—V%V - Z) Ao(Miy)

+ (é]\% + %p2 + gM%) Bo(M3, My;p®) + (g (2;\2)2) Bo(2m?, 2m2;P2)} = (C1)
(S O Sy 3 s 1)
+ ( [—1—7¢% + 4c* + 4c°] i‘gﬁg - ;3\441);2 gﬁg + %CQ - gc‘* — %&)AO(M@
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2 2M4
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1677'2 —4—0—4 2—+4S M (03)
e? 12m? - Mz 7 M 1 4,
— - _—Z Ap(2 3 1% ) Ao (M3
5262{< 12 p? +12> O(m)+< 2m +6+3 ) o(Myy)
12m2—- M2 3MZ 1
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(12 P2 22m2+12> o(M)
11, 4l 2 5 4y 4 2 2 2.2
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1(2m2—M%)2 Loy 15 5 5.0 2 2,2
R b 2 ) —M7z | Bo(Mz,2m*;
+< B e P T g2 + Mz o(Mz,2m=;p%)
1 1 2 2 2 1 2 4 Mé 1 1 2 4 4 6 2
L D — 29 142 24 4 |- — 24—t — 48| M C4
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12m —M2 3 M2 12m? — M?2 M2 1
( 5) Ap(2m?) + (—62—771:‘; - 2> Ao(ME,) + (5 = Z 32mZ2 + 5) Ag(M32)
1
+ (- 4MW) Bo(M3,, M p )+(5p2+2m2—M3V) Bo (M3, 2m?;p?)
1(2m2—M§)2 1, 2 2 2 2,2 1 MI%V M%
M T2 T2 9mP — M2 By(M2,2m?: —4 -2 C5
+( 2 2 gp =2 = Mz ) Bo(Mz.2m%p7) + g5 { 452 292 ) (C5)

€2 2 2 1
E{ <—§ + 402> Ag(ME) + <[—§ + 4c2] M2, + {_6 - 702} p2> Bo (Mg, Miy; p®)
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1 2 2 2 2 1 2
+167T2( My + A M — 5P ) o (C6)

Shz(0?) =327, (C7)

2L, =0, (C8)
1

sh(?) = —62{4A0(M3v) + (4M§, — 7p*) Bo(M§,, M3 p*) + @4]\/[%/} : (C9)

>E(p*) =0. (C10)

The tadpole contribution Ag and the two-point integral By which appear in Egs. (@)7() are defined by the
following equations:

d? 1
Ag(M?) —/ﬁm, (C11)

dq 1 1
(2m) (g% + M?) ((¢ +p)* + M3) -

Bo(M7, M3;p*) = / (C12)

Note that we are working in Euclidean space-time.
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