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Abstract. Two-dimensional maximum entropy closure and

various standard one-dimensional closures in flux-limited neu-

trino diffusion and two-moment transport are compared against

direct numerical solutions of the neutrino Boltzmann equation.

The approximate transport based on particular closures of the

moment equations is rated by testing so-called weak equiva-

lence of the first three moments of the neutrino radiation field.

Additionally we consider strong equivalence of the maximum

entropy angular model distribution. Our calculations are per-

formed on two different matter backgrounds and involve sev-

eral neutrino energies. As an alternative multiple energy test we

look at the behavior of spectral and energy-averaged Edding-

ton factors. Among the closures considered, two-dimensional

maximum entropy closure is found to overall approximate most

closely the full transport solutions.
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atmospheres – stars: neutron – stars: supernovae: general

1. Introduction

In radiative systems radiation is invariably transported through

themedium. The transport equation, therefore, is the basic equa-

tion underlying the radiative hydrodynamics. In practice one

commonly circumvents this fundamental equation by resort-

ing to some simplifying procedure to approximate the transport

problem. Although computationally intensive, the Boltzmann

equation can nowadays be solved numerically in one spatial di-

mension. Nevertheless, semi-analytic approximation schemes

are needed in higher dimensional problems, and are often more

illuminating than exact treatments, even in one dimension. The

physical foundation for a particular choice of approximation,

however, is not always in evidence, and the ensuing physical

description of the system may be rather qualitative.

Currently fashionable approximations are flux-limiting pre-

scriptions and closure relations for the moment equations, a

number of which we shall examine below. Although flux-
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limiting and the moment method are essentially different ap-

proaches to deal with anisotropic radiation fields, the two are

connected through a generic relationship between flux limiter

and Eddington factor (cf Sect. 2). In this paper we focus on

two-moment transport, and check a number of closure relations

against direct numerical solutions of the Boltzmann equation.

We will do so within the scope of fermionic (neutrino) radi-

ation. Previous investigations in this field (Janka 1991, 1992;

Janka et al. 1992; Cernohorsky&Bludman 1994) have revealed

a number of shortcomings of standard closures and have pro-

posed possible improvements. One such improved treatment is

provided by two-dimensional maximum entropy closure.While

the numerical overhead of any two-dimensional closure would

easily appear at odds with the attempt for computational econ-

omy, it has proven possible, in the case of Fermi-Dirac statis-

tics, to formulate an efficient closure algorithm (Cernohorsky

& Bludman 1994).

There is no such thing as the “correct” closure. At most one

may strive for a closure which is able to describe the radiation

field “as well as possible” in a given transport problem. The

quick way is to adopt an ad hoc relation, for example one that

smoothly interpolates between the diffusive and free-streaming

fluxes, such as Wilson’s closure (Sect. 3.2.1). Or one may look

for such a relation based on geometrical or other considera-

tions. Alternatively, the closure can be derived from a given or

assumed angular dependence of the radiative distribution func-

tion. In some cases the functional dependence obtained from

direct transport calculations may serve to model the closure, as

is the case for Janka’s Monte Carlo closure (Sect. 3.2.3).

An appealing approach is to derive the angular dependence

from a basic principle. In this spirit the maximum entropy clo-

sure (Minerbo 1978) and the Levermore-Pomraning closure

(Levermore & Pomraning 1981), discussed in Sects. 3.1 and

3.2.2, have been obtained. These were derived originally for the

case of photon radiation, and have subsequently been applied to

neutrino transport as well. For photon radiation more closures

can be found in the literature (Levermore 1984).

The Wilson and Levermore-Pomraning closures have be-

come standard in neutrino transport calculations. Implementa-

tion is commonly effected through use of the corresponding
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flux limiters in a flux-limited diffusion (FLD) scheme. In our

calculations for this paperwe employed a two-moment transport

(TMT) scheme incorporatingmaximum entropy closure (MEC)

besides various other closures. The philosophy behind MEC is

that it allows for the least biased distribution of the radiation

quanta based on the available information, viz. particle statis-

tics, energy or occupation density, and flux. The dependence

on energy density in addition to the flux calls for an inherently

two-dimensional closure which may contain more traditional

one-dimensional closures as limiting cases.

If TMT with a given closure is to be successful, the TMT

solution should approximate, as closely as possible, the first

three angular moments of the exact distribution, for each point

in space and for every energy. Beyond this “weak equivalence”

of the angular moments, one may also consider “strong equiv-

alence” of a given model distribution, i.e., judging whether or

not the exact distribution is well represented by the model dis-

tribution (Cernohorsky & Bludman 1994).

In Sect. 2 we briefly outline the procedures of flux-limited

diffusion and two-moment transport. Though offering different

perspectives, an intimate relation exists between their central

concepts of flux limiter and closure. Various closures are re-

viewed in Sect. 3. In Sect. 4 the validity of approximate trans-

port is evaluated in terms of the concepts of weak and strong

equivalence of the angular distribution and its moments. For this

purpose we consider two different material backgrounds and a

number of neutrino energies. We also examine the behavior of

spectral and of energy averaged Eddington factors. Among the

closures considered, two-dimensional MEC appears to give the

best overall approximation to the full Boltzmann transport cal-

culations, while theWilson and Levermore-Pomraning closures

are poorest. Our conclusions are summarized in Sect. 5.

2. Flux-limiting and two-moment transport

The essential simplification in both flux-limited diffusion and

the two-moment approach consists in discarding the detailed an-

gular information contained in the radiation field. Instead one

considers angular averages (‘moments’) of the distribution func-

tion. The first three are the radiative energy density E, energy

flux F, and pressure tensor P, respectively. The basic assump-

tion is that these quantities suffice as a physical description of

the radiation field. The moments must satisfy the energy and

momentum equations

∂tE + ∇ · F = κa(B − E) , (1)

∂tF + ∇ · P = −κF , (2)

which are obtained by angular integrations of the radiative trans-

port equation. Here κa and κ are the absorptive and total trans-

port opacities, respectively, and B = B(T ) is the ‘blackbody’
thermal energy density. In these equations, the velocity of light

has been put equal to one. Eqs. (1) and (2) may be read as

monochromatic (spectral) as well as energy integrated equa-

tions.

The classical closure problem is that, because there aremore

physical variables than equations, an additional relationmust be

supplied to close the set. One important closure is the diffusion

approximation (Fick’s Law)

F = −
c

3κ
∇E ≡

1

3
cER , (3)

where R ≡ |∇E |/κE, the ratio of mean free path to energy

scale height, is the Knudsen number. Where small opacities or

steep gradientsmakeR ≫ 1, Fick’sLawwould allowan acausal

flux, F > cE. The flux-limiting remedy is to modify (3) to

F = cEλ(R)R , (4)

where the flux limiter λ(R) is specifically designed to meet the

causality requirement

lim
R→∞

Rλ(R) = 1 (5)

and the correct diffusion limit

lim
R→0

λ(R) =
1

3
. (6)

Flux-limited diffusion, therefore, is a minimal moment ap-

proach, taking into account only the energy Eq. (1) as an angular

moment equation, with a closure at the lowest level.

In the two-moment description closure is expressed by two

Eddington factors

f ≡ F/Ec , p ≡ P/E. (7)

It is usually assumed that p does not explicitly depend on the

energy density, i.e., a ‘one-dimensional’ closure prescription,

p = p(f), is adopted. In principle, however, one has a ‘two-

dimensional’ relationship

p = p(f , e) (8)

among the first three reduced moments

{e, ef , ep} ≡ (4π)−1

∫

d2Ω{1, Ω, ΩΩ}F(Ω) (9)

of the radiative distribution function F . (Here Ω is the direc-

tion of the momentum vector of the radiation quanta.) In sys-

tems with local axial symmetry (such as plane and spherical ge-

ometries), Eq. (8) reduces to a scalar relationship, p = p(f, e),
because there is a preferred direction. The variable Eddington

factor p(f, e) must satisfy

lim
f→0

p(f, e) = 1/3 , lim
f→1

p(f, e) = 1 , (10)

in order that the radiation field have the correct diffusive and

free-streaming limits. The constraint (Levermore 1984)

f2 ≤ p ≤ 1 (11)

follows from f and p being normalized averages of a distri-

bution, cf. Eq. (9). Note that the quantities (9) are spectral and

space & time dependent through F .

As Eqs. (4) and (7) show, a flux limiter λ is directly related

to the Eddington flux factor f . Any variable Eddington factor
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p may be used to construct a flux limiter according to (Lever-

more 1984)

λ(R) = p − f2 ≥ 0 (12)

where the inequality follows from (11). Levermore (1984)

presents a variety of closures with their associated flux limiters.

Two-moment transport (TMT) and flux-limited diffusion

(FLD) are thus closely related. In TMT the closure is at the level

of the momentum equation (‘2nd moment closure’), while in

FLD the momentum equation is formally ignored (‘1st moment

closure’). It is possible to quantify the error in the momentum

balance (Cernohorsky & van den Horn 1990) and to compen-

sate for it by introducing an ‘artificial’ opacity (Janka 1991) into

the Knudsen parameter R, Eq. (3), which effectively reinstates

the neglected momentum contributions. In this way a modi-

fied FLD scheme results which should correctly account for

energy-momentum balance. Such a scheme was first presented

in the context of neutrino transport by Janka (1991) andDgani&

Janka (1992) as an alternative approach to TMT with a variable

Eddington factor. However, while the conceptual framework of

FLD is formally preserved, the extended FLD scheme is equiv-

alent to the set of TMT equations. Strictly then, one is no longer

solving a diffusion equation, i.e., a parabolic partial differential

equation. The moment equations are actually a hyperbolic set.

The hyperbolicity of themoment equations has implications

for any approximate solution procedure involving a closure on

the variable Eddington factor. In particular, with a nonlinear clo-

sure, physically acceptable solutionsmeeting prescribed bound-

ary conditions may be out of (numerical) reach. As shown by

Körner & Janka (1992), the solutions contain a critical point,

so that nearby solutions easily diverge away from the physical

solution. Smit et al. (1997) have shown under what conditions

the physical solution is stably and accurately mimicked.

Ahyperbolic systemadmits discontinuitywaves. In the free-

streaming case, singularities must progagate with the speed of

light. This causality requirement implies (Anile et al. 1991)
(

∂p

∂f

)

f=1

= 2 . (13)

This constraint on the closure is supplementary to the set (10)-

(11), but has not been imposed in standard closures. In the next

section, we will see that (13) is met by all fermionic maxi-

mum entropy closures, but not by the Wilson and Levermore-

Pomraning closures.

3. Closures

3.1. Maximum entropy closure

The use of a maximum entropy principle to find a closure dates

back to Minerbo (1978), who applied the procedure to photon

transport. Cernohorsky et al. (1989) first applied the principle to

fermionic radiation. By maximising the spectral entropy func-

tional

S[F(µ)] = −

∫ 1

−1

dµ[F lnF + (1 − F) ln(1 − F) ] , (14)

under the constraints that the moments e and f be given, one

obtains a Fermi–Dirac type angular dependence of the radiative

distribution function

F(µ) = ΨME(µ; η, a) =
1

eη−aµ + 1
. (15)

Here and in the following, µ denotes the cosine of the polar

angle of the momentum vector of the radiation quanta with re-

spect to the preferential (radial) direction. Taking moments of

the maximum entropy distribution ΨME, one obtains e, f , and
p as functions of the two Lagrange multipliers η and a. The
closure is formally obtained by inversion of e(η, a) and f(η, a)
to express the Lagrange multipliers in terms of e and f . These
latter relations may be used to write the closure in the form

p = pME(e, f). MEC is thus inherently a two-dimensional clo-

sure, depending explicity on the energy density e, as well as the
flux f .

In general, the functional form, Eq. (15), of the model dis-

tribution does not allow analytic inversion, η(e, f) and a(e, f).
For this reason, the maximum entropy neutrino distribution was

considered originally (Cernohorsky et al. 1989; Cernohorsky

& van den Horn 1990) in a Pade approximation that led to the

Levermore-Pomraning closure LPC (Sect. 3.2.2). However, in

the case of fermionic radiation, the assumptions involved in this

approximation may lead to violation of constraints imposed by

the Pauli principle. Therefore, Janka et al. (1992) explored the

nature of the full maximum entropy closure by performing the

inversion η = η(e, f) and a = a(e, f) numerically.While these

investigations revealed that the neutrino angular distribution is

well represented by the two-parameter Fermi–Dirac form of

Eq. (15), it was noted that the numerical inversion was too time

consuming for MEC to be of practical use in neutrino transport

calculations. However, the inversion became redundant when

Cernohorsky & Bludman (1994) found a closed form for the

variable Eddington factor

pME =
1

3
+

2(1 − e)(1 − 2e)

3
χ

(

f

1 − e

)

. (16)

The function χ is defined as

χ(x) = 1 − 3x/q(x) , (17)

in which q(x) is the inverse of the Langevin function x ≡
L(q) ≡ coth q − 1/q.

The lowest-order polynomial approximation to χ, having
the correct behaviour in the free-streaming and diffusive limits

and no free parameters,

χ(x) = x2(3 − x + 3x2)/5 , (18)

is accurate to at least 2%. Using this approximation in q(x) =
3x/(1 − χ(x)) is equivalent to interpolate between the limits

q(x) → 3x for x → 0, and q(x) → x/(1 − x) for x → 1
in the inverse Langevin function. (This has a maximum er-

ror of 8% at x = 0.8.) With the polynomial approximation,

maximum entropy closure becomes a feasible option in two-

moment transport, as the actual inversion of the Langevin func-

tion is bypassed. Fig. 1 shows pME(e, f) as a function of flux
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Fig. 1. Closures. Solid curves denote maximum entropy closure Ed-

dington factors p(e, f) versus flux ratio f at fixed e-values. The two fat
curves mark the boundaries of maximum entropy closure. The upper

fat curve is the low density limit e = 0, the lower one is the maximum

packing curve. In between lie, with solid gray lines, from top to bot-

tom, e = 0.3 to e = 0.9 in steps of ∆e = 0.2. The dashed-dotted

curve is Janka’s Monte Carlo closure MCC, the dash-triple-dotted

line is Wilsons minimal closure WMC, and dotted is the Levermore-

Pomraning closure, LPC.

ratio f at several fixed e-values. Note that an actual solution

{e(r), f(r), p(r)} of TMT will not follow any of these curves,

because e(r) varies with radius.

3.1.1. Maximum packing

A limiting case of themaximum entropy distribution is obtained

for

lim
a→∞

η/a=µ0

ΨME(µ) ≡ ΨMP(µ) =

{

0 (−1 < µ < µ0)
1 (µ0 < µ < 1)

. (19)

Fu (1987) calls this angular degeneracy, in analogy with the

zero-temperature limit of the Fermi-function in energy space:

for a → ∞, angular states above µ0 are filled. Janka et

al. (1992) also refer to it as “maximum (or tightest) pack-

ing”: all radiation is packed in a cone with the minimal pos-

sible opening angle θ0 = arccos µ0. The maximum packing

distribution ΨMP yields, with (9) respectively, the moments

e = 1
2 (1 − µ0), f = 1

2 (1 + µ0), p = 1
3 (1 + µ0 + µ2

0). A max-

imum packing closure relation is readily derived:

pMP(f) =
1

3
(1 − 2f + 4f2) . (20)

This maximum packing closure marks one boundary of max-

imum entropy closure in (p, f ) space: in Fig. 1, pMP(f) is the
lower fat curve above which all maximum entropy trajectories

pME(e, f) lie.

Table 1. Eddington factors for two ad hoc and three statistical one-

dimensional closures. The function q(L) is the inverse of the Langevin
function L(q) ≡ coth q − 1/q.

Closure p(f) p′(1)

Ad Hoc

Wilson 1

3
(1 − f + 3f2) 5/3

Monte Carlo 1

3
(1 + 0.5f1.31 + 1.5f4.13) 2.28

Statistical

Maximum packing 1

3
(1 − 2f + 4f2) 2

Minerbo 1 − 2f/q(f) 2

Levermore-Pomraning f coth q(f) 1

3.1.2. Minerbo closure

The other boundary of MEC is set by the limit η ≫ 1 + |a|,
for which the distribution becomes ΨME(µ) ≃ e−(η−aµ). This

is the low density or Maxwell-Boltzmann limit of MEC. The

moment integrals (9) can be performed analytically and lead to

Minerbo’s (1978) closure

pMI = 1 − 2f/a , (21)

f = coth a − 1/a . (22)

This closure is shown as the upper fat curve in Fig. 1. Together

with themaximumpacking curve itmarks the domain ofMEC in

(p, f ) space. The closures pMI and pMP both satisfy the causality

requirement (13). Therefore, this approach to radial free stream-

ing is followed by all intermediate MEC trajectories pME(e, f)
as well. Fig. 1 also shows a number of other closures that we

proceed to discuss in relation to MEC. The closures are sum-

marized in Tables 1 and 2.

3.2. Other closures

3.2.1. Wilson’s closure

Wilson’s closure (WMC)

pWM(f) =
1

3
−

1

3
f + f2 (23)

and equivalent “minimal” flux limiter

λ(R) =
1

3 + R
, (24)

originally presented (Wilson et al. 1975) for use in flux-limited

neutrino diffusion are still widely used in numerical simulations

of gravitational collapse (e.g., Bowers & Wilson 1982; Wilson

et al. 1975; Wilson 1984; Bruenn 1975, 1985; Mezzacappa &

Bruenn 1993a, 1993b; Messer et al. 1998). Physically, the pre-

scription amounts to an interpolation between the diffusive and

free streaming fluxes by harmonically averaging the two. This

guarantees the correct diffusive and free streaming limits, but

leaves the intermediate behavior imprecise.

Wilson’s closure, with dpWM/df |f=1 = 5/3, does not sat-
isfy the causality requirement (13), and has a minimum at

f = 1/6 (see Fig. 1). In one-dimensional closures, such a min-

imum is not expected as p(f) is a measure of the anisotropy in



J.M. Smit et al.: Closure in FLD and TMT 563

Table 2. Statistics and Angular Distribution.

Closure Statistics Ψ(µ, f)

Maximum packing Extreme FD θ(µ − µ0) , µ0 = 1 − 2e
Minerbo Maxwell-Boltzmann, e ≪ 1 (ea/ sinh a) exp (aµ)
Levermore-Pomraning Extreme BE, e ≫ 1 [coth q(f) − f ] / [coth q(f) − µ ]

the direction of f; indeed it does not occur in other conventional

one-dimensional closures. In two-dimensional closures, on the

other hand, p = p(e, f) need not be monotonic increasing as a

function of f (See also Janka et al. 1992).

3.2.2. Levermore-Pomraning closure

Another closure that has been widely adopted in both photon

and neutrino radiative transfer is the Levermore-Pomraning clo-

sure (LPC), corresponding to the flux limiter of Levermore &

Pomraning (1981). This closure can be parametrised by

pLP = f coth R , (25)

f = cothR − 1/R . (26)

The closure corresponds to an approximate angular distribution

which is assumed to be slowly varying in space and time in the

intermediate transport regime. (The Knudsen parameter R in

this case is a slight generalization of (3).)

The closure LPC was shown to be consistent with maxi-

mum entropy considerations (Pomraning 1981). However, the

closure stands out as the anomalous one in Fig. 1, where it is

seen to lie outside the domain of (fermionic)MEC. The underly-

ing distribution (see Table 2) can be derived from the maximum

entropy distribution (15) by assuming |a| ≪ 1 (Cernohorsky

et al. 1989), but this assumption no longer holds away from

isotropy. This by itself is not problematic, but it may cause the

distribution, ΨLP(µ), to exceed unity. In the case of fermions,

this represents an internal inconsistency (Janka et al. 1992).

To prevent it, one must impose |a| < 1, but a is not control-

lable. From a given TMT solution we may work backwards to

find ΨLP(µ; η, a) by inverting e(η, a) and f(η, a), and check if
ΨLP < 1 or |a| < 1, but a priorimeasures cannot be undertaken.

Calculating the energy density with ΨLP(µ) and inverting, one

finds

a = (cothR − e/R)−1 , (27)

so, at a given R, the parameter a exceeds unity when e > eR,

where

eR = R coth R − R . (28)

With f(R) given by Eq. (26), a parametric constraint eR(f)
limits e at a given f value. For a neutrino transport solution

this means that e(r) must drop sufficiently rapidly in the outer

regions where f(r) increases; else the solution is inconsistent

with the fermionic nature of the radiation.

It was already pointed out by Janka (1991, 1992) andKörner

& Janka (1992) that LPC pushes f → 1 too rapidly in regions

where the opacity drops to low values. This is related to the

fact that pLP(f) does not contain a critical point (See also Smit

et al. (1997)). This behavior can be quantified by checking the

approach to free streaming. For LPC one finds

(

∂pLP
∂f

)

f=1

= 1 , (29)

which is a factor of two below the value required by (13), and

explains why in Fig. 1, LPC lies well above the other closures.

3.2.3. Janka’s Monte Carlo closure

Janka (1991, 1992) performed extensive Monte Carlo calcu-

lations of neutrino transport in typical hot neutron star envi-

ronments. From the results he constructed several analytic fits

p = pMC(f) to energy averaged transport data. The fits were

parametrised as

pMC(f) =
1

3
[ 1 + a fm + (2 − a) fn ] , (30)

anddifferent sets (a, m, n)wereprovided. Ifwe insist on the free
streaming behaviour (13), the fit parameters should be related

by

am + (2 − a)n = 6 . (31)

This constraint is not satisfied by the parameters listed in Janka

(1991) which show deviations up to 20%. The closure corre-

sponding to the set (a = 0.5, m = 1.3064, n = 4.1342),
pertains to electron-type neutrinos in a background model re-

sembling the model M0 which we use in Sect. 4; it is denoted

as MCC and is shown in Fig. 1. As noted by Janka et al. (1992),

the MCC closures were in general not well represented by con-

ventional one-dimensional closures, but could be reproduced by

two-dimensional maximum entropy solutions.

4. Model calculations

4.1. Background models

Transport calculations in this paper were restricted to neutri-

nos of the electron type, and were performed on a stationary

matter background denoted as “model M0”, shown in Fig. 2.

This model is a tri-polytrope representative of a hot proto-

neutron star in the cooling phase following collapse and core-

bounce. In Sect. 4.4 we also briefly consider “model WW1”,

which is an iron core halfway in collapse (central density

ρc = 8.8×1012 g cm−3). It has been evolved from an initial iron
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Fig. 2. Background models M0 (solid lines)

andWW1(dashed). Shownare, as a function

of radius, from left to right, top down, the

density ρ, temperature T , electron fraction

Ye, and infall velocity v.

core at the center of a 12 M⊙ red giant of Woosley & Weaver

(1995), which was kindly provided to us by S. Woosley. The

evolution from the initial model with ρc = 9.1× 109 g cm−3 to

WW1 was calculated with Newtonian hydrodynamics coupled

to two-moment neutrino transport using the maximum entropy

closure.

Lattimer & Swesty’s (1991) equation of state was used in

both models. The equation of state determines the chemical

composition (mass fractions of free protons, neutrons, alpha

particles and a typical nucleus) and chemical potentials, which

are required to determine neutrino opacities and the equilibrium

distribution. The opacities include absorption and scattering on

the particles mentioned; neutrino-electron scattering and pair

processes were left out (but including them would not affect the

conclusions of this paper).

The next two sub-sections focus on a fixed neutrino energy,

ω = 8.1 MeV, roughly the average energy of the neutrinos

emerging from the background model M0. In Sect. 4.4, a spec-

tral analysis is made of the Eddington factors. From the point

of view of weak and strong equivalence, we compare the TMT

results with Boltzmann transport using discrete ordinate (SN )

calculations involving N = 64 angular bins. A mesh of 200

(unequally spaced) radial bins was used. The code is described

elsewhere (Smit 1998).

4.2. Weak equivalence

We first address weak equivalence, i.e., the agreement between

the lowest three angular moments obtained by approximate and

exact transport calculations.

Results for neutrino energy ω = 8.1 MeV are shown in

Fig. 3, displaying the angular moments e(r), f(r) and p(r)
versus radius. Qualitatively, all solutions exhibit the same be-

haviour of the 8.1MeV radiation field. Below r ≈ 20 km, the ra-

diation follows equilibrium dictated by the matter, e(r) ≃ b(r),
while the small flux f(r) ≪ 1 and the Eddington factor

p(r) ≃ 1/3, indicate that the radiation is diffusive. At larger

radii, r > 20 km, e is no longer equal to b, p differs from 1/3,

and on a linear scale, f begins to deviate from zero noticeably.

From an eye-on inspection of Figs. 3a-d it is hard to judgewhich

of the TMT solutions is in better agreement withSN , except that

the LPC solution is clearly worse as the surface is approached.

We will proceed with a more quantitative comparison.

Comparing the e(r) profiles of TMT and SN , good agree-

ment is found forMEC,MCC andWMC closures which cannot

be distinguished from SN in Fig. 3a. The largest deviation of

TMT-MEC is 6% (larger) at r = 41 km, for TMT-MCC it is

6% (smaller) at r = 31 km, and for TMT-WMC 9% (larger) at

r = 39 km, all with respect to SN . For LPC, the differences are

much larger and amount to a 30% deficit at the surface.
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Fig. 3a–d. Stationary state neutrino trans-

port results: angular moments e(r), f(r),
and p(r) for neutrino energy ω = 8.1 MeV.

Solid line is the discrete ordinate SN solu-

tion, and dashed the two-moment transport

solution with MEC closure. The other two

curves are two-moment results with Janka’s

MCC (dash-dotted), Wilson’s WMC (dash-

triple-dotted), and theLPC(dotted).Theflux

ratio f(r) is plotted twice: on a linear scale

(b), and a logarithmic scale (c). To show also

the negative fluxes that occur at r < 12 km,

the absolute value is taken in c, causing the

cusp near 12 km. Frame a also displays the

equilibrium function b(r) with a thin solid

line.

Looking at f(r) and p(r) in Figs. 3b-d, we see the differ-

ences between the various solutions becoming apparent in the

semi-transparent layer, most obviously in the case of the LPC

solution. LPC reaches parallel free streaming, f → 1 and p → 1
at the surface, where the other solutions have f and p still well

below these limiting values. The tendency of LPC to push to-

wards a purely radial flow (f, p → 1) too rapidly was already

referred to in Sect. 3.2.2. An additional point to note is that the

TMT-LPC solution obtained here does not satisfy the fermion-

constraint discussed in that section anywhere in the iron core,

i.e., the occupation density e(r) exceeds the limiting value given

by Eq. (28) at all radii.

For f(r) and p(r), there is again fair agreement between

SN and TMT for all closures except LPC, although larger dif-

ferences are observed than in the case of e(r). Nevertheless,
these differences are too small to stand out clearly in the plots.

The flux ratio fME(r) computed withMEC, is found to approxi-

mate fSN
(r) to better than 9% at radii larger than 25 km. Below

this radius, the overall differences are in the range 10-20%, but

they cannot be discerned in the figure. Near the surface, fME

and fSN
practically coincide. The MCC and WMC flux ratios,

fMC and fWM, agree with MEC for r < 17 km, but in the semi-

transparent region and out to the surface, they differ fromMEC

and from each other. The magnitude by which they differ from

fSN
is in the same range as was found for fME.

Fig. 3d shows that just beyond r = 20 km the Eddington

factors p(r) begin to visibly deviate from 1/3, and, for different
solutions, also deviate from each other. A special feature to note

is that pSN
(r), pME(r) and pWM(r) drop below 1/3 at radii 20 <

r < 31 km. This is impossible for the one-dimensional closures

MCC and LPC. The MEC and WMC solutions mimic SN with

a precision better than 2% and 5%, respectively. However, for

WMC, p(f) < 1/3 is imposed by construction, whereas MEC

contains it as a possible solution trajectory.

Finally, in Fig. 3d, in the approach to free streaming, all

two-moment Eddington factors except LPC are close to the SN

solution, with MEC providing a slightly better fit. At the sur-

face, MEC, MCC, WMC, and LPC deviate by 1, 2, 4 and 43%,

respectively.

Based on this monochromatic calculation, we have no clear-

cut indication to favour a particular closure, although the num-

bers are slightly better for TMT-MEC. On the other hand,

TMT-LPC is clearly disfavoured, as was already anticipated

in Sect. 3.2.2.

4.3. Strong equivalence

We now turn to strong equivalence, a good correspondence be-

tween the actual angular distributionF(r, µ) and a certainmodel

distribution Ψ(r, µ). While both closures MEC and LPC were

derived frommodel distributions, LPCalready fails to giveweak

equivalence. For strong equivalence we will therefore consider

only MEC. In Sect. 3.1 we noted that the maximum entropy

model distribution is a two-parameter function, containing the

two Lagrange multipliers η and a used in the maximalization

procedure, see Eq. (15). This function, ΨME(r, µ; η, a), can be
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Fig. 4a–f. Angular dependence of the ω =
8.1 MeV distribution function at six dif-

ferent positions in model M0. Solid line

is F(r, µ) from SN transport, the dashed

line is the distribution ΨME(r, µ; η, a) as-

sociated with MEC two-moment transport.

The equilibrium function b is indicated with
a dotted line. The successive plots are at

radial positions r =8.6, 23, 29, 32, 38,

55 km, with corresponding neutrino depth

τ = 2.6 × 102, 2.9 × 100, 6.4 × 10−1,

2.9×10−1, 6.4×10−2, 9.6×10−6. Frame

(a) shows [1−F(µ)] and [1−ΨME(µ)] (and
[1 − b ] ).

calculated a posteriori from aTMT-MEC calculation of eME(r),
fME(r) by (numerical) inversion of the set of equations

eME(r) =
1

2

∫ 1

−1

dµ ΨME(r, µ; η, a) (32)

fME(r) =
1

2eME

∫ 1

−1

dµµΨME(r, µ; η, a) , (33)

to obtain η(e(r), f(r)) and a(e(r), f(r)) at a particular radius.
Fig. 4 shows the discrete ordinate distribution F(r, µ) and the

model distributionΨME(r, µ; η, a) as functions of polar angle at
six radial positions of decreasing neutrino depth in model M0,

at neutrino energy ω = 8.1 MeV. Table 3 lists the values of

a and η at these positions, and the angular moments e, f from

both solutions.

Fig. 4a does not display F and ΨME, but rather their devia-

tions from unity, [1−F ] and [1−ΨME]. The figure shows that at
this large neutrino depth radiation is very nearly isotropic: both

F and ΨME deviate from unity by a minute fraction. Note that

the figure displays textbook diffusion: the distribution function

is linear in the cosine of the polar angle, the Eddington factor

p = 1/3, and the diffusion approximation holds to a high de-

gree of accuracy. The diffusive flux has negative sign here (cf.

Fig. 3c).

The other frames, (b)-(f), show how,moving out towards the

stellar surface, radiation becomes forward peaked. Deviation

from near isotropy is seen in frame (b) at neutrino depth τ = 3,
as well as non-linearity in the angular dependence, signaling

the breakdown of the diffusion approximation. In Table 3, a
increases with decreasing depth, and η changes from a large

negative to a large positive value. The MEC distribution ΨME is

point-symmetric around µ = µ0 = η/a (maximum packing),

with angular states above µ = µ0 more populated than below.

In frames (c)-(e), µ0 is in the range −1 < µ0 < 1, and can

be associated with a real angle θ0 = arccos µ0. The angle θ0

decreases outwards, in agreement with peaking of the radiation

getting stronger.

The profiles in frames (c)-(e) suggest Pauli-blocking in an-

gle space (a left-right mirrored Fermi-function) (cf. Janka 1991,

Janka et al. 1992). The blocking level is, however, below one.

Only if the blocking level reaches one can we be sure that angu-

lar Pauli-blocking is observed. From the set of graphs in Janka

(1991, his Fig. 3.12) the blocking level cannot be inferred be-

cause the data are averaged over neutrino energy and normalised

with respect to the local neutrino density.Wemay conclude from

Figs. 4a-f that, on thewhole,ΨME(µ)matchesF(µ) remarkably

well considering that it is only a two-parameter function: it is

able to reproduce the overall character of the radiation field,

which changes from a simple linear dependence on polar angle

to being highly forward peaked.

4.4. Spectral Eddington factors

Earlier sections focused on a monochromatic solution of the

neutrino Boltzmann and two-moment equations. As remarked,

a comparison of the two should involve the energy dependence

of the radiation field, and TMT should provide an adequate

approximation to the Boltzmann solution at more than one neu-

trino energy. It is not intended here to repeat the monochromatic

analysis of the previous sections at multiple energies. However,

based on a comparison of the angular moments, our calculations
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Table 3. For six positions in the star shown in Fig. 4, this table lists e and f as obtained with the SN method (second and third column) and

the TMT method (fourth and fifth). The last three columns list the Lagrange multipliers a and η corresponding to a given TMT-MEC set (e, f),
and the angle µ0 = η/a.

SN=20 TMT-MEC

# e f e f a η µ0

(a) 1-4.07 10−5 -4.56 10−7 1-4.07 10−5 -4.57 10−7 -3.37 10−2 -1.01 10+1 3.0 102

(b) 9.57 10−1 1.70 10−2 9.57 10−1 1.62 10−2 1.23 100 -3.32 100 -2.7 100

(c) 6.65 10−1 1.64 10−1 6.51 10−1 1.81 10−1 1.80 100 -7.81 10−1 -4.3 10−1

(d) 5.03 10−1 2.77 10−1 4.97 10−1 2.98 10−1 2.16 100 1.74 10−2 8.1 10−3

(e) 3.03 10−1 5.08 10−1 3.12 10−1 5.13 10−1 3.29 100 1.36 100 4.1 10−1

(f) 9.75 10−2 8.36 10−1 9.72 10−2 8.59 10−1 1.25 10+1 1.02 10+1 8.2 10−1

Fig. 5. Eddington factors p(f) versus flux ratio f ofSN and TMT neutrino transport onmodelM0, at four different energies (values are indicated

in the figures). Solid lines correspond with SN , dashed with two-moment MEC, dash-dotted with MCC, dash-triple dotted with WMC, and

dotted with LPC.

for several energies do support weak equivalence of the MEC

solutions.

An alternative multiple-energy test of TMT versus SN can

be made by looking at the variable Eddington factor as a func-

tion of f , like a one dimensional closure. The nature of the

radiation field is for a large part contained in how p(f) behaves
as a function of f alone. This is clear, because if the relationship

p(f) were known for the true radiation field, it could be used in
the two-moment equations to find the exact solutions e(r) and
f(r). In Fig. 5, p(f) trajectories are plotted for four neutrino

energies. While the one-dimensional closures MCC, WMC en

LPC remain the same in all four plots, it is clear that the Edding-

ton trajectory pSN
(f) is different at each neutrino energy. The

Eddington trajectories of TMT-MEC, pME(f), are also differ-

ent, and, due to the additional freedom of MEC in (f, p) space,
are able to follow pSN

(f) more closely on average. Notice in

particular that TMT-MEC, in accordance with SN , has a min-

imum in the Eddington trajectories of the lower two energies,

while at the higher two energies, TMT-MEC does not display

this minimum, again in agreement with SN .

For f > 0.5, all closures except LPC have Eddington tra-

jectories that agree with SN equally well. But at the highest

energy, ω = 111 MeV, it is actually LPC that gives the best

overall fit. At this energy, the pME(f) curve in Fig. 5 coincides

with the top fat curve in Fig. 1, i.e., the Minerbo closure pMI(f).
Because the density of these high energy neutrinos is very low

in the atmosphere, MEC tunes to the Minerbo closure which

is the low density limit e → 0. For ω = 111 MeV, the curve

pSN
(f) lies outside the dynamic range of MEC in (f -p) space,

i.e., in the semi-transparent regime the radiation field is peaked

more strongly thanMEC can account for. Cernohorsky & Blud-

man (1994) claim that fermionic radiation should be confined
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Fig. 6a,b. Energy averaged Eddington factors 〈p〉 versus average flux ratio 〈f〉 in model M0 a and model WW1 b. Solid lines correspond with

SN , dashed with two-moment MEC, dash-dotted with MCC, dash-triple-dotted with WMC, and dotted with LPC.

to the fermionic MEC (f -p) domain. Here we see that this need

not be so: there is no reason why a particular neutrino radi-

ation field need comply with a statistical maximum entropy

principle. In fact, pSN
(f) lies within the bosonic maximum en-

tropy domain which is bounded by the Minerbo curve and the

Levermore-Pomraning curve.

High energy neutrinos in the semi-transparent regions have

relatively small weight due to their low abundance. Deviations

of TMTwith respect to SN at these energies may, therefore, not

be so important. We check on this by considering the energy-

averaged moments,

〈f〉(r) =

∫

dωω3e(r, ω)f(r, ω)
∫

dωω3e(r, ω)
, (34)

and

〈p〉(r) =

∫

dωω3e(r, ω)p(r, ω)
∫

dωω3e(r, ω)
. (35)

The average Eddington factor 〈p〉 versus 〈f〉 is shown in Fig. 6a
for SN and TMT with different closures. For this exercise, all

transport calculations were performed with 25 energy groups

in the range [0, 250] MeV. Agreement between TMT-MEC and

SN is excellent: at a given average flux 〈f〉, average TMT-MEC

and SN Eddington factors differ from each other by 3% at most.

The energy averaged TMT-MCC Eddington trajectory, within

6% of SN , is just about as good,

For TMT to be useful, weak equivalence must always ap-

ply. Background model M0 is only one snapshot in the sequel

of core collapse events. Therefore, we consider another mat-

ter background, model WW1, already described in Sect. 4.1. Its

temperature, density and other parameters are shown (dashed)

in Fig. 2. An additional reason to consider this model is that the

atmosphere of model M0 does not extend to very large radii

(an artifact of the polytropic model). As a result, we could not

explore the entire (f -p) space: calculations reached to f = 0.9,
p = 0.8, leaving a gap towards f = p = 1, the radial streaming

limit.

We compare, as before, energy averaged Eddington factors

from SN and TMT calculations. Because model WW1 is less

dense and cooler than model M0, the neutrino energy range

was lowered to 85 MeV (still using 25 bins). Average Edding-

ton factors are shown in Fig. 6b; again we find good agreement

between SN and TMT-MEC, with differences between the two

of 2% only, while TMT-MCC agrees to within 6%. The afore-

mentioned atmospheric gap is bridged along the nearly linear

track ∂fp|f=1 = 2 (with the expected exception of LPC).

5. Conclusions

We have computed numerical neutrino transport using two

methods: a discrete ordinate method, SN , to obtain a direct so-

lution of the Boltzmann equation, and two-moment transport,

TMT, with a variable Eddington factor. The two were compared

first by looking at the angular moments {e, f, p}, i.e., weak
equivalence of the radiation field F . Four different closures,

MEC, WMC, LPC, and MCC were used in TMT. Of these,

LPC is not weakly equivalent to the three moments in SN . The

remaining three closures, MEC, MCC, andWMC, give more or

less the same, good accuracy in monochromatic transport, with

maximumentropy closure (MEC) being slightly the better of the

three. In addition to weak equivalence, MEC displayed strong

equivalence at this typical energy, i.e., the maximum entropy

distribution function, ΨME(r, µ), as a function of polar angle,

gave a fair enough description of the radiation field F(r, µ) as
calculated with the SN method.

Spectral solutions of SN showed that the Eddington trajec-

tories p(f) are different at different energies. One-dimensional

closures are unable to account for this, but pME(e, f), the two-
dimensional closure MEC, has extra freedom in (f -p) space.
Thus, for example, MEC can follow a p < 1/3 trajectory. The

closure ofWilson,WMC, does have aminimumwhere p < 1/3,
but will always invoke it in a TMT solution, even when the ac-

tual radiation field may not display this feature. The MEC tra-

jectories may cover a domain bounded by the limiting curves

representing the Minerbo and maximum packing closure rela-

tions. In their approach to free streaming, all of these trajecto-

ries obey the causality constraint (13) (as do the SN solutions).

While MCC can be constructed to also meet this requirement,
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the closures WMC and LPC always violate this condition. In

the low density regime the SN solution may be closely tracked

by the Minerbo limit of MEC. On the other hand, the max-

imum packing limit was never attained in the SN solutions.

Therefore, in our experience, Minerbo’s closure may lead to

a good representation of non-diffusive neutrino transport, but

maximum packing cannot be recommended as a closure. The

closure LPC, although originally shown to be consistent with

maximum entropy considerations, lies essentially outside the

domain of fermionic MEC.

Very good agreement between TMT-MEC and SN was

found in the energy averaged Eddington trajectories 〈p〉 ver-

sus 〈f〉, indicating that the neutrino spectrum is on average

well represented by TMT-MEC. This was also found for TMT-

MCC, but with TMT-MEC again being superior. This average

weak equivalence of TMT-MEC/MCC and SN was found for

two different background models, representing an early and a

late stage of core collapse. Wemay, therefore, expect that TMT-

MEC and TMT-MCC are likely to give an accurate average rep-

resentation of the neutrino radiation field during the entire core

collapse scenario.

In this respect let us mention that velocity dependent terms

encountered in actual dynamical (or relativistic) calculations in-

troduce the third order moment (beyond f and p), for which a

convenient practical inversion scheme is lacking. While from

a given angular model distribution one can calculate the mo-

ments, in the case of the maximum entropy angular distribution

a practical closure on the third order moment would be available

only in the Minerbo and maximum packing limits. Another ex-

ample is the third moment of the LP-distribution (see Van Thor

et al. 1995), which of course will fail the weak equivalence re-

quirement. The Minerbo and maximum packing closures, on

the other hand, may be as adequate as discussed.

Summarizing, two-moment transport (TMT) gave the best

overall fit to the discrete ordinate (SN ) solution when using

the maximum entropy (MEC) and Janka’s Monte Carlo (MCC)

closures. In view of its physical basis and greater p-f domain,

we favourMEC overMCC as a closure in two-moment neutrino

transport.
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