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Abstract. Two-dimensional maximum entropy closure anéimiting and the moment method are essentially different ap-
various standard one-dimensional closures in flux-limited ngaroaches to deal with anisotropic radiation fields, the two are
trino diffusion and two-moment transport are compared agaimsinnected through a generic relationship between flux limiter
direct numerical solutions of the neutrino Boltzmann equatioand Eddington factorcf Sect. 2). In this paper we focus on
The approximate transport based on particular closures of th®-moment transport, and check a number of closure relations
moment equations is rated by testing so-called weak equiegainst direct numerical solutions of the Boltzmann equation.
lence of the first three moments of the neutrino radiation field/e will do so within the scope of fermionic (neutrino) radi-
Additionally we consider strong equivalence of the maximuution. Previous investigations in this field (Janka 1991, 1992;
entropy angular model distribution. Our calculations are petanka et al. 1992; Cernohorsky & Bludman 1994) have revealed
formed on two different matter backgrounds and involve sea-number of shortcomings of standard closures and have pro-
eral neutrino energies. As an alternative multiple energy test pesed possible improvements. One such improved treatment is
look at the behavior of spectral and energy-averaged Eddipgevided by two-dimensional maximum entropy closure. While
ton factors. Among the closures considered, two-dimensiorlaé numerical overhead of any two-dimensional closure would
maximum entropy closure is found to overall approximate mosasily appear at odds with the attempt for computational econ-
closely the full transport solutions. omy, it has proven possible, in the case of Fermi-Dirac statis-
tics, to formulate an efficient closure algorithm (Cernohorsky
Key words: radiative transfer — methods: numerical — starg: Bludman[1994).
atmospheres — stars: neutron — stars: supernovae: general There is no such thing as the “correct” closure. At most one
may strive for a closure which is able to describe the radiation
field “as well as possible” in a given transport problem. The
quick way is to adopt aad hocrelation, for example one that
smoothly interpolates between the diffusive and free-streaming

In radiative systems radiation is invariably transported throudfixes, such as Wilson’s closure (Séct. 3.2.1). Or one may look
the medium. The transport equation, therefore, is the basic edi¢4-such a relation based on geometrical or other considera-
tion underlying the radiative hydrodynamics. In practice orfons. Alternatively, the closure can be derived from a given or
commonly circumvents this fundamental equation by resogssumed angular dependence of the radiative distribution func-
ing to some simplifying procedure to approximate the transpéil‘?”- In some cases the functional dependence obtained from
problem. Although computationally intensive, the Boltzman@irect transport calculations may serve to model the closure, as
equation can nowadays be solved numerically in one spatial §ithe case for Janka's Monte Carlo closure ($ect.B.2.3).
mension. Nevertheless, semi-analytic approximation schemesAn appealing approach is to derive the angular dependence
are needed in higher dimensional problems, and are often mf#h & basic principle. In this spirit the maximum entropy clo-
illuminating than exact treatments, even in one dimension. Thdre (Minerbo_1978) and the Levermore-Pomraning closure
physical foundation for a particular choice of approximatiofLevermore & Pomraning 1981), discussed in Séct$. 3.1 and
however, is not always in evidence, and the ensuing physi, have been obtained. These were derived originally for the
description of the system may be rather qualitative. case of photon radiation, and have subsequently been applied to

Currently fashionable approximations are flux-limiting pre2€utrino transport as well. For photon radiation more closures
scriptions and closure relations for the moment equations¢@n be found in the literature (Levermore 1984).

number of which we shall examine below. Although flux- The Wilson and Levermore-Pomraning closures have be-
come standard in neutrino transport calculations. Implementa-
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flux limiters in a flux-limited diffusion (FLD) scheme. In oursupplied to close the set. One important closure is the diffusion
calculations for this paper we employed a two-moment transpapgproximation (Fick’'s Law)
(TMT) scheme incorporating maximum entropy closure (MEC) 1

besides various other closures. The philosophy behind MECFis= _‘VE=>¢ER , 3)

that it allows for the least biased distribution of the radiation 3K 3

guanta based on the available informativiz, particle statis- whereR = |VE |/x<E, the ratio of mean free path to energy
tics, energy or occupation density, and flux. The dependerszale height, is the Knudsen number. Where small opacities or
on energy density in addition to the flux calls for an inherentlsteep gradients make > 1, Fick’s Law would allow an acausal
two-dimensional closure which may contain more traditionélx, ' > cE. The flux-limiting remedy is to modify{3) to
one-dimensional closures as limiting cases.

If TMT with a given closure is to be successful, the TMT = cEA(R)R 4)
solution should approximate, as clos_ely_ as_possible, the fWere theflux limiter \
three angular moments of the exact distribution, for each pojnt
in space and for every energy. Beyond this “weak equivalence
of the angular moments, one may also consider “strong equivim RAR) =1 (5)
alence” of a given model distributiong., judging whether or =
not the exact distribution is well represented by the model dignd the correct diffusion limit
tribution (Cernohorsky & Bludman_1994). 1

In Sect[2 we briefly outline the procedures of flux-limitedlim A(R) = = . (6)
diffusion and two-moment transport. Though offering different —° 3
perspectives, an intimate relation exists between their cenfrlix-limited diffusion, therefore, is a minimal moment ap-
concepts of flux limiter and closure. Various closures are ngroach, taking into account only the energy Eg. (1) as an angular
viewed in Sec{.B. In Se(il 4 the validity of approximate transaoment equation, with a closure at the lowest level.
port is evaluated in terms of the concepts of weak and strong In the two-moment description closure is expressed by two
equivalence of the angular distribution and its moments. For tiigidington factors
purpose we consider two different material backgrounds and a
number of neutrino energies. We also examine the behaviof 6F F/Ec , p=P/E. (7)

spectral and of energy averaged Eddington factors. Among W% usually assumed that does not explicitly depend on the

closures considered, two-dimensional MEC appears to give rgy densityi.e., a ‘one-dimensional’ closure prescription,
best overall approximation to the full Boltzmann transport cal- _ o(f), is adopted. In principle, however, one has a ‘two-
culations, while the Wilson and Levermore-Pomraning Closuraﬁ‘nensio,nal’ relationéhip ’ ’

are poorest. Our conclusions are summarized in Sect. 5.

(R) is specifically designed to meet the
usality requirement

p=p(f,e) (8)

among the first three reduced moments
The essential simplification in both flux-limited diffusion and
the two-moment approach consists in discarding the detailed qP-ef, ep} = (4m) 71 /d2Q{1’ Q, QQ}F(Q) (9)
gular information contained in the radiation field. Instead one
considers angular averages (‘moments’) of the distribution fungthe radiative distribution functiotF. (Here is the direc-
tion. The first three are the radiative energy densifyenergy tjon of the momentum vector of the radiation quanta.) In sys-
flux F, and pressure tens@, respectively. The basic assumpiems with local axial symmetry (such as plane and spherical ge-
tion is that these quantities suffice as a physical description&ﬁetries)' EqL18) reduces to a scalar relationshig, p(f, e),
the radiation field. The moments must satisfy the energy aggcause there is a preferred direction. The variable Eddington

2. Flux-limiting and two-moment transport

momentum equations factorp(f, e) must satisfy
OE+V -F=ro(B—E) | 1 .
t (B-E) D i p)=1/3 . (e =1 (10)
OF +V-P=_«F | @ 7 !

in_order that the radiation field have the correct diffusive and

which are obtained by angular integrations of the radiative tral S .
ree-streaming limits. The constraint (Levermpre 1984)

port equation. Herg, andx are the absorptive and total trans-
port opacities, respectively, adél = B(T) is the ‘blackbody’ 2 p<1 (11)
thermal energy density. In these equations, the velocity of light =
has been put equal to one. E@$. (1) and (2) may be readfd®ws from f andp being normalized averages of a distri-
monochromatic (spectral) as well as energy integrated eqbation, cf. Eq.[D). Note that the quantiti€s$ (9) are spectral and
tions. space & time dependent through

The classical closure problem is that, because there are moreAs Egs.[(4) and({7) show, a flux limiteris directly related
physical variables than equations, an additional relation musttbehe Eddington flux factof. Any variable Eddington factor
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p may be used to construct a flux limiter according to (Leveunder the constraints that the momeatandf be given, one

more 1984) obtains a Fermi—Dirac type angular dependence of the radiative
distribution function
AR)=p—f*>0 (12)
=V ; -t 15
where the inequality follows from(11). Levermore (1984‘7:(/” = Wne(p;n, a) = en—an 11 (15)

presents a variety of closures with their associated quinmite[_srere and in the followingy: denotes the cosine of the polar

Two-moment transport (TMT) and flux-limited diffusiona le of the momentum vector of the radiation quanta with re-
(FLD) are thus closely related. In TMT the closure is at the levg['d q

of the momentum equation (‘2nd moment closure’), while ispect to the preferential (radial) direction. Taking moments of

FLD the momentum equation is formally ignored (“1st momentc Maximum entropy distributiod e, one obtaing, f, and

closure’). It is possible to quantify the error in the momentu as fun_ct|ons of the tV.V" Lagr_ange _multlplle;nsand a. The
closure is formally obtained by inversion &, a) and f (7, a)
balance (Cernohorsky & van den Harn 1990) and to compen- AR
0 express the Lagrange multipliers in terms:@nd f. These

fﬁete}gﬁﬂg:g,:mggﬁ?%ag ag)lcil%;ﬁagggég\?;karéi‘ritl;tlgg?atter relations may be used to write the closure in the form
b » =0-12), y = pme(e, f). MEC is thus inherently a two-dimensional clo-

the neglected momentum contributions. In this way a modi re depending exolicity on the enerav densitas well as the
fied FLD scheme results which should correctly account f Px} P g explictty 9y L

energy-momentum balance. Such a scheme was first presenye(iin .general the functional form, EG{15), of the model dis-

in the context of neutrino transport by Janka (1991) and Dganltch’ILbution does not allow analytic inversion(e. f) anda(e, f).

Jankal(1992) as an alternative approach to TMT with a variahle ™ " : . N
Eddington factor. However, while the conceptual framework r this reason, the maximum entropy neutrino distribution was
’ considered originally (Cernohorsky et al. 1989; Cernohorsky

FLD s formally preserved, the extended FLD scheme is equl%_van den Horri_ 1990) in a Pade approximation that led to the

alent to the set of TMT equations. Strictly then, one is no long évermore-Pomraning closure LPC (SECL3.2.2). However, in

solving a diffusion equation,e.,a parabolic partial differential o I . ; 0

) . ' tI”{e case of fermionic radiation, the assumptions involved in this
equation. The moment equations are actually a hyperbolic set. o L s
approximation may lead to violation of constraints imposed by

The hyperbolicity of the moment equations has |mpI|cat|oQ e Pauli principle. Therefore, Janka et al. (1992) explored the

for any approximate solution procedure involving a closure Onrclalture of the full maximum entropy closure by performing the
the variable Eddington factor. In particular, with a nonlinear clo- Py yp 9

sure, physically acceptable solutions meeting prescribed boufi~ > 0 = n(e, f) anda = a(e, f) numerically. While these
iy . Investigations revealed that the neutrino angular distribution is
ary conditions may be out of (numerical) reach. As shown b

Korner & Jankal(1992), the solutions contain a critical poi ell represented by the two-parameter Fermi-Dirac form of

so that nearby solutions easily diverge away from the physi .[1%), it was noted that the numerical inversion was too time

solution. Smit et al.[(1997) have shown under what conditioﬁg Ei?g:;gﬁ;%?ﬁg/: tf[ﬁgfir?\tgf:itc)il EZi;:;eggEﬁdt;quﬁgn
the physical solution is stably and accurately mimicked. ' '

Ahyperbolic system admits discontinuity waves. Inthefreg—ermhorsw & Bludmari (1394) found a closed form for the
r}gable Eddington factor

streaming case, singularities must progagate with the speeéfao

light. This causality requirement implies (Anile etlal. 1991) 1 2(1—e)(1—2e) f
DPME = 5 + (16)
9 3 3 1—e
b I (13)
Of ) 1 ' The functiony is defined as
This constraint on the closure is supplementary to théset (1Q)x) =1 — 3z/q(z) 17

(@I1), but has not been imposed in standard closures. In the next hich is the i fthe L i function =
section, we will see thaCT13) is met by all fermionic maxi? W€ ¢(z) is the inverse of the Langevin function =

mum entropy closures, but not by the Wilson and Levermork(4) = cothq —1/q. _ o _
Pomraning closures. The lowest-order polynomial approximation g having

the correct behaviour in the free-streaming and diffusive limits
and no free parameters,

(@) =B -z +32)/5 | (18)

3. Closures

3.1. Maximum entropy closure
h f . inciple (o f | is accurate to at least 2%. Using this approximation(in) =

The use ofamaximum entropy principle to ind a closure dat %/(1 — x(z)) is equivalent to interpolate between the limits

back to Minerbol[(1978), who applied the procedure to phot(ig

: X o x) — 3z for z — 0, andq(z) — z/(1 —x) forxz — 1
transport. Cernohorsky et dl. (1989) first applied the principle the inverse Langevin function. (This has a maximum er-

fermionic radiation. By maximising the spectral entropy funq,—Or of 8% atz — 0.8.) With the polynomial approximation,

tional maximum entropy closure becomes a feasible option in two-
! moment transport, as the actual inversion of the Langevin func-
S[FW)] = - /_1 dp[FlnF + (1= F)n(l =F)] , (14) tion is bypassed. Fifl 1 showsie (e, f) as a function of flux
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‘ ‘ ‘ Table 1. Eddington factors for two ad hoc and three statistical one-
r 7| dimensional closures. The functigiL) is the inverse of the Langevin

function L(q) = cothq — 1/q.

0.8 | | Closure p(f) p'(1)
Ad Hoc

s Wilson %(1 — f+3f%) 5/3

0.6 -4 Monte Carlo $(1405f13 +1.5f41) 228
Statistical
Maximum packing T1-2f+4f?) 2

0.4 4 Minerbo 1-2f/q(f) 2
Levermore-Pomraning f coth g(f) 1

2 . . . . . . . . .+ 1+ 7 3.1.2. Minerbo closure

The other boundary of MEC is set by the limjt>> 1 + |a,

f for which the distribution becomeByg (1) ~ e~ (") This
Fig. 1. Closures. Solid curves denote maximum entropy closure Ei§-the low density or Maxwell-Boltzmann limit of MEC. The
dington factorg (e, f) versus flux ratiof at fixede-values. The two fat moment integralg {9) can be performed analytically and lead to
curves mark the boundaries of maximum entropy closure. The uppéinerbo’s (1978) closure
fat curve is the low density limi¢ = 0, the lower one is the maximum
packing curve. In between lie, with solid gray lines, from top to bofMI = 1=2f/a (21)
tom,e = 0.3to e = 0.9 in steps ofAe = 0.2. The dashed-dotted f = cotha —1/a . (22)

curve is Janka’s Monte Carlo closure MCC, the dash-triple-dott%. | is sh h fat inHig. 1. T th
line is Wilsons minimal closure WMC, and dotted is the Levermore-' IS¢ osure_ls shown a_s € upper atcurvein Ig. - 10gé . er
Pomraning closure, LPC. with the maximum packing curve it marks the domain of MEC in

(p, f) space. The closureg;, andpyp both satisfy the causality
requiremen{(13). Therefore, this approach to radial free stream-
ratio f at several fixec-values. Note that an actual solutior|ng is followed by all intermediate MEC trajectoripge (e, f)
{e(r), f(r), p(r)} of TMT will not follow any of these curves, a5 well. Fig[1 also shows a number of other closures that we
because(r) varies with radius. proceed to discuss in relation to MEC. The closures are sum-
marized in Tableg]1 and 2.

3.1.1. Maximum packing

A limiting case of the maximum entropy distribution is obtained-2- Other closures
for 3.2.1. Wilson’s closure

lim Wy (p) = Cwp(p) = { (1) ((;01 z Z i “10)) . (19) Wilson's closure (WMC)
1 1

e | | )= S+ S 23)
Fu (1987) calls this angular degeneracy, in analogy with the

zero-temperature limit of the Fermi-function in energy spacand equivalent “minimal” flux limiter

for ¢ — oo, angular states abovg, are filled. Janka et 1

al. (1992) also refer to it as “maximum (or tightest) pack(R) = 3T R (24)

ing”: all radiation is packed in a cone with the minimal pos- . . . . . -
sible opening anglé, — arccos . The maximum packing ongmally presgnted (W!Ison etal. 19?5) for use in fl'ux—llm'lted
e . . . neutrino diffusion are still widely used in numerical simulations
distribution ¥yp yields, with [9) respectively, the moments o : .
] g 1 B of gravitational collapse (e.g., Bowers & Wilsbn 1982; Wilson
¢ =5 = po) f =514 po), p = 5(1 % po + 1) AMAX- 4 o) o7 \ilson T984; Bruerin 1975, 1985; Mezzacappa &
imum packing closure relation is readily derived: ' 2 ' 12, =29, TV PP
Bruenn 19934, 1993b; Messer et/al. 1998). Physically, the pre-
scription amounts to an interpolation between the diffusive and

1 2
pue(f) = 5(1 —2f 44 (20) free streaming fluxes by harmonically averaging the two. This

This maximum packing closure marks one boundary of mauarantees the correct diffusive and free streaming limits, but
imum entropy closure in{ f) space: in FidlLpwe(f) is the leaves the intermediate behavior imprecise.

lower fat curve above which all maximum entropy trajectories. ViIISON's closure, withdpww /df| ;=1 = 5/3, does not sat-
pele, f) lie. isfy the causality requiremeni(13), and has a minimum at

f = 1/6 (see Fid11). In one-dimensional closures, such a min-
imum is not expected ag f) is a measure of the anisotropy in
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Table 2. Statistics and Angular Distribution.

Closure Statistics U(u, f)

Maximum packing Extreme FD O(pn— po), o =1—2e
Minerbo Maxwell-Boltzmanng < 1  (ea/sinha) exp (au)
Levermore-Pomraning  Extreme BE;> 1 [cothq(f) — f]/ [cothq(f) — 1]

the direction of; indeed it does not occur in other conventionakhere the opacity drops to low values. This is related to the
one-dimensional closures. In two-dimensional closures, on flaet thatp (/) does not contain a critical point (See also Smit
other handp = p(e, f) need not be monotonic increasing as at al. (1997)). This behavior can be quantified by checking the
function of f (See also Janka et al. 1992). approach to free streaming. For LPC one finds

- OpLp -1 29
3.2.2. Levermore-Pomraning closure of ) -a S (9)

Another qlosure_th_at has beer_l widely adopted in both .phOtorr']ich is a factor of two below the value required byl(13), and
and neutrino radiative transfer is the Levermore-Pomraning clo-

sure (LPC), corresponding to the flux limiter of Levermore gxplams why in Fid.1L, LPC lies well above the other closures.

Pomraning[(1981). This closure can be parametrised by

pp = fcothR (25)
f =cothR—1/R . (26 Japka (1991, 1_992) perform_ed ext_ensive Monte Carlo calgu—
. ~lations of neutrino transport in typical hot neutron star envi-
The closure corresponds to an approximate angular distributighments. From the results he constructed several analytic fits

which is assumed to be slowly varying in space and time in the— pmc(f) to energy averaged transport data. The fits were
intermediate transport regime. (The Knudsen parametér parametrised as

this case is a slight generalization [of (3).)
The closure LPC was shown to be consistent with maxiy, . (r) = 1[1 +afm™+(2-a)f"]
mum entropy considerations (Pomraning 1981). However, the

closure stands out as the anomalous one inlFig. 1, where igig different set&:, m, n) were provided. If we insiston the free

seento lie outside the domain of (fermionic) MEC. The Under'ﬁreaming behavioum_3)’ the fit parameters should be related
ing distribution (see Table 2) can be derived from the maximu,

entropy distribution[(1l5) by assumirg| < 1 (Cernohorsky
et al.[1989), but this assumption no longer holds away from + (2 —a)n =6 . (31)

isotropy. This by itself is not problematic, but it may cause the . o - . .
distribution, ¥.p(12), to exceed unity. In the case of fermion:LFh'S constraint is not satisfied by the parameters listed in Janka

. o 0 i
this represents an internal inconsistency (Janka et al. 195‘%9(.)91('1). Wh;ghtﬁ hov;ucliexlag%ns Up,m)l/;bgre clgsireigil%rre
To prevent it, one must impoge| < 1, buta is not control- sponding e seto( = 0.5 m = 1. = )

. . ertains to electron-type neutrinos in a background model re-
lable. From a given TMT solution we may work backwards B : . . T
find Wi p(11;m, @) by invertinge(n, a) and f (1, a), and check if Sembling the model MO which we use in S&tt. 4; it is denoted

U p < lor|a| < 1, buta priori measures cannot be undertake S MCC andis shown in Figl 1. As noted by Janka efal. {1992),

. . . . . the MCC closures were in general not well represented by con-
Calculating the energy density with and inverting, one ) . .
9 9y y e (1) g ventional one-dimensional closures, but could be reproduced by

3.2.3. Janka’'s Monte Carlo closure

; (30)

finds . . . .
two-dimensional maximum entropy solutions.

a=(cothR—e/R)"" | 27)

so, at a givenR, the parametes exceeds unity whea > eg, 4. Model calculations

where 4.1. Background models

egr = RcothR— R . (28)

Transport calculations in this paper were restricted to neutri-
With f(R) given by Eq.[(26), a parametric constraint(f) nos of the electron type, and were performed on a stationary
limits e at a givenf value. For a neutrino transport solutiormatter background denoted as “model MO”, shown in [Hig. 2.
this means that(r) must drop sufficiently rapidly in the outerThis model is a tri-polytrope representative of a hot proto-
regions wheref(r) increases; else the solution is inconsistemeutron star in the cooling phase following collapse and core-
with the fermionic nature of the radiation. bounce. In Sedt. 4.4 we also briefly consider “model WW1”",

Itwas already pointed out by Janka (1991, 1992) adchiér which is an iron core halfway in collapse (central density
& Jankal(1992) that LPC pushgs— 1 too rapidly in regions p. = 8.8 x10'2 gcm3). Ithas been evolved from aninitial iron
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core at the center of & M, red giant of Woosley & Weaver 4.2. Weak equivalence

- : . .
(1995), which was kindly provided to us by S. Woosley. Th\?\le first address weak equivalence,,the agreement between

evolution from the initial model witlp, = 9.1 x 10° g cm* to the lowest three angular moments obtained by approximate and
WW1 was calculated with Newtonian hydrodynamics coupIeH gutar y-app
xact transport calculations.

to two-moment neutrino transport using the maximum entrogy Results for neutrino energy — 8.1 MeV are shown in

closure. . : .
Lattimer & Swesty’s (1991) equation of state was used mg'ﬁ’ d|splay|ng th_e gngular mom_ertt(;r), f.(r.) and p(r)
versus radius. Qualitatively, all solutions exhibit the same be-

both models. The equation of state determines the chemi A
composition (mass fractions of free protons, neutrons, alp %V|ourofthe8.1MeV radiation field. Belaw~ 20 km, the ra-

. : : : dlation follows equilibrium dictated by the mattety) ~ b(r),
particles and a typical nucleus) and chemical potenuals,wh@vﬁ”e the small flux f(r) < 1 and the Eddington factor

are required to determine neutrino opacities and the equilibriu N - R,
distribution. The opacities include absorption and scattering é@i ; >1/ 23 0 ?ncilcj:se r:r(l)alt):;eerrae?qlﬁgrpblsp ?;;fflésrg/?r'oﬁ Ila;;ger

the particles mentioned; neutrino-electron scattering and prsﬂr

processes were left out (but including them would not affect t id on a linear s_calg‘, bgglns tq deviate frpm Zero r}otlceably.
conclusions of this paper) rom an eye-on inspection of Fi@$. 3a-d itis hard to judge which

The next two sub-sections focus on a fixed neutrino enerOfthe TMT solutions s in better agreement witly, except that
e LPC solution is clearly worse as the surface is approached.

w = 8.'1 MeV, roughly the average energy of the neutrino\%e will proceed with a more quantitative comparison
emerging from the background model MO. In SECil 4.4, a spec- Comparing the:(r) profiles of TMT andSy, good égree—

tral analysis is made of the Eddington factors. From the point ntis found for MEC, MCC and WMC closures which cannot

of view of weak and strong equivalence, we compare the Tl\4 pentis foun o -
results with Boltzmann transport using discrete ordinate)( Tiﬂ'?'lijlllgguil:h;z ZZ?gSé\; )'ZVFIE'%?'kmefcl,?r%i_ﬁﬂeg?t;f; of

calculations involvingN = 64 angular bins. A mesh of 200 _
L . 6% (smaller) at = 31 km, and for TMT-WMC 9% (larger) at
(unequally spaced) radial bins was used. The code is descrlge:d 39 km, all with respect té. For LPC, the differences are

1 C
elsewhere (Smit 1998). much larger and amount to a 30% deficit at the surface.
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“~ 0.5

T y T f T f T Fig. 3a—d. Stationary state neutrino trans-

|
L .
T | port results: angular momentgr), f(r),
0.1 3 E - (d) 1 andp(r) for neutrino energw = 8.1 MeV.
001 E 3 Solid line is the discrete ordinatgy solu-
_3 71  tion, and dashed the two-moment transport
107 ¢ E | solution with MEC closure. The other two
= 107* __ 1 curves are two-moment results with Janka’s
-1  MCC (dash-dotted), Wilson’s WMC (dash-
107° 3 E | triple-dotted), and the LPC (dotted). The flux
10-8 __ _ ratio f(r) is plotted twice: on a linear scale
- (b),and alogarithmic scale). To show also
1077 = E the negative fluxes that occurak 12 km,
1078 F E | ) | ) | ) .| the absolute value is taken éncausing the
20 40 60 0 20 40 60  cusp nead2 km. Framea also displays the
equilibrium functiond(r) with a thin solid
T [km] 7 [km] line.

Looking at f(r) andp(r) in Figs[3b-d, we see the differ-is thatpg,, (r), pme(r) andpwm (r) drop belowl /3 at radii20 <
ences between the various solutions becoming apparent insthe 31 km. This is impossible for the one-dimensional closures
semi-transparent layer, most obviously in the case of the LREGCC and LPC. The MEC and WMC solutions minig, with
solution. LPC reaches parallel free streamifig;> 1andp — 1 a precision better than 2% and 5%, respectively. However, for
at the surface, where the other solutions haendp still well WMC, p(f) < 1/3 is imposed by construction, whereas MEC
below these limiting values. The tendency of LPC to push toentains it as a possible solution trajectory.
wards a purely radial flowf{ p — 1) too rapidly was already Finally, in Fig[3d, in the approach to free streaming, all
referred to in Sedf. 3.2.2. An additional point to note is that th&o-moment Eddington factors except LPC are close téthe
TMT-LPC solution obtained here does not satisfy the fermioselution, with MEC providing a slightly better fit. At the sur-
constraint discussed in that sectianywherein the iron core, face, MEC, MCC, WMC, and LPC deviate by 1, 2, 4 and 43%,
i.e.,the occupation densig(r) exceeds the limiting value givenrespectively.
by Eq.[2Z8) at all radii. Based on this monochromatic calculation, we have no clear-

For f(r) andp(r), there is again fair agreement betweeaut indication to favour a particular closure, although the num-
Sy and TMT for all closures except LPC, although larger difeers are slightly better for TMT-MEC. On the other hand,
ferences are observed than in the case(oj. Nevertheless, TMT-LPC is clearly disfavoured, as was already anticipated
these differences are too small to stand out clearly in the plats Sect{ 3 22.

The flux ratiofue (r) computed with MEC, is found to approxi-
matefs, (r) to better than 9% at radii larger tha km. Below 43
this radius, the overall differences are in the range 10-20%, but”
they cannot be discerned in the figure. Near the surfige, We now turn to strong equivalence, a good correspondence be-
andfs, practically coincide. The MCC and WMC flux ratios tween the actual angular distributigf{r, 1.) and a certain model
fve and fwm, agree with MEC forr < 17 km, but in the semi- distribution ¥ (r, 1). While both closures MEC and LPC were
transparent region and out to the surface, they differ from ME@rived from model distributions, LPC already fails to give weak
and from each other. The magnitude by which they differ froequivalence. For strong equivalence we will therefore consider
fsy isin the same range as was found fii. only MEC. In SecZ311 we noted that the maximum entropy

Fig[3d shows that just beyond= 20 km the Eddington model distribution is a two-parameter function, containing the
factorsp(r) begin to visibly deviate from /3, and, for different two Lagrange multipliers) anda used in the maximalization
solutions, also deviate from each other. A special feature to npt@cedure, see E@.{15). This functiobwe(r, u; 7, ), can be

Strong equivalence
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calculatedh posteriorifrom a TMT-MEC calculation oéye(r), point-symmetric aroung = po = n/a (maximum packing),

fme(r) by (numerical) inversion of the set of equations with angular states aboye = 1o more populated than below.
1t In frames (c)-(€)4o is in the range-1 < pg < 1, and can
eme(r) = 5/ dp Ope(r, u;n, a) (32) be associated with a real anglg = arccos po. The angledy
-1 . decreases outwards, in agreement with peaking of the radiation
1 . getting stronger.
fue(r) = 2emE /_1 A Due(r i, @) (33) The profiles in frames (c)-(e) suggest Pauli-blocking in an-

to obtainy(e(r), f(r)) anda(e(r), f(r)) at a particular radius. gle space (a Ieft—rightmirrored.Fermi-fu'nction) (cf. Jahka 1991,
Fig.d shows the discrete ordinate distributigiir, ) and the Jankg et al. 1992). The blocking level is, however, below one.
model distribution e (r, 11; 1, a) as functions of polar angle atonly if the bloc_kmg level reaches one can we be sure th_at angu-
six radial positions of decreasing neutrino depth in model M@ Pauli-blocking is observed. From the set of graphs in Janka
at neutrino energy = 8.1 MeV. Table[3 lists the values of (1991, his Fig. 3.12) the blocking Ievell cannot be inferred bg—
a andn at these positions, and the angular momenjsfrom cause the data are averaged over neutrino energy and normalised
both solutions. with respectto the local neutrino density. We may conclude from
Fig[4a does not displa§ andWye, but rather their devia- Figs3a-fthat, on the"_"hm@’ME(M) matchesF (1) remarkably -
tions from unity,[1 — 7] and[1 — Wyg]. The figure shows that at Well considering that it is only a two-parameter fun_ctl_on: |’F is
this large neutrino depth radiation is very nearly isotropic: bo@iP!e to reproduce the overall character of the radiation field,
F andWye deviate from unity by a minute fraction. Note thatVhich changes from a simple linear dependence on polar angle
the figure displays textbook diffusion: the distribution functiofP P€ing highly forward peaked.
is linear in the cosine of the polar angle, the Eddington factor
p = 1/3, and the diffusion approximation holds to a high de4.4. Spectral Eddington factors

gree of accuracy. The diffusive flux has negative sign here (cf. ) . .
Fig.3c). Earlier sections focused on a monochromatic solution of the

The other frames, (b)-(f), show how, moving out towards tHaeutrino Boltzmann and two-moment equations. As remarked,
stellar surface, radiation becomes forward peaked. DeviatdgOmParison of the two should involve the energy dependence
from near isotropy is seen in frame (b) at neutrino depth 3, of the _rad|a_1t|on field, and TMT shogld provide an adequate
as well as non-linearity in the angular dependence, signaliigProximation to the Boltzmann solution at more than one neu-
the breakdown of the diffusion approximation. In Tablea3 trino energy. Itis notintended here to repeat the monochromatic
increases with decreasing depth, andhanges from a large analysis of the previous sections at multiple energies. However,
negative to a large positive value. ,The MEC distributioy is based on a comparison of the angular moments, our calculations
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Table 3. For six positions in the star shown in Hig. 4, this table listnd f as obtained with th&'x method (second and third column) and
the TMT method (fourth and fifth). The last three columns list the Lagrange multipliensln corresponding to a given TMT-MEC sg, f),
and the angle,y = n/a.

Sn=20 TMT-MEC

# e f e ! a 7 Ho

(@ 1-407107° -4561077 1-407107° -4571077 -33710°% -10110"* 30107
(b) 957107 1701072 957107' 1621072 12310° -33210° -2.710°
() 6651071  164107" 651107* 181107' 18010° -781107' -43107!
(d) 50310°t 277107t 497107t 298107t 2.1610° 1741072 811073
(e) 303107  50810°! 312107 513107%  32910° 1.36 10° 411071
® 9.751072 836107' 9721072 859107' 12510"* 10210 82107!
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Fig. 5. Eddington factorg( f) versus flux ratigf of Sy and TMT neutrino transport on model MO, at four different energies (values are indicated
in the figures). Solid lines correspond withy, dashed with two-moment MEC, dash-dotted with MCC, dash-triple dotted with WMC, and
dotted with LPC.

for several energies do support weak equivalence of the Mp@rticular that TMT-MEC, in accordance wify, has a min-
solutions. imum in the Eddington trajectories of the lower two energies,
An alternative multiple-energy test of TMT versfig can while at the higher two energies, TMT-MEC does not display
be made by looking at the variable Eddington factor as a furtbis minimum, again in agreement withy .
tion of f, like a one dimensional closure. The nature of the For f > 0.5, all closures except LPC have Eddington tra-
radiation field is for a large part contained in hpyy) behaves jectories that agree wity equally well. But at the highest
as afunction of alone. Thisis clear, because if the relationshignergyw = 111 MeV, it is actually LPC that gives the best
p(f) were known for the true radiation field, it could be used iaverall fit. At this energy, theye(f) curve in Fig[5 coincides
the two-moment equations to find the exact solutiefag and with the top fat curve in Fidgll4,e.,the Minerbo closurew, (f).
f(r). In Fig.[, p(f) trajectories are plotted for four neutrinoBecause the density of these high energy neutrinos is very low
energies. While the one-dimensional closures MCC, WMC énthe atmosphere, MEC tunes to the Minerbo closure which
LPC remain the same in all four plots, itis clear that the Eddings the low density limite — 0. Forw = 111 MeV, the curve
ton trajectoryps,, (f) is different at each neutrino energy. Thes,, (f) lies outside the dynamic range of MEC if+p) space,
Eddington trajectories of TMT-MECywe(f), are also differ- i.e.,in the semi-transparent regime the radiation field is peaked
ent, and, due to the additional freedom of MEC jinyf) space, more strongly than MEC can account for. Cernohorsky & Blud-
are able to followps,, (f) more closely on average. Notice inman [(1994) claim that fermionic radiation should be confined
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Fig. 6a,b. Energy averaged Eddington factdgs versus average flux ratigf) in model MOa and model WW. Solid lines correspond with
Sw, dashed with two-moment MEC, dash-dotted with MCC, dash-triple-dotted with WMC, and dotted with LPC.

to the fermionic MEC (-p) domain. Here we see that this needense and cooler than model MO, the neutrino energy range

not be so: there is no reason whyparticular neutrino radi- was lowered to 85 MeV (still using 25 bins). Average Edding-

ation field need comply with atatistical maximum entropy ton factors are shown in Figl 6b; again we find good agreement

principle. In factpg,, (f) lies within the bosonic maximum en-betweenSy and TMT-MEC, with differences between the two

tropy domain which is bounded by the Minerbo curve and tied 2% only, while TMT-MCC agrees to within 6%. The afore-

Levermore-Pomraning curve. mentioned atmospheric gap is bridged along the nearly linear
High energy neutrinos in the semi-transparent regions havackd;p|;—1 = 2 (with the expected exception of LPC).

relatively small weight due to their low abundance. Deviations

of TMT with respect taS at these energies may, therefore, not .

be so important. We check on this by considering the energy-Conclusions

averaged moments, We have computed numerical neutrino transport using two
f dwwie(r,w) f(r,w) me_zthods: a discrete ordinate methS@lf,, to obtain a direct so-

(fH(r) = T duowsbe(r,w) : (34) lution of the Boltzmann equation, and two-moment transport,
’ TMT, with a variable Eddington factor. The two were compared

and first by looking at the angular momen{s, f, p}, i.e., weak
[ dwee(r, w)p(r,w) equivalence of the radiation fiel@. Four di'fferent closures,
(p)(r) = T dowbe(r,w) : (35) MEC, WMC, LPC, and MCC were used in TMT. Of these,

LPC is not weakly equivalent to the three momentsin The
The average Eddington facty) versus(f) is shown in Fig.ba remaining three closures, MEC, MCC, and WMC, give more or
for Sy and TMT with different closures. For this exercise, alkess the same, good accuracy in monochromatic transport, with
transport calculations were performed with 25 energy groupgximum entropy closure (MEC) being slightly the better of the
in the rangd0, 250] MeV. Agreement between TMT-MEC andthree. In addition to weak equivalence, MEC displayed strong
Sy is excellent: at a given average fl(x), average TMT-MEC equivalence at this typical energye., the maximum entropy
andSy Eddington factors differ from each other by 3% at mostlistribution function,Wye(r, 1), as a function of polar angle,
The energy averaged TMT-MCC Eddington trajectory, withigave a fair enough description of the radiation figltr, 1) as
6% of Sy, is just about as good, calculated with the5y method.

For TMT to be useful, weak equivalence must always ap- Spectral solutions aofy showed that the Eddington trajec-
ply. Background model MO is only one snapshot in the sequetiesp(f) are different at different energies. One-dimensional
of core collapse events. Therefore, we consider another nabsures are unable to account for this, byt (e, f), the two-
ter background, model WW1, already described in $edt. 4.1. disnensional closure MEC, has extra freedom fiap] space.
temperature, density and other parameters are shown (dasfédis, for example, MEC can followa < 1/3 trajectory. The
in Fig.[2. An additional reason to consider this model is that tluéosure of Wilson, WMC, does have a minimum where 1/3,
atmosphere of model MO does not extend to very large radiit will always invoke it in a TMT solution, even when the ac-
(an artifact of the polytropic model). As a result, we could naual radiation field may not display this feature. The MEC tra-
explore the entiref(-p) space: calculations reachedjte= 0.9, jectories may cover a domain bounded by the limiting curves
p = 0.8, leaving a gap towardg = p = 1, the radial streaming representing the Minerbo and maximum packing closure rela-
limit. tions. In their approach to free streaming, all of these trajecto-

We compare, as before, energy averaged Eddington factiées obey the causality constrainii13) (as do$hesolutions).
from Sy and TMT calculations. Because model WW1 is les#&/hile MCC can be constructed to also meet this requirement,
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by the Minerbo limit of MEC. On the other hand, the max-

imum pack[ng limit was never a'ttained in they solutions.  raterences

Therefore, in our experience, Minerbo’s closure may lead to

a good representation of non-diffusive neutrino transport, bifile A.-M., Pennisi S., Sammartino M., 1991, J. Math. Phys. 32, 544
maximum packing cannot be recommended as a closure. Ffgenn S.W., 1975, Ann. N.Y. Acad. Sci. 262, 80

closure LPC, although originally shown to be consistent wifff4€"" S-W., 1985, ApJS 58, 771

. . . . . . wers R.L., Wilson J.R., 1982, ApJ 263, 366
maximum entrqpy_ considerations, lies essentially outside tﬁ%rnohorskyl, Bludman S.A.. 1994, ApJ 433, 205
domain of fermionic MEC.

Cernohorsky J.,vandenHornL.J.,1990, J. Quant. Spectr. Rad. Transfer
Very good agreement between TMT-MEC afg, was 43. 33

found in the energy averaged Eddington trajectofjgsver- cernohorsky J., van den Horn L.J., Cooperstein J., 1989, J. Quant.
sus (f), indicating that the neutrino spectrum is on average Spectr. Rad. Transfer 42, 603

well represented by TMT-MEC. This was also found for TMTbgani R., Janka H.-Th., 1992, A&A 256, 428

MCC, but with TMT-MEC again being superior. This averag€u A., 1987, ApJ 323, 227

weak equivalence of TMT-MEC/MCC ansly was found for Janka H.-Th., 1991, Ph.D. Thesis, Techn. Unidriddhen

two different background models, representing an early andafka H.-Th., 1992, A&A 256, 452

late stage of core collapse. We may, therefore, expect that TM§0ka H.-Th., Dgani R., van den Horn L.J., 1992, A&A 265, 345

MEC and TMT-MCC are likely to give an accurate average reﬁ—orner A., Janka H.-Th., 1992, A&A 266, 613

. . N . . h ttimer J.M, Swesty F.D., 1991, Nuc. Phys. A 535, 331
resentation of the neutrino radiation field during the entire co gvermore C.D., 1984, J. Quant. Spectr. Rad. Transfer 31, 149

collapse scenario. Levermore C.D., Pomraning G.C., 1981, ApJ 248, 321

In this respect let us mention that velocity dependent terSsser 0 EB. Mezzacappa A., Bruenn S.W., Guidry M.W., 1998
encountered in actual dynamical (or relativistic) calculations in-  apj 507, 353

troduce the third order moment (beyofficandp), for which a Mezzacappa A., Bruenn S.W., 1993a, ApJ 405, 637

convenient practical inversion scheme is lacking. While fromezzacappa A., Bruenn S.W., 1993b, ApJ 410, 740

a given angular model distribution one can calculate the midinerbo G.N., 1978, J. Quant. Spectr. Rad. Transfer 20, 541
ments, in the case of the maximum entropy angular distributiBamraning G.C., 1981, J. Quant. Spectr. Rad. Transfer 26, 385
apractical closure on the third order moment would be availalsi@it J.-M., 1998, Ph.D. Thesis, Univ. of Amsterdam

only in the Minerbo and maximum packing limits. Another ex>Mit J:-M., Cernohorsky J., Dullemond C., 1997, A&A 325, 203
ample is the third moment of the LP-distribution (see Van Thon Thor W.F., DganiR., van den HomLL.J., Janka H.-Th., 1995, A&A
et al. 1995), which of course will fail the weak equivalence rex 298, 863

. t The Minerb d . i | ilson J.R., 1984, In: Centrella J., LeBlanc J., Bowers R.L. (eds.)
quirement. € Minerbo and maximum packing closures, on Numerical Astrophysics. Joan & Bartlett Publ., Inc., Boston

the other hand, may be as adequate as discussed. Wilson J.R., Couch R., Cochran S., LeBlanc J., 1975, Ann. N.Y. Acad.
Summarizing, two-moment transport (TMT) gave the best s 262, 54

overall fit to the discrete ordinate5;) solution when using \woosley S.E., Weaver T.A., 1995, ApJS 101, 181

the maximum entropy (MEC) and Janka’s Monte Carlo (MCC)

closures. In view of its physical basis and greatet domain,

we favour MEC over MCC as a closure in two-moment neutrino

transport.
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