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Two-loop operator matrix elements calculated up to finite terms
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We present the two-loop corrected operator matrix elements calculated inN-dimensional regularization up
to the finite terms which survive in the limit«5N24→0. The anomalous dimensions of the local operators
have been previously extracted from the pole terms and determine the scale evolution of the deep inelastic
structure functions measured in unpolarized lepton hadron scattering. The finite«-independent terms in the
two-loop expressions are needed to renormalize the local operators up to third order in the strong coupling
constantas . Further the unrenormalized expressions for the two-loop corrected operator matrix elements can
be inserted into specific one loop graphs to obtain a part of the third order contributions to these matrix
elements. This work is a first step in obtaining the anomalous dimensions up to third order so that a complete
next-to-next-to-leading order analysis can be carried out for deep inelastic electroproduction.
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I. INTRODUCTION

One of the most important successes of the theory of
turbative quantum chromodynamics~QCD! is the prediction
of the scale evolution of the structure functions Fi(x,Q2)
measured in deep-inelastic lepton-hadron scattering~for re-
views see@1#!. From these structure functions one can in
the parton densities, which serve as input for many ot
deep-inelastic~hard! processes and lead to a wealth of p
dictions for cross sections~for a review see@2#!. Many of
these predictions have been tested by now and are in
good agreement with the experimental data. The scale
lution of the structure functions is determined by the anom
lous dimensions of local composite operatorsOi

n(x),
i 5q,g, where n denotes the spin, which show up in th
expansion of the product of two local electroweak curre
Jm(x) and Jn(y) around the light cone (x2y)250. The struc-
ture functions are proportional to the Fourier transform in
momentum space of the product of these two currents s
wiched between hadronic states. In this way the struc
functions can be written as a product of operator matrix
ements~OME’s! and coefficient functions. The former de
scribe the long distance~low momenta! properties of QCD
whereas the latter account for the short distance~large mo-
menta! behavior of the specific quantities, such as e.g.
structure functions, under consideration. Both the anoma
dimensions and the coefficient functions are calculable o
by order in perturbation theory so that they can be expres
in a series expansion in the strong coupling constantas . The
finite anomalous dimensions are responsible for the s
dependence of the structure functions and the parton de
ties. On the other hand the OME’s themselves are of a n
perturbative nature, and, apart from some attempts using
tice gauge field theory, cannot yet be determined from fi
principles. Hence they have to be determined from mod
and fits to experimental data. In the past one has put a lo
effort into calculating the lowest order coefficients in t
570556-2821/98/57~11!/6701~22!/$15.00
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perturbation series for the anomalous dimensions and
coefficient functions. In@3,4# the orderas contributions to
the anomalous dimensions were obtained by evaluating
one-loop OME’s which follow from inserting the local op
eratorsOi

n(x) between quark and gluon states~for an alter-
native method see@5#!. The second order contributions
which involved the evaluation of two-loop OME’s, hav
been computed by various groups@6–9#. As far as the coef-
ficient functions are concerned they have been evaluated
many processes up to next-to-leading order~NLO! ~for a
recent review see@2#!. Combining them with the above NLO
anomalous dimensions one can make a complete NLO an
sis of many quantities such as cross sections for Drell-Y
production or deep-inelastic structure functions.

The advent of the DESYep collider HERA opened up a
new era of deep-inelastic lepton-hadron experiments w
much higher statistics than was previously available. F
thermore, the values ofx and Q2, on which the structure
functions depend, could be extended beyond those acces
by earlier fixed target experiments. This enables QCD to
tested with an even higher degree of precision so that eff
beyond NLO can be studied. In particular both the small a
the largex-regions have attracted much attention in the
erature~for a review see e.g.@10#!. Hence it will be neces-
sary to extend the existing expressions for the anoma
dimensions and the coefficient functions beyond NLO. T
first step to obtain the next-to-next-to-leading order~NNLO!
corrections has been made in@11# where orderas

2 correc-
tions to the coefficient functions for deep-inelastic lepto
hadron scattering have been computed. The same prog
has also been completed for the Drell-Yan process in@12#.
For a consistent NNLO analysis we also need the third or
contributions to the anomalous dimensions. Unfortunat
the latter are not known yet except for those correspond
to the operatorsOi

n(x) with spin n52, 4, 6, 8 and 10. They
have been computed in@13# using completely different meth
6701 © 1998 The American Physical Society
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ods than those used in@6–9#. Using the above second orde
coefficient functions and the third order anomalous dim
sions it is possible to make a NNLO analysis of the struct
functionsF2(x,Q2) andF3(x,Q2) as long as one limits one
self to the largex (x.0.01) and smallQ2 ~see@14#!. If one
wants to study the behavior of the structure functions
small x or at largeQ2, knowledge of the anomalous dimen
sions for any spin is indispensable. Since the full calculat
of the latter quantities is a tremendous enterprise, it has t
carried out step by step. The first step is to compute
two-loop OME’s up to finite terms which is an extension
the work done in@6–9#. These finite terms are needed
carry out the renormalization of the three-loop graphs si
they determine the single pole terms inN-dimensional regu-
larization from which one has to extract the third order co
tributions to the anomalous dimensions. Moreover, by ins
ing the unrenormalized two-loop corrected OME’s in on
loop graphs one gets parts of the expressions for
unrenormalized three-loop graphs. This method has b
used previously to get parts of the two-loop expressions
inserting the one-loop corrected OME’s into one-lo
graphs.

In Sec. II we will give an outline of the calculation whic
will be carried out in the Feynman gauge. Although th
gauge entails some complications due to the mixing of ph
cal and unphysical operators, it is the only one in which i
feasible to perform a calculation of Feynman graphs for
OME’s beyond two-loop order. All other gauges, such as
axial gauge used in@8#, lead to even more complication
which we want to avoid. The long expressions obtained
the full OME’s are presented in Appendix A while Append
B contains results for non-physical OME’s, which a
needed to carry out the renormalization program.

II. CALCULATION OF THE TWO-LOOP OPERATOR
MATRIX ELEMENTS

In this section we will give an outline of the calculation
the OME’s up to two-loop order. The operators, which a
pear in unpolarized lepton-hadron scattering, can be divi
into singlet and non-singlet parts with respect to the fla
group. In leading twist~namely twist 2! the non-singlet
quark operator of spinn is given by

Oq,k
m1 ,m2¯mn~x!5

1

2
i n21SF c̄~x!gm1Dm2

¯Dmn
lk

2
c~x!

1trace termsG . ~2.1!

In the singlet case there are two operators. The quark op
tor is represented by

Oq
m1 ,m2¯mn~x!5

1

2
i n21S @c̄~x!gm1Dm2

¯Dmnc~x!

1trace terms#, ~2.2!

and the gluon operator is given by
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Og
m1 ,m2¯mn~x!5

1

2
i n22S @Faa

m1~x!Dm2
¯Dmn21Fa

amn~x!

1trace terms#. ~2.3!

In these composite operatorsc andFa
mn stand for the quark

field and the gluon field tensor respectively. Thelk in
Eq. ~2.1! represent the generators of the flavor group and
index a in Eq. ~2.3! stands for the color. Further, the abov
operators are irreducible tensors with respect to the Lore
group so that they have to be symmetric and traceless in
their Lorentz indicesm i . From the operators above one ca
derive the Feynman rules for the operator vertices in
standard way~see e.g.@6,15,16#!. This derivation is facili-
tated if the operators are multiplied by the source

Jm1m2¯mn
5Dm1

Dm2
¯Dmn

, ~2.4!

with D250 in order to eliminate the trace terms in Eq
~2.1!–~2.3!. Hence all operator vertices in momentum spa
are multiplied by a factor (D•p)n. For the computation of
the OME’s denoted by

Ai j 5^ j ~p!uOi u j ~p!& ~2.5!

with i , j 5q,g we choose the Feynman gauge except for
one-loop graphs for which we take the general covari
gauge. For this choice the gluon propagator equals

Dab
mn~k!5

idab

k2 S 2gmn1~12j!
kmkn

k2 D . ~2.6!

The matrix element~2.5! has to be considered as a connec
Green function with the external legs amputated but with
external self-energies of the partonsj included. In this paper
all quarks and gluons are taken to be massless and the e
nal momentump is off-shell (p2,0) in order to get finite
expressions for the OME’s. This choice implies that t
OME’s are not gauge invariant so that they cease to be
dinary S-matrix elements. Moreover, they acquire unphys
parts which can be split into two classes. The first class or
nates from the fact that the equations of motion~EOM! do
not apply anymore, which is the case for both non-sing
and singlet OME’s. The second class can be traced bac
the mixing between so-called gauge invariant~GI! or physi-
cal ~PHYS! and non-gauge invariant~NGI! operators which
originate from the Yang-Mills~here gluonic! sector ~see
@17,18,19,20#!. Therefore this second class of unphysical o
erators only shows up in the singlet case. The first class d
not contribute to the operator renormalization constants
contrast to the second class which affects the aforementio
constants via the mixing between the GI and NGI operat
as we will see below. The way to deal with this mixing
described in@15,16,21,22#.

The calculation of the Feynman graphs corresponding
the physical operators of Eqs.~2.1!–~2.3!, which are de-
picted in the figures in@6#, proceeds in the standard way. Th
figures and definitions for the corresponding unphysical
erators are given in@15#. The Feynman integrals reveal u
traviolet divergences which are regularized using the met
of N-dimensional regularization. In this way the above dive
gences show up in the form of pole terms of the type (1/«)k
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57 6703TWO-LOOP OPERATOR MATRIX ELEMENTS . . .
with «5N24. In @6–9# it was sufficient to evaluate the one
loop graphs up to finite terms and the two-loop graphs up
single pole terms in order to get the second order anoma
dimensions. Here we have to include terms proportional t«
in the one-loop expressions and the two-loop graphs hav
be computed up to terms which are finite in the limit«→0.
The way to compute the two-loop Feynman integrals up
finite terms is presented in@15# and in Appendix B of@23#.
We used the programFORM @24# to do the necessary algebr

To check our results for the Feynman diagrams it is use
to have explicit expressions for the pole terms in«. There-
fore we will now present the OME’s expressed in renorm
ization group coefficients, which are defined in@11,12#. The
explicit formulas for the physical and unphysical OME’s c
be found in Appendixes A and B respectively. Further, it
implicitly understood that all quantities in the main text,
particular the anomalous dimensionsg i j ( i , j 5q,g), are
Mellin transforms but to avoid additional indices we do n
write a superscriptn to indicate this explicitly.@Another way
to interpret the formulas is that the OME’s are given in p
ton momentum fraction (z) space when the anomalous d
mensions are replaced by minus the corresponding Altar
Parisi splitting functions and the multiplications in mome
space are replaced by convolutions.# We have written the
OME’s in such a way that all renormalization group coef
cients appearing in the expressions below are renormal
in the modified minimal subtraction~MS! scheme. Up to
order as

2 the non-singlet and the singlet OME’s can be d
composed as

Âqq
r 5FD” Âqq

r ,PHYS1p”
D•p

p2 Âqq
r ,EOMG~D•p!n21, ~2.7!

whereÂqq
r ,PHYS andÂqq

r ,EOM with r 5NS,S stand for the physi
cal and unphysical parts respectively. The latter enter du
the breakdown of the equations of motion. The non-sing
OME can now be expressed in renormalization group co
ficients as follows:

Âqq
NS,PHYS511âsS«S 2p2

m2 D «/2F1

«
gqq

NS,~0!1aqq
NS,~1!

1«aqq
NS,«,~1!G1âs

2S«
2S 2p2

m2 D «F 1

«2 H 1

2
~gqq

NS,~0!!2

2b0gqq
NS,~0!J 1

1

« H 1

2
gqq

NS,~1!22b0aqq
NS,~1!

1gqq
NS,~0!aqq

NS,~1!2 ĵ
daqq

NS,~1!

dĵ
zjJ 1aqq

NS,~2!

22b0aqq
NS,«,~1!1gqq

NS,~0!aqq
NS,«,~1!

2 ĵ
daqq

NS,«,~1!

dĵ
zjG

ĵ51

, ~2.8!

whereS« denotes the spherical factor given by
o
us

to

o

l
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t

ed

-

to
t
f-

S«5expF«2 ~gE2 ln 4p!G , ~2.9!

which originates fromN-dimensional regularization. In the
expressions above all quantities that are unrenormalized
respect to operator, coupling constantas and gauge constan
j renormalization are indicated by a caret. The finite ter
are written in such a way that after all renormalizations
non-logarithmic terms@with respect to ln(2p2/m2)# become
equal to aqq

NS,~k! (k51,2). Further, we have introduced
shorthand notation for the strong coupling constant so th

as5
as

4p
, as5

g2

4p
. ~2.10!

The coefficientsb0 and zj , which originate from coupling
constant and gauge constant renormalization, are given

âs5asF11asS«S 2b0

1

« D G , ~2.11!

ĵ5jF11asS«S zj

1

« D G , ~2.12!

where

b05
11

3
CA2

8

3
nfTf , zj5CAS 2

10

3
2~12j! D1

8

3
nfTf .

~2.13!

In QCD @SU(N)# the color factors are given byCF5(N2

21)/2N, CA5N, Tf51/2 andnf stands for the number o
light flavors. Finally theg i j

(k) denote the coefficients of th
order as

k11 terms appearing in the series expansions of
anomalous dimensions. Using the same notation we can
express the unphysical part of the non-singlet OME in E
~2.5! in the aforementioned renormalization group coe
cients

Âqq
NS,EOM5âsS«S 2p2

m2 D «/2

@bqq
NS,~1!1«bqq

NS,«,~1!#

1âs
2S«

2S 2p2

m2 D «F1

« H gqq
NS,~0!bqq

NS,~1!22b0bqq
NS,~1!

2 ĵ
dbqq

NS,~1!

dĵ
zjJ 1bqq

NS,~2!22b0bqq
NS,«,~1!

1gqq
NS,~0!bqq

NS,«,~1!2 ĵ
dbqq

NS,«,~1!

dĵ
zjG

ĵ51

. ~2.14!

Since the singlet OME is only computed up to seco
order, the unphysical part arises from the fact that the eq
tions of motion are not satisfied. In this order there is no ne
to introduce NGI operators. The singlet OME can be sp
into nonsinglet~NS! and purely singlet~PS! parts

Aqq
S 5Aqq

NS1Aqq
PS, ~2.15!
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where the purely singlet physical OME is

Âqq
PS,PHYS5âs

2S«
2S 2p2

m2 D «F 1

«2 H 1

2
gqg

~0!ggq
~0!J 1

1

«
H 1

2
gqq

PS,~1!

1gqg
~0!agq

~1!J 1aqq
PS,~2!1gqg

~0!agq
«,~1!G , ~2.16!

and the purely singlet unphysical OME is

Âqq
PS,EOM5âs

2S«
2S 2p2

m2 D «F1

«
$gqg

~0!bgq
~1!%1bqq

PS,~2!1gqg
~0!bgq

«,~1!G .
~2.17!

The mixing with NGI operators does occur inÂqg,mn

which can be written as

Âqg,mn5Âqg
PHYSTmn

~1!1Âqg
EOMTmn

~2!1Âqg
NGITmn

~3! . ~2.18!

In this expression the tensors are given by

Tmn
~1!5

11~21!n

2 Fgmn2
pmDn1Dmpn

D•p
1

DmDnp2

~D•p!2 G~D•p!n,

~2.19!

Tmn
~2!5

11~21!n

2 Fpmpn

p2 2
pmDn1Dmpn

D•p
1

DmDnp2

~D•p!2 G~D•p!n,

~2.20!

and
Tmn
~3!5

11~21!n

2 F2
pmDn1Dmpn

2D•p
1

DmDnp2

~D•p!2 G~D•p!n.

~2.21!

For later purposes we also define the tensor

Tmn
~4!5

11~21!n

2 FpmDn1Dmpn

2D•p G ~D•p!n. ~2.22!

The above tensors satisfy the following relations:

pmTmn
~ i ! 50 ~ i 51,2!, pmTmn

~ i ! Þ0 ~ i 53,4!,
~2.23!

pmpnTmn
~ i ! 50 ~ i 51,2,3!, pmpnTmn

~4!Þ0. ~2.24!

Using these relations one can show that the OME’s in
~2.18! satisfy the following Ward-identities~WIs! for i 5q:

pmÂig,mn5
11~21!n

2 F2pn1
Dnp2

D•p G~D•p!nÂig
NGI ,

~2.25!

pmpnÂig,mn50. ~2.26!

The WI in Eq. ~2.25! shows that the unphysical part in Eq
~2.18!, given byÂqg

NGI , is due to the NGI operatorOA in Eq.

~B1!. The second term in Eq.~2.18!, given byÂqg
EOM, is also

unphysical due to the fact that we cannot apply the equat
of motion. The physical part of the OME in Eq.~2.18! be-
comes
Âqg
PHYS5âsS«S 2p2

m2 D «/2F1

«
gqg

~0!1aqg
~1!1«aqg

«,~1!G1âs
2S«

2S 2p2

m2 D «F 1

«2 H 1

2
~gqq

~0!gqg
~0!1gqg

~0!ggg
~0!!2b0gqg

~0!J
1

1

« H 1

2
gqg

~1!22b0aqg
~1!1gqg

~0!agg
~1!1aqg

~1!gqq
~0!2 ĵ

daqg
~1!

dĵ
zjJ 1aqg

~2!22b0aqg
«,~1!1gqg

~0!agg
«,~1!

1gqq
~0!aqg

«,~1!2 ĵ
daqg

«,~1!

dĵ
zjG

ĵ51

. ~2.27!

The unphysical parts are given by

Âqg
EOM5âsS«S 2p2

m2 D «/2

@bqg
~1!1«bqg

«,~1!#1âs
2S«

2S 2p2

m2 D «F1

« H gqg
~0!bgg

~1!1gqq
~0!bqg

~1!22b0bqg
~1!2 ĵ

dbqg
~1!

dĵ
zjJ

1bqg
~2!22b0bqg

«,~1!1gqg
~0!bgg

«,~1!1gqq
~0!bqg

«,~1!2 ĵ
dbqg

«,~1!

dĵ
zjG

ĵ51

~2.28!

and

Âqg
NGI5âs

2S«
2S 2p2

m2 D «F 1

«2 $gqg
~0!ggA

~0!%1
1

«
$gqg

~0!agA
~1!%1aqA

~2!1gqg
~0!agA

«,~1!G . ~2.29!
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The coefficients with a subscriptA originate from the NGI operatorOA whose matrix element will be presented below wh
we discuss the renormalization.

The next OMEÂgq can be decomposed as

Âgq5FD” Âgq
PHYS1p”

D•p

p2 Âgq
EOMG~D•p!n, ~2.30!

where the last term again represents the unphysical part due to the breakdown of the equations of motion. The phy
equals

Âgq
PHYS5âsS«S 2p2

m2 D «/2F1

«
ggq

~0!1agq
~1!1«agq

«,~1!G1âs
2S«

2S 2p2

m2 D «F 1

«2 H 1

2
ggq

~0!~ggg
~0!1gqq

NS,~0!!2b0ggq
~0!J

1
1

« H 1

2
ggq

~1!22b0agq
~1!1ggq

~0!aqq
NS,~1!1ggg

~0!agq
~1!1ggA

~0!~aAq
~1!1aBq

~1!!2 ĵ
dagq

~1!

dĵ
zjJ 1agq

~2!22b0agq
«,~1!

1ggq
~0!aqq

NS,«,~1!1ggg
~1!agq

«,~1!1ggA
~0!~aAq

«,~1!1aBq
«,~1!!2 ĵ

dagq
«,~1!

dĵ
zjG

ĵ51

. ~2.31!

The coefficients with the subscriptsA and B refer to the NGI operatorsOA and OB presented in Eq.~B1! and Eq.~B5!

respectively. The latter shows up for the first time in orderas
2 in the physical part ofÂgq . The corresponding OME’s will be

given below when we discuss the renormalization of the physical operators. The unphysical part of Eq.~2.30! equals

Âgq
EOM5âsS«S 2p2

m2 D «/2

@bgq
~1!1«bgq

«,~1!#1âs
2S«

2S 2p2

m2 D «F1

« H ggq
~0!bqq

~1!1ggg
~0!bgq

~1!22b0bgq
~1!2 ĵ

dbgq
~1!

dĵ
zjJ 1bgq

~2!22b0bgq
«,~1!

1ggq
~0!bqq

NS,«,~1!1ggg
~0!bgq

«,~1!2 ĵ
dbgq

«,~1!

dĵ
zjG

ĵ51

. ~2.32!

The last OMEÂgg,mn has a similar decomposition to the one presented in Eq.~2.18!:

Âgg,mn5Âgg
PHYSTmn

~1!1Âgg
EOMTmn

~2!1Âgg
NGITmn

~3! . ~2.33!

In particular it satisfies the same Ward identities as listed in Eq.~2.25! and Eq.~2.26! for i 5g. Hence the second~unphysical!
part in this expression originates from the breakdown of the equations of motion whereas the third term again origina
the NGI operatorOA in Eq. ~B1!. The physical part of the OME is equal to

Âgg
PHYS511âsS«S 2p2

m2 D «/2F1

«
ggg

~0!1agg
~1!1«agg

«,~1!G1âs
2S«

2S 2p2

m2 D «F 1

«2 H 1

2
@~ggg

~0!!21ggq
~0!gqg

~0!#2b0ggg
~0!J

1
1

« H 1

2
ggg

~1!22b0agg
~1!1ggg

~0!agg
~1!1ggq

~0!aqg
~1!1ggA

~0!~aAg
~1!1avg

~1!!2 ĵ
dagg

~1!

dĵ
zjJ 1agg

~2!22b0agg
«,~1!

1ggg
~0!agg

«,~1!1ggq
~0!aqg

«,~1!1ggA
~0!~aAg

«,~1!1avg
«,~1!!2 ĵ

dagg
«,~1!

dĵ
zjG

ĵ51

. ~2.34!

The unphysical parts are given by

Âgg
EOM5âsS«S 2p2

m2 D «/2

@bgg
~1!1«bgg

«,~1!#1âs
2S«

2S 2p2

m2 D «F1

« H ggg
~0!bgg

~1!22b0bgg
~1!1ggA

~0!~bAg
~1!1bvg

~1!!2 ĵ
dbgg

~1!

dĵ
zjJ

1bgg
~2!22b0bgg

«,~1!1ggA
~0!~bAg

«,~1!1bvg
«,~1!!2 ĵ

dbgg
«,~1!

dĵ
zjG

ĵ51

~2.35!

and
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Âgg
NGI5âsS«S 2p2

m2 D «/2F1

«
ggA

~0!1agA
~1!1«agA

«,~1!G1âs
2S«

2S 2p2

m2 D «F 1

«2 H 1

2
~ggg

~0!1gAg
~0!1gvg

~0!22b0!ggA
~0!J

1
1

« H 1

2
ggA

~1!22b0agA
~1!1ggg

~0!agA
~1!1ggA

~0!~aAA
~1!1avA

~1! !2 ĵ
dagA

~1!

dĵ
zjJ 1agA

~2!22b0agA
«,~1!1ggg

~0!agA
«,~1!

1ggA
~0!~aAA

«,~1!1avA
«,~1!!2 ĵ

dagA
«,~1!

dĵ
zjG

ĵ51

, ~2.36!
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respectively. In these expressions we observe that there
quantities with the subscriptA and with the subscriptv. The
latter originate from the NGI ghost operatorOv presented in
Eq. ~B2!. The renormalization of the above OME’s involve
the mixing of the NGI~non-gauge-invariant! operatorsOA ,
OB and Ov mentioned above with the physical~gauge in-
variant! operators in Eqs.~2.1!–~2.3!. Therefore we have to
compute the matrix elements in Eq.~2.5! where the physica
operators indicated byi 5q,g are replaced by the NGI one
labelled byi 5A,B,v. To get the physical OME’s which ar
finite up to orderas

2 the unphysical ones have fortunate
only to be calculated up to orderas .

The operator renormalization proceeds as follows. F
we have to perform coupling constant and gauge cons
renormalization. This is achieved by replacing the bare c
stants by the renormalized ones by substituting Eqs.~2.11!
and ~2.12! in the above expressions for the OME’s. Subs
quently the OME’s have to be multiplied by the opera
renormalization constants to remove the remaining ultrav
let divergences. The most simple case is the renormaliza
of the non-singlet OME’s since here we do not have mix
with physical and NGI operators. This renormalization
achieved by

Aqq
NS,i5~Z21!qq

NSÂqq
NS,i , ~2.37!

with i 5PHYS and EOM. The inverse of the operator ren
malization constant equals

~Z21!qq
NS511asS«F2

1

«
gqq

NS,~0!G1as
2S«

2F 1

«2 H 1

2
~gqq

NS,~0!!2

2b0gqq
NS,~0!J 2

1

2«
gqq

NS,~1!G . ~2.38!

In the case of the singlet operatorsAqq
S,i there is no mixing

between GI and NGI operators~at least up to orderas
2!. The

singlet OME’s are finite fori 5PHYS and EOM when

Aqq
S,i5~Z21!qq

S Âqq
S,i1~Z21!qgÂgq

i , ~2.39!

and the renormalization involves the matrixZi j due to mix-
ing with unphysical operators. Hence we have to invert t
matrix in order to perform the operator renormalization. T
first renormalization constant in Eq.~2.39! can be split as
follows:

~Z21!qq
S 5~Z21!qq

NS1~Z21!qq
PS, ~2.40!
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on

-
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where the first part is equal to the expression~2.38! and the
last part equals

~Z21!qq
PS5as

2S«
2F 1

«2 H 1

2
gqg

~0!ggq
~0!J 2

1

2«
gqq

PS,~1!G .
~2.41!

The constant (Z21)qg in Eq. ~2.39! also shows up in the
renormalization of the next OME, namely

Aqg
i 5~Z21!qq

S Âqg
i 1~Z21!qgÂgg

i , ~2.42!

for i 5PHYS, EOM and NGI. It can be decomposed in
renormalization group coefficients as follows:

~Z21!qg5asS«F2
1

«
gqg

~0!G1as
2S«

2F 1

«2 H 1

2
gqg

~0!~gqq
~0!1ggg

~0!!

2b0gqg
~0!J 2

1

2«
gqg

~1!G . ~2.43!

For the renormalization ofAgq
PHYS in Eq. ~2.31! andAgq

EOM in
Eq. ~2.32! we also need the contributions of the NGI OME’
Here the finite expressions are given by

Agq
i 5~Z21!gg@Âgq

i 1h~ÂAq
i 1ÂBq

i !#1~Z21!gqÂqq
S,i ,

~2.44!

whereh is defined as a source multiplying the NGI operato
in the effective action@see Eq.~2.8! in @15##. Here we will
write this quantity as follows:

h5asS«F2
1

«
ggA

~0!G1as
2S«

2F 1

«2 H 1

2
~gAA

~0!1gvA
~0!

2ggg
~0!22b0!ggA

~0!J 2
1

2«
ggA

~1!G . ~2.45!

If we sandwich the operatorOA between quark states@see
Eq. ~2.5!#, we get

ÂAq
PHYS5âsS«S 2p2

m2 D «/2F1

«
gAq

~0!1aAq
~1!1«aAq

«,~1!G ~2.46!

and

ÂAq
EOM5âsS«S 2p2

m2 D «/2

@bAq
~1!1«bAq

«,~1!#, ~2.47!
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up to lowest order. We proceed in a similar way for t
operatorOB and the OME’s read

ÂBq
PHYS5âsS«S 2p2

m2 D «/2F2
1

«
gAq

~0!1aBq
~1!1«aBq

«,~1!G
~2.48!

and

ÂBq
EOM5âsS«S 2p2

m2 D «/2

@bBq
~1!1«bBq

«,~1!#. ~2.49!

Notice thatÂAq andÂBq can be decomposed in a similar wa
to Âgq in Eq. ~2.30!. The operator renormalization consta
appearing in the last part of Eq.~2.44! can now be written as

~Z21!gq5asS«F2
1

«
ggq

~0!G1as
2S«

2F 1

«2 H 1

2
ggq

~0!~ggg
~0!1gqq

~0!!

2b0ggq
~0!J 2

1

2«
ggq

~1!G . ~2.50!

The first constant (Z21)gg in Eq. ~2.44! also shows up in the
renormalization of the OME:

Agg
i 5~Z21!gqÂqg

i 1~Z21!gg@Âgg
i 1h~ÂAg

i 1Âvg
i !#,

~2.51!

for i 5PHYS, EOM and NGI. If we express this constant
the renormalization group coefficients,

~Z21!gg511asS«F2
1

«
ggg

~0!G1as
2S«

2F 1

«2 H 1

2
~ggg

~0!!2

1
1

2
ggq

~0!gqg
~0!2b0ggg

~0!J 2
1

2«
ggg

~1!G , ~2.52!

we obtain the finite physical~PHYS! and unphysical parts
~EOM, NGI! of expression~2.51!. In order to obtain these
finite parts one has first to calculate the OME’s whi
emerge when the NGI operatorsOA andOv are sandwiched
between gluon states@see Eq.~2.5!#. They can be decom
posed as follows:

ÂAg,mn5ÂAg
PHYSTmn

~1!1ÂAg
EOMTmn

~2!1ÂAg
NGITmn

~3!1ÂAg
WITmn

~4! ,
~2.53!

with

ÂAg
PHYS5âsS«S 2p2

m2 D «/2F1

«
gAg

~0!1aAg
~1!1«aAg

«,~1!G ,
~2.54!

ÂAg
EOM5âsS«S 2p2

m2 D «/2

@bAg
~1!1«bAg

«,~1!#, ~2.55!

ÂAg
NGI511âsS«S 2p2

m2 D «/2F1

«
gAA

~0!1aAA
~1!1«aAA

«,~1!G ,
~2.56!

and
ÂAg
WI5âsS«S 2p2

m2 D «/2

@cAg
~1!1«cAg

«,~1!#. ~2.57!

Similar algebraic expressions are obtained forOv . They are
given by

Âvg,mn5Âvg
PHYSTmn

~1!1Âvg
EOMTmn

~2!1Âvg
NGITmn

~3!1Âvg
WITmn

~4! ,
~2.58!

with

Âvg
PHYS5âsS«S 2p2

m2 D «/2F2
1

«
gAg

~0!1avg
~1!1«avg

«,~1!G ,
~2.59!

Âvg
EOM5âsS«S 2p2

m2 D «/2

@bvg
~1!1«bvg

«,~1!#, ~2.60!

Âvg
NGI5âsS«S 2p2

m2 D «/2F1

«
gvA

~0!1avA
~1!1«avA

«,~1!G , ~2.61!

and

Âvg
WI5âsS«S 2p2

m2 D «/2

@2cAg
~1!2«cAg

«,~1!#. ~2.62!

Notice that neitherÂAg,mn in Eq. ~2.54! nor Âvg,mn in Eq.
~2.59! satisfy the~WIs! in Eq. ~2.25! and Eq.~2.26!. How-
ever, if we add them according to Eq.~2.51!, the terms pro-
portional to the tensorTmn

(4) cancel and the Ward identies a
restored.

From the residues of the single pole terms appearing
the physical operator renormalization constantsZi j with
i , j 5q,g given above one can now read off the anomalo
dimensions presented in theMS scheme. Here we agree wit
the results published in@8# ~see also@15#!. Therefore we
have a check that the residues of the single and double
terms are correct. By comparison with the algebraic expr
sions given above one can obtain all renormalization gro
coefficients such asai j

(k) ,ai j
«,(1) , etc. Explicit expressions fo

the physical and unphysical OME’s can be found in Appe
dixes A and B respectively. They contain all the finite seco
order terms which survive in the limit«→0. These terms
have not been calculated previously.

Note that a remarkable property is found for the no
singlet OMEÂqq

NS,PHYSin Eq. ~2.8! for which the full expres-
sion is given in Eq.~A3!. The first moment of this OME is
equal to unity up to second order inas provided we choose
the Feynman gauge (ĵ51). This result is expected for th
on-shell expression as it is a check of the Adler sum r
@25#. However the fact that all the coefficients of the terms
(2p2/m2) are zero shows that the sum rule is true up
orderas

2 for the off-shell expression which is not an S-matr
element. Finally we want to comment on the use of the
renormalized expressions given in Appendix A for the co
putation of the three-loop OME’s. Since the external qua
and gluon legs are off-shell one can insert our results into
Feynman integrals for one-loop graphs. In this way one g
expressions corresponding to some of the three-loop gra
It is, however, clear that the most difficult Feynman integr
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belonging to the non-planar diagrams, where all quark
gluon lines cross over, remain to be done.
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APPENDIX A

In this appendix we present full expressions for the tw
loop corrected operator matrix elements computed from
Feynman diagrams depicted in@6#. The second order contri
butions are calculated up to finite terms which survive in
limit «→0. The OME’s presented here are unrenormaliz
and external self-energy corrections are included. In th
expressions definitions of the Riemann zeta-functionsz(n)
and the polylogarithms Lin(z), Sn,m(z) can be found in@26#.
r

i-

-
e

e
d
se

Also the distributions„1/(12z)…1 and„ln(12z)/(12z)…1 are
written simply as 1/(12z) and ln(12z)/(12z) respectively to
shorten the formulas. Note that the OME’s given in the te
are the moments of the functions listed here, and so

Ai j
n 5E

0

1

dzzn21Ai j S z,
2p2

m2 ,
1

« D , ~A1!

where for simplicity we have not written the moment indexn
on the functions. Also to simplify the expressions we defi
the phase-space factor

F5
âs

4p
S«S 2p2

m2 D «/2

. ~A2!

We first split Âqq
NS into physical and unphysical parts fo

lowing the notation in Eq.~2.7!. The physical part is
Âqq
NS,PHYSS z,

2p2

m2 ,
1

« D
5d~12z!1FCFX1« S 2424z1

8

12z
16d~12z! D1426z12S 2

12z
212zD @ ln z1 ln~12z!#2d~12z!@724z~2!#

1
12 ĵ

12z
1«H 122z1~223z!@ ln z1 ln~12z!#1

1

2 S 2

12z
212zD @z~2!1$ ln z1 ln~12z!%2#1d~12z!F72

3

4
z~2!

24z~3!G1
1

2
~12 ĵ !F22

1

12z
1

ln~12z!

12z
1

ln z

12z
1d~12z!$221z~2!%G J C1F2X 1

«2 H CF
2F4018z2

48

12z

22d~12z!@9216z~2!#132 ln~12z!S 11z2
2

12zD28 ln zS 313z2
4

12zD G1CACFF44

3 S 11z2
2

12zD
222d~12z!G1nfCFTfF2

16

3 S 11z2
2

12zD18d~12z!G J 1
1

« H CF
2F24024z1

56

12z
1d~12z!S 87

2
236z~2!

28z~3! D24 ln~12z!S 1211z1
6

12zD124 ln2~12z!S 11z2
2

12zD14 ln zS 925z2
9

12zD
216 ln z ln~12z!

1

12z
22 ln2 zS 717z2

8

12zD28Li2~12z!~11z!G1CACFF2
158

9
1

22

9
z1

238

9

1

12z

1d~12z!S 325

6
2

44

3
z~2!212z~3! D14S 11z2

2

12zD S z~2!1
11

3
ln~12z!2

1

2
ln2 zD1 ln zS 34

3
1

34

3
z

2
44

3

1

12zD G1nfCFTfF88

9
2

56

9
z2

56

9

1

12z
1d~12z!S 2

58

3
1

16

3
z~2! D2

8

3
$ ln z12 ln~12z!%S 11z2

2

12zD G J
1CF

2F188

3
1

4

3
z2

56

12z
1z~2!S 2024z1

32

3
z22

4

12zD124z~3!S 12z12z22
1

12zD1d~12z!S 2
541

8
1

97

2
z~2!

154z~3!2
74

5
z~2!2D1 ln~12z!S 238138z1

28

12zD18 ln~12z!z~2!S 11z22z22
1

12zD
2 ln2~12z!S 13231z1

6

12zD1
28

3
ln3~12z!S 11z2

2

12zD24 ln~12z!Li2~12z!~32z14z2!

2 ln zS 68

3
1

68

3
z2

44

12zD1 ln zz~2!~2214z116z2!22 ln z ln~12z!S 3217z1
10

12zD
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12 ln z ln2~12z!S 313z2
10

12zD1 ln2 zS 11223z2
16

3
z22

15

12zD2 ln2 z ln~12z!S 622z18z21
4

12zD
2 ln3 zS 515z2

16

3

1

12zD28 ln zLi2~12z!S 123z14z21
2

12zD24Li2~12z!S 6212z1
1

12zD
14Li3~12z!~527z112z2!1

8

3 S 91
1

z
112z14z2D @ ln z ln~11z!1Li2~2z!#216@ ln zLi2~2z!

22Li3~2z!] S 12
1

12zD28S12~12z!S 127z16z21
4

12zD G1CACFF 1

27S 9412580z2
670

12zD
2

1

3
z~2!S 1217z116z21

28

12zD22z~3!S 1014z112z22
17

12zD1d~12z!S 2
7081

72
1

301

18
z~2!

128z~3!1
49

5
z~2!2D2

2

9
ln~12z!S 61116z2

119

12zD12 ln~12z!z~2!S 113z14z22
5

12zD
1H 22

3
ln2~12z!2 ln3 zJ S 11z2

2

12zD22 ln zz~2!S 31z14z22
5

12zD
1

1

6
ln2 zS 47147z116z22

22

12zD1
2

3
ln z ln~12z!S 1415z2

19

12zD1
1

9
ln zS 141176z1

101

12zD
14 ln zLi2~12z!S 214z22

3

12zD24Li2~12z!S 3z2
1

12zD24S 31
1

3z
14z1

4

3
z2D @ ln z ln~11z!

1Li2~2z!] 1S 12z14z22
1

12zD @ ln2 z ln~12z!12 ln~12z!Li2~12z!26Li3~12z!#18@ ln zLi2~2z!

22Li3~2z!] S 12
1

12zD1S12~12z!S 1426z124z22
14

12zD G1nfCFTfF 4

27S 22215z1
32

12zD
1d~12z!S 569

18
2

46

9
z~2!28z~3! D1

4

9
$2 ln~12z!1 ln z%S 1127z2

7

12zD2
2

3
[2z~2!

1$2 ln~12z!1 ln z%2] S 11z2
2

12zD G22~21!nS CF
22

1

2
CACFD H 1

« F2818z24 ln z~11z!

12S 211z1
2

11zD @2z~2!14 ln z ln~11z!2 ln2 z14Li2~2z!#G2
41

3
~12z!28 ln~12z!~12z!

12z~2!S 323z1
8

3
z2D18S z1

1

11zD ln~11z!@z~2!1 ln z ln~11z!12Li2~2z!#24~11z!@ ln z ln~12z!

1Li2~12z!1Li3~2z!] 2
1

3
ln z~37125z!2 ln2 zS 61

8

3
z2D22 ln2 z ln~11z!S 32z2

4

11zD
22z~3!S 31z2

2

11zD1
4

3 S 1

z
13z14z2D F ln z ln~11z!1Li2~2z!18S12~2z!S 2113z1

4

11zD
14S 12z2

2

11zD S 1

4
ln3 z2 ln z ln2~12z!22 ln z ln~12z!ln~11z!1

1

2
ln2 z ln~12z!22 ln~12z!Li2~12z!

22 ln~11z!Li2~12z!1 ln zLi2~12z!2 ln zLi2~2z!12Li3~12z!1S12~12z!1S12~z2! D J C. ~A3!
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Here the factor (21)n originates from the non-planar diagrams~namelyk and o in Fig. 2 in the singlet paper of@6#!. It
multiplies that part of the matrix element which is needed for the mass factorization of physical processes with two i
quarks in the final state.

The unphysical part is given by@see Eq.~2.14!#

Âqq
NS,EOMS z,

2p2

m2 ,
1

« D
5FCF$4z22~12 ĵ !1«@2z2~12 ĵ !#@11 ln z1 ln~12z!#%1F2H 1

« FCF
2$21628z116z@22 ln~12z!1 ln z#%

1CACFS 20

3
2

88

3
zD1nfCFTf S 2

16

3
1

32

3
zD G1CF

2F2
32

3
2

16

3
z1z~2!S 28116z2

32

3
z2D244z ln~12z!

224z ln2~12z!2
4

3
ln z~10217z!18~124z!ln z ln~12z!1

16

3 S 1

z
23z22z2D @ ln z ln~11z!1Li2~2z!#

1 ln2 zS 12z1
16

3
z2D116Li2~12z!~123z!18z~12z!$22 ln~12z!z~2!12 ln zz~2!2 ln2 z ln~12z!

24 ln zLi2~12z!22 ln~12z!Li2~12z!16z~3!16Li3~12z!26S12~12z!%G1CACFF2
26

9
1

232

9
z

14z~2!S 122z1
4

3
z2D1 ln z~6228z!2

16

3
ln~12z!~114z!24@ ln z ln~12z!12Li2~12z!#~122z!2

8

3
z2 ln2 z

2
8

3 S 1

z
23z22z2D @ ln z ln~11z!1Li2~2z!#18z~12z!S 1

2
ln2 z ln~12z!1z~2!@ ln~12z!2 ln z#

12 ln zLi2~12z!23z~3!1 ln~12z!Li2~12z!23Li3~12z!13S12~12z! D G1nfCFTfF2
8

9
~114z!

2
8

3
~122z!$ ln z12 ln~12z!%G2

16

3
~21!nS CF

22
1

2
CACFD F12z1z2@22z~2!1 ln2 z#2 ln z~122z!

1S 1

z
23z22z2D @ ln z ln~11z!1Li2~2z!#G J . ~A4!

The purely singlet~PS! OME is split in the same way as the non-singlet one in Eq.~2.7!. For the physical part we have@see
Eq. ~2.16!#

Âqq
PS,PHYSS z,

2p2

m2 ,
1

« D5F2nfCFTf H 16

«2 S 11
4

3z
2z2

4

3
z212 ln z~11z! D1

8

« F2

3 S 161
5

z
213z28z2D12 ln~12z!S 11

4

3z

2z2
4

3
z2D1 ln zS 131

8

3z
113zD14~11z!S ln z ln~12z!1

3

4
ln2 z1Li2~12z! D G1

316

3
1

20

z

2
256

3
z240z214$z~2!12 ln~12z!%S 11

4

3z
2z2

4

3
z2D1

16

3
ln~12z!S 161

5

z
213z28z2D

12 ln2 zS 371
16

3z
141z1

8

3
z2D18 ln z ln~12z!S 131

8

3z
113zD1

8

3
ln zS 671

10

z
150zD

116Li2~12z!S 61
2

3z
17z1

2

3
z2D116~11z!S 1

2
ln zz~2!12 ln~12z!Li2~12z!

1 ln z ln2~12z!1
3

2
ln2 z ln~12z!1

7

12
ln3 z12 ln zLi2~12z!22Li3~12z!1S12~12z! D J , ~A5!

and the unphysical part@see Eq.~2.17!# becomes equal to
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Âqq
PS,EOMS z,

2p2

m2 ,
1

« D5F2nfCFTfF32

«
$221z1z22 ln z~112z!%272132z140z2132 ln~12z!~221z1z2!
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The next OME is split into three pieces according to Eq.~2.18!. The physical part is given by@see Eq.~2.27!#
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The unphysical part~EOM! @see Eq.~2.28!# becomes equal to
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The part which is due to the contribution of the non-gauge invariant~NGI! operatorOA @see Eq.~2.29!# is equal to
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The next OME is split into physical and unphysical parts according to Eq.~2.30!. The former@see Eq.~2.31!# is
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The unphysical part is given by@see Eq.~2.32!#
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The gluonic OME can be split into three parts according to Eq.~2.33!. The physical part is equal to@see Eq.~2.34!#
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9
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1
1720

27 S 1

z
2z2D1d~12z!S 2

55

3
116z~3! D14z~2!S 12

4

3z
29z2

4

3
z2D18 ln2~12z!
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3S 11
4

3z
2z2

4

3
z2D1 ln~12z!F160

3
~12z!2

176

9 S 1

z
2z2D G18 ln z ln~12z!S 513z2

8

3
z2D

12 ln2 zS 13119z2
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3
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3
15z1
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9
z2D1
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3
Li2~12z!S 32

1

z
13z2z2D

2
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3 S 31
1

z
13z1z2D $ ln z ln~11z!1Li2~2z!%18~11z!S 4 ln~12z!Li2~12z!12 ln z ln2~12z!

13 ln2 z ln~12z!1
7
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2d~12z!S 162
16

9
z~2! D C. ~A12!

The unphysical part is given by@see Eq.~2.35!#

Âgg
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2p2

m2 ,
1

« D5FFCAS 2218z28z21
1

z
~12 ĵ ! D1«CAS 2114z24z21

1

2z
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1F2H 1

« FCA
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3
1

6

z
2
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3
z156z228 ln z~1116z!216 ln~12z!~124z14z2! D

1nfCATf

8
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1

z
216z116z2D1nfCFTf
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1

z
22z213z ln zD G

1CA
2F 2

45S 28571
8

z
228z1937z2D1z~2!S 101

8

3z
225z18z22
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15
z3D

1z~3!~13241z191z2224z3!24~124z14z2!$3 ln2~12z!1 ln zLi2~2z!%2 ln~12z!S 241

3

2
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3z
227z2

40

3
z2D1 ln~12z!z~2!~113z29z218z3!2 ln z ln~12z!S 341

8

3z
143z172z2D

1S 29

3
1

9

5

1

z2 24z232z22
248

15
z3D $ ln z ln~11z!1Li2~2z!%22 ln2 zS 3147z2
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15
z3D

22Li2~12z!S 221
8
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111z140z2D2

1
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ln zS 8292

8

z
12589z2328z2D
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1

2
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13Li3~12z! D2S12~12z!~13273z191z2224z3!14Li3~2z!~324z112z2!14~114z14z2!
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1
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ln2 z ln~11z!22S12~2z! D G

1nfCATfF88

9
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9
z216z218 ln~12z!S 7

3
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1
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26z14z2D1

4

3
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5

z
24z124z2D
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2
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13z~3!13Li3~12z!23S12~12z! D G1nfCFTfF2
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3
1
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2
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3
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9
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3z
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2

3
z2D132 ln zS 112z2

4

3
z2D164zS 3

4
ln2 z1 ln z ln~12z!1Li2~12z! D G J .

~A13!

The part which is due to the contribution of the NGI operatorsOA andOv @see Eq.~2.36!# is equal to
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1
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2F4
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4

z
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1

z
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4
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2
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2

3
ln zS 651

18
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3
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1

zD S 1

2
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1Li2~2z! D G2nfCATf

16

3 S 12
1

zD S 1

3
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1
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2
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2
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z
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2
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z
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1
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1

z
24z1

4

3
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z
16z23z2D
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1

9
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149

z
2174z124z2D2

1

2
ln~12z!z~2!S 11

5

z
212z16z2D

1 ln z ln2~12z!S 222
7

zD1
1

3
ln z ln~12z!S 1341

23

z
121zD1

1

2
ln2 z ln~12z!S 332

7

z
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23z2D1 ln3zS 35
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1

5
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6
1

9

z
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2

3
z2D12 ln zLi2~12z!S 132

7

z
16z23z2D

1 ln zS 985
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1

412

9z
1
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6
zD1 ln zz~2!S 9

2
1

4

z
26z13z2D12Li2~12z!S 221

4

3z
17z2

2

3
z2D

2S 32
1

z2 1
2

zD $ ln z ln~11z!1Li2~2z!%2Li3~12z!S 232
2

z
118z29z2D

1S12~12z!S 152
17

z
118z29z2D22S 11

1

zD S 2 ln zLi2~2z!22 ln~11z!z~2!

24 ln~11z!Li2~2z!22 ln~11z!Li2~12z!22 ln z ln~12z!ln~11z!22 ln z ln2~11z!

2
1

2
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4

3 S 12
1
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2

3
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APPENDIX B

In this appendix we present the non-gauge invariant~NGI! operators with their corresponding operator matrix eleme
~OME’s!. They are needed for the renormalization of the physical operators due to the mixing between them discusse
II. Two of them are given in Eqs.~2.9! and~2.10! of @15# ~for their construction see@18#!. These operators, which already sho
up in the case where only the gluonic operator in Eq.~2.3! is present, are given by

OA
m1 ,m2¯mn~x!5 i n22SS Fa,a

m1 ~x!Da]m2
¯]mn21Aa

mn~x!1 ig f abcFa,a
m1 ~x! (

i 52

n21

k i]
a$@]m2

¯]m i 22Ab
m i 21~x!#

3@]m i
¯]mn212 iAc

mn~x!#%1O~g2!D ~B1!

and

Ov
m1 ,m2¯mn~x!5 i n22SS ja~x!]m1

¯]mnv̄a2 ig f abcja~x! (
i 52

n21

h i]
m1$@]m2

¯]m i 21v̄b~x!#@]m i
¯]mn212 iAc

mn~x!#%1O~g2!D ,

~B2!

wherej andv̄ are the ghost and antighost respectively. In the expressions aboveh is defined in Eq.~2.45!. Furtherk i andh i
are calculated in@15# and are given by

k i5
1

8
~21! i1

3

8

~n22!!

~ i 21!! ~n2 i 21!!
2

3

8

~n22!!

i ! ~n2 i 22!!
~B3!

and

h i5
1

4
~21! i1

3

4

~n22!!

~ i 21!! ~n2 i 21!!
1

1

4

~n22!!

i ! ~n2 i 22!!
, ~B4!

respectively. If we also include the quark singlet operators in Eq.~2.2!, then we have to add

OB
m1 ,m2¯mn~x!5 i n21S@gc̄k~x!gm1~Ta!klAa

m2~x!]m3
¯]mnc l~x!1O~g3!#. ~B5!

Notice that the above operators are not BRS exact in the strict sense of@17# ~see also@21#!. This might affect the non-
logarithmic terms in the renormalized OME’s which we do not need here. Further the operators in the above equa
corrected up to orderg2. This is sufficient to get finite two-loop OME’s. However, in order to carry out the renormaliza
on the three-loop level one has to compute higher order corrections to Eqs.~B1!, ~B2! and ~B5!. The operator vertices
corresponding toOA in Eq. ~B1! andOB in Eq. ~B2!, albeit sandwiched between gluon states, are presented in Appendi
of @15#. In Sec. II we need theOB operator vertex when it is sandwiched between quark states. In this case we have to c
the quark-quark-gluon vertex which is given by

Va,kl
m 5g~Ta!klD” /Dm~D•k!n22, ~B6!

wherek stands for the momentum of the gluon.
We now list the OME’s needed for the renormalization of the physical operators in Sec. II~for the notation see Appendix

A!. The two OME’s referring to the NGI operatorsOA and OB , when sandwiched between quarks states, can be
according to Eq.~2.7!. The expressions in Eqs.~2.46! and ~2.47! become

ÂAq
PHYSS z,

2p2

m2 ,
1

« D
5FCFX1« S 2818

1

z D2212
1

z
1S 2414

1

zD @ ln~12z!1 ln z#2~12 ĵ !S 22
3

2zD
2«H S 12

1

zD @ ln~12z!1 ln z1$ ln~12z!1 ln z%21z~2!#1~12 ĵ !F1

2
2

1

4z
1S 12

3

4zD $ ln~12z!1 ln z%G J C ~B7!

and

ÂAq
EOMS z,

2p2

m2 ,
1

« D5~12 ĵ !FCFS 11
«

2
@11 ln~12z!1 ln z# D , ~B8!
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respectively. Likewise we obtain for Eqs.~2.48! and ~2.49!

ÂBq
PHYSS z,

2p2

m2 ,
1

« D5FCFF1

« S 828
1

z D1S 424
1

zD @ ln~12z!1 ln z#1~12 ĵ !S 22
2

zD
1«S 12

1

zD $@ ln~12z!1 ln z#21z~2!1~12 ĵ !@ ln~12z!1 ln z#%G ~B9!

and

ÂBq
EOMS z,

2p2

m2 ,
1

« D50, ~B10!

respectively. Next we sandwich the NGI operatorsOA andOv between gluon states. Decomposing the OME’s accordin
Eq. ~2.53! we get forÂAg the following results. The physical and unphysical parts@see Eqs.~2.54! and~2.55!# become equal
to

ÂAg
PHYSS z,

2p2

m2 ,
1

« D5FCAX1« F2z22z21~12 ĵ !S 122
2

z
23z22z2D1~12 ĵ !2S 1

2
2z2

z2

2 D G1z~12z!@ ln~12z!1 ln z#

1224
1

z
1~12 ĵ !F7

2
1

1

z2 2
5

2z
2

z

2
1S 62

1

z
2

3

2
z2z2D $ ln~12z!1 ln z%G

1~12 ĵ !2S 7

8
2

3

4
z1

1

4
~122z2z2!$ ln~12z!1 ln z% D1«H S 12

2

zD @ ln~12z!1 ln z#

1
1

4
z~12z!@$ ln~12z!1 ln z%21z~2!#1~12 ĵ !F2

1

2z
1S 7

4
1

1

2z2 2
5

4z
2

1

4
zD $ ln~12z!1 ln z%

1S 3

2
2

1

4z
2

3z

8
2

z2

4 D $@ ln~12z!1 ln z#21z~2!%G1~12 ĵ !2F 1

16
1S 7

16
2

3

8
zD $ ln~12z!1 ln z%

1
1

16
~122z2z2!$@ ln~12z!1 ln z#21z~2!%G J C, ~B11!

and

ÂAg
EOMS z,

2p2

m2 ,
1

« D5FCAX2 1

«
13d~12z!~12 ĵ !1412z22z21~12 ĵ !S 52

1

z2 1
5

2z
22z22z21d~12z!

2
1

2

1

12z
2

3

2

1

~12z!2D1~12 ĵ !2S 3

2
2

1

2z
22z2

z2

2
2

27

8
d~12z!2

3

4

1

12zD
1«H ~21z2z2!@ ln~12z!1 ln z#1~12 ĵ !F5

2
2

z

2
2

1

12z
1d~12z!H 2

15

2
1

11

8
z~2!J

1S 5

2
2

1

2z2 1
5

4z
2z2z22

1

4

1

12z
2

3

4

1

~12z!2D $ ln~12z!1 ln z%G1 ~12 ĵ !2F3

4
2

1

8z2 1
3

16z
2

3z

4

1
3

2
d~12z!S 12

1

4
z~2! D2

3

16

1

~12z!2 2
3

8

1

12z
1S 3

4
2

1

4z
2z2

z2

4
2

3

8

1

12zD $ ln~12z!1 ln z%G J C,
~B12!

respectively. The piece coming from the NGI operatorOA itself and the part due to the violation of the WI@see Eqs.~2.56!,
~2.57!# are given by

ÂAg
NGIS z,

2p2

m2 ,
1

« D5FCAX1« F225z12z21
4

z
26

1

12z
2

3

2
d~12z!1~12 ĵ !S 61

2
2

21

2z
2

21z

2
2z21

145

24
d~12z!1

5

4

1

12zD
1~12 ĵ !2S 2

3

2
2

1

2z
1

11z

4
2

5

2
z21

11

12
d~12z!2

3

4

1

12zD G1S 12
5

2
z1z21

2

z
2

3

12zD @ ln~12z!
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1 ln z#2
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2
1

2
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3
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1

8z2 2
41

16z
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1
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8
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1
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3

16
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2
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1

5

8

1
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16z
2
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1
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16

1
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3

4
2

1

4z
1

11
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5

4
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3

8

1
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1
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3

4

1
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1
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1

7
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7
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1

2

1

12z
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2
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5
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2

3
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3
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1
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5

2

1
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5
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3

32

1

~12z!2 1
11

32

lnz

12z
1
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1
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3
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and
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2
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9
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1

1
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1

8z
1

7

32

ln z

12z
1

7

32

ln~12z!

12z
1d~12z!S 2

15

16
1

19

64
z~2! D

1S 1

8
2

1

16z2 2
11
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2
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1
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1
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5
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1
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1

16S 281
5

z
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1

2

1

12zD @$ ln~12z!1 ln z%21z~2!#G J C, ~B14!

respectively.
The last OME due toOv can be also split into four pieces according to Eq.~2.58!. For Eq.~2.59! we get

Âvg
PHYSS z,

2p2

m2 ,
1

« D52FCAz~12z!S 2

«
1 ln~12z!1 ln z1«

1

4
@$ ln~12z!1 ln z%21z~2!# D . ~B15!
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The expression in Eq.~2.60! becomes

Âvg
EOMS z,

2p2

m2 ,
1

« D52FCAz~12z!$21«@ ln~12z!1 ln z#%. ~B16!

For the contribution due to the NGI operatorOv we get@see Eq.~2.61!#

Âvg
NGIS z,

2p2

m2 ,
1

« D5FCAH 1

« S 2215z22z21
1

6
d~12z! D1S 211

5

2
z2z2D @ ln~12z!1 ln z#1

1

2
2

2

9
d~12z!

1«Fd~12z!S 13

54
2

1

48
z~2! D1

1

4
@ ln~12z!1 ln z#1

1

8
~2215z22z2!@$ ln~12z!1 ln z%21z~2!#G J .

~B17!

Finally the contribution due to the breakdown of the Ward identity is@see Eq.~2.62!#

Âvg
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m2 ,
1

« D52FCAS 1
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1«

1

4
@ ln~12z!1 ln z# D . ~B18!
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