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Two-loop operator matrix elements calculated up to finite terms
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We present the two-loop corrected operator matrix elements calculatédlimensional regularization up
to the finite terms which survive in the limit=N—-4—0. The anomalous dimensions of the local operators
have been previously extracted from the pole terms and determine the scale evolution of the deep inelastic
structure functions measured in unpolarized lepton hadron scattering. Thesfindependent terms in the
two-loop expressions are needed to renormalize the local operators up to third order in the strong coupling
constantag. Further the unrenormalized expressions for the two-loop corrected operator matrix elements can
be inserted into specific one loop graphs to obtain a part of the third order contributions to these matrix
elements. This work is a first step in obtaining the anomalous dimensions up to third order so that a complete
next-to-next-to-leading order analysis can be carried out for deep inelastic electroproduction.
[S0556-282198)03211-1

PACS numbds): 12.38.Bx, 11.15.Bt

[. INTRODUCTION perturbation series for the anomalous dimensions and the
coefficient functions. 11 3,4] the ordera, contributions to
One of the most important successes of the theory of pethe anomalous dimensions were obtained by evaluating the
turbative quantum chromodynami¢@CD) is the prediction one-loop OME’s which follow from inserting the local op-
of the scale evolution of the structure functiongXFQ®)  eratorsO"(x) between quark and gluon statder an alter-
measured in deep-inelastic lepton-hadron scatteffiogre-  native method sed5]). The second order contributions,
views seg1]). From these structure functions one can inferyhich involved the evaluation of two-loop OME’s, have
the pgrton d_ensities, which serve as input for many othepgen computed by various grouf-9]. As far as the coef-
deep-inelastichard processes and lead to a wealth of pre-fiient functions are concerned they have been evaluated for
dictions for cross sectiondor a review sed?2]). Many of many processes up to next-to-leading ordstO) (for a
these predictions have been tested by now and are in Vel cant review sef2]). Combining them with the above NLO

gopd agreement with the gxpenmental d_ata. The scale &V homalous dimensions one can make a complete NLO analy-
lution of the structure functions is determined by the anoma-

. : ; sis of many quantities such as cross sections for Drell-Yan
lous dimensions of local composite operato@'(x), ; . . :
. ) . : production or deep-inelastic structure functions.
i=q,9, wheren denotes the spin, which show up in the

expansion of the product of two local electroweak currents The advent of the DEs\ép collider HERA Opef‘ed up-a
3,(x) and J(y) around the light conex—y)2=0. The struc- new era of deep-inelastic lepton-hadron experiments with
M .

ture functions are proportional to the Fourier transform intomUCh higher statistics than Wazs PfeV'O%‘S'Y available. Fur-
momentum space of the product of these two currents sand€rmore, the values of and Q% on which the structure
wiched between hadronic states. In this way the structurénctions depend, could be extended beyond those accessible
functions can be written as a product of operator matrix elPY earlier fixed target experiments. This enables QCD to be
ements(OME’s) and coefficient functions. The former de- tested with an even higher degree of precision so that effects
scribe the long distancdow momenta properties of QCD  beyond NLO can be studied. In particular both the small and
whereas the latter account for the short distaflage mo-  the largex-regions have attracted much attention in the lit-
menta behavior of the specific quantities, such as e.g. theerature(for a review see e.d:10]). Hence it will be neces-
structure functions, under consideration. Both the anomalousary to extend the existing expressions for the anomalous
dimensions and the coefficient functions are calculable ordeflimensions and the coefficient functions beyond NLO. The
by order in perturbation theory so that they can be expresséiist step to obtain the next-to-next-to-leading or@é¢NLO)

in a series expansion in the strong coupling constgntThe  corrections has been made [ih1] where ordera? correc-
finite anomalous dimensions are responsible for the scaléons to the coefficient functions for deep-inelastic lepton-
dependence of the structure functions and the parton dendtadron scattering have been computed. The same program
ties. On the other hand the OME’s themselves are of a norRas also been completed for the Drell-Yan procesglH].
perturbative nature, and, apart from some attempts using lakor a consistent NNLO analysis we also need the third order
tice gauge field theory, cannot yet be determined from firscontributions to the anomalous dimensions. Unfortunately
principles. Hence they have to be determined from modelghe latter are not known yet except for those corresponding
and fits to experimental data. In the past one has put a lot db the operator©}'(x) with spinn=2, 4, 6, 8 and 10. They
effort into calculating the lowest order coefficients in the have been computed [d3] using completely different meth-
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ods than those used [6—9]. Using the above second order 1

coefficient functions and the third order anomalous dimen- Og*"** *"(x)= Ei“_ZS[FZ;(X)D“Z'"D””*FZM”(X)

sions it is possible to make a NNLO analysis of the structure

functionsF,(x,Q?) andF(x,Q?) as long as one limits one- +trace terms. 2.3

self to the largex (x>0.01) and smalQ? (see[14]). If one

wants to study the behavior of the structure functions ain these composite operatogsandF4” stand for the quark
smallx or at largeQ?, knowledge of the anomalous dimen- field and the gluon field tensor respectively. The in
sions for any spin is indispensable. Since the full calculatiorEg. (2.1) represent the generators of the flavor group and the
of the latter quantities is a tremendous enterprise, it has to badexa in Eq. (2.3) stands for the color. Further, the above
carried out step by step. The first step is to compute th@perators are irreducible tensors with respect to the Lorentz
two-loop OME'’s up to finite terms which is an extension of group so that they have to be symmetric and traceless in all
the work done in[6—9]. These finite terms are needed to their Lorentz indicesu; . From the operators above one can
carry out the renormalization of the three-loop graphs sincelerive the Feynman rules for the operator vertices in the
they determine the single pole termsNiadimensional regu- standard way(see e.9[6,15,16). This derivation is facili-
larization from which one has to extract the third order con-tated if the operators are multiplied by the source

tributions to the anomalous dimensions. Moreover, by insert-

ing the unrenormalized two-loop corrected OME’s in one- JuluzwnzAMlAuz'”Aun’ 2.4
loop graphs one gets parts of the expressions for the ) o )
unrenormalized three-loop graphs. This method has beefith A*=0 in order to eliminate the trace terms in Egs.
used previously to get parts of the two-loop expressions b§,2.1)—(2.3)._Hence all operator vertices in momentum space
inserting the one-loop corrected OME'’s into one-loopare multiplied by a factor £-p)". For the computation of

graphs. the OME’s denoted by
In Sec. Il we will give an outline of the calculation which iy .
will be carried out in the Feynman gauge. Although this A =(i(POili(p)) (2.9

gauge entails some complications due to the mixing of physi
cal and unphysical operators, it is the only one in which it is
feasible to perform a calculation of Feynman graphs for th
OME's beyond two-loop order. All other gauges, such as th
axial gauge used if8], lead to even more complications, i Oap, kMK

which we want to avoid. The long expressions obtained for ALp(k)= 22| T A=) (2.9
the full OME'’s are presented in Appendix A while Appendix

B contains results for non-physical OME'’s, which are The matrix element2.5) has to be considered as a connected
needed to carry out the renormalization program. Green function with the external legs amputated but with the
external self-energies of the partonscluded. In this paper
all quarks and gluons are taken to be massless and the exter-
nal momentunp is off-shell (p><0) in order to get finite
expressions for the OME’s. This choice implies that the
In this section we will give an outline of the calculation of OME'’s are not gauge invariant so that they cease to be or-
the OME’s up to two-loop order. The operators, which ap-dinary S-matrix elements. Moreover, they acquire unphysical
pear in unpolarized lepton-hadron scattering, can be dividegarts which can be split into two classes. The first class origi-
into singlet and non-singlet parts with respect to the flavomates from the fact that the equations of mot{&OM) do
group. In leading twist(namely twist 2 the non-singlet not apply anymore, which is the case for both non-singlet
quark operator of spim is given by and singlet OME’s. The second class can be traced back to
the mixing between so-called gauge invarig@t) or physi-
N cal (PHYS) and non-gauge invariaiNGI) operators which
_— k .. _ . .
P(X) yH1D#2- - DHn—" g(X) originate from the Yang-Mills(here gluoni¢ sector (see
2 [17,18,19,20). Therefore this second class of unphysical op-
erators only shows up in the singlet case. The first class does
+trace term} (2.  not contribute to the operator renormalization constants in
contrast to the second class which affects the aforementioned
constants via the mixing between the Gl and NGI operators
In the singlet case there are two operators. The quark operas we will see below. The way to deal with this mixing is

tor is represented by described if15,16,21,22
The calculation of the Feynman graphs corresponding to

the physical operators of Eq$2.1)—(2.3), which are de-
OF1#2  Hn(x) = Einfls[a(x) YFIDH2: - DHEnif(X) picted in the figures ifi6], proceeds in the standard way. The
4 2 figures and definitions for the corresponding unphysical op-
erators are given ifl5]. The Feynman integrals reveal ul-
traviolet divergences which are regularized using the method
of N-dimensional regularization. In this way the above diver-
and the gluon operator is given by gences show up in the form of pole terms of the type 4/

with i,j=q,9 we choose the Feynman gauge except for the
one-loop graphs for which we take the general covariant
auge. For this choice the gluon propagator equals

II. CALCULATION OF THE TWO-LOOP OPERATOR
MATRIX ELEMENTS

1
M1, M2 Mn — _in—-1
Oq’k (x)= 2| S

+trace terms, (2.2
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with e=N—4. In[6-9] it was sufficient to evaluate the one- €
loop graphs up to finite terms and the two-loop graphs up to S.=ex 5(75— In 4r)
single pole terms in order to get the second order anomalous

dimensions. Here we have to include terms proportional to \yhich originates fromN-dimensional regularization. In the

in the one-loop expressions and the two-loop graphs have tgypressions above all quantities that are unrenormalized with
be computed up to terms which are finite in the limit 0. respect to operator, coupling constantand gauge constant
The way to compute the two-loop Feynman integrals up tos renormalization are indicated by a caret. The finite terms
finite terms is presented {i5] and in Appendix B of23].  gre written in such a way that after all renormalizations the

We used the programmoRrm [24] to do the necessary algebra. non-logarithmic termgwith respect to In¢p??)] become
To check our results for the Feynman diagrams it is usefuéqual to aSk (k=1,2). Further, we have introduced a
qq 4] '

to have explicit expressions for the pole termseirThere- g, 4hang notation for the strong coupling constant so that
fore we will now present the OME’s expressed in renormal-
ization group coefficients, which are defined[ki,12. The
explicit formulas for the physical and unphysical OME’s can ag
be found in Appendixes A and B respectively. Further, it is
implicitly understood that all quantities in the main text, in
particular the anomalous dimensiong; (i,j=q,g), are
Mellin transforms but to avoid additional indices we do not
write a superscriph to indicate this explicitly[ Another way .

to interpret the formulas is that the OME’s are given in par- as=ag
ton momentum fractionZ) space when the anomalous di-

mensions are replaced by minus the corresponding Altarelli-

Parisi splitting functions and the multiplications in moment E=¢
space are replaced by convolutign®/e have written the

OME'’s in such a way that all renormalization group coeffi-

cients appearing in the expressions below are renormalizeghere

in the modified minimal subtractiodMS) scheme. Up to 8 10
order o2 the non-singlet and the singlet OME’s can be de- Bo==Ca— =nT;, z§:CA< )
composed as 3 3 3

, (2.9

(£33 g

=g as=g (2.10

The coefficientsB, andz;, which originate from coupling
constant and gauge constant renormalization, are given by

1+agS, , (2.11

1
2,30g

1+asS, : (2.12

1

8
+ §nfo .
(2.13

A;q: AA;,qPHYSij A-Zp Aa,(;EOM (A-p)"L (2.7 In QCD [SU(N)] the color factors are given b@gr=(N?
p —1)/2N, Cp=N, T;=1/2 andn; stands for the number of
light flavors. Finally they¥ denote the coefficients of the

ij
whereAa'gHYS andAQEOM with r=NS, S stand for the physi- orderaﬁ+1 terms appearing in the series expansions of the

cal and unphysical parts respectively. The latter enter due t8nomalous dimensions. Using the same notation we can also
the breakdown of the equations of motion. The non-singlegxpress the unphysical part of the non-singlet OME in Eq.
OME can now be expressed in renormalization group coeft2.9 in the aforementioned renormalization group coeffi-

ficients as follows: cients
—p? el ANS,EOM_ 2 —p? " NS,(1) NS, (1)
ANS,PHYS:1+éSS _,yNS,(O)_'_aNS,(l) Aqq =agS, — [Pgg" "+ ebgq ]
qq | 42 e fad qq “
2 &
2\ ® - —-p 1
" — 1 1 22| _ 7 - NS,(0)|,NS,(1) __ NS,(1)
realSe | 4ozl 2 ) —2[ (5102 rass| ) { { Yaq'Paq" '~ 2Bobgg
M e | 2
ns |, 2L nsq NS,(1) o Olbggﬂmz +bNS(2) 2 g pNSe.(1)
~BoYqq +; Eyqq' —2B034q" a2 3 qaq qq
deS,s,(l)
dag's‘(l) NS,(0)|.NS,,(1) 3 — ~ad
S,(0) NS, 3 q S(2 + b —§&—7z 2.1
+Yae e —E —— 2z Tagg? Yaa~ g ¢ d¢ . (219
dé é=1
—Zﬁoag‘qs’s'(lH ygc?,(magg,s.(l) Since the singlet OME is only computed up to second
order, the unphysical part arises from the fact that the equa-
Y E tions of motion are not satisfied. In this order there is no need
&z (2.8 to introduce NGI operators. The singlet OME can be split
dé i=1 into nonsingletNS) and purely singletPS parts

. . S _ ANS PS
whereS, denotes the spherical factor given by Agq=Agqq T Aqq (2.19
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where the purely singlet physical OME is

2\
arservepzeel TP 1 1L o ol 21 L es
qaq sTe MZ 82 2 qg9 799 ) qq
0),4(1 PS(2 0 (1
+7§19)aéq)] Tage'”+ Yagdgy | (2.19

and the purely singlet unphysical OME is
_ pZ) e
_M2

The mixing with NGI operators does occur #igg ,,
which can be written as

APS,EOM_ 22c2
Agg = asS;

1

Z 1 (0K PS(2) (0)he. (1)

S{ngbgq}erqq *+ YqgPgq }
(2.17

~
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A,Ap?

_ PLALHALR,
(A-p)*

2A-p

3)_
n

1+(-1)"
2

}(A -p)".
(2.21

For later purposes we also define the tensor

1+(—1)"
2

pMAv+AMpV
2A-p

4) _
T =

A-p)". (222

The above tensors satisfy the following relations:

prT,=0 (i=1,2, prTy,#0 (i=34),
(2.23

pp’ T, =0 (=123, pp'T)#0. (2.24

Using these relations one can show that the OME’s in Eq.
(2.18 satisfy the following Ward-identitie§WIs) for i=q:

_ APHYST(1) , AEOMT(2) . ANGIT(3)
Aggur=AGe T+ ALMT 2+ ANCTS) . (2.18 ) ,
BA, _ﬂ —p + P (A- )nANGI
In this expression the tensors are given by P™ g ur = 2 Py A-p ) Rig
(2.25
2
<1>:1+(_1)” P AFAR, AAp }(Ap)” i
e 2 r A-p (A-p)* o 1;3) P¥P"Aig, ur=0. (2.2
The WI in Eq.(2.25 shows that the unphysical part in Eq.
2 1+(=1"[p.p, PA, AP, ALA,p? Aoy (2.18, given byAs"', is due to the NGI operatdd, in Eq.
w2 p? A-p (A-p)? (4-p)%, (B1). The second term in Eq2.18, given byASSM, is also
(2.20 unphysical due to the fact that we cannot apply the equations
of motion. The physical part of the OME in E(R.18 be-
and comes
|
2\ &/2 e
. ~ _[-p 1 o =P\ 11
PHYS_ _r =04 A (1) 22 M | | 2] 20 (0 (0, (0)_ p (0
Agg —8sS 2) Yag T8gg t8agg" | TasS; 2) [ 2[ 2(7’qq7’qg+7qg7’gg) Bo7Yag
M € y2 €
1]1 , daiy
-l - (1) 4 (0 5(1) 4 o(1) (0)_ 3 2799 2 _ e,(1) 4 (0)5e.,(1)
+8{27’qg 2B03gg + Yag@gg T 8qg Yaq ~ ¢ a2 Zg( Taqg —2Bolqg "+ Yqg gy
| dagy
T Iy . (2.27
dé¢ 5
=1
The unphysical parts are given by
—p?| " ) ) PV L] o o ) s
AEOM_ 2 (1 e,(1 222 =) (O (1 (0 (1) _ 1) _ %
Aqg —asS, 2 [Dgg +ebgg~ 1+ asS; 2 e YagPgg t YqqaPag —2Bobgg — & dz %
(2) (1) (0)pe.(1) (0)e. (1) _ % dbagl)
+Dgg =2Bobgg ™+ YagPgg” T YqqPag — ¢ a Z (2.28
=1
and
anei_22e2( TPV oo Ly 00 (n s (@) (0 neD
Aqg =agS, 7 ?{'ng '}’gA}+E{quagA}+an+7qgagA . (2.29
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The coefficients with a subscript originate from the NGI operatdD, whose matrix element will be presented below when
we discuss the renormalization.

The next OMEqu can be decomposed as

PHYS EOM
Agg=| KAT ps A

99= (A-p)", (2.30

where the last term again represents the unphysical part due to the breakdown of the equations of motion. The physical part
equals

—p?

Mz

2\ &/2
p
Agh"S=ags, ( —) —ygt+aly+eaj it | +alst| —-

PE:

1
0 0 S0 0
_{ 27(gq)('y( ) Nq( ))_ﬁOYEq)]
&

(1)

1 l ag
1 NS 1 0) (1 0 1, 1 g, 2 1
e
ag (1)
q
+ Yga2aq "+ Yogage+ vga(aRg +agg) 2 (2.31)
¢ ],

The coefficients with the subscripfs and B refer to the NGI operator®, and Og presented in Eq(B1) and Eq.(B5)

respectively. The latter shows up for the first time in ordén’n the physical part oﬁgq. The corresponding OME’s will be
given below when we discuss the renormalization of the physical operators. The unphysical part28&aquals

2 el2 2\ € (_‘]_)
~ - -p - -p 1 . d
EOM_ _ (1) &,(1) 22 T Z! /O (01 _ (1H_3z 799 (2) _ £,(1)
Agq =8sS ,U«2 ) [b9q+8bgq 1+ass; MZ ) 8{ Ygq bqq ggbgq 2ﬁobgq § d% Z +b9q 2'80bgq
dbgiY
(0)WNSe,(1) (0)pe (1) __x ~ 99
+YgqPaq”" T YegPggT — ¢ o2 Z (2.32
¢l
The last OMEAgg'W has a similar decomposition to the one presented in(EG8):
A _ APHYST(1) | AEOMT(2) , ANGIT(3)
Aggur=Age T+ AGMT 2+ AYCITES) (2.33

In particular it satisfies the same Ward identities as listed i(EG5 and Eq.(2.26) for i =g. Hence the secon@inphysical
part in this expression originates from the breakdown of the equations of motion whereas the third term again originates from
the NGI operatoO, in Eq. (B1). The physical part of the OME is equal to

pz) 1
u? ] e

el2 1
0 0 0 0
2[ 2[()/(gg))2+ Yau Yau ]~ Bovy )}

_n2

y<°>+ aly +eag V| +als?

APHYS_ A
AG=1vas | —

111 ag
(1) _ (1) (0) (1) (0)5(1) (1) g (2)
+t- - [ 5 Va9~ 2Bo8gg + ¥gg8gg + ¥gq@qg + VQA(aAg + awg) E—> a ] agg ~2Bodgg

_ dazd?

+ygpai ity ygagV rais) - —2—ze | . (2.34
dé i1

The unphysical parts are given by

2

el2
AgM=asS, (—2 ) [byy +2bg M +als?
)7

-p?|°| 1 dbl)
—ZH | Vg5 bgg —2Bobgg + Yga(blg + i) —& —
s € g

,(1)
+b2)—280be Y+ Y R(bas + b5 (M) - € dnggl (2.39

=1

and
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2\ &2 2\ €

-p 1 . -p 1|11

—Yga+agA+eagy” —2) L { ~(Ygy+ Yag+ ¥y~ 2B0) Y4
i

€

ANGI

~2c2
a9 +asS;

PE

asS,

1|1 da'¥)
1 1 0),(1 0 A 2 1 1
+8[27<9A> 2punis Vo e ol —E = e+ a2l + ek

) (2.3

respectively. In these expressions we observe that there avéhere the first part is equal to the express{@r88 and the
guantities with the subscrigt and with the subscripb. The  last part equals
latter originate from the NGI ghost operatOr, presented in
Eq. (B2). The renormalization of the above OME’s involves i{ 1 o (o>} 1 ps
> .

1\PS_ ~22
the mixing of the NGI(non-gauge-invariantoperatorsO, , (27 gq=85Ss 2%agYea [~ 24 Yaq
Og and O, mentioned above with the physic&auge in- (2.4)
variand operators in Eqs(2.1)—(2.3). Therefore we have to
compute the matrix elements in E@.5 where the physical The constant Z%),4 in Eq. (2.39 also shows up in the
operators indicated by=q,g are replaced by the NG| ones renormalization of the next OME, namely
labelled byi =A,B,w. To get the physical OME’s which are i 1S A Y
finite up to ordera§ the unphysical ones have fortunately Age=(Z NgAet (Z Dadhyg: (2.42
only to be calculated up to order;.

The operator renormalization proceeds as follows. Firs
we have to perform coupling constant and gauge consta
renormalization. This is achieved by replacing the bare con- 1
stants by the renormalized ones by substituting EZ<.1) (Zil)qg:asss - —7&%) +a2s?
and (2.12 in the above expressions for the OME’s. Subse- &
qguently the OME’s have to be multiplied by the operator 1
renormalization constants to remove the remaining ultravio- —,303/(0)] =
let divergences. The most simple case is the renormalization 2e

of the non-singlet OME’s since here we do not have mixingFOr the renormalization oAP"YSin Eq. (2.31) and AEM in
99 A 949

ith physical NGI . Thi lization i Lo
\;Véthieseﬁsg:; and NGI operators Is renormalization s Eq. (2.32 we also need the contributions of the NG| OME'’s.
Here the finite expressions are given by

{or i=PHYS, EOM and NGI. It can be decomposed into
I{?normallzanon group coefficients as follows:

1)1
82( Yg(g(qu‘F?’(o))

(2.43

ANSI (Z l)NSANSI , (237) . _ . . . B
4 Aga=(Z Mg Aggt 1(Apg+Apg)1+(Z 1)qu§$’
with i =PHYS and EOM. The inverse of the operator renor- 2
malization constant equals . . o
a wherey is defined as a source multiplying the NGI operators

LN NSL0) ol 1 NS,(0).2 in the effective actiorisee Eq.(2.8) in [15]]. Here we will
(ZHgq=1+asS,| — = Yaq +agS; 2|3 (7q ) write this quantity as follows:
1 _ 1 (0) 22 1 (0>
_30733(0] 2% = Yag | (2.38 7=8sS,| ~ = Yga| T &S (7
In the case of the singlet operatofﬁ:gq there is n02m|xmg _ 72,%) 23, )7(0)] _ 2—7’(91/2 (2.45
between Gl and NGI operatofat least up to ordesg). The

singlet OME’s are finite foi =PHYS and EOM when .
g If we sandwich the operatdd, between quark statdsee

Si_(7-1 Sj 1 Eq. (2.9], we get
ASI=(Z S ASI+(Z YAl (239 E@-(29]weg
2\ /2
and the renormalization involves the mat#y due to mix- APHYS_ 23 S, -p ) 1 7,( )+a( )+8aa D (2.4
ing with unphysical operators. Hence we have to invert this Ad S w? €

matrix in order to perform the operator renormalization. The
first renormalization constant in E¢2.39 can be split as and
follows:

_ el2
7) [bl+ebii™l, (247

(Zil)qsq:(zil) +(Z l)qqa (24Q Aq :éSSs
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up to lowest order. We proceed in a similar way for the

operatorOg and the OME’s read

_p2 el2
APHYS_ 2 0 1 ,(1
Agq =asS, 7) ~ =Yg+ abg+ eagy”
(2.48
and
~ ~ _p2 el2
A=as |5 ) (bt eby ] (249

Notice thatA,, andAg, can be decomposed in a similar way

to qu in Eq. (2.30. The operator renormalization constant
appearing in the last part of E.44) can now be written as

1
-1y -0 22| | Z ,(0) (0) (0)
(Z )gq_ aSSs s Yaq +asSs 82[ 2 7gq(7gg + 7qq)
-B (0 _ i (1) (2.50
0Yga (™ g Yua |- .

The first constantl’l)gg in Eq. (2.44) also shows up in the
renormalization of the OME:

Ag=(Z7Yghlgt (Z7 Y g Aygt n(Asg+ AL,
(2.5

for i=PHYS, EOM and NGI. If we express this constant in
the renormalization group coefficients,

11
(Z Mgg=1+asS,| — gy | +alst —82[ > (7g9)?
1 1
Z 0 (0) _ Ol _ _— (1)
+ 2 7gq 7qg :80799] 2¢ 799}1 (252

we obtain the finite physicalPHYS) and unphysical parts
(EOM, NGI) of expression(2.51). In order to obtain these
finite parts one has first to calculate the OME’s w
emerge when the NGI operatdds andO,, are sandwiched
between gluon statdsee Eq.(2.5]. They can be decom-
posed as follows:

Angov=ARE YT+ AZOMT2) 1+ ANSIT) + ARITLY

(2.53

with

0) 4

— &,(1)
s YAg

1
g +eayy }

(2.59

_p2 el2
7) [blg +ebis"1, (2.55

_ n2\ &el?2
LANE Non
MZ e AA

AEOM_
Arg ' =agS,

Ag

1 ,(1
i oart)|

(2.5

ANSI_143,

and
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_ n2\el2
AWI I~ 1 (1
A=as| ) [+ 55D

(2.57

Similar algebraic expressions are obtained@yy. They are
given by

_ APHYST(1) | AEOMT(2) , ANGIT(3) | AWI(4)
A g =ALT T+ ASVT 2+ ARSI + AT
(2.59
with
. _p2 el?2
Ae=as| 5| - ey eany]
(2.59
. _p2 el2
AL =asS,| — ) [blg+ebigt],  (2.60
. _p2 &l2] 1
Ae=as| 5| et eart|. o
and
~ -p el2
Al=asS, 7) [—chy—ecig’].  (2.62
Notice that neithe@,g ,, in Eq. (2.54 nor A, ,, in Eq.

(2.59 satisfy the(WIls) in Eq. (2.25 and Eq.(2.26. How-
ever, if we add them according to E@.51), the terms pro-
portional to the tensoTEfV) cancel and the Ward identies are
restored.

From the residues of the single pole terms appearing in
the physical operator renormalization constadis with
i,j=4,9 given above one can now read off the anomalous
dimensions presented in théS scheme. Here we agree with
the results published if8] (see also[15]). Therefore we
have a check that the residues of the single and double pole
terms are correct. By comparison with the algebraic expres-

hich sions given above one can obtain all renormalization group

coefficients such aa{{?,a;™, etc. Explicit expressions for
the physical and unphysical OME’s can be found in Appen-
dixes A and B respectively. They contain all the finite second
order terms which survive in the limig—0. These terms
have not been calculated previously.

Note that a remarkable property is found for the non-

singlet OMEA{S"YSin Eq. (2.8) for which the full expres-
sion is given in Eq(A3). The first moment of this OME is
equal to unity up to second order in, provided we choose

the Feynman gauget&1). This result is expected for the
on-shell expression as it is a check of the Adler sum rule
[25]. However the fact that all the coefficients of the terms in
(—p?/ u?) are zero shows that the sum rule is true up to
ordera? for the off-shell expression which is not an S-matrix
element. Finally we want to comment on the use of the un-
renormalized expressions given in Appendix A for the com-
putation of the three-loop OME’s. Since the external quark
and gluon legs are off-shell one can insert our results into the
Feynman integrals for one-loop graphs. In this way one gets
expressions corresponding to some of the three-loop graphs.
It is, however, clear that the most difficult Feynman integrals
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belonging to the non-planar diagrams, where all quark on|so the distributiong1/(1—z)). and(In(1-2)/(1—2)). are

gluon lines cross over, remain to be done. written simply as 1/(*+ z) and In(1—2)/(1—2) respectively to
shorten the formulas. Note that the OME’s given in the text
ACKNOWLEDGMENTS are the moments of the functions listed here, and so
This research was supported in part by the National Sci- 1 L -p? 1
ence Foundation grant PHY-9722101. f dzZ' " A 2,7, - (A1)
APPENDIX A where for simplicity we have not written the moment index

on the functions. Also to simplify the expressions we define

In this appendix we present full expressions for the two- the phase-space factor

loop corrected operator matrix elements computed from the

Feynman diagrams depicted|[i6]. The second order contri- ~ 2\ 62

butions are calculated up to finite terms which survive in the F= ﬁs (—_pz_ (A2)
limit e—0. The OME’s presented here are unrenormalized 4\ p

and external self-energy corrections are included. In these

expressions definitions of the Riemann zeta-functigfrs) We first splltA into physical and unphysical parts fol-

and the polylogarithms K{z), S, m(z) can be found iri26]. lowing the notanon in Eq(2.7). The physical part is
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5 9l g1 5t o1~ 52)]-

3 3 1 3 1 1 8

+24§(3)< 1—-z+27°— %

1
+8In(1 z)§(2)(1+z Zz—ﬁ

74 )
+544(3)~ 5 4(2)

28
+In(1—z)( 38+382+ 71—

1+z—i) 41In(1-2z)LiA1—2)(3—z+47%)

28
+ 5 In°(1-2) 1

, 6
~In’(1-2)| 13-31z+ 7—

68 68 44

Inz3 3 1=
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+2InzIn?(1-2)

) 16 , 15 ) , 4
+In® z{ 11-237— -z 1 —In“zIn(1-2)| 6—2z+8z°+ ——
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1
9+ E+122+422

+4Lis(1—2)(5—7z+ 1222)+g [InzIn(1+2)+Liy(—2)]—16In zLiy(—2)

2Li 1 ! 85,1 1-7z+67° 4 CaC ! 941- 580z 070
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{(3)|3+z 172 +§ Z+3z+4z°|Inz N(1+2z)+Lix(—2)+8S(—2) +3z+
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1+z
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Here the factor £ 1)" originates from the non-planar diagrafisamelyk and o in Fig. 2 in the singlet paper di]). It

multiplies that part of the matrix element which is needed for the mass factorization of physical processes with two identical

quarks in the final state.
The unphysical part is given Hpee Eq(2.14)]

=FCg{4z—2(1—- &) +¢&[2z— (1-&][1+In z+In(1—2)]} + F?

%[CE{—lG—BZ—i— 1620 — 2 In(1—2z)+In z]}

16 32
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o %2 18,
+Cf — 53— 32+4(2) 3

20
+CAC|: g— 32

4 16
—24z In’(1-2)— §In z(10-172)+8(1—4z)In z In(1—2)+ 5

%_32—222)[In zIn(1+2z)+Lix-2)]

+1n? z| 122+ 13622 +16Li)(1—2)(1-32)+82(1-2){—2In(1-2){(2)+2 In 2{(2)—In? z In(1—2)
. . , 26 232
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16 ) 8
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4
+4§(2)<1—22+ §z2
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81 .
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8
+nfCFTf[ - 5(14—42)

- 2(1—22){In z+2In(1-2)} 1—z+2[—2£(2)+1In? z]—In z(1—22)

6 [, 1
— 5 (1) CE=5CaCr

+(%—3z—222)[lnzln(1+z)+Li2(—z)] ] (A4)

The purely singlefPS OME is split in the same way as the non-singlet one in @¢f). For the physical part we haysee
Eq. (2.16]

-p? 1 16 4 8 5 4
A PS,PHY p I 2 2
Agq i(z, > ,8) F nfCFIf(82 1 3, z 3z 2Inz(1 z)) =13 16 z 13z—-8z 2In(1 z)(l 37
- ——4 21 +1 13+—8 +13z|+4(1+2z)|{InzIn(1- +—3I 2 7+ Liy(1— +—316+—20
z 3z nz 37 (1+2)|InzIn(1-2) Z n‘ z+Liy(1-2) 3 .

256 4022+ 4{¢(2)+2 In(1 1+ 4 4 +16| 1 16+5 137872
-3z {4(2)+2In(1-2)}| 1+ 5 —2z— 52°|+ = In(1-2) - 1x-8z
5 16 8, 8 8 10
+21In? z| 37+ ——+41z+ =72 | +8Inz In(1—2)| 13+ =——+ 13|+ =In z| 67+ — +50z

3z 3 3z 3 z

2 2 1
+16Liy(1—2) 6+§+72+ 522 +16(1+z)(§In z{(2)+2In(1—2z)Liy(1—2)
3 7
+InzIn*(1-2)+ Eln2 zIn(l—-2)+ 1—2In3 z+21In zLiz(l—z)—2Li3(1—z)+S_Lz(1—z))], (A5)

and the unphysical pafsee Eq(2.17)] becomes equal to
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The next OME is split into three pieces according to Ej18. The physical part is given bisee Eq(2.27)]
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7
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The unphysical partEOM) [see Eq.(2.28] becomes equal to
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The part which is due to the contribution of the non-gauge invafid@l) operatorO, [see Eq.(2.29] is equal to
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The next OME is split into physical and unphysical parts according toZE80. The former[see Eq.(2.31)] is
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The unphysical part is given Hpee Eq(2.32]
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The gluonic OME can be split into three parts according to 3. The physical part is equal {see Eq.(2.34]

2
R —-pc 1 (1 4
PHY L _ - _
Agg 5(2, > ,8) o(1l—2)+F - -6+ Z+4z

8
nfo5(1 Z)

8 8 22
C( 16+ — +82 822 +—+—5(1 Z)|—

1= +Cul —

1 4 —¢ 67
424 (2___z+z +1—)[Inz+ln(1 z)]+—+5(1 z)(—§+4§(2) (1-9%

20 1 1
+nfo§5(1—z)+s C —2+E+z—22+ﬁ){§(2)+[lnz+|n(1—z)]2}

1 -
+7(1-9?

11-¢ 202 11
[IN(1—2)+In z]—EE{l—In z—In(1-2)}+ 5(1—2)(7—1—24’(2)

A

484 ) ( 1 1)
5 ~3%(2)|-64In1-2)|2- - ~z+2P- 1

2
—(3———22+222
z

14 1 ~ 1 o~ 56
ST 2B 3 (187 | nTa-2)| - 5@ ~8(10+2)

3|72

881
4

2|+ 58 +8(1

+ nfCATf

1- 1-z

39 2 1 1 35251
E z+72°— —— ? ( Z)

1 1
—-321Inz +32 z2 +—

+2Inz(1+2)

2 264 1, 2 46 B
+nfo35(1—z) +g CA§ 53—?4‘5524‘282

16n:C.T;| 1 41,
+ tCe T Z+§EZ

1 1 3326 176
4+27°— ——— —— |+ 81— z)(—— ?§(2)+20g(3))—48 IP(1-2)

86
1= 8(2) 1+z 1-z

1- 27

5 11
13+ — +Z 5Z —r

1 1 16 1
2—2—2+z —TZ)——In(l Z) —16 InzIn(l—z)(6—E+32

1

6 44
36+ +21z— —64(1+2)

3 1—2)

4 1 5
+162 622 +—+—Z —4Inz

+ L) s
2=y 4’z 1tz 1

1—2z

8115
~3(11-52)

1 1 .
2+ E+Z+ZZ_ —){In z In(1+2)+Liy—2)}

X Liy(1—2)—16 157

+n;CaT;

1 24

) 64 1 ) 1 16
+—|--2°|+ —+5In(1-2)| 2— - —z+2°— —| +
z -z 3 z -7

4 4
—Inz(9—-—-3z+422— —
z 1-z

1 1 3

+48(1-2)+16 I(1-2)| 1+ o

160 176(1
+NiCeTy 5 (1-2)— | > 2

2168
+o(1- z)(———§(2> 5

320

4 8
—-z—=7°|+8Inz 5+3z—§z2 +8(1+2){4InzIn(1—2)+3In* z+4Liy(1-2)} |- n?T? — >7

3

— T+ +—=7+ +£(2 0 o +262°
45  13% @ 457 135% " 3 1-2 N33z 37

3 3z 3

o[ 1672 13951 187 8686, 254 1 1
X 8(1—2z) | +C3 —

152t 1tz 1-z 3

0 11141 214
551 +a(1-2)

124 , 19 12 4 1
~| +4(3)| 80— — —122+597°~122°+ 7o~ — 7| +

16+ =2 72
32 73t

, 854 )56|3 (1 21) ,
+50(2)2~ —5-4(3) |5 In%(1-2)| 2= Z—z+ 2~ 7| ~2In%(1-2)



6716 Y. MATIOUNINE, J. SMITH, AND W. L. van NEERVEN 57

14
233+ —

11 _ 12 2
— 15|~ IN(1-2)LiA1-2) 102+?+762+3322—4z - ——In(l z)

506 12 18
—7o3z+148z2+— —In(1-2)¢(2) 26——12z+2522 4z—ﬁ —4InzIn*(1-2)| 22

5

3 5z+7 2 | In(1— 461 26 167z+ 64 7
—E"r Z+ Z—m—m ——nz n( Z) +—+ + Z—ﬁ

~4

7+ §+4z+422— é){z IN(1+2)Liy(—2z)+In(1+2)Z(2)+In z In?(1+2)}—In? z In(1-2)

511038217 2 4 > —2In? zIn(1 5222 4
- —+ +7Z— Z+m—ﬁ n zn( +Z) +—-—+2z+ Z—lT
- 8 . 14 1 11 1 Y s 7 97 11, 31, 11
e e R i e L Rl Kl K Ty

, 20 4 14
—2InzLiA1-2) 54—?+122+2522 478 131 —41InzLli,(—2)

3+2+2 +2 2 +—
z+22* 1+z 1-z

—7Z —_—

15 " a5 457 5 45 9 1-z

2 ) | (1727 3598 564 848 521 1 )
nz

12 10 28
+In z§(2)(6—7—28z+2522 42—1—> 2Liy(1— z)( 67— 3, +1%

321 10 62 _ _
17—+ 74—112—222— 323 {InzIn(1+2)+Liy(—2)}+Liz(1-2)

16

4 6
X 114+E+68z+67z —1228— ——— )+4L|3( 2)

1+2+2 +2 +—4
1+z 1-z z+22°

- +S12(1-2)

68 8 46
126+—+362 9122+1223——+1 5 —8S,(—2)

6 4
11+ —+62+622— ——|+8(2+2
z 1+z

+z——+ { 2In(1+2)Li(1—2)—21Inz In(1—2)In(1+2) + S;A(z?)} |+ N;CAT; (43—282)

356( 1 2) 64 1 4
4

9 31— z+ £2)

4 ( 806 )
+g8(1-2)| — 5 +59(2)+344(3)

7+2+16z+2 —6
2= 3

, 1 1)\ 4 30 , 34\ 4
+81I(1-2)( 2=~ ~z+ 2%~ |~ 5In(1-2)| 41~ — - 72+302%~ 7— | + zIn zIn(1-2)| 25

1-z 1

—4Inz

583+22 2
3z Zzl—z

12 8
- — —14z+127°— — | +4In* z
z 1-z

4 10 37 1
5— ——27+ 72— — ——

8
9z 3 9 1= + = L|2(1 Z)

1 3

2 2 16 1
3———62+22 +—)+—(3+ +3z+2z )

IN(1—2z)Lix(1—2)+In(1-2)£(2)+ %In2 zIn(1-2)+21InzLix1

x{In z In(1+2z)+Liy(—2)} + 82>

—2z)—In 25(2)—3§(3)—3Li3(1—z)+3Slz(1—z)) +nfC,:T{ - %)(1—2)

1720/ 1 arol 1 4 9 42 81
+72 +4£(2) E Z§Z+ n=( Z)

, 55
-z )+5(1—z)( -5 T160(3)



57 TWO-LOOP OPERATOR MATRIX ELEMENTS . .. 6717

1+4 42+|1 1601 7oL 2| |+8InzIn(1 5+3 e

X 3, 232 n(l-z) T( —z)—? -2 nzin(l-2z) z-37
16 35 22 32 . 1

+21In z 13+19z—§z2 +8Inz §+52+§z2 +§L|2(1—z) 3_E+32_22

3 {In zIn(1+2z)+Lix(—2)}+8(1+2)

4In(1-2)Li1-2)+2InzIn*(1-2)

1
3+ 24—3z+z2

+3In? zIn(1-2)+ gln?’ z+4InzLi 1—2z)+In z§(2)—4Li3(1—z)+2812(1—z)>

+n?T$5(1—z)(16— ?g@))). (A12)

The unphysical part is given Hpee Eq(2.39]
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APPENDIX B

In this appendix we present the non-gauge invari®l) operators with their corresponding operator matrix elements
(OME’s). They are needed for the renormalization of the physical operators due to the mixing between them discussed in Sec.
II. Two of them are given in Eq$2.9) and(2.10 of [15] (for their construction seje 8]). These operators, which already show
up in the case where only the gluonic operator in &33) is present, are given by

n—-1

> kidH[ar2 - aHi-2AL ()]

o’Afl”‘Z"'“n(x)=i”25( FAL (X)D@g#2: -~ g#n=1ALN(X) +igfapF it (X)
' ' i=2

X[t - tn-1-IAE(x) ]} + O(g?) (B1)
and
n—1
OftH2mn(x) =i “‘2$< Ea(X) M1+ 7w, — QT apcka(X) 22 Y[ 9H2: - GHi-1ap(X) J[9M- - - gHn-1-IAEN(X) T} + O(gz)) ,
(B2)

whereé andw are the ghost and antighost respectively. In the expressions apisvdefined in Eq(2.45. Furtherk; and 7,
are calculated if15] and are given by

1 .3 (n—2)! 3 (n—2)!
=g g T Diin—i— D1 8 i(n=i-2) (B3)
and
1 .3 (n—2)! 1 (n-2)!
m=g Ut G Do T aitn—i—2) (B4)
respectively. If we also include the quark singlet operators in(E®), then we have to add
O 2 0(x) =i " LS G X) Y*1(T o) ALZ(X) 343 - ey (X) + O(g*)]. (B5)

Notice that the above operators are not BRS exact in the strict serg&]ofsee alsg21]). This might affect the non-
logarithmic terms in the renormalized OME’s which we do not need here. Further the operators in the above equations are
corrected up to ordeg®. This is sufficient to get finite two-loop OME’s. However, in order to carry out the renormalization

on the three-loop level one has to compute higher order corrections to(Bts.(B2) and (B5). The operator vertices
corresponding t®, in Eq. (B1) andOg in Eqg. (B2), albeit sandwiched between gluon states, are presented in Appendix A.3

of [15]. In Sec. Il we need th®g operator vertex when it is sandwiched between quark states. In this case we have to compute
the quark-quark-gluon vertex which is given by

VA G=0(Ta) b A*(A- k)2, (B6)

wherek stands for the momentum of the gluon.

We now list the OME’s needed for the renormalization of the physical operators in Séar. fhe notation see Appendix
A). The two OME's referring to the NGI operato3, and Og, when sandwiched between quarks states, can be split
according to Eq(2.7). The expressions in Eq&.46 and(2.47) become

2
" —-pc 1
PHY -
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1 1 1 1 A 3
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—s[(l— E)[In(l—z)JrIn z+{In(1-2)+In z}2+§(2)]+(1—§){§— EJr(l— E){In(l—z)ﬂn z} }) (B7)

and

2
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respectively. Likewise we obtain for Eq.48 and (2.49

2
cod P2 (11
ABq S(Z,F,g _FCFE 8—82 +

1 - 2
4—42)[In(1—z)+ln z]+(1—§)<2—2)

+e (B9)

1- %){[In(l—z)ﬂn 2124 £(2)+ (1= H[In(1—2)+In z]}

and

Asd - =0 B10
Ba |2 TW e T (B10)

respectively. Next we sandwich the NGI operat@rs and O, between gluon states. Decomposing the OME’s according to
Eqg. (2.53 we get forAAg the following results. The physical and unphysical paste Eqs(2.54 and(2.55] become equal

to
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(B12)

respectively. The piece coming from the NGI operadyy itself and the part due to the violation of the \[éee Eqs(2.56),
(2.57] are given by
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21

The last OME due t®,, can be also split into four pieces according to Ef58. For Eq.(2.59 we get

2
APHYS(Z P 1):—Fc 2(1-2)
[o1] '72_78 A

2 1
g+ln(1—z)+ln Zte Z[{In(l—z)+|n z}2+§(2)]).

(B15)
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The expression in Eq2.60 becomes

N2
AEgM( z,7p2—, %) =—FCaz(1-2){2+¢[In(1—2z)+In z]}. (B16)

For the contribution due to the NGI operatdr, we get[see Eq.(2.61)]

! 1 , 1 5 12
Awg 2,7,; =FCp g —2+5z—2z +65(1—Z) + _1+EZ_Z [IN(1—2z)+In Z]+§_§5(1_Z)
13 1 1 1 ) )
+e|8(1-2)| == —-=5L(2) |+ =[In(1-2)+In z]+ 5 (= 2+5z—2Z°)[{In(1-2) +In z}+ £(2)]| | .
54 48 4 8
(B17)
Finally the contribution due to the breakdown of the Ward identitisee Eq.(2.62)]
Al P N et Y+ B18
it b Al 3 Te zlIN(1=2)+In z]). (B18)
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