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Abstract. It was observed recently that the multidimensional Mellin-Barnes integrals (Gustafson’s integrals)
arise naturally in studies of the SL(2, R) spin chain models. We extend this analysis to the noncompact SL(2, C)
spin magnets and obtain integral which generalizes Gustafson’s integral to the complex case.
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1. Introduction

It was shown by E. K. Sklyanin [1] that eigenfunctions of a monodromy matrix provide convenient
bases for studies of spin chain magnets. In many cases these eigenfunctions can be constructed in
explicit form. Rather (un)expectedly the most simple and elegant expressions arise for models with
infinite dimensional Hilbert spaces. Such models include the so-called noncompact spin magnets and
famous Toda chain. The eigenfunctions constructed with the help of Quantum Inverse Scattering
Method [2-6] (QISM) are given by multi-variable integrals which have a hierarchical structure and
can be represented as Feynman diagrams of certain type [7-11]. In many cases the calculation of
scalar products between eigenfunctions or matrix elements can be, quite effectively, carried out on
diagram level. For the Toda chain or the SL(2,R) spin chains the result is given, as a rule, by
a product of Euler’s gamma functions depending on spectral parameters (separated variables). Tt
was shown recently [12] that certain relations between scalar products and matrix elements for the
SL(2,R) spin chains take the form of multidimensional Mellin-Barnes integrals which are equivalent
to the integrals derived by R. A. Gustafson in [13,14].

In this work we apply the same program to the SL(2, C) spin magnets and derive the counterparts
of Gustafson’s integral in the complex case. The eigenfunctions of the monodromy matrix for the
SL(2,C) magnet and the corresponding Sklyanin measures were obtained in [7,15]. Using these
results we derive an analog of the first Gustafson integral (Eq. (5.2) in Ref. [13]) by calculating
matrix elements of the shift operator. It has exactly the same functional form as the Gustafson
integral. The only changes amount to a modification of the integration measure and replacement of
all Euler gamma functions (the gamma-function associated with the real field R in the classification
of Ref. [16]) entering this integral by the gamma functions associated with the complex field C [16].
It allows one to suggest that all Gustafson’s integrals admit the corresponding generalization.

The paper is organized in the following way. In sect. 2 we recall the formulation of the SL(2,C)
spin chain model and necessary facts from the QISM and SoV approach. In sect. 3 we calculate
the relevant matrix elements and derive an analog of the first Gustafson integral. Elements of the
diagrammatic technique are given in Appendix A. Finally, we present the Mellin—-Barnes form of the
star—triangle relation in Appendix B.

2. SL(2,C) magnet

The quantum SL(2,C) spin magnet is a generalization of the ordinary XXX, spin chain. Dynamical
variables of the model are spin generators which belong, at each site, to a unitary continuous principal
series representation of the SL(2,C) group. Such a representation, T(%)  is determined by two
complex spins, s and 3, which are parameterized by a (half)integer number n; and a real number v [17]

1 ; 1—ng
5= —|—2n5 + v, 5= 2n5 + ivs. (1)
The group transformation takes the form
_ - dz—b dz—b
T(Svs) 7) — _ =25/ _ =3\—28 , 9
109 (g)6)(.) = (= c2) (@ —e9) > o (2 (2
where ¢ = CCL Z) is a complex unimodular matrix. The transformation (2) is a unitary

transformation on the space Lo(C)

(]v) = / d®z ¢(z,2) (2, 2) , (T (g)p| T (g)w) = (). (3)
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The generators of infinitesimal transformations (spin operators) take the form

S_=-0,, So = 20, + s, Sy =220, 4+ 2sz,
S_ = -0, Sy = 205 + 3, S, =7%0:+25%. (4)
They are adjoint to each other up to a sign, S, = —S,,, and satisfy the sl(2) commutation relations
[S4,S_] = 25, [So,S+] = £S5+ . (5)

The anti-holomorphic generators satisfy exactly the same relations. Henceforth, if holomorphic and
anti-holomorphic equations are the same we will write down only the holomorphic version.

2.1. L operators and monodromy matrices

The Hilbert space of the model is given by a direct product of N copies of Ls(C),
Hy =V 9V, ®:--® Vy, Vk:LQ((C), k=1,...,N. (6)

We will consider only the homogeneous chains, i.e. the spins sy, S are the same for all k, s; = s,
5k = 5. We also assume that s — 5 = n, is an integer number 7.
In the QISM approach one defines (at each site) the so - called L - operator

u+is g™ _ a+iSH g™
Li(u) = o , Li(u) = 0 _ 7
() ( is™ s (@) iS™ g — g )

and constructs a monodromy matrix as a product of these operators,

T(u) = Li(u)L2(u) ... Ly(u) = < é}iEZ; gzgz)) ) . N

The anti-holomorphic monodromy matrix is given by the same expression with Ly, (u) — Ly (). The
spectral parameters u, @ are two arbitrary complex numbers.

It is shown in the QISM [1,4,6] that the entries of the monodromy matrix form commuting
operator families, i.e.

[An(u), Ax(0)] =0, [Bn(u), BN(v)] =0, [Cn(u),Cn(v)] =0, [Dn(u),Dn(v)] =0. (9)

Moreover, in the case under consideration the operators Ay and Dy (By and Cy) are related by
the inversion transformation [15]. In what follows we consider the operators Ay and By only. These

operators commute with the total generators S, = S((xl) + ..+ S&N) as follows
[So,ANn(u)] =0, [S—,Bn(u)] =0. (10)

Due to commutativity the operators Ay(u), Ax(i) (Bn(u), By(w)) can be diagonalized
simultaneously and their eigenfunctions do not depend on the spectral parameters u,u. These
eigenfunctions play a distinguished role in the QISM formalism and form the basis of the Sklyanin
representation of Separated Variables [5]. For the SL(2,C) magnet the eigenfunctions of By and Ay
operators were constructed in Refs. [7,15]. We present the explicit expressions for them in the next
subsection.

1 The final expression for the SL(2,C) analog of the Gustafson integral does not depend at all on the spins s, §.
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2.2. SoV representation

Since by construction the operators Ay(u) and By (u) are polynomials of degree N and N — 1 in
u, respectively, their eigenvalues are polynomials in u as well. It turns out very convenient to label
the eigenfunction by roots of the corresponding eigenvalue. We accept the following notations for the
eigenfunctions — ¥ 4 (x|z) and Up(p, x|z).

e The eigenfunction ¥ 4(x|z) satisfies the equations

An(u)Wa(elz) = (u—x1)-- (u—an)Va(z]z),
An(@)Pa(zlz) = (@—21) - (a—Zn)Va(z|z). (11)
Here we introduced the shorthand notations z = {z,...,2ny} and @ = {z1,...,znx}. The

separated variables take the form

l’k:—?‘FVlm kaT‘FVkv (12)

where v, € R and ny, € Z, so that z, = x}. .
e The eigenfunctions of the operator By are determined by the equations

BN(U‘) \IIB(p7:B|Z) = p(u_xl)'“(u_fol)\IlB(pVT'Z)a
By(u)¥p(p,xlz) = p(u—21) (4 —2Zn-1)Yp(p, z|2), (13)
where p = p* and the separated variables & = {x1,...,2x_1} have the form (12).

The eigenfunctions of both operators can be constructed recursively [7,15]. Namely, let us define
two (layer) operators, Ax(x) and Ag(x) which map functions of & — 1 variables to functions of k
variables. The operator A (z) is an integral operator defined as follows [15]

k—1
[Ak(m)fb] (21, ., 2) = ri(x) H [2; — zH_l}l*Qs
=1
k—1
X H /dez [wz - Zi]s+izil[wi — ZH_ﬂSiizil <I>(w1 e ,wk_l) . (14)
=1

Here [2]% = 2%z%, the parameter = has the form (12) and the normalization factor ry(x) is given by

k—1

ri(z) = (a(s + iz)a(s —ix))" ala) =T(1 — a)/T(«a). (15)
The second layer operator reads
Ai(@) = [21] 7T Ap() = Ag(a)[24] H (16)
The eigenfunctions have the following form [15]
Up(p,z|z) = [p|N "Ax (1) Ao(an—y) e P2 (17)
Ua(x|z) = Ay (21)--As(en—1) Ai(an). (18)

The normalization of the layer operators is chosen in such a way that they satisfy the exchange
relation,

Ag(z1)Ag—1(22) = Ag(22)Ag—1(21) (19)

and similar for A. This ensures that the eigenfunctions (17), (18) are symmetric function of the
separated variables x, see Ref. [7,15] for details.
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Figure 1. The diagrammatic representation for the layer operator Ay (z1) and the eigenfunction ¥pg(p,x|z) for
N = 4 (two left figures) and the layer operator Ay (1) and the eigenfunction W 4(x|z) for N = 4 (two right
figures). The line with arrow from w to z with the index « stands for the propagator, [z — w] ™%, and the black
dots — for the integration vertices. The indices have the following values: aj =1 — s — iz, B = 1 — s + iz} and
v = 2s — 1. For the operator Ay and the eigenfunction ¥ 4(x|z) the variable zg = 0.

It appears quite useful to represent the kernels of operators and eigenfunctions as Feynman
diagrams. Several such diagrams are shown in Fig. 1. For more examples of the diagrammatic

technique used in this paper see Ref. [7]. Taking into account that Ai(zy) = [zy]*T*N one can
write the eigenfunction of the operator Ay in the equivalent form
Ua(xlz) = Av1 (@1) - Ao(ay—1) [an] 750 [ 7000 (20)
Using this representation and taking into account that the shift operator T}, = 05~ +2050 (T, ®(2) =
®(z1 — z0,...,2N — 29)) commutes with the layer operators one derives
TZO‘IIA(a:|z) = AN_1 (1‘1)"'/\2(1’1\/‘_1)[2’]\] 720]75+ix1 [Zl 720]78+imN
AR (o) A5 (en-0) A7 () (21)

where A,(j") = A (z)[2r — 20] 7. The diagram for the function (21) is shown in Fig. 1.

The functions ¥ 4(x|z) and U (p,x|z) being eigenfunctions of the self-adjoint operators form a
complete orthogonal basis in the Hilbert space of the model

-1

[ TR vael) = (1 @) vl - @), (22)
[T @R Vel alz) = (1 @) ) v - ). (23)
Here d*Nz = d?z; ...d?zy and the delta function dy(x — ') is defined as follows:
on(z —2') = % ZS: 8P (21 — () -+ 6P (wn — 2 n) (24)
sESN

where the sum goes over all permutations of N elements and

6P (z — ) = bpnd(v — ). (25)
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The weight functions py(x) and py (p, ) are the so-called Sklyanin measures. They were calculated
in Refs. [7,15] and take the following form

(A) . 1 71'7N2 9
py'(x) = MW H‘[wk — ], (26)
k<j
B 1 o~ N
p (@) = e [Tk — =5 (27)
) k<j
The completeness condition for the functions ¥4 (x|z) and Ug(x,p|z) reads
N S —
[[69G -5 = [Dyveni@Vaal) T, (28)
k=1
N e —
[[09G-2) = [ [Dveul @V plz) Talz PR, (29)
k=1

where the symbol Dyx stands for

[ e H( > [ dyk) (50)

NnEp=—00

and the sum goes over all integers. The relations (28), (29) can be easily checked for N = 1,2. The
proof for general N will be given elsewhere.

Let us note that for the case N = 1 the eigenfunctions of the operators B; = —id, and
Ai(u) =u+ i(s + zaz) are the exponential and power functions, respectively. Namely,

Up(plz) = P72, Va(alz) =[] (31)
The orthogonality and completeness relations for the power functions read

/dQZ [Z]ifﬂl—s([z}il'?—s)* _ /dQZ [Z}—l—&-i(a:l—a;g) _ 27’(’2(5(2)($1 _ {172)7

[ Dol (= = () (el ) [ Daler ) = 2065 - 2) (32
and agree with (22), (28).

3. Matrix elements and integrals identities

Let us calculate the matrix element of the shift operator between the eigenstates of the operator Ay .
We define
Ty, @) = (Va(@) |12 [P a()) . (33)

The calculation of (33) goes along the following lines: first, using the representations (18) and (21)
we write the matrix element as follows

(U (@) Tey [V a(2)) = A (2)AY (@ _y) - Al () AGY (1) - AT (ano 1) AT (an) . (34)

Second, representing the product /N\;r\,(x’l) /N\E\Z,”)(xl) as a Feynman diagram and simplifying it with the
help of the identities (A.4), (A.5), (A.6) in Appendix A one gets

Al (@) AGY (@) = [z (— 1)1~ g, 2) (QK5 ()T QY () (35)



Gustafson integrals for SL(2,C) spin magnet. 7

wy Wy w3 Wy 20

Z1 Z9 zZ3 Z4

Figure 2. The diagrammatic representation for the operator Q%O)(a:) for N = 4. Note that the index of the
rightmost arrow differs from others.

where the sign factor (—1) = (=1)#~% and the diagram for the operator Qg\io) (x) is shown in Fig. 2.
The factor g(x,2’) reads

a(§ — i)

q(z,2") = ma(l +i(x — 2')) (36)

a(s —ix')
Third, using the diagrammatic technique it is straightforward to check that
v @A (@) = gla, @) AT (@) Q) (@) (37)

This allows one to reduce the N-point scalar product to the N — 1-point scalar product and obtain
for the matrix element (33)

N
T (@, ') = (~ 1) [ XD T glan, ) . (38)
k,j=1

Here we introduced the notations

X:Zxk’ XZZik, AX:Z(S—ia?k), AXZZ(E—Z'@‘IC).
k k k

k

The calculation of the scalar product between the eigenfunctions ¥ 4 (x|z) and ¥ 5 (p, z|z) follows
exactly the same lines so we give the final answer only
N N—1
(W, w)| W A (@) = X7V | =N [pA% [ a5 — i) [] alonuy)- (39)
k=1 j=1
Note that the expressions (38) and (39) are symmetric functions of the separated variables as it
should be. We also remark here that these equations have a striking resemblance to the analogous
expressions in the spin chain models with the SL(2,R) symmetry group, see Refs. [11,12].
The function a(1 + i(x — 2’)) entering (36) becomes singular for z = z’. Indeed,

' o DA 7))
a(l+i(r—2')) = T(1+i(x—2a))
LW —v) + (0 — n')/2) L) )

- = (-

(1 —i(v —v) + (n—n')/2) (40)

ra—i(v —v)—(n—n')/2)"
Thus the function a(l + i(x — 2’)) is singular only when n = n’ and v = v/. The divergency comes
from the integration of propagator chains. It can be regularized by giving the variable v a small
imaginary part, i.e. © = —in/2 +iv, T = in/2 + iv where Imv > 0 (Note, that the variable z is
related to the function on the right side of the scalar product). So from now on we assume, whenever
it is necessary, that the parameters v, in Eq. (12) have a positive imaginary part.
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3.1. Gustafson integrals for SL(2,C)

In this section we present a generalization of Gustafson’s integrals (Eq. 5.2 in Ref. [13]) to the
complex case. Using the completeness condition (29) for the B—system one can represent the matrix
element (33) in the form

T, (z,2') = / dp e PP / Dy ) () (U5 (0 A @) (U (oo w) [ Wa(2)), (41

where we take into account that T, ¥ p(p, u) = e =20 =Py 5 (p u). Substituting the expressions (38)
and (39) into (41) one gets after some algebra

dv \ Tz TL5 el + iy — wy)) a(l +i(u; — )
- 1 (kl_Il nkzoo/ ) m<j (1+7’(uj _um)) (1+i(um—uj)) -
_ Hllc\{jzl a(l+i(zg — x))

a(l+i(X — X))

(42)

We recall here that the integration variables uy take the values: up = —ing/2+ vy, Up = ing/2+ vk,
where nj is an integer and vy, is a real number. The external parameters xy, x% are

xk:_%+ﬂk fk:%+ﬂk x'——lm—k—ku Ty = M
9 ) 9 ’ k 2 k> 9 k>

where my, m}, are integers and py and p) are complex numbers such that Im p, > 0 and Im pj, < 0.
It can be checked that for such a prescription the v-poles of the functions a(1 + i(xy — u;)) and
a(l +i(u; — z},)) are separated by the integration contour.

We also recall that the function a(a) = a(a, @) =T'(1 — @) /T'(«), see Eq. (A.3), is a function of
two complex variables, «, &, such that & — @ = n. This function is related to the gamma function for
the complex field C defined in [16]

[Na,a) = io‘*‘m =%l —-a). (43)
Thus, Eq. (42) is a direct analog of the first Gustafson integral (Eq. (5.2) in Ref. [13]) — the only
difference consists in replacing the Euler gamma functions by the function (43) and the appropriate
modification of the integration measure. In was shown in [12] that many of Gustafson’s integrals
arise in studies of matrix elements in the SL(2,R) spin chain models. There is little doubt that such
an analysis can be extended to the SL(2,C) magnet and, therefore, it seem very plausible that many
of Gustafson’s integrals admit an extension to the complex case.
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Appendix A. Diagram technique

This Appendix contains elements of a diagram technique which were used throughout the paper. The
eigenfunctions and kernels of operators can be represented in the form of two - dimensional Feynman
diagrams. The propagator is shown by the arrow directed from w to z with the index a attached
to it
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The propagator is given by the following expression

1 _ 1 _ (z —w)*~ @ _ (1)@ (A1)

[z —w]* ™ (z—w)*(z —w)* |z — w|? [w— z]*’

where @ — & = n, is integer. Performing the Fourier transform one defines the propagator in the
momentum representation

/dzzei(’)‘z“ﬁ) [2]7® =7i* “a(a) [p]a_l , (A.2)
where the function a(«) is defined by

a(a) = a(a, a) = F(If(a)a) a(a) = F(If(a)o‘) a(a, B,7,...) = a(@)a(B)a(v). .. (A.3)
This function has the following properties

al@)a(l—a)=1, a(l+a)= —aciz) , al@)a(l—a)=(-1D*"% a(a)=(-1)*"%a(a).

The evaluation of Feynman diagrams is based on their transformation with the help of certain rules

e Chain relation:

/d2w — 1 _ W(_1)7—fva(a75,7)m 7 (A.4)

ol — z5]8

where y =2 —a—f, y=2—-a— .

a 15} a+f—1

— =) Taf7)

Y
®

e Star - triangle relation:

2o —wlPlzs —w]Y 22 — 2]V [z — 23] Pag — 2]t

where a +f+y=2and a+ 3 +7 = 2.
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e Cross relation:

S e, 7) )
[21 — 20]*' /d [w — z1]%[w — 2]t~ [w - 23]Blw — 241

- ! 2 a(a. B)

= [Z3 — 24}[3’_5 /d C[w _ Zl]a/ [U} _ 22]1_0‘[11) _ Z3]B/ [w _ 24]1_5 9 (A6)

where o + 8 =o' + 3.

The d-dimensional versions of these relations are an essential part of the modern technique of
multi-loop calculations in QFT, see e.g. [19]. The d-dimensional star - triangle relation (for scalar
propagators) was used to construct an integrable (“fishnet”) model in arbitrary dimension [20] .

Appendix B. Mellin transform and star-triangle relation

In the simplest case of the spin chain with one site the transformation to the SoV representation
related to the eigenfunctions of the operator A coincides with the Mellin - Barnes transformation.
In this Appendix we show that the star - triangle identity obtained in [18] is equivalent to the star -
triangle relation (A.5) in the Mellin - Barnes representation.

Let f(z,2z) = f(r,p) be a function on the complex plane. Combining the Fourier transform with
respect to the angle variable ¢ and the Mellin transform with respect to the radial variable r one gets

Z / dvr=2v=1f (v /Da “12=af(a), (B.1)

n=-—oo

where o = iv —n/2, @ =iv +n/2 and

fl@) = falv) = 52 dy e_“‘m/ dr ™ f(r, /d2 “2a (5 7). (B.2)

These formulae are equivalent to the relations

2m

/ 2z [2) 71 = 2726 (), / Da [z1]”¥z2]® = 271221 02(21 — %), (B.3)

which are nothing else as the orthogonality and completeness relations (32). In order to avoid
misunderstanding we recall that

/Da =y /+OO (=) = Gppd(v —1').

nez

Let us transform the star - triangle relation (81 + 82 + 3 = 1)

2 1 ~ wma(l—p1,1—Pa,1—fBs)
/d w[Zl — w]l—ﬂl [2’2 — w]l—ﬁz [2:3 — w]l—ﬁs - [22 — 21]53 [21 _ 2’3][32 [Z3 — 22]51 (B4)
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to the Mellin - Barnes form. First of all, making use of the chain relation (A.4) we derive the following
representation for the propagator

[wfz]571 _ 701 17 /D 1/24’5/2*0&) [Z}fl/2+ﬁ/2fa [w]71/2+6/2+a7 (B5)
12 32—

Next, multiplying both sides of Eq. (B.4) by [[°_, [zi]~'/>7#/>*® and integrating over all variables z;

we obtain with the help of Eq. (B.3)

3
a(1/2+ Bi/2 —a;)
LI (Z ai> Zl;[la(l - 6i)a (1/2=Bi/2 = i)
=7 H/D M5(2)(73 — 72— a1)5(2) (1= — 062)5(2)(72 —n—as). (B.6)

Comparing the coefficient at the delta function §() (Z a;) on both sides we get

3
a(1/24B3i/2 = Xijiy1) / a(l—5i/2—=~v4+Xi—1)
2 a(l — j; : D~y , B.7
£[1 ( 5)0(1/2—51‘/2—)\1',”1 H a(Bi/2 — v+ Xi—1) (B.7)
where we put a; = A\j — A1, Vi = —Aic1 + 7, Aigs = )\i. For a special choice of the parameters this

relation is reduced to the star-triangle identity, Eq. (22) in Ref. [18].
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