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Abstract

Free Electron Lasers (FELs) are a solution for providing intense, coherent and bright radiation in the hard X-ray
regime. Due to the low wall-plug efficiency of FEL facilities, it is crucial and additionally very useful to develop
complete and accurate simulation tools for better optimizing a FEL interaction. The highly sophisticated dynam-
ics involved in a FEL process was the main obstacle hindering the development of general simulation tools for this
problem. We present a numerical algorithm based on finite difference time domain/Particle in cell (FDTD/PIC) in a
Lorentz boosted coordinate system which is able to fulfil a full-wave simulation of a FEL process. The developed
software offers a suitable tool for the analysis of FEL interactions without considering any of the usual approxima-
tions. A coordinate transformation to bunch rest frame makes the very different length scales of bunch size, optical
wavelengths and the undulator period transform to values with the same order. Consequently, FDTD/PIC simulations
in conjunction with efficient parallelization techniques make the full-wave simulation feasible using the available
computational resources. Several examples of free electron lasers are analyzed using the developed software, the
results are benchmarked based on standard FEL codes and discussed in detail.

Keywords: Free Electron Laser, Finite Difference Time Domain, Particle in Cell, Undulator radiation, Inverse
Compton Scattering.
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PROGRAM SUMMARY
Program Title: MITHRA
Program Files doi: http://dx.doi.org/10.17632/9f5k4zbtkg.1
Licensing provisions: GNU General Public License 3
Programming language: C++
Nature of problem: Full-wave simulation of the free electron
laser radiation is accomplished by the code. MITHRA
transforms the particle positions and momenta to the bunch
rest frame using the Lorentz transformation. Electrons
entering the undulator start radiating due to the induced
wiggling motion. The back-effect of the radiation on the
bunch results in the modulation of the electron position,
which in turn generates a coherent radiation. This process
as the main principle behind the operation of free electron
lasers is simulated using Maxwell equations, electron motion
equations and relativity principles.
Solution method: Non-standard Finite Difference Time
Domain (NSFDTD) combined with Particle-in-Cell (PIC) is
implemented in the Lorentz-boosted framework to calculate
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E-mail address: arya.fallahi@cfel.de

the FEL radiation. Parallelization is done using both multi-
threading (open-MP) and message passing interface (MPI) to
maximize the computation efficiency.

1. Introduction

Free Electron Lasers (FELs) are currently serving as
promising and viable solutions for the generation of
electromagnetic radiation in the whole frequency spec-
trum ranging from microwaves to hard X-rays [1, 2, 3].
Particularly, in portions of spectrum where common so-
lutions like lasers and other electronic sources do not
offer efficient schemes, FEL based devices attract con-
siderable attention and interest. For example, soft and
hard X-ray as well as THz frequency ranges are parts
of the spectrum where FEL sources are widely used.
Recently, coherent X-ray beams have shown unprece-
dented promises in enabling biologists, chemists and
material scientists to study various evolutions and inter-
actions with nanometer and sub-nanometer resolutions
[4].
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Owing to the desire of hard X-ray FEL machines
for electrons with ultrarelativistic energies (0.5-1 GeV),
these sources are usually giant research facilities with
high operation costs and energy consumption. There-
fore, it is crucial and additionally very useful to develop
sophisticated simulation tools, which are able to cap-
ture the important features in a FEL radiation process.
Such tools will be very helpful for designing and opti-
mizing a complete FEL facility and additionally useful
for detailed investigation of important effects. The last
decade had witnessed extensive research efforts aiming
to develop such simulation tools. As a result, various
softwares like Genesis 1.3 [5], MEDUSA [6], TDA3D
[7, 8], GINGER [9], PERSEO [10], EURA [11], RON
[12], FAST [13], CHIMERA (previously PlaRes) [14]
and PUFFIN [15] are developed and introduced to the
community. However, all the currently existing simula-
tion softwares are usually written to tackle special cases
and therefore particular assumptions or approximations
have been considered in their development [16]. Some
of the common approximations in FEL simulation are
tabulated in Table 1.

The main goal in the presented research is the analy-
sis of the FEL interaction without considering any of the
above approximation. The tool could be used for testing
the validity of various approximations in different oper-
ation regimes and also a reliable approach for preparing
the final design of a FEL facility.

Besides the wide investigations and studies on the
conventional X-ray FELs, recently research efforts have
been devoted to building compact X-ray FELs, where
novel schemes for generating X-ray radiations in a so-
called table-top setup are examined and assessed. Vari-
ous research topics such as laser-plasma wake-field ac-
celeration (LPWA) [17, 18, 19], laser plasma accelera-
tors (LPA) [20, 21], laser dielectric acceleration (LDA)
[22] and THz acceleration [23, 24], pursue the devel-
opment of compact accelerators capable of delivering
the desired electron bunches to FEL undulators. Be-
sides such attempts, one promising approach to make
a compact undulator is using optical undulators, where
the oscillations in an electromagnetic wave realize the
wiggling motion of the electrons [25]. Many of the ap-
proximations in Table 1, which sound reasonable for
static undulators are not applicable for studying an op-
tical undulator radiation. In this regime, due to the vari-
ous involved length-scales and remarkable impact of the
parameter tolerances, having access to a rigorous and
robust FEL simulation tool is essential.

One of the difficulties in the X-ray FEL simulation
stems from the involvement of dramatically multidi-
mensional electromagnetic effects. Some of the nom-

inal numbers in a typical FEL simulation are:

• Size of the bunch: ∼ 100 fs or 300 µm

• Undulator period: ∼ 1 cm

• Undulator length: ∼ 10 − 500 m

• Radiation wavelength: ∼ 1 − 100 nm

Comparing the typical undulator lengths with radiation
wavelengths immediately communicates the extremely
large space for the values. This in turn predicts very
high computation costs to resolve all the physical phe-
nomena, which is not practical even with the existing
supercomputer technology. In order to overcome this
problem, we exploit Lorentz boosted coordinate system
and implement Finite Difference Time Domain (FDTD)
[26] method combined with Particle in Cell (PIC) simu-
lation in the electron rest frame. This coordinate trans-
formation makes the bunch size and optical wavelengths
longer and shortens the undulator period. Interestingly,
these very different length scales transform to values
with the same order after the coordinate transformation.
Consequently, the length of the computation domain is
reduced to slightly more than the bunch length making
the full-wave simulation numerically feasible. We com-
ment that the simulation of particle interaction with an
electromagnetic wave in a Lorentz boosted framework
is not a new concept. The advantage of this technique
for the study of relativistic interactions is widely dis-
cussed [27, 28]. The method is currently the standard
technique for the simulation of plasma-wakefield accel-
eration [29, 30, 31]. Using Lorentz-boosted equations to
solve for FEL physics was previously presented in [32],
where the code Warp is adapted to simulate a FEL with
static undulator. In [33], the dynamics of a FEL based
on optical-lattice undulator is described in the electron
rest frame. Here, we are presenting a software dedicated
to the analysis of FEL mechanism by solving principal
equations in bunch rest frame.

Along with all the benefits offered by numerical sim-
ulation in the Lorentz-boosted framework, there exists
a disadvantage emanated from treating quantities differ-
ent from real three-dimensional fields in the laboratory
frame. For instance, the field profile along the undulator
axis at a certain time does not represent the real radiated
field profile, because the fields at various points map to
the corresponding values at different time points in the
laboratory frame. While this feature introduces difficul-
ties in interpreting and investigating the numerical out-
puts, as discussed in [27] analysis in the moving frame
leads to a considerable computational gain motivating
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Table 1: Common approximations in modelling free electron laser radiation

code name

approximation

steady state wiggler-average slow wave forward
no space-charge slice

approximation electron motion approximation wave

GENESIS 1.3 optional X X X — optional

MEDUSA optional — X X — X
TDA3D X X X X — no time-domain

GINGER — X X X — —

PERSEO — — — X X —

CHIMERA — — — X — —

EURA — X X X — —

FAST — X X — — X
PUFFIN — — — X X —

the FEL analysis in Lorentz-boosted framework. In ad-
dition, separate modules and functions can be developed
to extract the required plots in stationary frame from the
computed values. This approach is implemented in the
code MITHRA to obtain the radiated power.

The presented study shows how one can numeri-
cally simulate a complete FEL interaction using merely
Maxwell equations, equation of motion for a charged
particle, and the relativity principles, without specific
approximations. In section 2, the whole computa-
tional aspects of the numerical method, including the Fi-
nite Difference Time Domain (FDTD), Particle In Cell
(PIC), current deposition, Lorentz boosting, quantity
initialization, and parallelization, are described in de-
tail. In section 3, different examples of free electron
lasers are analyzed and the results are presented in con-
junction with some discussions.

2. Numerical Implementation

In this section, we present the detailed formalism
of Finite Difference Time Domain - Particle In Cell
(FDTD/PIC) method in the Lorentz boosted coordinate
system. There are many small still very important con-
siderations in order to obtain reliable results, which
converge to the real values. For example, the method
for electron bunch generation, particle pusher algorithm
and computational mesh truncation need particular at-
tention.

2.1. Finite Difference Time Domain (FDTD)
FDTD is perhaps the first choice coming to mind for

solving partial differential equations governing the dy-
namics of a system. Despite its simple formulation and

second order accuracy, there are certain features in this
method like explicit time update and zero DC fields,
which makes this method a superior choice compared to
other algorithms [26]. FDTD samples the field in space
and time at discrete sampling points and represents the
partial derivatives with their discrete counterparts. Sub-
sequently, update equations are derived based on the
governing differential equation. Using these updating
equations, a time marching algorithm is acquired which
evaluates the unknown functions in the whole compu-
tational domain throughout the simulation time. In the
following, we start with the wave equation which is the
governing partial differential equation for our electro-
magnetic problem.

2.1.1. Potential Equation
The physics of electromagnetic wave and its interac-

tion with charged particles in free space is mathemat-
ically formulated through the well-known Maxwell’s
equations:

∇ × E = −∂B
∂t

(1)

∇ × B = µ0 J + µ0ε0
∂E
∂t

(2)

∇ · E = − ρ
ε0

(3)

∇ · B = 0 (4)

These equations in conjunction with the electric cur-
rent equation J = ρv (v is the charge velocity) and the
Lorentz force equation:

F = q(E + v × B) (5)
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are sufficient to describe wave-electron interaction in
free space. Moving free electrons introduce electric cur-
rent which enters into the Maxwell’s equations as the
source. Electric and magnetic fields derived from these
equations are subsequently employed in the Lorentz
force equation to determine the forces on the electrons,
which in turn determine their motions. As it is evident
from the above equations, there are two unknown vec-
tors (E and B) to be evaluated, meaning that six un-
known components should be extracted from the equa-
tions. However, since these two vectors are interrelated
and specially because there is no magnetic monopole
in the nature (∇ · B = 0), one can recast Maxwell’s
equations in a wave equation for the magnetic vector
potential (A) and a wave equation for the scalar electric
potential (ϕ):

∇2 A − 1
c2

∂2

∂t2 A = −µ0 J (6)

∇2ϕ − 1
c2

∂2ϕ

∂t2 = − ρ
ε0

(7)

where c = 1/
√
µ0ε0 is the light velocity in vacuum. In

the derivation of above equations, the Lorentz gauge ∇ ·
A = − 1

c2
∂ϕ
∂t is used. The original E and B vectors can

be obtained from A and ϕ as:

B = ∇ × A (8)

E = −∂A
∂t
− ∇ϕ (9)

In addition to the above equations, the charge conserva-
tion law written as

∇ · J +
∂ρ

∂t
= 0, (10)

should not be violated in the employed computational
algorithm. This is the main motivation for seeking
proper current deposition algorithms in the FDTD/PIC
methods used for plasma simulations. It is immedi-
ately observed that the equations (6), (7), (10) and the
Lorentz gauge introduce an overdetermined system of
equations. In other words, once a current deposition
is implemented that automatically satisfies the charge
conservation law, the Lorentz gauge will also hold, pro-
vided that the scalar electric potential (ϕ) is obtained
from (7). However, due to the space-time discretization
and the interpolation of quantities to the grids, a suitable
algorithm that holds the charge conservation without vi-
olating energy and momentum conservation does not

exist. The approach that we follow in MITHRA is us-
ing the discretized form of (6) and (7) with the currents
and charges of electrons (i.e. macro-particles) as the
source and solving for the vector and scalar potential.
It was shown by Umeda et al. [34], that by using simi-
lar weighting functions for both current density (J) and
charge density (ρ), and a proper discretization of cur-
rent density based on positions of the macro-particles
according to a Zigzag scheme, a charge conserving de-
position scheme can be obtained. Here, we have imple-
mented the Zigzag scheme to maintain the charge con-
servation in MITHRA. To obtain the fields E and B at
the grid points, we use the momentum conserving in-
terpolation, which will be explained in the upcoming
sections.

2.1.2. FDTD for Wave Equation

In cartesian coordinates, a vector wave equation is
written in form of three uncoupled scalar wave equa-
tions. Therefore, it is sufficient to apply our discretiza-
tion scheme only on a typical scalar wave equation:
∇2ψ − 1

c2
∂2ψ
∂t2 = ζ, where ψ stands for Al (l ∈ {x, y, z});

and ζ represents the term −µ0Jl. Let us begin with the
central-difference discretization scheme for various par-
tial differential terms of the scalar wave equation at the
point (i∆x, j∆y, k∆z, n∆t). In the following equations,
ψn

i, j,k denotes the value of the quantity ψ at the point
(i∆x, j∆y, k∆z) and time n∆t. The derivatives are writ-
ten as follows:

∂2

∂x2ψ(x, y, z, t) '
ψn

i+1, j,k − 2ψn
i, j,k + ψn

i−1, j,k

(∆x)2 (11)

∂2

∂y2ψ(x, y, z, t) '
ψn

i, j+1,k − 2ψn
i, j,k + ψn

i, j−1,k

(∆y)2 (12)

∂2

∂z2ψ(x, y, z, t) '
ψn

i, j,k+1 − 2ψn
i, j,k + ψn

i, j,k−1

(∆z)2 (13)

∂2

∂t2ψ(x, y, z, t) '
ψn+1

i, j,k − 2ψn
i, j,k + ψn−1

i, j,k

(∆t)2 . (14)

Combining these four equations, one obtains the value
of ψ at instant (n + 1)∆t in terms of its value at n∆t and
(n − 1)∆t:

ψn+1
i, j,k = − ψn−1

i, j,k + α1ψ
n
i, j,k + α2ψ

n
i+1, j,k + α3ψ

n
i−1, j,k

+ α4ψ
n
i, j+1,k + α5ψ

n
i, j−1,k + α6ψ

n
i, j,k+1 + α7ψ

n
i, j,k−1

+ α8ζ
n
i, j,k
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where the coefficients α1, . . . , α7 are obtained from:

α1 = 2

1 −
(

c∆t
∆x

)2

−
(

c∆t
∆y

)2

−
(

c∆t
∆z

)2 ,

α2 = α3 =

(
c∆t
∆x

)2

, α4 = α5 =

(
c∆t
∆y

)2

,

α6 = α7 =
(

c∆t
∆z

)2
, α8 = (c∆t)2 .

(15)

The term ζn
i, j,k is the magnitude of the source term at

the time n∆t, which is calculated from the particle mo-
tions. Usually, one needs a finer temporal discretization
for updating the equation of motion compared to elec-
tromagnetic field equations. If the equation of motion is
discretized and updated with ∆tb = ∆t/N time steps, the
term ζn

i, j,k will be written in terms of the value after each
N update:

ζn
i, j,k = −µ0Jl(n∆t) = −µ0ρ(n∆t)

rn+1/2 − rn−1/2

∆t
. (16)

As observed in the above equation, the position of par-
ticles are sampled at each n + 1/2 time step, which later
should be considered for updating the scalar potential.
This assumption also results in the calculation of charge
density at n + 1/2 time steps, which should be averaged
for obtaining ρ(n∆t).

2.1.3. Numerical Dispersion in FDTD
It is well-known that the FDTD formulation for dis-

cretizing the wave equation suffers from the so-called
numerical dispersion. More accurately, the applied dis-
cretization leads to the phase velocity of wave propaga-
tion calculated different from (lower than) the vacuum
speed of light. This may impact the FEL simulation re-
sults particularly during the saturation regime, owing to
the important role played by the relative phase of elec-
trons with respect to the radiated light. Therefore, care-
ful scrutiny of this effect and minimizing its impact is
essential for the goal pursued by MITHRA.

To derive the equation governing such a dispersion,
we assume a plane wave function for ψ(x, y, z, t) as:

ψ(x, y, z, t) = e− j(kx x+kyy+kzz−ωt) (17)

in the discretized wave equation. After some mathemat-
ical operations, the following equation is obtained for
the dispersion properties of central-difference scheme:

sin2
(

kx∆x
2

)

(∆x)2 +
sin2

( ky∆y
2

)

(∆y)2 +
sin2

(
kz∆z

2

)

(∆z)2 =
sin2

(
ω∆t

2

)

(c∆t)2 .

(18)

This equation is evidently different from the vacuum
dispersion relation, which reads as

k2
x + k2

y + k2
z =

ω2

c2 . (19)

Comparison of the two equations shows that the disper-
sion characteristics are similar, if and only if ∆x → 0,
∆y → 0, ∆z → 0, and ∆t → 0. Another output of
the dispersion equation is the stability condition, which
is referred to as Courant-Friedrichs-Lewy (CFL) condi-
tion [26]. The spatial and temporal discretization should
be related such that the term ω obtained from equation
(18) has no imaginary part, i.e. sin2(ω∆t/2) < 1. This
implies that

c∆t <



√
sin2( kx∆x

2 )
(∆x)2 +

sin2( ky∆y
2 )

(∆y)2 +
sin2( kz∆z

2 )
(∆z)2



−1

.

(20)
The right hand side of the above equation has its min-
imum when all the sinus functions are equal to one,
which leads to the stability condition for the central-
difference scheme:

∆t <

c
√

1
(∆x)2 +

1
(∆y)2 +

1
(∆z)2



−1

. (21)

As mentioned above, for the FEL simulation, it is
very important to maintain the vacuum speed of light
along the z direction (throughout this paper z is the elec-
tron beam and undulator direction). More accurately, if
kx = ky = 0, kz = ω/c should be the solution of the
dispersion equation. However, this solution is obtained
if and only if ∆t = ∆z/c, which violates the stability
condition. To resolve this problem, various techniques
are developed in the context of compensation of numer-
ical dispersion. Here, we take advantage from the non-
standard finite difference (NSFD) scheme to impose the
speed of light propagation along z direction [35, 36].

The trick is to consider a weighted average along z
for the derivatives with respect to x and y, which is for-
mulated as follows:

∂2

∂x2ψ(x, y, z, t) '
ψ̄n

i+1, j,k − 2ψ̄n
i, j,k + ψ̄n

i−1, j,k

(∆x)2 (22)

∂2

∂y2ψ(x, y, z, t) '
ψ̄n

i, j+1,k − 2ψ̄n
i, j,k + ψ̄n

i, j−1,k

(∆y)2 , (23)

with

ψ̄n
i, j,k = Aψn

i, j,k−1 + (1 − 2A)ψn
i, j,k +Aψn

i, j,k+1. (24)
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Such a finite difference scheme leads to the following
dispersion equation:

(
1 − 4A sin2(kz∆z/2)

) 
sin2(kx∆x/2)

(∆x)2 +
sin2(ky∆y/2)

(∆y)2



+
sin2(kz∆z/2)

(∆z)2 =
sin2(ω∆t/2)

(c∆t)2 . (25)

It can be shown that if the NSFD coefficientA is larger
than 0.25, and

√
(∆z/∆x)2 + (∆z/∆y)2 < 1, a real ω sat-

isfies the above dispersion equation for ∆t = ∆z/c. This
time step additionally yields kz = ω/c, for kx = ky = 0.

The value we chose for A in MITHRA is obtained
from

A = 0.25
(
1 +

0.02
(∆z/∆x)2 + (∆z/∆y)2

)
. (26)

The update equation can then be written as

ψn+1
i, j,k = − ψn−1

i, j,k + α′1ψ
n
i, j,k

+ α′2(Aψn
i+1, j,k−1 + (1 − 2A)ψn

i+1, j,k +Aψn
i+1, j,k+1)

+ α′3(Aψn
i−1, j,k−1 + (1 − 2A)ψn

i−1, j,k +Aψn
i−1, j,k+1)

+ α′4(Aψn
i, j+1,k−1 + (1 − 2A)ψn

i, j+1,k +Aψn
i, j+1,k+1)

+ α′5(Aψn
i, j−1,k−1 + (1 − 2A)ψn

i, j−1,k +Aψn
i, j−1,k+1)

+ α′6ψ
n
i, j,k+1 + α′7ψ

n
i, j,k−1 + α′8ζ

n
i, j,k. (27)

where the coefficients α′1, . . . , α
′
7 are obtained from:

α′1 = 2

1 − (1 − 2A)


(

c∆t
∆x

)2

+

(
c∆t
∆y

)2 −
(

c∆t
∆z

)2 ,

α′2 = α′3 =

(
c∆t
∆x

)2

, α′4 = α′5 =

(
c∆t
∆y

)2

,

α′6 = α′7 =

(
c∆t
∆z

)2

− 2A

(

c∆t
∆x

)2

+

(
c∆t
∆x

)2 ,

α′8 = (c∆t)2 .
(28)

To guarantee a dispersion-less propagation along z di-
rection with the speed of light the update time step is au-
tomatically calculated from the given longitudinal dis-
cretization (∆z), according to ∆t = ∆z/c.

2.1.4. FDTD for Scalar Potential
Usually, due to high energy of particles in a FEL

process, the FEL simulations neglect the space-charge
effects by considering ϕ ' 0 [14]. However, this is
an approximation which we try to avoid in MITHRA.

To account for space-charge forces, one needs to solve
the wave equation for scalar potential, i.e. (7). For
this purpose, the same formulation as used for the vec-
tor potential is utilized to update the scalar potential.
Nonetheless, since the position of particles are sampled
at t+∆t/2 instants, the obtained value for ϕn corresponds
to the scalar potential at (n + 1/2)∆t. This point should
be particularly taken into consideration, when electro-
magnetic fields E and B are evaluated.

2.1.5. Boundary Truncation
In order to simulate the FEL problem, we consider a

cube as our simulation domain. The absorbing bound-
ary condition is also considered for updating the scalar
electric potential ϕ at the boundaries. Therefore, we in-
troduce the parameter ξ, which denotes either ψ or ϕ.
The six boundaries of the cube are supposed to be at:
x = ±lx/2, y = ±ly/2 and z = ±lz/2. In the following,
we only present the formulation for the boundary condi-
tions at z = ±lz/2. The process to extract the equations
for the other four boundaries will be exactly similar.

First Order ABCs: The partial differential equations
implying first order ABCs at z = ±lz/2 are:

∓ ∂
2ξ

∂z∂t
− 1

c
∂2ξ

∂t2 = 0 (29)

Second Order ABCs: The partial differential equa-
tions implying second order ABCs at z = ±lz/2 are:

∓ ∂
2ξ

∂z∂t
− 1

c
∂2ξ

∂t2 −
c
2
∂2ξ

∂x2 −
c
2
∂2ξ

∂y2 = 0 (30)

Particular attention should be devoted to the imple-
mentation of Mur second order absorbing boundary
condition at edges and corners. Separate usage of the
above equations for second order case encounters prob-
lems in the formulation. On one hand, unknown values
at grid points outside the computational domain appears
in the equations, and on the other a system of overdeter-
mined equations will be obtained. The solution to this
problem is to discretize all the involved boundary con-
ditions at the center of the cubes (for corners) or squares
(for edges). A simple addition of the obtained equations
cancels out the values outside the computational domain
and returns the desired value meeting the considered ab-
sorbing boundary condition. The first and second order
Mur boundary condition gradually lose their accuracy
in absorbing the incident field when large angles of in-
cidence are involved. For this purpose, in an FEL sim-
ulation using MITHRA, boundaries need to be consid-
ered far enough from the radiating particles to decrease
the effect of boundary truncation on the simulation ac-
curacy.
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2.2. Particle In Cell (PIC)

Particle in cell (PIC) method is the standard algo-
rithm to solve for the bunch dynamics within an elec-
tromagnetic field distribution. The method discretizes
the bunch 6D distribution function as an ensemble of
macro-particles, takes the time domain data of the elec-
tric and magnetic fields, and updates the macro-particle
position and momentum using a proper particle-pusher
technique. We comment that the electromagnetic fields
in the motion equation are the total fields in the compu-
tational domain, which in a FEL problem is equivalent
to the superposition of undulator field, radiated field and
the seeded field in case of a seeded FEL problem. Often
considering all the individual particles involved in the
problem (∼ 106 − 109 particles) leads to high compu-
tation costs and long simulation times. The clever so-
lution to this problem is the macro-particle assumption,
through which an ensemble of particles (∼ 102 − 104

particles) are treated as one single entity with charge to
mass ratio equal to the particles of interest, which are
here electrons. The relativistic equation of motion for
electron macro-particles then reads as

∂

∂t
(γmv) = −e(E + v × B), and

∂r
∂t

= v, (31)

where r and v are the position and velocity vectors of the
electron, e is the electron charge and m is its rest mass.
γ stands for the Lortenz factor of the moving particle.

2.2.1. Update Algorithm
There are numerous update algorithms proposed for

the time domain solution of (31), including various
Runge-Kutta and finite difference algorithms. Among
these methods, Boris scheme has garnered specific at-
tention owing to its interesting peculiarity which is be-
ing simplectic. Simplectic update algorithms are update
procedures which maintain the conservation of any pa-
rameter in the equation which obey a physical conserva-
tion law. Since in a FEL problem effect of the magnetic
field on a particle motion plays the most important role,
using a simplectic algorithm is essential to obtain reli-
able results. This was the main motivation to choose
the Boris scheme for updating the particle motion in
MITHRA.

We sample the particle position at times m∆tb, which
is represented by rm and the particle normalized mo-
mentum at times (m− 1

2 )∆tb which is written as γβm−1/2.
Then, by having rm and γβm−1/2 as the known parame-
ters and Em

t and Bm
t as the total field values imposed on

the particle at instant m∆t, the values rm+1 and γβm+1/2

are obtained as follows:

t1 = γβm−1/2 − e∆tbEm
t

2mc

t2 = t1 + αt1 × Bm
t

t3 = t1 + t2 × 2αBm
t

1 + α2Bm
t · Bm

t

γβm+1/2 = t3 − e∆tbEm
t

2mc

rm+1 = rl +
c∆tbγβm+1/2

√
1 + γβm+1/2 · γβm+1/2

(32)

with α = −e∆tb/(2m
√

1 + t1 · t1). Em
t = Em

ext + Em and
Bm

t = Bm
ext + Bm are total fields imposed on the parti-

cle, which are equal to the superposition of the radiated
field with the external fields, i.e. the undulator or the
seed fields. In order to figure out the derivation of the
equations (32), the reader is referred to [37, 38]. As
seen from the above equations, the electric and mag-
netic fields at time m∆tb and the position r of the par-
ticle are needed to update the motion. In the next sec-
tion, the equations to extract these values from the com-
puted values of the magnetic and scalar potential are
presented. Note that to achieve a certain precision level,
the required time step in updating the bunch properties
(∆tb) is usually much smaller than the time step for field
update (∆t). In MITHRA, there exists the possibility
for setting different time steps for PIC and FDTD algo-
rithms.

2.2.2. Field Evaluation
As described in section 2.1, the propagating fields

in the computational domain are evaluated by solving
the wave equation for the magnetic vector potential, i.e.
(6). To update the particle position and momentum, one
needs to obtain the field values Em and Bm from the po-
tentials A and ϕ. For this purpose, the equations (8)
and (9) need to be discretized in a consistent manner
to provide the accelerating field with lowest amount of
dispersion and instability error. First, the values of mag-
netic and scalar potentials at t+∆t/2 are used to evaluate
the electromagnetic fields at the cell vertices. Subse-
quently, the field values are interpolated to the particle
location for updating the equation of motion. An im-
portant consideration at this stage is compatible inter-
polation of fields from the cell vertices with the inter-
polations used for current and charge densities. Similar
interpolation algorithms should be followed to cancel
the effect of self-forces on particle motion.
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Δx

Δz

Δy
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(iΔx,jΔy,kΔz)

δx
δz

δy

Figure 1: Schematic illustration of the parameters used to locate a
particle within the computational domain.

Using the equation (8), the magnetic field Bn
i, j,k at cell

vertex (i, j, k) is calculated as follows:

Bx
n
i, j,k =

1
2


Az

n
i, j+1,k − Az

n
i, j−1,k

2∆y
−

Ay
n
i, j,k+1 − Ay

n
i, j,k−1

2∆z

+
Az

n+1
i, j+1,k − Az

n+1
i, j−1,k

2∆y
−

Ay
n+1
i, j,k+1 − Ay

n+1
i, j,k−1

2∆z

 ,

(33)

By
n
i, j,k =

1
2


Ax

n
i, j,k+1 − Ax

n
i, j,k−1

2∆z
−

Az
n
i+1, j,k − Az

n
i−1, j,k

2∆x

+
Ax

n+1
i, j,k+1 − Ax

n+1
i, j,k−1

2∆z
−

Az
n+1
i+1, j,k − Az

n+1
i−1, j,k

2∆x

 ,

(34)

Bz
n
i, j,k =

1
2


Ay

n
i+1, j,k − Ay

n
i−1, j,k

2∆x
−

Ax
n
i, j+1,k − Ax

n
i, j−1,k

2∆y

+
Ay

n+1
i+1, j,k − Ax

n+1
i−1, j,k

2∆x
−

Ax
n+1
i, j+1,k − Ax

n+1
i, j−1,k

2∆y

 .

(35)

Similarly, equation (9) is employed to evaluate the elec-
tric field at the cell vertices. The electric field En

i, j,k is
obtained from the following equations:

Ex
n
i, j,k =

−
Ax

n+1
i, j,k − Ax

n
i, j,k

∆t
−
ϕn

i+1, j,k − ϕn
i−1, j,k

2∆x

 , (36)

Ey
n
i, j,k =

−
Ay

n+1
i, j,k − Ay

n
i, j,k

∆t
−
ϕn

i, j+1,k − ϕn
i, j−1,k

2∆y

 , (37)

Ez
n
i, j,k =

−
Az

n+1
i, j,k − Az

n
i, j,k

∆t
−
ϕn

i, j,k+1 − ϕn
i, j,k−1

2∆z

 . (38)

Suppose that a particle resides at the cell i jk with
the grid point indices shown in Fig. 1. As illustrated
in Fig.1, the distance to the corner (i∆x, j∆y, k∆z) is
assumed to be (δx, δy, δz). We use a linear interpo-
lation of the fields from the vertices to the particle
position to calculate the imposed field. If ς denotes
for a component of the electric or magnetic field, i.e.
ς ∈ {Ex, Ey, Ez, Bx, By, Bz}, one can write

ςp =
∑

I,J,K

(
1
2

+ (−1)I
∣∣∣∣∣
1
2
− δx

∆x

∣∣∣∣∣
) (

1
2

+ (−1)J
∣∣∣∣∣
1
2
− δy

∆y

∣∣∣∣∣
)

(
1
2

+ (−1)K
∣∣∣∣∣
1
2
− δz

∆z

∣∣∣∣∣
)
ςi+I, j+J,k+K , (39)

where I, J, and K are equal to either 0 or 1, producing
the eight indices corresponding to the eight corners of
the mesh cell.

2.2.3. Current Deposition
Once the position and momentum of all the particles

over the time interval ∆t is known, one needs to couple
the pertinent currents into the wave equation (6). As de-
scribed before, this coupling over time is implemented
through the equation (16). The remaining question is
how to evaluate the related currents on the grid points,
i.e. the method for performing an spatial interpolation.
To maintain consistency, we should use a similar inter-
polation scheme as used for the field evaluation. This
assumption leads to the following equation for spatial
interpolation.

ρp
i+I, j+J,k+K = ρ

(
1
2

+ (−1)I
∣∣∣∣∣
1
2
− δx

∆x

∣∣∣∣∣
)

(
1
2

+ (−1)J
∣∣∣∣∣
1
2
− δy

∆y

∣∣∣∣∣
) (

1
2

+ (−1)K
∣∣∣∣∣
1
2
− δz

∆z

∣∣∣∣∣
)

(40)

where ρ is the charge density attributed to each macro-
particle, namely q/(∆x∆y∆z). ρp

i, j,k is the charge den-
sity at the grid point (i, j, k) due to the moving particle
p in the computational mesh cell (Fig. 1a). I, J, and
K are equal to either 0 or 1, which produce the eight
indices corresponding to the eight corners of the mesh
cell. The total charge density ρi, j,k will be a superposi-
tion of all the charge densities due to the moving par-
ticles of the bunch. We have removed the superscripts
corresponding to the time instant, to avoid the confu-
sion due to different time marching steps ∆t and ∆tb.
The above interpolation is carried out at each update
step of the field values. One can consider the above
interpolation equations as a rooftop charge distribution
centered at the particle position and expanding in the re-
gions (−∆x < x < ∆x,−∆y < y < ∆y,−∆z < z < ∆z).
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Eventually, equation (16) is used to calculate the corre-
sponding current densities.

The combination of equation (16) and (40) should
maintain the charge conservation law (equation (10))
in a discretized space. For this purpose, the projection
from position vectors r to the Cartesian components in
(16) should be done using the so-called ZigZag scheme
proposed in [34]. According to this scheme when a
particle moves from the point (x1, y1, z1) to (x2, y2, z2),
the motion is divided into two separate movements,
namely (i) from (x1, y1, z1) to (xr, yr, zr), and (ii) from
(xr, yr, zr) to (x2, y2, z2). The coordinates of the relay
point (xr, yr, zr) are obtained from the following equa-
tion:

xr = min [ min(i1∆x, i2∆x) + ∆x,

max
(
max(i1∆x, i2∆x),

x1 + x2

2

)]

yr = min [ min( j1∆y, j2∆y) + ∆y,

max
(
max( j1∆y, j2∆y),

y1 + y2

2

)]
(41)

zr = min [ min(k1∆z, k2∆z) + ∆z,

max
(
max(k1∆z, k2∆z),

z1 + z2

2

)]

where (i, j, k) with indices 1 and 2 represent the cell
numbers containing the initial and final points, respec-
tively. Since potential A and ϕ are obtained from cur-
rent and charge in exactly similar ways (update equa-
tions), if charge and current obey the charge conserva-
tion, the gauge condition will be automatically satisfied.
In other words, if the initial potentials satisfy the gauge
condition, solving equations (6), (7), and (10) results in
potential distributions at time t which also satisfy the
gauge condition. The only requirement is that both po-
tentials are discretized and updated in the same way.

2.3. Quantity Initialization

The previous two sections on FDTD and PIC algo-
rithms present a suitable and efficient framework for
the computation of interaction between charged parti-
cles and propagating waves. However, the initial con-
ditions are always required for a complete determina-
tion of the problem of interest. For a FEL simulation,
the initial conditions corresponding to the FEL input are
given to the FDTD/PIC solver. For example, in case of
a SASE (Self Amplified Spontaneous Emission) FEL,
the initial fields are zero and there is no excitation en-
tering the computational domain, whereas for a seeded
FEL, an outside excitation should be considered enter-
ing the computational domain. The explanation of how

Laboratory coordinate system

Bunch rest frame:

z'
x'

y'

Figure 2: Schematic illustration of the Lorentz boosting to transform
the problem from the laboratory frame to the bunch rest frame.

such initializations are implemented in MITHRA is the
goal in this section.

One novel feature of the method, followed here, is
the solution of Maxwell’s equations in the bunch rest
frame. It can be shown that a proper coordinate trans-
formation yields the matching of all the major parame-
ters in a FEL simulation, namely bunch length, undula-
tor period, undulator length, and radiation wavelength.
Fig. 2 schematically describes the advantage of mov-
ing into the bunch rest frame. In a typical FEL prob-
lem, the FEL parameter ρFEL is about 10−3. There-
fore, simulation of FEL interaction with a bunch equal
to the cooperation length of the FEL (Lc = λl/(4πρFEL),
with λl being the radiation wavelength) requires a sim-
ulation domain only 100 times larger than the wave-
length. This becomes completely possible with the to-
day computer technology and constitutes the main goal
of MITHRA. In this section, the main basis for Lorentz
boosting the simulation coordinate is described first.
Afterwards, the relations for evaluating the undulator
fields in the Lorentz boosted framework are presented.
Finally, the electron bunch initialization in the Lorentz-
boosted framework is discussed.

2.3.1. Lorentz Transformation
It is known from the FEL thoery that a bunch with

central Lorentz factor equal to γ moves in an undu-
lator with an average Lorentz factor equal to γ0 =

γ/
√

(1 + K2/2), where K = eBλu/(2πmc) is the undula-
tor parameter determining the amplitude of the wiggling
motion. Consequently, a frame moving with normalized

velocity β0 =

√
1 − 1/γ2

0 is indeed the bunch rest frame,
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where the volume of the computational domain stays
minimal. Transforming into this coordinate system ne-
cessitates tailoring the bunch and undulator properties.
For this purpose, the Lorentz length contraction, time
dilation and relativistic velocity addition need to be em-
ployed.

In MITHRA, the input parameters are all taken in the
laboratory frame and the required Lorentz transforma-
tions are carried out based on the bunch energy. The re-
quired transformations for the computational mesh are
as the following:

∆z = ∆z′γ0, (42)
∆t = ∆t′/γ0, (43)

∆tb = ∆t′b/γ0, (44)

where the prime sign stands for the quantities in the lab-
oratory frame. The quantities without prime are val-
ues in the bunch rest frame, which are used in the
FDTD/PIC simulation. With the consideration of the
above transformations, the length of the total computa-
tional domain along the undulator period and the total
simulation time is also transformed similarly.

In addition to the data for the computational mesh,
the properties of the electron bunch also changes after
the Lorentz boosting. This certainly affects the bunch
initialization process which is thoroughly explained in
the next section. An electron bunch in MITHRA is ini-
tialized and characterized by the following parameters:

(i) Mean electron position: (x̄b, ȳb, z̄b),

(ii) Mean electron normalized momentum:
(γβx, γβy, γβz),

(iii) RMS value of the electron position distribution:
(σx, σy, σz),

(iv) RMS value of the electron normalized momentum
distribution: (σγβx , σγβy , σγβz ).

As mentioned previously, the above parameters are en-
tered by the user in the laboratory frame. To transform
the given values to the bunch rest frame the position re-
lated parameters are changed as

x̄b = x̄′b, ȳb = ȳ′b, z̄b =
z̄′b

γ0(1 − β̄′zβ0)
,

σx = σ′x, σy = σ′y, σz =
σ′z

γ0(1 − β̄′zβ0)
.

(45)

To transfer the momentum related quantities, we as-
sume that the main contribution to the Lorentz factor

is the momentum along z direction or the undulator pe-
riod. In other words, (γβx, γβy, γβz) = γ(β̄x, β̄y, β̄z), with

γ = 1/
√

1 − β̄2
z . Similarly, the RMS values can also

be written as (σγβx , σγβy , σγβz ) = γ(σβx , σβy , σβz ). Using
the relativistic velocity transformation [39], the trans-
formation equations for the above values are found as
follows:

γ = γ′γ0(1 − β̄′zβ0), (46)

(β̄x, β̄y, β̄z) = (β̄′x, β̄′y,
√

1 − 1/γ2), (47)

(σγβx , σγβy , σγβz ) = (σ′γβx
, σ′γβy

, σ′γβz
)γ0(1 − β̄′zβ0).

(48)

Equations (42)-(48) provide a sufficient set of equations
to perform the Lorentz boost to the bunch rest frame.

2.3.2. Field Initialization
The utilized FDTD/PIC algorithm solves the

Maxwell’s equation coupled with the motion equation
of an ensemble of particles. Therefore, in addition to
the field values, particle initial conditions should also
be initialized. For a SASE FEL problem, the initial field
profile is zero everywhere, whereas for a seeded FEL
the initial seed should enter the computational domain
through the boundaries. In both cases, the external
field which is the undulator field should separately be
initialized.

Undulator Field: By solving the Laplace equation for
the magnetic field, the undulator field in the laboratory
frame is found to be as the following (Fig. 2) [1]:

B′x = 0,
B′y = B0 cosh(kuy′) sin(kuz′), (49)

B′z = B0 sinh(kuy′) cos(kuz′),

where B0 is the maximum transverse field of the un-
dulator. To calculate the undulator field in the bunch
rest frame, first the position is transformed to labora-
tory frame (x′, y′, z′) through the Lorentz boost equa-
tions. Afterwards, the field is evaluated using the equa-
tion (49). Eventually, these fields are transformed back
into the bunch rest frame. The above approach, although
adds few mathematical operations for the calculation of
undulator fields, it enables straightforward implementa-
tion of various realistic effects, like fringing fields of the
entrance section and non-gaussian field profiles.

An important consideration in the initialization of un-
dulator field is the entrance region of the undulator. A
direct usage of the equation (49) with zero field for
z′ < 0 causes an abrupt variation in the particles mo-
tion, which results in a spurious coherent radiation. In
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fact, in a real undulator, there exists fringing fields at the
undulator entrance, which remove any abrupt transition
in the undulator field and consequently the particle radi-
ations [40]. To the best of our knowledge, the fringing
fields are always modeled numerically and there exists
no analytical solution for the problem. Here, we ap-
proximate the fringing fields by a gradually decreasing
magnetic field in form of a Neumann function. The co-
efficients in the function are set such that the particles
do not gain any net transverse momentum and stay in
the computational domain as presumed. The undulator
field for z′ < 0 in the laboratory frame is obtained as the
following:

B′x = 0,

B′y = B0 cosh(kuy′)kuz′e−(kuz′)2/2, (50)

B′z = B0 sinh(kuy′)e−(kuz′)2/2,

The same transformations as in (49) can be used to ap-
proximate the fringing field values in the bunch rest
frame.

Seed Field: External excitation of free electron laser
process using a seed mechanism has proved to be advan-
tageous in terms of output spectrum, photon flux and the
required undulator length [41, 1]. Such benefits has pro-
pelled the proposal of seeded FEL schemes. To simu-
late such a mechanism, MITHRA uses the TF/SF (total-
field/scattered-field) technique to introduce an external
excitation into the computational domain. When seed-
ing is enabled by having a non-zero seed amplitude, the
second and third points (after the boundary points) con-
stitute the scattered and total field boundaries, respec-
tively. Therefore, during the time marching process,
after each update according to equation (27) the exci-
tation terms are added to the fields at TF/SF boundaries.
For example for the TF/SF boundaries close to z = zmin

plane, the field values to be used in the next time steps
are obtained as the following:

SF boundary:

ψ
′n+1
i, j,k = ψn+1

i, j,k +A(α′2 f n
i+1, j,k+1 + α′3 f n

i−1, j,k+1 + α′4 f n
i, j+1,k+1

+ α′5 f n
i, j−1,k+1) + α′6 f n

i, j,k+1,

TF boundary:

ψ
′n+1
i, j,k = ψn+1

i, j,k −A(α′2 f n
i+1, j,k−1 + α′3 f n

i−1, j,k−1 + α′4 f n
i, j+1,k−1

+ α′5 f n
i, j−1,k−1) − α′7 f n

i, j,k−1, (51)

where f n
i, j,k is the excitation value at time n∆t and posi-

tion (i∆x, j∆y, k∆z). The excitation value is calculated
based on the imposed seed fields, which are usually ei-
ther a plane wave or a Gaussian beam radiation.

2.3.3. Electron Bunch Generation
Position and momentum initialization: As described

previously, the evolution of the electron bunch is always
simulated by following the macro-particle approach,
where an ensemble of particles are represented by one
sample particle. This typically reduces the amount of
computation cost for updating the bunch properties by
three or four orders of magnitude. Due to the high sensi-
tivity of a FEL problem to the initial conditions, correct
and proper initialization of these macro-particles play a
critical role in obtaining reliable results. In computa-
tional accelerator physics, different approaches are in-
troduced and developed for bunch generation. Some
examples are random generation of particles, mirror-
ing macro-particles at different phases to prevent initial
average bunching factors, and independent random fill-
ing of different coordinates to prevent unrealistic cor-
relations [42]. Among all the different methods, us-
ing the sophisticated methods to load the bunch in a
”quasi-random” manner seem to be the most appropri-
ate solutions. The Halton or Hammersley sequences, as
generalizations of the bit-reverse techniques, are imple-
mented in MITHRA for particle generation. These se-
quences compared to random based filling of the phase
space avoid the appearance of local clusters in the bunch
distribution. In addition, the uniform filling of the phase
space prevents initial bunching factor of the generated
electron bunch, making it well-suited for FEL simula-
tions.

For details on the nature of Halton sequences, the
reader is referred to the specialized documents. By hav-
ing the above uniform distributions, the 6D phase space
of the initial bunch can be filled according to the desired
bunch properties.

In MITHRA, different schemes for the user is imple-
mented to generate the initial electron bunch. The main
requirements for initializing the bunches is to generate
1D and 2D set of numbers with either uniform or Gaus-
sian distributions. Suppose x1 and x2 are two uncorre-
lated number sequences produced by the Halton algo-
rithm. A 1D uniform distribution y1 with average ym1
and total width ys1 is found by the following transfor-
mation:

y1 = ys1(x1 − 1
2

) + ym1. (52)

Such a distribution is used when a bunch with uniform
current profile (z distribution of particles) is to be initial-
ized. On the other hand, a 1D Gaussian distribution is
needed when radiation of a bunch with Gaussian current
profile is modelled. To generate bunches with Gaussian
distribution, we employ Box-muller’s theory to extract
a sequence of numbers with Gaussian distribution from
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two uncorrelated uniform distributions. Based on this
theory, a 1D Gaussian distribution y2 with average ym2
and deviation width ys2 is found by the following trans-
formation:

y2 = ys2

√
−2 ln x1 cos(2πx2) + ym2. (53)

Similar to the undulator fields, an abrupt variation in
the bunch profile results in an unrealistic coherent scat-
tering emission (CSE), which happens if the uniform
bunch distribution is directly initialized from equation
(52). CSE is avoided by imposing smooth variations in
the particle distribution. For this purpose, a small Gaus-
sian bunch with the same density as the real bunch and
a width equal to an undulator wavelength is produced.
The lower half of the bunch (particles with smaller z)
is transferred to the tail and the other half is placed at
the head of the uniform bunch. Hence, a uniform cur-
rent profile with smooth variations at its head and tail is
created.

The transverse coordinates of the bunches are initial-
ized using 2D distributions. In MITHRA, a 2D Gaus-
sian distribution is assumed for transverse coordinates.
To generate such a distribution, two independent sets of
numbers x1 and x2 are generated based on Halton se-
quence. The desired 2D Gaussian distribution with av-
erage position (ym3, ym4) and total deviation (ys3, ys4) is
produced as the following:

y3 = ys3

√
−2 ln x1 cos(2πx2) + ym3,

y4 = ys4

√
−2 ln x1 sin(2πx2) + ym4. (54)

Such algorithms are similarly used to generate the dis-
tribution in particle momenta. The only difference is
that for initializing a distribution in momentum merely
Gaussian profiles are considered in transverse and lon-
gitudinal coordinates.

Bunching factor: Free electron laser radiation should
start from a nonzero initial radiation. This radiation can
be in form of an initial seed field, initial modulation in
the bunch, or the radiation from bunch shot noise. In
the current version of MITHRA, we have implemented
the first two types. The implementation of shot noise is
postponed to the next versions of the software. The im-
plementation of seeding through an external excitation
using TF/SF boundaries was described in 2.3.2. Here,
we explain how an initial bunching factor, < e jkuz >, is
introduced to the electron bunch profile.

For this purpose, we follow the procedure proposed
in [43] and [42]. A small variation δz is applied to a
particle distribution, which is generated using the above
formulations. δz for each particle is obtained from

δz = ξγ0kub f sin(2ξγ0kuz), (55)

node node node node node node

MEMORY

BIOS

(a)

node node node node node node

memory memory memory memory memory memory

BIOS

(b)

Figure 3: Schematic illustration of the (a) shared and (b) distributed
memory parallelization schemes.

where b f is the given bunching factor of the distribu-
tion, and ξ = 1 + β̄z/β0 accounts for the change in the
bunch longitudinal velocity after entering the undulator.
The introduced variation to the bunch coordinates, i.e.
z → z + δz, yields a bunch with all the given particle
and momentum distributions and the desired bunching
factor, b f .

2.4. Parallelization

The large and demanding computation cost needed
for the simulation of the FEL process even in the
Lorentz boosted coordinate frame necessitates solving
the problem on multiple processors to achieve rea-
sonable computation times. Therefore, efficient par-
allelization techniques should be implemented in the
FDTD/PIC algorithm to develop an efficient software.
Traditionally, there are two widely used techniques to
run a computation in parallel on several processors: (1)
shared memory, and (2) distributed memory paralleliza-
tion. In the shared memory parallelization or the so-
called multi-threading technique, several processors run
a code using the variables saved in one shared mem-
ory (Fig. 3a). This technique is very suitable for PIC al-
gorithms because it avoids the additional costs of com-
municating the particle position and momenta between
the processors. On the other hand, distributed mem-
ory technique distributes the involved variables among
several processors, solves the problem in each proces-
sor independently and communicates the required vari-
ables whenever they are called (Fig. 3b). The distributed
memory technique is very suitable for FDTD algorithm
due to the ease of problem decomposition beyond vari-
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Figure 4: Schematic illustration of the domain decomposition used
for distributed memory parallelization in MITHRA

ous machines. The advantage is fast reading and writing
of the data and the possibility to share the computational
load between different machines.

Choosing a suitable parallelization scheme for the
hybrid FDTD/PIC algorithm depends on both prob-
lem size and machine implementations. Therefore,
both techniques are implemented in the software and
finding an efficient distribution of the computational
task among the available processors is offered to the
user. More accurately, the user has the possibility to
determine how many processors are threaded (shared
memory) and how far the multi-threaded algorithm is
parallelized among separate processors. The multi-
threading parallelization in MITHRA is implemented
using OpenMP package. The implementation simply
requires distributing the loops among different threads
along with certain considerations to avoid race condi-
tions. The total computational domain is then decom-
posed to several separate regions, each of them solved
by one set of multi-threaded processors. These sets of
processors communicate the required variables based on
the technique visualized in Fig. 4.

To parallelize the computation among N sets of multi-
threaded processors, the whole computational domain
is divided into N domains along z (undulator period)
axis. In each time update of the field, the field val-
ues at the boundaries of each domain are communicated
with the corresponding processor set. To parallelize the
PIC solver, we define a communication domain which
as shown in Fig. 4, is the region between the boundaries
of each processor. After each update of the particles
position, it is checked if the particle has entered a com-
munication domain. In case of residing in the commu-
nication region, the master processor, which is the pro-
cessor containing the particle in the previous time step,
communicates the new coordinates to the slave proces-
sor, which is the processor sharing the communication
region with the master one. Through this simple al-
gorithm, both parallelization schemes function simulta-
neously to achieve the fastest computation feasible and

compatible with an available computing machine.

3. Results

The goal in this section is more accurate evaluation
of the pros and cons of the developed FDTD/PIC al-
gorithm through the presented examples. For example,
the computation time, numerical stability and numerical
convergence and more importantly the reliability of the
results are studied based on some standard examples.

3.1. Example 1: Infrared FEL

3.1.1. Problem Definition

Table 2: Parameters of the Infrared FEL configuration considered as
the first example.

FEL parameter Value

Current profile Uniform
Bunch size (260 × 260 × 100) µm

Bunch charge 29.5 pC
Bunch energy 51.4 MeV
Bunch current 88.5 A

Longitudinal momentum spread 0.01%
Normalized emittance 0.0

Undulator period 3.0 cm
Magnetic field 0.5 T

Undulator parameter 1.4
Undulator length 5 m

Radiation wavelength 3 µ m
Electron density 2.72 × 10131/cm3

Gain length (1D) 22.4 cm
FEL parameter 0.006

Cooperation length 39.7 µm
Initial bunching factor 0.01

As the first example, we consider an infrared FEL
with the parameters tabulated in table 3.1.1, which is
inspired by the numerical analysis presented in [7]. The
bunch distribution is assumed to be uniform in order to
compare the results with one-dimensional FEL theory.
For the same purpose, the transverse energy spread is
considered to be zero and a minimal longitudinal energy
spread is assumed.

In the mesh definition, the transverse size of the com-
putational domain is considered almost 10 times larger
than the bunch transverse size. In the contrary, the lon-
gitudinal size of the mesh is only three times larger than
the bunch length. This needs to be considered due to the
failure of absorbing boundary conditions for the oblique
incidence of the field. Furthermore, the bunch and un-
dulator both have tapering sections (eq. (51)) to avoid
abrupt transitions producing coherent scattering emis-
sion (CSE).
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Figure 5: (a) The transverse field Ey at 110 µm distance from the
bunch center and (b) the total radiated power calculated at 110 µm dis-
tance from the bunch center in terms of the traveled undulator length.

3.1.2. Simulation Results
In the beginning, we neglect the space-charge effect

only to achieve a good assessment of MITHRA sim-
ulation results. The investigation of space-charge ef-
fect will be performed in the second step. Fig. 5a shows
the transverse electric field sampled at 110 µm in front
of the bunch center. The logarithmic plot of the radi-
ated power for different propagation lengths (z) is also
depicted in Fig. 5b. We comment that the full-wave
analysis offered by MITHRA obtains the total radiated
field as a superposition of forward, backward and near-
field radiation components. In an FEL simulation, one
is often interested in the forward radiation component,
which can only be extracted at a distance in front of the
radiation source, namely the electron bunch. This is the

main reason for illustrating the radiated power and field
at 110 µm in front of the bunch center.

According to the 1D FEL theory the gain length of the
considered SASE FEL configuration is LG = 22.4 cm.
The gain length calculated from the slope of the power
curve is LG = 22 cm. There exists also a good agree-
ment in the computed saturation power. The beam
energy according to the data in table 3.1.1 is 1.52 mJ
which for the bunch length of 100 µm corresponds to
Pbeam = 4.55 GW beam power. The estimated satu-
ration power according to the 1D theory is equal to
Psat = ρPbeam = 2.7 GW. The saturation power com-
puted by MITHRA is 2.6 GW.

We have also performed a comparison study between
the obtained results from MITHRA and the code Gene-
sis 1.3, which is presented in Fig. 5b. As observed, both
codes produce similar results in the initial state and the
gain regime. Nonetheless, there exists a considerable
discrepancy between the calculated radiated power in
the saturation regime. The illustrated results in Fig. 5b
show that the steady state and time domain analyses us-
ing Genesis do not produce similar results. This shows
that the bunch is not long enough to justify the steady
state approximation, and dictates a time domain anal-
ysis for accurate simulation. However, the results ob-
tained by MITHRA at saturation do not match with the
Genesis results even in the time domain.

The origin of such a discrepancy is described as fol-
lows: As explained in section 1, Genesis 1.3 and all the
existing softwares for FEL simulation neglect the back-
ward radiation of the electrons. Such an approximation
is motivated by the inherent interest in forward radia-
tion in the FEL process. However, the backward radia-
tion although is seldom used due to its long wavelength,
it influences the motion of electrons, the charge distri-
bution and in turn the FEL output. The influence of
low-frequency backward radiation on the performance
of free electron lasers has been already studied in a 1D
regime [44]. The effect becomes stronger in the sat-
uration regime, when the electrons are microbunched
and the FEL forward radiation is a strong function of
the particles distribution. To demonstrate this effect, we
changed the parallelization algorithm of the field-solver
so that the propagated fields are only coupled along the
FEL propagation direction. This trick suppresses the
propagation of backward radiation. The results of such
an analysis is also shown in Fig. 5b, which shows a rel-
atively better agreement with time domain simulation
results returned by Genesis 1.3. The still existing dis-
crepancy is attributed to the different formulations of
FDTD and TDA algorithms as well as the introduced
tapers in bunch current and undulator fields.
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There exists a discrepancy between MITHRA and
Genesis 1.3 results at the beginning of the undulator.
The reason for this discrepancy in the initial radiation is
that MITHRA initializes the bunch outside the undula-
tor. After passing through the fringing fields of the un-
dulator, CSE happens which causes MITHRA to show
the beginning of radiation from a value different from
zero, whereas in Genesis 1.3 and in many of the typical
FEL codes radiation starts from zero. We preferred such
an operation basis in MITHRA to consider for the CSE
effect in real FEL simulations. Furthermore, in Fig. 5b,
we compare the results obtained using the NSFD im-
plemented in MITHRA and standard FD scheme. As
observed, formulation based on FD predicts higher ra-
diation power compared to NSFD. This effect happens
due to the smaller phase velocity of light when wave
propagation follows dispersion equation (18). The re-
sult is slower phase slippage of electron bunch over the
radiation and consequently later saturation of the radia-
tion.

As a 3D electromagnetic simulation, it is always ben-
eficial to investigate the electromagnetic field profile in
the computational domain. Using the field visualization
capability in MITHRA, snapshots of the field profile at
different instants and from various view points are pro-
vided. In Fig. 6, snapshots of the radiated field profile
at different time instants are illustrated. The emergence
of lasing radiation at the end of the undulator motion
is clearly observed in the field profile. We believe that
the transverse modulations observed in the field profile
at the end of FEL interaction are due to the transverse
discretization of the spatial domain.

Furthermore, snapshots of the bunch profile are also
presented beside the field profile. The main FEL prin-
ciple which is the lasing due to micro-bunching of the
electron bunch is observed from the field and bunch pro-
files. The first two snapshots evidence a considerable
change in the bunch length, which occurs due to the en-
trance in the undulator. The bunch outside of the undu-
lator with Lorentz factor γ travels faster than the bunch
inside the undulator with Lorentz factor γ/

√
1 + K2/2.

Therefore, after the entrance to the undulator the bunch
length becomes shorter. This effect may not be easily
observed in real laboratory frame, but is significant in
electron rest frame. In addition, it is observed that some
of the macro-particles escape the bunch after propaga-
tion throughout the undulator. In addition, it is observed
that some of the macro-particles escape the bunch af-
ter propagation throughout the undulator. This effect is
observed after space-charge effects are included in the
simulation, which introduces intense transverse forces,

particularly in the regions where bunch distribution is
dense due to micro-bunching effect.

3.1.3. Convergence Analysis
The convergence rate of the results is one impor-

tant characteristic used to assess a numerical algorithm.
In our FEL analysis, there are several parameters in-
troduced by the numerical method which may affect
the final result. These parameters include (1) num-
ber of macro-particles (n), (2) time step for updating
equation of motion (∆tb), (3) longitudinal mesh size
(lz), (4) transverse mesh size (lx = ly), (5) longitudi-
nal discretization (∆z) and (6) transverse discretization
(∆x = ∆y). Studying the convergence of the results
is crucial to acquire an estimate for the uncertainty in
the reported values. Here, this task is accomplished by
sweeping over the above parameters and plotting the er-
ror function defined as the following:

error =

´ z f

zi
|P(z) − P0(z)|dz
´ z f

zi
P0(z)dz

, (56)

where zi and z f are the beginning and end of the un-
dulator, respectively and P0 is the reference simulation
result which is chosen as the results with the highest
resolution.

In Fig. 7 the convergence study is shown for the afore-
mentioned parameters. Generally, accuracy of less than
3% is achieved by using the initially suggested values.

3.1.4. Space-charge effect
A promising benefit offered by MITHRA is the as-

sessment of various approximations used in the previ-
ously developed FEL codes. As an example, the algo-
rithm used in the TDA method to evaluate the space-
charge effect can be examined and verified using this
code. The TDA method implemented in Genesis 1.3
software considers a periodic variation of space-charge
force throughout the electron bunch [45, 42]. This
assumption is implicitly made when electric potential
equation is solved in a discrete Fourier space over one
slice. The truncation of this Fourier series is equiv-
alent to the periodic repetition of the simulation do-
main. However, a simple investigation of bunch profiles
shown in Fig. 6c shows that a periodic assumption for
the electron distribution may be a crude approximation.
In addition, this assumption is favored by the FEL gain
process and potentially decreases any detrimental influ-
ence of the space-charge fields on the FEL radiation. On
the other hand, the algorithm in TDA method considers
longitudinal space-charge forces and neglects transverse
forces, which is merely valid in high energy electron
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Figure 6: Snapshots of the radiated field profile taken at (a) x = 0 and (b) z = 60 µm plane and (c) the bunch profile viewed from the x axis.

regimes. To make sure that such effects are modeled
correctly in MITHRA, we have performed comparisons
with particle transport code ASTRA [46] for free-space
propagation problem. Perfect agreement was observed
between the two softwares, which are not presented here
for the sake of brevity.

In Fig. 8a, we are comparing the solution of the FEL
problem using MITHRA and Genesis 1.3 with and with-
out considering the space-charge effect. As observed
in the results, the effect of space-charge on the radia-
tion gain predicted by MITHRA is much stronger than
the same effect predicted by Genesis. This is attributed
to the assumption of periodic variations in the space-
charge force made in TDA algorithm. If such a hypoth-
esis is correct, the observed discrepancy should reduce
once the radiation from a longer bunch is simulated, be-
cause the accuracy of periodicity assumption increases
for longer bunches. Indeed, this is observed after re-
peating the simulation for longer electron bunches with
similar charge and current densities. The results of such
a study is illustrated in Fig. 8b.

When space-charge effect is considered in a FEL sim-
ulation, equations (6) and (7) are solved in parallel us-

ing the charge and current excitations. It is important to
examine if the Lorentz gauge is maintained in the cal-
culated fields and no static field is built up in the com-
putations. For this purpose, an error function is defined,
which represents the relative amount of energy in the
Lorentz gauge field with respect to the divergence of A
field:

eL =

´

V ||∇ · A + 1
c2
∂ϕ
∂t ||2dv

´

V ||∇ · A||2dv
, (57)

where V stands for the total computational domain.
Fig. 9a shows the temporal variations of the error func-
tion during the simulation for different number of
macro-particles. The initial error starts from large val-
ues due to the entrance of macro-particles in the compu-
tational domain and also the fringing field section of the
undulator. Note that the approximate fringing fields cal-
culated according to (51) is not a divergence-less mag-
netic field. However, after complete entrance in the un-
dulator and radiation, the error function relaxes down
to small values. Furthermore, it is observed that the
error in gauge condition is decreasing with number of
macro-particles which is an evidence of no static field
accumulation [34]. In Fig. 9b, the computed power for
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Figure 7: Convergence study for the different involved parameters in the considered FEL simulation: (a) n, (b) ∆tb, (c) lz, (d) lx = ly, (e) ∆z and (f)
∆x = ∆y

different number of macro-particles is depicted. This
study shows that the error value is small enough to have
negligible effect on the output results. We comment that
this error calculation is performed within the main code
and is not a capability offered by MITHRA to the users.

3.1.5. Computation performance
A potential user of the code is usually interested in

the total computation resources required for a specific
FEL simulation. To clarify such features, the study
on the computation performance for MPI parallelized
code is presented in Fig. 10, where the total computa-
tion time is depicted in terms of the number of pro-
cessors. The simulation with 131072 macro-particles,
a grid with 11’468’800 cells and 37’500 time steps is
taken into account. The code is run on a E5-2698 v4
2.20 GHz machine with 80 CPUs, 20 Cores, and 512
GB Memory. It is observed that running on 40 CPUs
is optimal for this problem. This number increases for
larger and more demanding examples. In case of the run
on 40 CPUs, field update on the computational grid, mo-
tion update of the bunch macro-particles and the com-
putation of the total radiated field together with the re-
quired Fourier transform take 44%, 28%, and 28% of
the total computational time, respectively. The reason
for equal computation time for one and two processors
lies behind the structure of the machine.

3.2. Example 2: Seeded UV FEL
3.2.1. Problem Definition

As the second example, we consider a seeded FEL in
the UV regime to verify the implemented features for
simulating a seeded FEL. The parameters of the con-
sidered case are taken from [10], which are tabulated
in table 3.2.1. The bunch distribution is again assumed
to be uniform with a long current profile (∼1000 times
the radiation wavelength) in order to compare the re-
sults with the steady state simulations. For the same rea-
son, the seed pulse length is considered to be infinitely
long, i.e. a continuous wave pulse. The transverse en-
ergy spread is calculated for a bunch with normalized
transverse emittance equal to 0.97 mm mrad. Because
of the very long bunch compared to the previous ex-
ample, the number of required macro-particles to ob-
tain convergent results is 8 times larger. Furthermore,
the stronger undulator parameter dictates a smaller time
step for the simulation of bunch dynamics. Note that
MITHRA, takes the bunch step value as an initial guess,
it automatically adjusts the value based on the calcu-
lated time step for mesh update.

3.2.2. Simulation Results
Fig. 11a shows the radiated power in terms of trav-

eled undulator distance computed using MITHRA and
Genesis. As observed again in this example, the results
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Figure 8: The total radiated power calculated at 110 µm distance from
the bunch center in terms of the traveled undulator length (a) with
and without space-charge consideration and (b) various lengths of the
bunch with space-charge assumption.

agree very well in the seeded and gain regime, with no-
table discrepancies in the saturation regime. In Fig. 11b,
the bunch profile after 12 m propagation in the undulator
is also depicted. The micro-bunching of the large bunch
is only visible once a zoom into a part of the bunch is
considered. The investigation of the results with and
without considering space-charge effect shows that in
the seeded and gain intervals, space-charge plays a neg-
ligible role. However, in the saturation regime the effect
of space-charge predicted by MITHRA is stronger than
the effect predicted by Genesis.
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Figure 9: (a) Error in the gauge condition versus time is depicted for
various number of macro-particles and (b) the total radiated power for
the same number of macro-particles are shown.

3.3. Example 3: Hard X-ray FEL

3.3.1. Problem Definition
In the third example, simulation of a problem with

parameter sets corresponding to the short pulse regime
of the hard X-ray FEL source in the LCLS facility is
pursued. The parameters considered in this example are
tabulated in table 3.3.1.

3.3.2. Simulation Results
Fig. 12a shows the computed radiated power in terms

of traveled undulator distance with and without consid-
eration of space-charge effects. According to the 1D
FEL theory, the FEL gain length for this example is
around 0.92 m, which predicts saturation after around
18 m of undulator length. However, due to 3D effects
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this saturation length is slightly longer than the predic-
tions of 1D FEL theory. Here, saturation length of about
22 m is observed for a space-charge free simulation.
In addition, the space-charge effect seems to be con-
siderable after 10 m of undulator propagation, which
contradicts with the typical assumptions that such ef-
fects are negligible for multi-GeV beams. This large
space-charge effect, not observed in the previous exam-
ples, is occurring due to the very short bunch length,
which intensifies the Coulomb repulsion forces at the
head and tail of the bunch. A rough estimate of the
Coulomb field leads to 1 V/m electric field, which in 10
meters of free propagation adds a displacement about
8 nm to the relativistic electrons. This value being ten
times larger than the radiation wavelength confirms the
strong effect of space-charge forces. In the beginning
of the radiation, some artifacts are observed for the cal-
culation with space-charge effect. These artifacts are
emerging because of the unrealistic modeling of fring-
ing fields at the entrance of the undulator, which leads
to nonzero magnetic field divergence. To correct for
such effects, numerical distribution of the fringing fields
should be taken into account. We comment that these
results are merely simulating the interaction tabulated
in table 3.3.1. In real FEL implementation, several fo-
cusing stations between undulator sections are realized
to prevent the growth of the bunch size, thereby min-
imizing the space-charge effects in the FEL operation.

Table 3: Parameters of the UV seeded FEL configuration considered
as the second example.

FEL parameter Value

Current profile Uniform
Bunch size (95.3 × 95.3 × 150) µm

Bunch charge 54.9 pC
Bunch energy 200 MeV
Bunch current 110 A

Longitudinal momentum spread 0.01%
Normalized emittance 0.97 µm-rad

Undulator period 2.8 cm
Magnetic field 0.7 T

Undulator parameter 1.95
Undulator length 15 m

Radiation wavelength 0.265 µ m
Electron density 2.52 × 10141/cm3

Gain length (1D) 8.9 cm
FEL parameter 0.015

Cooperation length 3.34 µm
Initial bunching factor 0.0

Seed type Gaussian beam
Seed focal point 70 cm

Seed beam radius 183.74 µm
Seed pulse length infinite

Seed power 10 kW

3.4. Example 4: Optical Undulator

As explained in the introduction, one of the mile-
stones considered for the development of MITHRA
is full-wave simulation of inverse Compton scattering
(ICS) or the so-called optical undulator. The possibility
of lasing or the so-called micro-bunching in an electron
beam due to an interaction with a counter-propagating
laser beam has been under debate for several years. A
full-wave analysis of such an interaction definitely gives
valuable physical insight to this process. Note that the
classical treatment of this interaction within MITHRA
does not allow for consideration of quantum mechan-
ical effects. It is known that the radiation of photons
results in a backward force on electrons which leads
to a change in their momenta. In the spontaneous ra-
diation regime, the ratio ρ1 = ~ω/γmc2, representing
the amount of quantum recoil due to each photon emis-
sion, quantifies this effect. In the FEL gain regime,
ρ2 = (~ω/2ρFELγmc2)2, with ρFEL being the FEL pa-
rameter, estimates the level of quantum recoil influence
on the gain process [47, 48]. The use of classical for-
mulation for optical undulators is only valid if ρ1 � 1
and ρ2 � 1.

Before embarking on the analysis and interpreta-
tion of results for a typical ICS experiment, a bench-
mark to validate the analysis of optical undulators using
FDTD/PIC is presented. It is known that electron tra-
jectories in a static undulator with undulator parameter
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Figure 11: (a) The total radiated power measured at 80 µm distance
from the bunch center in terms of the traveled undulator length and
(b) the bunch profile at 12 m from the undulator begin.

K and periodicity λu are similar to the trajectories in an
electromagnetic undulator setup with normalized vector
potential a0 = K and wavelength λl = 2λu [49]. We
take the first SASE FEL example in table 3.1.1 into ac-
count and analyze the same configuration but with an
equivalent optical undulator, namely a plane wave with
normalized vector potential a0 = 1.417, and wavelength
λu = 6 cm. Fig. 13 illustrates a comparison between the
radiated infrared light for the static and optical undula-
tor cases. The very close agreement between the two
results validates the implementation of optical undula-
tors in MITHRA.

The parameters of the optical undulator setup, con-
sidered as the fourth example, are tabulated in table

Table 4: Parameters of the hard X-ray FEL configuration considered
as the third example.

FEL parameter Value

Current profile Uniform
Bunch size (30.0 × 30.0 × 0.8) µm

Bunch charge 20.0 pC
Bunch energy 6.7 GeV
Bunch current 7.5 kA

Longitudinal momentum spread 0.1%
Normalized emittance 0.2 µm-rad

Undulator period 3.0 cm
Undulator parameter 3.5

Undulator length 40 m
Radiation wavelength 0.62 nm

Gain length (1D) 0.92 m
FEL parameter 0.0015

Cooperation length 19.3 nm
Initial bunching factor 0.0033
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Figure 12: Total radiated power measured at 30 nm distance from the
bunch center in terms of the traveled undulator length for the hard
X-ray FEL source as the third example.

3.4. Since we observe deviations from the predictions
of one-dimensional FEL theory in our simulations, we
have not listed the parameters calculated using the 1D
FEL theory. We believe the discrepancies are originated
from the small number of electrons in each 3D wave
bucket, i.e. only 2 electrons. This intensifies the 3D ef-
fects in the bunch interaction with counter-propagating
laser pulse. We comment that for the listed parameters
ρ1 = 2 × 10−4 and ρ2 = 0.003, which are much smaller
than errors caused by space-time discretization.

Fig. 14a shows the radiated power in terms of trav-
elled undulator distance detected 82 nm away from the
bunch center. The effects of space-charge and energy
spread (σE) of the bunch are illustrated through differ-
ent comparisons. It is observed that the gain obtained in
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Figure 13: The total radiated power calculated at 110 µm distance
from the bunch center in terms of the traveled undulator length com-
pared for two cases of an optical and static undulator.

Table 5: Parameters of the FEL configuration with optical undulator
considered as the third example.

FEL parameter Value

Current profile Uniform
Bunch size (60 × 60 × 144) nm

Bunch charge 0.45 fC
Bunch energy 15 MeV
Bunch current 0.93 A

Longitudinal momentum spread 0.1%
Normalized emittance 1.75 nm-rad

Laser wavelength 1 µm
Laser strength parameter 1.0

Pulse duration 4 ps
Laser pulse type flat-top

Radiation wavelength 0.41 nm
Electron density 5.4 × 10181/cm3

Initial bunching factor 0.0

this regime is very small compared with a usual static
undulators. The reason for this effect is the very large
shot noise in the bunch because of the low number of
particles in each micro-bunch. Note that in this sim-
ulation, each electron is modeled as one single parti-
cle without any initial modulation in the bunch distribu-
tion. The strong shot noise due to 3D effects causes a
strong initial radiation, which reaches the expected sat-
uration power after a low gain. The case with zero en-
ergy spread corresponds to initialization of the bunch
particles with exactly the same momentum.

Another aspect in this regime of interaction is the
generation of strong higher order harmonics, which are
depicted up to the third harmonic in Fig. 14b. Note
that the accuracy of the results decreases for higher har-
monics due to the required resolution in the computa-

tional mesh. To show that the micro-bunching effect
takes place in this regime as well, the bunching factor
of the electron beam is depicted in Fig. 14c. The bunch-
ing of the electrons due to the ICS interaction is clearly
observed in the plot of bunching factor. This increase
in the bunching factor disappears when particle radia-
tion is suppressed in the code. Therefore, one can con-
clude that despite the low-gain, micro-bunching takes
place. This micro-bunching process is expected to in-
crease the longitudinal coherence of the output radia-
tion. However, due to very strong initial radiation and
the noise caused by 3D effects no coherent amplifica-
tion is observed. According to the depicted power and
pulse shape, total number of emitted photons is approx-
imately equal to 4.2 × 103.

To demonstrate the presented hypothesis related to
the micro-bunching of bunches with low number of
electrons per wavelength bucket, we perform an unreal
simulation, where each electron is presented by 1000
particles. The thousand particles are distributed evenly
throughout each wavelength bucket in order to drasti-
cally reduce the shot noise level. In this case, each
particle represents a charge 1000 times smaller than the
charge of one electron. In addition, we assume an ini-
tial bunching factor equal to 0.001 for the input bunch
to trigger the stimulated gain. In Fig. 15, the radiation
of such a charge configuration is depicted. The results
reveal the radiation start from much lower powers, pos-
sibility of achieving the radiation gain and saturating in
the same power level as above.

This behavior and the contrast with simulation based
on real number of electrons are described as follows:
According to the FEL theory, the radiation gain is ob-
tained due to periodic arrangement of radiators. Usu-
ally this principle is described as the initial incoherent
radiation being proportional to N, whereas the coherent
radiation of the modulated beam being proportional to
N2. Now, the question is how this N value is defined.
The world is three-dimensional and N should be the
number of electrons in a 3D coherence volume. When
this number is two, the FEL principle predicts that the
gain should be only twofold. However, 1D FEL theory
does not consider particles in the 3D coherence volume
and takes particles in 1D coherence length into account.
Therefore, modelling such a problem strongly affected
by 3D effects suffers from inaccurate assumptions in 1D
FEL theory. The visualization of the fields also shows
strong oscillations which disagrees with slow-varying
approximation considered in typical FEL codes. The
reason why this gain is becoming large when the num-
ber of macro-particles is increased (Fig. 15) originates
from the above effect. Indeed the number of radiators

21



(a)

(b)

(c)

Figure 14: (a) The total radiated power measured at 82 nm distance
from the bunch center in terms of the traveled distance, (b) the same
radiation power for various harmonic orders, (c) mean bunching factor
over the whole bunch during the ICS interaction.

Figure 15: The total radiated power measured at 82 nm distance from
the bunch center in terms of the traveled distance for an imaginary
bunch where each electron is represented by a cloud of 1000 particles.

per coherence volume N is so large that the cumulative
3D effects are vanished. This results in a low initial
noise and clear observation of the radiation gain. Con-
sequently, the presented simulation by MITHRA agrees
with the already developed FEL theory, according to
which low number of electrons per coherence volume
prevents achieving the radiation gain, even if the elec-
tron bunch is micro-bunched.

4. Conclusion

Using the FDTD algorithm to solve time domain
Maxwell’s equations combined with the PIC method
to solve for the particle trajectories, software MITHRA
is developed for the full-wave numerical modeling of
a FEL process. The algorithm takes advantage of the
drastically reduced computational costs when Lorentz
transformations are employed to solve the problem in
the bunch rest frame. The developed software pro-
vides a proper tool for accurate analysis of free elec-
tron lasers. In addition, novel schemes to develop new
radiation sources can be tested using this tool. Several
benchmarks were presented to show the reliability of
the results, including an infra-red FEL and a UV SASE
FEL. The agreement between the results obtained by
MITHRA and the standard software Genesis 1.3 show
the reliability of the results produced by both softwares.
Furthermore, the software is utilized to simulate an in-
verse Compton scattering interaction including the ef-
fect of particle radiation on the bunch distribution. The
feasibility of micro-bunching is observed although no
radiation gain is achieved. This is believed to occur due
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to strong 3D effects in particle radiation which degrade
the radiation gain.
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