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Abstract

We revisit the order-ε dilatation operator of the Wilson–Fisher fixed point obtained by Kehrein, Pismak, 
and Wegner in light of recent results in conformal field theory. Our approach is algebraic and based only on 
symmetry principles. The starting point of our analysis is that the first correction to the dilatation operator is 
a conformal invariant, which implies that its form is fixed up to an infinite set of coefficients associated with 
the scaling dimensions of higher-spin currents. These coefficients can be fixed using well-known perturba-
tive results, however, they were recently re-obtained using CFT arguments without relying on perturbation 
theory. Our analysis then implies that all order-ε scaling dimensions of the Wilson–Fisher fixed point can 
be fixed by symmetry.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Wilson–Fisher fixed point is one of the paradigmatic examples of conformal field the-
ory (CFT). It can be obtained from a free scalar in d = 4 − ε dimensions by adding a quartic 
interaction and flowing to the IR. The usual approach is to consider a perturbative expansion in 
the parameter ε, with the hope that setting ε = 1 will give an approximate description of three-
dimensional physics [1]. The continuation of the Wilson–Fisher fixed point to d = 3 belongs to 
the same universality class of the critical Ising model, and indeed, critical exponents obtained 
using the ε-expansion are in good agreement with results obtained by other methods [2].
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The main motivation behind this work is the bootstrap approach to CFTs [3–5], which at-
tempts to constrain the dynamics of a theory using only the conformal algebra. This approach 
has experienced a revival thanks to the pioneering numerical work of [6], that has motivated many 
recent papers on the bootstrap, but also influenced research on related areas, like mathematical 
physics, supersymmetric field theory, and holography. Of all these recent developments, perhaps 
the most impressive is the high-precision estimates of critical exponents in the three-dimensional 
Ising model [7–11].

The new developments have also led to revisit the ε-expansion through the lens of the boot-
strap.1 This approach was first considered in the context of boundary CFT, where an attempt was 
made to recover the ε-expansion starting from crossing symmetry [14]. A different strategy not 
based in crossing was presented in [15] (see also [16–23]), where the constraints imposed by 
multiplet recombination turned out to be powerful enough to fix the order ε anomalous dimen-
sions of operators of the form φn. Three more techniques include using the singularity structure 
of conformal blocks [24,25], unitarity methods [26], and the Mellin bootstrap [27–29], where 
corrections up to order ε3 have been obtained.

Another approach based on the equations of motion and similar in spirit to [15] was used in 
[30,31] (see also [32]), where the leading order anomalous dimensions of higher-spin currents 
were obtained. In particular, the order-ε anomalous dimensions vanish, which will play a crucial 
role in our analysis. The same result was obtained without recourse to a Lagrangian description in 
[33,34] using the large-spin limit of crossing symmetry [35,36], and in [23] using a generalization 
of the method of [15].

The purpose of this paper is to study the complete order ε dilatation operator of the Wilson–
Fisher fixed point, which allows to efficiently calculate the anomalous dimension of any operator 
in the theory. This result is not new, it was obtained by a careful analysis of Feynman diagrams 
by Kehrein, Pismak, and Wegner in [37]. They packaged their result in an elegant formula and 
checked a posteriori that their expression was invariant under the conformal algebra. Here we 
will reverse the logic, and consider invariance of the dilatation operator as our starting point, as 
shown below, this drastically simplifies the calculation. This approach was successfully used by 
Beisert to obtain the complete one-loop dilatation operator of N = 4 SYM [38,39]. The tech-
nique however is quite general and not restricted to superconformal theories. It turns out that the 
few coefficients that cannot be fixed by Beisert’s approach, have been recently obtained using 
the aforementioned bootstrap-based arguments [33,34,23]. Thus, the dilatation operator of the 
Wilson–Fisher fixed point can be completely fixed by symmetry, bypassing Feynman diagram 
calculations.

2. The order ε dilatation operator

Let us consider a scalar field in d dimensions with Lagrangian

L = 1

2
(∂φ)2 + g

4!φ
4 . (2.1)

It is well known that this theory has an interacting IR fixed point for dimensions 2 < d < 4, 
and by considering the theory in d = 4 − ε dimensions it can be studied perturbatively. The β
function at order ε is

1 For interesting related work that considers a large-charge expansion of CFTs see [12,13].
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β(g) = −εg + 3

16π2
g2 + O(ε2) , (2.2)

which implies a weakly-coupled fixed point at

g∗ = 16π2

3
ε + O(ε2) . (2.3)

This is known as the Wilson–Fisher fixed point and its continuation to d = 3 belongs to the 
same universality class as the three-dimensional critical Ising model. A systematic study of the 
spectrum of this system using Feynman diagrams was presented in [37,40–42]. The approach in 
this paper is based on symmetry instead, where the conformal algebra will play a major role.

Local operators of the Wilson–Fisher fixed point are constructed by taking products of the 
fundamental scalar φ and its derivatives:

O(x) = ∂k1φ(x)∂k2φ(x) . . . ∂kLφ(x) . (2.4)

Borrowing terminology from the spin-chain literature we will sometimes call the individual fun-
damental fields “letters”; the number of letters in a state is the “length” of the state. In this work 
we will be interested in the action of the dilatation operator on the set of local operators. For 
ε = 0 the Wilson–Fisher fixed point is just free theory, this is the simplest example of a CFT 
where each field transforms under what we will call the zeroth-order conformal algebra. For 
ε �= 0 the fixed point becomes interacting with coupling (2.3). This theory is still conformal and 
the conformal algebra of the free case will be modified by an interacting version. We will present 
the conformal algebra shortly, for the moment let us think of the conformal generators J as a 
series expansion in ε

J (ε) =
∞∑

k=0

Jkε
k . (2.5)

For finite ε we have an interacting version of the conformal algebra where the commutation 
relations are unchanged, in particular, the scaling dimensions � of the generators stay the same:

[D(ε), J (ε)] = �(J )J (ε) , (2.6)

where D is the dilatation operator. Our main goal is to obtain the lowest order correction to the 
dilatation operator, expanding the above identity we obtain,

[D(ε), J (ε)] = [D0 + εD1, J0] + ε[D0, J1] + O(ε2) = �(J )J (ε) , (2.7)

where the bare dimension of the generators remains unchanged [38]

[D0, Jk] = �(J )Jk . (2.8)

Plugging (2.8) in (2.7) implies,

[J0,D1] = 0 . (2.9)

This identity and the ones above can be justified from perturbation theory. Following the ap-
proach of [15] we could organize them in an axiomatic way, however, we will not attempt to 
prove any rigorous theorems in this work. Our goal is simply to point out that symmetry plus 
intuition from perturbation theory is enough to fix the dilatation operator. Invariance under the 
zeroth-order conformal algebra (2.9) significantly constrains the form of D1. With the help of 
conformal representation theory one can fix its form up to an infinite set of coefficients a(�), that 
are associated with the scaling dimension of conserved currents of spin �.
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2.1. Representation theory of the conformal algebra

The approach of the ε expansion is to consider the Wilson–Fisher fixed point as a deformation 
of a CFT in d = 4, therefore we will be concerned with the conformal algebra in four dimensions. 
The conformal algebra is generated by translations, special conformal transformations, Lorentz 
generators, and the dilatation operator:{

Pαβ̇ ,Kαβ̇ ,M
α

β , M̄
α̇

β̇
,D

}
. (2.10)

Conformal multiplets are defined by a primary state with quantum numbers (� , j , j̄ ) that is 
killed by the K generators:

Kαβ̇ |O�,j,j̄ 〉 = 0 , (2.11)

where � is the eigenvalue of D and is known as the scaling or conformal dimension and (j, j̄ ) la-
bel the Lorentz representation. Conformal descendants are then obtained by repeated application 
of the momentum operator

P k|O�,j,j̄ 〉 . (2.12)

We should point out that by considering four-dimensional quantities we will not have access to 
the “evanescent sector” of the theory. These are operators that exist only in non-integer dimen-
sions but that are nevertheless an integral part of the theory. This sector was studied recently in 
[43], where it was shown that the Wilson–Fisher fixed point is non-unitary in non-integer dimen-
sions.2 In this paper our goal is to reproduce the earlier result by Kehrein et al. [37], leaving the 
subtle but important issue of evanescent operators for future studies.

In a proper CFT any local operator should sit in an irreducible multiplet of the conformal 
algebra. In general we expect generic long representations with Dynkin labels (�, j, j̄ ) that we 
denote as A�,j,j̄ , the labels are not completely arbitrary and are subject to the following unitarity 
bounds:

� � j + j̄ + 2 for j j̄ �= 0 ,

� � j̄ + 1 for j = 0 ,

� � j + 1 for j̄ = 0 .

(2.13)

There can also appear short multiplets for some fixed values of the conformal dimension. These 
are usually associated to conservation equations. We denote the short multiplets of the conformal 
algebra using the following notation

Cj,j̄ : � = j + j̄ + 2,

BL
j : � = j + 1 , j̄ = 0 ,

BR
j̄ : � = j̄ + 1 , j = 0 ,

B : � = 1 , j = j̄ = 0 .

(2.14)

Some of these correspond to well known free-theory representations. For example, the multiplets 
of type B, BL

1
2
, BR

1
2

represent a free scalar, a free fermion, and a free anti-fermion respectively. 

The fact that the multiplet is short implies that one needs to mod out by a null state in the Verma 

2 For a bootstrap analysis in fractional dimensions see [8].
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module. Modding out by this null state translates into conservation equations in the field theory 
interpretation. Indeed, free theories satisfy

B : ∂αα̇∂αα̇φ = 0 , (2.15)

BL
1
2

: ∂αα̇ψα = 0 , (2.16)

BR
1
2

: ∂αα̇ψ̄α̇ = 0 . (2.17)

Short multiplets that will play a key role in this work are the Cj,j , these correspond to higher-spin 
conserved currents of spin � = 2j :

Cj,j : ∂α1α̇1Jα1...α2j ,α̇1...α̇2j
= 0 . (2.18)

As already mentioned, in the Wilson–Fisher fixed point local operators can be built using the 
fundamental field φ and its derivatives ∂kφ, in representation theory language these fields belong 
to the same conformal multiplet B: the field φ is the conformal primary and ∂kφ its descendants. 
A generic local operator O can then be thought of as a product of B multiplets:

O = ∂k1φ∂k2φ . . . ∂kLφ ∼ B ×B × . . . ×B . (2.19)

2.2. The Hamiltonian density

In the spin-chain literature it is customary to define a Hamiltonian by stripping off a power of 
the coupling from the dilatation operator

D = g

8π2
H . (2.20)

Here D is the dilation operator and g is the coupling constant. Using g∗ = 16π2

3 ε at order ε the 
anomalous dimension and the energy eigenvalues E of the Hamiltonian are related by

γ = 2

3
E . (2.21)

In this paper we will use the terms energy and anomalous dimension interchangeably.
At lowest order in the ε-expansion the dilatation operator acts connecting pairs of letters 

in a state. This is natural from the Feynman diagram origin of the corrections to anomalous 
dimensions. At order ε we have only one four-point vertex, which means that the first-order 
correction to the correlator

〈∂k1φ(x1)φ . . . ∂kLφ(x1)∂
k1φ(x2) . . . ∂kLφ(x2)〉 (2.22)

will involve at most two interactions at a time. The action of the Hamiltonian can be written 
using a two-site Hamiltonian (or “Hamiltonian density”)

H =
L∑

i<j

Hij , i, j = 1, . . .L , (2.23)

where L is the length of the operator. As before, this expression is justified from perturbation 
theory, but we can think of it as an axiom for the order ε correction to the dilatation operator. 
Our goal then is to calculate the density Hij . When applied to (2.23), equation (2.9) turns out to 
be very restrictive, indeed, invariance under the zeroth-order conformal algebra implies that Hij
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can be written as a sum of projectors into irreducible conformal multiplets. As already discussed, 
the fundamental field φ and its descendants belong to the B multiplet, the tensor product of two 
B can be written as an infinite sum of C-type multiplets (see Appendix A)

B ×B =
∞∑

�=0

C �
2 , �

2
. (2.24)

Because the Hamiltonian density is invariant under the zeroth-order conformal algebra, the above 
equation implies

Hij =
∞∑

�=0

a(�)P� , (2.25)

where P� projects the product of two fundamental multiplets B × B to the multiplet C �
2 , �

2
. As 

promised, conformal symmetry puts strong constraints on the form of the dilatation operator, 
which can be fixed up to an infinite set of coefficients a(�).

What remains now is to fix the a(�) coefficients. One possibility, originally used in [38], is to 
restrict the Hamiltonian to a subsector with SU(1, 1) symmetry spanned by lightcone derivatives 
of the fundamental field ∂k

++̇φ (see section 4). This a perturbative calculation, however, restrict-

ing the calculation to operators of the form ∂k
++̇φ is a significant simplification when compared 

to the original calculation of [37], where arbitrary operators were considered. In this sense, the 
expansion in (2.25) is already a success. Thanks to recent results in the CFT literature we can ac-
tually do better. The multiplets Cj,j are associated to higher-spin currents, and these are known 
to have vanishing anomalous dimensions at order ε. This is a well-known perturbative result, 
but it was recently re-derived using abstract CFT arguments [33,34,23]. Therefore, just from 
symmetry,

a(�) = 0 , � > 0 . (2.26)

The only term that survives is � = 0 which corresponds to the φ2 operator, but this anomalous 
dimension was fixed in the original paper by Rychkov and Tan [15]. The Hamiltonian then takes 
a very simple form (choosing ij = 12)

H12 = 1

2
P0 . (2.27)

As promised, we have fixed the order ε dilatation operator using only symmetry arguments. We 
will study the action of P0 with more detail in the next section, for the moment let us point out 
that from the above expression and using (2.23) it is a trivial exercise to obtain

γφn = 1

6
n(n − 1) . (2.28)

3. The harmonic action

In this section we present an efficient way to apply the Hamiltonian derived in the previous 
section, and calculate some sample anomalous dimensions as a check of our result.
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3.1. Oscillator representation

To be able to act with the Hamiltonian (2.27) on an arbitrary state we use a modification of 
a simple formula found in [38]. It will be convenient to represent the states of the theory and 
the action of the conformal generators in terms of oscillators. Let us define two sets of bosonic 
oscillators (aα , a†

α) and (bα̇ , b†
α̇) with non-vanishing commutators given by

[aα,a†
β ] = δα

β , (3.1)

[bα̇,b†
β̇
] = δα̇

β̇
. (3.2)

The generators of the conformal algebra can be written as

Pαβ̇ = a†
αb†

β̇
, M

α
β = a†

βaα − 1

2
δα
β a†

γ aγ ,

Kαβ̇ = aαbβ̇ , M̄
α̇

β̇
= b†

β̇
bα̇ − 1

2
δα̇

β̇
b†

γ̇ bγ̇ , (3.3)

D = 1 + 1

2
a†
γ aγ + 1

2
b†

γ̇ bγ̇ , C = −1

2
a†
γ aγ + 1

2
b†

γ̇ bγ̇ .

The generator C is a central element that should kill valid physical states. The fundamental field 
and its derivatives can be represented by creation operators acting on a vacuum state

∂kφ = (a†)k(b†)k|0〉 . (3.4)

Introducing a collective oscillator AA = (aα̇, bβ̇ ) an operator on B×B can be written in oscillator 
language as

|s1, ..., sn;A〉 = A†
A1,s1

. . .A†
AL,sL

|00〉 , (3.5)

where si = 1, 2 indicates the site where the oscillator sits (for simplicity we put the operators 
in position 1 and 2). In general, a valid state should satisfy the zero central charge constraint 
C1|A〉 = 0 and C2|A〉 = 0. To obtain the action of H12, (2.27) tells us to project any two-site 
state into C0,0 and then multiply by 1

2 . In practice, this might be very cumbersome to implement, 
however, in [38] a simple formula was presented, dubbed the “harmonic action”, that makes the 
projection a straightforward calculation with oscillators. A simple modification of the harmonic 
action of N = 4 SYM will allow us to calculate the anomalous dimensions of the Wilson–Fisher 
fixed point.

The action of the Hamiltonian on a state (3.5) should preserve the number of oscillators, but 
they can nevertheless change site. In general, we expect an expression of the form

H12|s1, ..., sn;A〉 =
∑

s′
1,...,s

′
n

cn,n12+2,n21δC1,0δC2,0|s′
1, ..., s

′
n;A〉 . (3.6)

The delta functions project onto states with zero central charge and nij counts the number of 
oscillators moving from site i to site j . The form of the coefficients c has to be consistent with 
(2.27). Their explicit form was worked out by Beisert for the PSU(2, 2|4) spin chain of N = 4
SYM. The appropriate formula for our case can be obtained from the full PSU(2, 2|4) formula 
by setting the fermions to zero. The explicit expression for the function cn,n12,n21 is

cn,n12,n21 = 1

2
(−1)n12n21

�( 1
2 (n12 + n21))�(1 + 1

2 (n − n12 − n21))

�(1 + 1
2n)

, (3.7)

with cn,0,0 = h(n ), where h(j) is the j -th harmonic number.
2
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This concludes our implementation of the order ε dilatation operator. Although not obvious, 
the explicit formula for the action of P0 is the one given in (3.6) with the coefficients (3.7). 
The proof follows the argument presented in [38]. It can be checked that the harmonic action is 
invariant under the conformal algebra and that it has the correct normalization when acting on the 
C �

2 , �
2

multiplets. The harmonic action is very similar to the dilatation operator obtained in [37], 
which was also described as a two-body interaction between states built using oscillators. The 
equality between our formula and theirs is not so transparent when looking at the explicit form of 
the dilatation operator, however, in the remainder of the paper we will diagonalize (3.6) in some 
selected cases, and confirm that all our results are in perfect agreement with the literature.

3.2. Some anomalous dimensions

Armed with the complete order ε Hamiltonian we can now calculate anomalous dimensions 
for the primaries of the Wilson–Fisher fixed point. As a sample calculation, let us look at the 
low-lying primaries that appear in the OPE of φ2 with itself. The first four with at least four 
fields are (in schematic notation),

|P1〉 = φ4 , |P2〉 = �2φ4 , |P3〉 = �3φ4 , |P4〉 = �4φ4 , (3.8)

with energies

E1 = 3 , E2 = 5

3
, E3 = 1

2
, E4 = 7

5
. (3.9)

The explicit formulas for the primaries are,

|P1〉 = φ4 (3.10)

|P2〉 = ∂μ∂νφ∂μ∂νφφ2 − 4∂μ∂νφ∂μφ∂νφφ + 3∂μφ∂μφ∂νφ∂νφ (3.11)

|P3〉 = ∂μ∂ν∂λφ∂μ∂ν∂λφφ2 − 18∂μ∂ν∂λφ∂μ∂νφ∂λφφ (3.12)

+ 24∂μ∂ν∂λφ∂μφ∂νφ∂λφ + 63∂μ∂νφ∂μ∂νφ∂λφ∂λφ

+ 24∂μ∂νφ∂μ∂λφ∂ν∂λφφ − 108∂μ∂νφ∂μ∂λφ∂νφ∂λφ

|P4〉 = ∂μ∂ν∂λ∂ρφ∂μ∂ν∂λ∂ρφφ2 − 32∂μ∂ν∂λ∂ρφ∂μ∂ν∂λφ∂ρφφ (3.13)

+ 36∂μ∂ν∂λ∂ρφ∂μ∂νφ∂λ∂ρφφ + 64∂μ∂ν∂λφ∂μ∂ν∂λφ∂ρφ∂ρφ

+ 144∂μ∂ν∂λφ∂ν∂λ∂ρφ∂ρφ∂μφ − 576∂μ∂ν∂λφ∂μ∂νφ∂λ∂ρφ∂ρφ

+ 144∂μ∂ν∂λφ∂ν∂ρφ∂ρ∂λφ∂μφ + 108∂μ∂νφ∂ν∂ρφ∂ρ∂λφ∂λ∂μφ

+ 117∂μ∂νφ∂μ∂νφ∂λ∂ρφ∂λ∂ρφ .

Applying the harmonic action is a straightforward algebraic exercise that can be efficiently im-
plemented in a computer. In this paper we will not perform a systematic study of the order ε
spectrum of the Wilson–Fisher fixed point, this was already done for operators up to length four 
in the original papers [37,40,42], and for evanescent operators in [43]. It might be worth re-
visiting the spectrum of this theory and compare with recent developments in the bootstrap. In 
particular, with the results of [44] where the anomalous dimensions of more than 100 primaries 
were reported.
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3.3. Comments on multiplet recombination

Let us now make some comments regarding multiplet recombination and higher-spin cur-
rents.3 The higher-spin currents used to fix the Hamiltonian are the conformal primaries of the 
Cj,j multiplets of the conformal algebra. These multiplets satisfy the following decomposition 
rule:

Cj,j =A2j+2,j,j −A2j+3,j− 1
2 ,j− 1

2
. (3.14)

For the stress-tensor multiplet C1,1 this implies

C1,1 =A4,1,1 −A5, 1
2 , 1

2
. (3.15)

A recombination between C4
1,1 and A5, 1

2 , 1
2

in the interacting theory is not possible, because 

A5, 1
2 , 1

2
is absent from the expansion of φ4 (this can be checked with the conformal characters pre-

sented in Appendix A). Thus, the stress-tensor multiplet remains short and therefore protected, 
as expected. For C2,2 the decomposition rule reads,

C2,2 =A6,2,2 −A7, 3
2 , 3

2
. (3.16)

The multiplet A7, 3
2 , 3

2
is present in the theory and could in principle recombine with the C mul-

tiplet to form a long multiplet. The fact that we found zero anomalous dimension for all the 
higher-spin currents at one-loop, puts tight restrictions in the value of the anomalous dimension 
of the A7, 3

2 , 3
2

multiplet. The conformal dimensions of C2,2 and A7, 3
2 , 3

2
are

d − 2 + 4 , 2d − 4 + 3 + γ ε , (3.17)

where the anomalous dimension γ can be calculated using our Hamiltonian. In order for these 
multiplets to recombine, the value of γ should be such that the difference between the conformal 
dimensions is exactly one. If this did not happen, it would imply that recombination were not 
possible and the C multiplet will remain short at all orders. Motivated by this we proceed to 
calculate the order ε anomalous dimension of the A7, 3

2 , 3
2

multiplet. The primary in schematic 
form is,

|P〉 = ∂3φφ3 + 9∂2φ∂φφ2 + 12(∂φ)3φ , (3.18)

and the action of the Hamiltonian gives,

H |P〉 = 3

2
|P〉 . (3.19)

Using the conversion formula (2.21) and replacing in (3.17) we obtain,

6 − ε , 7 − ε . (3.20)

We see that the value of γ is such that the difference between the two scaling dimensions is 
exactly one. The same question can be asked about the C3,3 and A9, 5

2 , 5
2

multiplets, applying 

the Hamiltonian on the corresponding ∂5φ4 primary the eigenvalue is again 3
2 . For the C4,4 and 

A11, 7
2 , 7

2
case there are two ∂7φ4 primaries with eigenvalues ( 1

2 , 32 ). The conclusion is again the 

3 The analysis of this section was already discussed in [15].
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same, the multiplet with energy 3
2 can recombine with the C multiplet to form a long multiplet. 

Our results seem to indicate that a similar phenomenon will occur for higher spins: there will 
always be at least one multiplet with energy 3

2 .

4. The SU(1, 1) subsector

In this section we present an alternative way to calculate the dilatation operator of the Wilson–
Fisher fixed point. Like in the previous sections, most of the techniques used here were borrowed 
from the spin-chain literature, in particular the work of Beisert on the PSU(2, 2|4) spin-chain of 
N = 4 SYM [38,39]. In the previous section we managed to fix all the a(�) coefficients invoking 
CFT arguments, but this might not always work. Beisert’s approach is quite universal and should 
be applicable to more general theories that admit an ε expansion. If in a more complicated model 
some of the a(�) coefficients remain unfixed, a perturbative calculation might be necessary. For 
the Wilson–Fisher fixed point this sector was studied to second order in ε in [42].

4.1. Lifting the Hamiltonian

The starting point is again the two-site Hamiltonian

H12 =
∞∑

�=0

a(�)P� , (4.1)

where P� projects a two-site state into its irreducible C
( �

2 , �
2 )

component. In the remainder of this 
section we will calculate the a(�) coefficients by restricting the Hamiltonian to a special subsec-
tor with SU(1, 1) symmetry. Let us consider the subsector spanned by lightcone derivatives of 
the scalar field

∂k
++̇φ . (4.2)

Operators are then built out of an arbitrary number of fields with an arbitrary number of deriva-
tives acting on them.

The fundamental letter (4.2) of the sector corresponds to an infinite SU(1, 1) representation 
of “spin” n = − 1

2 . Taking the product of two spin n = − 1
2 representations one can easily prove 

(see Appendix A)

V− 1
2
× V− 1

2
=

∞∑
n=0

V−1−n . (4.3)

The Hamiltonian in this subsector is an SU(1, 1) invariant and following the same arguments of 
section 2 one can write it as an infinite sum of SU(1, 1) projectors

H ′
12 =

∞∑
n=0

b(n)V−1−n . (4.4)

It turns that there is a one-to-one correspondence between the conformal C
( �

2 , �
2 )

multiplets and the 
SU(1, 1) V−1−n multiplets. This implies that we can obtain the coefficients a(�) ≡ b(n) of (4.1)
just by studying this restricted subsector. This “lifting” of the Hamiltonian was the trick used 
in [38,39] to obtain the complete one-loop dilatation operator of N = 4 SYM. Similar methods 
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were used to obtain the one-loop dilatation operator of ABJM [45], N = 2 and N = 1 SCQCD 
[46,47], and β-deformed N = 4 SYM [48].

At order ε we only need to concentrate on states with two letters

∂k
++̇φ

k!
∂n−k
++̇ φ

(n − k)! . (4.5)

The action of the Hamiltonian on this state can be calculated using standard perturbation theory 
and it was originally obtained in [40,41]:

H ′
12

∂k
++̇φ

k!
∂n−k
++̇ φ

(n − k)! =
n∑

k′=0

1

2(n + 1)

∂k′
++̇φ

k′!
∂n−k′
++̇ φ

(n − k′)! . (4.6)

From (4.6) we can now obtain the anomalous dimensions of the higher-spin currents,

Jn =
n∑

i=0

(−1)i
(

n

i

)
∂i
++̇φ

i!
∂n−i
++̇ φ

(n − i)! . (4.7)

Using the oscillator representation it is not hard to check that these currents are the SU(1, 1)

primaries of the V−1−n multiplets. It can also be checked that they are the conformal primaries 
of the C n

2 , n
2

multiplets. Acting with the explicit SU(1, 1) Hamiltonian (4.6) we obtain,4

H ′
12Jn = 1

2
δn,0Jn . (4.8)

The only term that survives is the J0 primary which corresponds to the φ2 operator. If we multiply 
the energy eigenvalue by the 2/3 conversion factor given in (2.21) we obtain

γφ2 = 1

6
, (4.9)

which is indeed the right value for this anomalous dimension. The higher-spin currents on the 
other hand are all conserved at order ε, as expected. It is well known that these currents acquire 
anomalous dimensions at order ε2. The sole exception being the J1 current, which corresponds 
to the spin two stress tensor that remains protected at all orders. The fact that all the currents have 
zero order ε anomalous dimension implies that the only non-zero coefficient in (4.1) is a(0) = 1

2 . 
Therefore, the Hamiltonian of the full theory, not necessarily restricted to the SU(1, 1) sector, is

H12 = 1

2
P0 . (4.10)

The same result was obtained in section 2.

4.2. Anomalous dimensions for length L = 3

As a final check of our approach let us now diagonalize the Hamiltonian in the SU(1, 1) sector 
for operators with L = 3 using the harmonic action of section 3. The procedure is completely 

4 Actually, only currents with even spin appear in this expansion, currents with odd spin are automatically zero due to 
Bose symmetry. However, one can prove that the action of the Hamiltonian on odd spin currents is zero without requiring 
Bose symmetry, for example, H12(∂++̇φφ − φ∂++̇φ) = 0. This is relevant if the fields φ have extra indices, like in the 
O(N) model.
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algorithmic, we organize the operators in order of increasing spin �, and for each spin we list a 
basis of operators given by all inequivalent combinations of derivatives acting on the fields φ:


B�=0 : {|φφφ〉} , (4.11)


B�=1 : {|φφ∂++̇φ〉} , (4.12)


B�=2 : {|φ∂++̇φ∂++̇φ〉, |φφ∂2
++̇φ〉} , (4.13)

... (4.14)

Once the basis states are listed we need to obtain conformal primaries. To achieve this we con-
sider the most general linear combination of basis vectors with arbitrary coefficients αi and 
impose

(K++̇
1 + K++̇

2 + K++̇
3 )

dim 
B�∑
i=0

αiB
i
� = 0 . (4.15)

For low spins there is only one solution to this condition. Let us call this family of primaries 
|P1,�, L = 3〉. By applying our Hamiltonian we can obtain their energies

H |P1,�,L = 3〉 =
(

1

2
− 1

1 + �

)
|P1,�,L = 3〉 , � odd (4.16)

H |P1,�,L = 3〉 =
(

1

2
+ 1

1 + �

)
|P1,�,L = 3〉 . � even (4.17)

Starting with � = 6 for � even and � = 9 for � odd a new family of primaries appear. Let us denote 
this second family by |P2,�, L = 3〉. Acting with the Hamiltonian on these states we obtain

H |P2,�,L = 3〉 = 0 , (4.18)

and they are therefore protected at order ε.
More and more primaries will appear with increasing spin making the analysis more demand-

ing, so we will not consider them in this work. The actual number of primaries can be obtained 
using the characters presented in Appendix A. To take into account Bose symmetry we need to 
use the plethystic exponential

PE(zC− 1
2
(x)) = exp

( ∞∑
n=1

zn

n
C− 1

2
(xn)

)
, (4.19)

where z labels the number of fundamental letters of spin j = − 1
2 . The coefficient of the z3 term 

in (4.19) is

χ(3) = 1

6

(
C− 1

2
(x) + 3C− 1

2
(x)C− 1

2
(x2) + 2C− 1

2
(x3)

)
. (4.20)

Here we have defined the character χ(3) associated with three Bose symmetrized spin n = − 1
2

representation. We can decompose χ(3) as an infinite sum of Vn multiplets and from there read 
the multiplicity of the primaries at each spin. It is not hard to check that the generating functional 
for this counting is

�∑
c�x

3� = 1

(1 − x6)(1 − x9)
. (4.21)
�=0
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The spin dependence of these anomalous dimensions was already known in [40,41]. The same 
result was obtained in [23] where operators where the twist equals the length where studied 
using multiplet recombination arguments. These type of operators are precisely the ones captured 
by the SU(1, 1) subsector where the spin and free conformal dimension of the operators are 
constrained by

�free − � = L. (4.22)

It is also not surprising that our counting of primaries using SU(1, 1) characters coincides with 
the counting of [23].

4.3. Dilatation operator of the O(N) model

As a final application let us generalize our results for the more general O(N) model. In this 
case we have a scalar with an O(N) vector index φi described by the Lagrangian,

L = 1

2
(∂φi)(∂φi) + g

4
(φiφi)2 , (4.23)

and the IR perturbative fixed point is given by

g∗ = 8π2

N + 8
ε + O(ε2) . (4.24)

The O(N) flavor symmetry commutes with the conformal algebra and therefore all the consider-
ations of the previous sections apply. The only difference is that now we have extra flavor indices 
along for the ride. In order to obtain the Hamiltonian it is enough to fix it in the SU(1, 1) sector. 
Its action now reads,

H12
∂kφi

k!
∂n−kφj

(n − k)! = δij

3

n∑
k′=0

1

2(n + 1)

∂k′
φl

k′!
∂n−k′

φl

(n − k′)! + 2

3

n∑
k′=0

1

2(n + 1)

∂k′
φi

k′!
∂n−k′

φj

(n − k′)! .

(4.25)

It is evident that the two terms in this equation are almost identical to the ones for the scalar 
theory. The only differences being an overall coefficient and the presence of flavor structure. 
Thus, the Hamiltonian for the O(N) model is just

H12 = 2

3
P0I+ 1

3
P0K , (4.26)

where I and K are the identity and trace operators in flavor space:

Iφiφj = φiφj , Kφiφj = δijφkφk . (4.27)

The harmonic action is the same as before and the calculation of anomalous dimensions proceeds 
in the same way.

Let us check that our previous comments about multiplet recombination also applies for this 
theory. The unique ∂3φ4 primary in the O(N) case is (schematically),

|P〉 = ∂3φiφiφjφj − 3∂2φi∂φiφjφj − 6∂2φiφi∂φjφj + 12∂φi∂φi∂φjφj , (4.28)

which corresponds to a long multiplet A7, 3
2 , 3

2
. The action of the Hamiltonian gives

H |P〉 = N + 8

6
|P〉 , (4.29)

which is again the correct value such that recombination with a C2,2 multiplet is possible.
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5. Conclusions and future directions

In this work we have obtained the dilatation operator of the Wilson–Fisher fixed point using 
symmetry principles. There were two key steps in the derivation. First, conformal invariance of 
the dilatation operator fixes its form up to an infinite set of coefficients. Second, the unfixed coef-
ficients have been recently obtained using CFT arguments. The combination of both approaches 
gave the desired result reproducing the Feynman diagram calculation of [37].

Similar techniques should be applicable to more general conformal fixed points that admit an ε
expansion. Examples that have been studied using multiplet recombination are the Gross–Neveu 
model in d = 2 +ε, φ3 in d = 6 −ε, and φ6 in d = 3 −ε [17,18,16,19] (see also [22]). Models that 
have been studied recently using standard ε-expansion perturbation theory are QED3 [49], and 
conjectural fixed points in dimensions higher than four [50–55]. In these models the fundamental 
fields include fermions and gauge fields, fields with Lorentz indices have already appeared in 
the calculation of the dilatation operator in supersymmetric theories [45–48], and most likely 
many of those results can be recycled for the non-supersymmetric cases. Finally, it might also be 
interesting to use this approach to study CFTs in the presence of defects [56–58].

Another venue is to try to fix higher-order corrections to the dilatation operator. A two-loop 
analysis in the SU(1, 1) subsector was already presented in [42]. It is possible that this result 
contains all the unknown coefficients not fixed by symmetry. Moreover, order ε2 results have also 
been obtained using symmetry arguments, so there is a fighting chance of fixing the second order 
correction without relying on perturbation theory. In N = 4 SYM where the operator content is 
far more complicated, the two-loop dilatation operator has been an open problem for many years, 
the state of the art being [59].

Perhaps the most interesting future direction is to generalize the analysis to the evanescent 
sector studied in [43]. However, it seems that this requires the development of new technology. 
All the conformal algebra identities used in this work were four-dimensional. Generalizing these 
expressions to real d and working out the corresponding character technology seems to be a 
necessary first step.
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Appendix A. Characters

In this appendix we collect character identities useful for proving some of the equations in the 
main text. See for example [60] where the origin of the formulas presented here is explained.

A.1. SU(1, 1) characters

The SU(1, 1) character for a representation of spin j is given by

Cj (x) = x2j+1

x − x−1
. (A.1)

The fundamental letters ∂k
++̇φ transform in the spin j = − 1

2 representation, using (A.1) it is 
straightforward to check identity
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(
C− 1

2
(x)

)2 =
∞∑

j=0

C−1−j (x) , (A.2)

confirming the tensor product expansion (4.3).

A.2. Conformal characters

The conformal characters for the B, Cj,j̄ , and A�,j,j̄ multiplets are

χB = s2(1 − s4)P (s, x, y) , (A.3)

χC = s2j+2j̄+4
(
χj (x)χj̄ (y) − s2χ

j− 1
2
(x)χ

j̄− 1
2
(y)

)
P(s, x, y) , (A.4)

χA = s2�χj (x)χj̄ (y)P (s, x, y) . (A.5)

Here χj (x) is an SU(2) character

χj (x) = x2j+1 − x−2j−1

x − x−1
, (A.6)

and P(s, x, y) captures the conformal descendants obtained by repeated action of the momentum 
operator

P(s, x, y) = 1

(1 − s2xy)(1 − x
y
s2)(1 − y

x
s2)(1 − s2

xy
)
. (A.7)

The conformal dimension � is labeled by s and the left and right Lorentz quantum numbers 
(j, j̄ ) are labeled by (x, y). Similarly to the SU(1, 1) case, the tensor product relation (2.24) is a 
consequence of the character identity

(
s2(1 − s4)P (s, x, y)

)2 =
∞∑

�=0

s2�+4
(
χ�

2
(x)χ �

2
(y) − s2χ�−1

2
(x)χ �−1

2
(y)

)
P(s, x, y) .

(A.8)

The decomposition rule (3.14) can also be easily checked with characters.
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