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Equation-of-state behavior for different phases of lead under strong compression
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X-ray diffraction data for lead under pressures up to 80 GPa are used together with previous data covering

a wider range to determine the equations of state (EOS) for the three different phases which occur under these

pressures at ambient temperature. It is shown that the first-order EOS form H11, typical for "simple" solids,

describes perfectly all the data when only the values for Vo and Ko are individually adapted for each phase.

I. !NTRODUCTION

The progress in high-pressure physics due to the ability to
study small sample volumes connected with powerful x-ray
sources allows to investigate properties of solids in a static
pressure range up to 300 GPa and above. ' Pressure-volume
data at those pressures have been obtained before only by
shock-wave experiments; however, no structural information
is available from this method and critical assumptions have
to be made in the evaluation of isotherms from the Hugoniot
data. With the rapid extension of the pressure range diver-

gences of different equation-of-state (EOS) forms with re-

spect to the limiting behavior of a free-electron gas become
obvious, however, these deficiencies can be avoided by re-

cently derived EOS forms as shown in various recent
applications. These studies resulted in a classification of
materials into three groups with respect to their high-
pressure behavior: "ideal" solids; their high-pressure behav-
ior can be described accurately with a "zeroth order" EOS
form using the zero-pressure volume Vo and an average
atomic number Z as the only input parameters. "Simple"
solids are thereby characterized by one additional parameter,
typically Kp, the bulk modulus at ambient conditions, which
determines all the other higher-order pressure derivatives
like Kp, Kp and so on. Second- or higher-order forms are
finally needed for all the other solids with nonsimple behav-
ior, where Z, Vp, Kp and sometimes even higher-order
parameters may enter into an accurate representation of the
corresponding EOS data. This last group contains most ma-
terials with phase transitions under pressure. To describe the
behavior of these materials under strong compression, each
phase must be represented by its individual EOS.

From this point of view, one may consider lead at first as
an element with nonsimple behavior, as it shows two phase
transitions under pressure with small volume discontinuities.
Initially, a continuous pressure-volume relation was deter-
mined up to 1000 GPa by shock-wave experiments, ' how-
ever, later phase transitions and the corresponding volume
discontinuities were found by energy-dispersive x-ray dif-
fraction under pressures up to 272 GPa (Refs. 11 and 12).
Furthermore, there are some pseudopotential calculations,
which reproduce the high-pressure behavior of lead in good
agreement with the experimental results. ' '

In this paper, additional x-ray diffraction data for lead up

to 80 GPa are presented for the intermediate region to allow
for a more accurate distinction of the EOS forms for the
different phases. Together with data of lead from the litera-

ture, the parameters Kp and Kp as well as Vp for the high-
pressure phases are evaluated by fitting appropriate EOS
forms to the data in order to make a comparison with previ-
ous results.

II. EXPERIMENTAL

Diffraction patterns of lead are obtained by energy-
dispersive x-ray diffraction using either a conventional x-ray
tube together with the conical slit arrangement'" or syn-
chrontron radiation with a standard diffraction setup' at the
EDS station F3 of HASYLAB, DESY, with its recent
modifications. ' Pressures were generated by a gasketed
diamond-anvil cell' ' with beveled diamonds and measured
with the ruby-luminescence technique' using the nonlinear
pressure scale. To maintain quasihydrostatic conditions,
mineral oil was used as pressure transmitting medium.

III. RESULTS AND DISCUSSION

Diffraction patterns of lead were measured up to 80 GPa
confirming first of all the phase transition from the low-
pressure cF4 phase to the intermediate hP2 phase of lead
around 14 GPa (here and throughout this paper the structural
nomenclature recommended by IUPAC is used '). The effect

1.0 ~

0.9 ;l

y 07—
~O 0.6—

ref. 23, 24
CI ref. 110 ref. 12-"- ref. 10, 25
~ present data

0 4 -cF4 cI2

0.3 '

0
I

100
I I

200 300
pressure (GPa)

400 500

FIG. 1. Pressure-volume data for the three different phases of
lead at ambient temperature using Vo ——30.33 X 10 pm (Ref. 22).
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of pressure on the atomic volume is illustrated for the range
from 0 to 500 GPa in Fig. 1 which includes in addition to the
present data previous results from volumetric,
x-ray-diffraction, "' and shock-wave' ' measurements.
Obviously, this form of representation for the different data
sets does not bring out the differences in the EOS forms for
the different phases.

These differences can be seen, however, if one uses a
special "linearization scheme" for the data as illustrated in
Fig. 2 with
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where by X=o/o. p, and o.=(3ZV/4~)" represents the
Wigner-Seitz-radius scaled by the third root of the atomic
number Z, p„o=aFo(Z/V) ' is the Fermi-gas pressure with
the universal constant aFG=23.369 MPa nm, and the sub-
script 0 is used for ambient pressure values. First of all, this
representation shows for the low-pressure cF4 phase small
but significant differences between the different data sets es-
pecially in comparison with the best value for the isothermal
bulk modulus Ep from ultrasonic (US) measurements. The
continuous curve represents a linear interpolation between
the starting value r/p= In(3Kp/ppop) using the best value for
Eo from the US data, and the ultimate value y —+0 for
X—+0. The EOS form corresponding to this linear interpola-
tion has been called H1 1 (Refs. 3 and 4) and has the form

p = 3ICpX (1 —X)exp[cp(1 —X)],
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with cp = —In(3Ep /pFop) and Ir p
= 3 + 2cp /3. While the pre-

vious x-ray data deviate in opposite directions from the
present data, good agreement with the H11 curve is found
with respect to the volumetric data and for the (smoothed)
shock-wave results. These differences are also seen in the
EOS parameters in Table I where close agreements are found
for Ko and Eo just in the later cases.

For the high-pressure phases hP2 and cI2, Figs. 2(b) and

2(c) show clearly that the p-V data are only well described
by the use of different parameter values for Vo, Eo, and

Ko as illustrated by the deviations of the data at higher pres-
sures with respect to the (dashed) extrapolation for the cF4
phase. In other words, new parameters at least for Vo and

Eo must be adapted for each of the high-pressure phases.
Due to the fact that Vp is known for the cF4 (ambient

pressure) phase one can try to fit even a second-order form
with the two free parameters Ko and Ko to the data. For later
comparison with H11, the corresponding ' ' ' second-order
form H12

p=3EpX (1—X)exp cp(1 —X)

3 ~ 2cp1
+ —X Ep —3 — (I —X),
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is used in this case. The resulting best fitted values for the
cF4 phase are given in the upper and middle part of Table I,
the lower part of this table shows previous values obtained
by the use of the Birch-Murnaghan-EOS form just with the
latest data set' in addition to values of Eo and Ko from

FEG. 2. Pressure-volume data of lead in y-a. representation for
the individual phases [2(a)—2(c)]. The same form Hl 1 with differ-
ent values for the parameters Vp; and Ep; fits all the data for the
three phases and the differences in these fits are illustrated in (d) in

comparison with the behavior of an "ideal" solid.
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TABLE I. Bulk modulus and its first pressure derivative at am-

bient condition for the low-pressure cF4 phase. The upper part of
this table shows the values of Ko and Ko obtained by fitting the

form H12 to the data. The middle part gives the parameters for the

form H11. The lower part reproduces values from the literature,

whereby BE stands for the use of a Birch equation. TH designates
theoretical data, and US stand for ultrasonic data.

Ko (GPa)

40(2)
40(2)
48(2)
43.2(2)
41(4)
41(2)
48(5)
42(5)

5 (1)
7(1)

6.9(6)
4.9(1)
6(1)

6.7(8)
4(1)
5(1)

uv (%)

0.10
0.04
0.07
0.01
0.22
0.09
0.59
0.43

Ref.

23
24
11
12
25
10

This work

All data

H12

39(2)
42(3)
51(2)
40(2)
42(3)
43(2)
42(3)
40(4)

6.1

6.1

5.9
6.1

6.1

6.0
6.1

6.1

0.19
0.08
0.24
0.32
0.35
0.15
1.23
0.85

23
24
11
12
25
10

This work

All data

H11

43.2
46.2
41.9

4.9
4.6
5.7

12
13
26

BE2
TH
US

theoretical calculations' and values derived from ultrasonic
measurements. Obviously, the scatter of the experimental
data for Ko and Ko in the first section of Table I is much
larger than the purely statistical standard deviations of the
fitted parameters given in brackets. Small standard devia-
tions a.z of the measured volume data with respect to the
fitted curves are noticed for the data ' which had been
presented as smoothed compilations. If one takes all the data
of the low-pressure phase together, one can notice that the
values for both Ko and ICO show close agreement (within
their statistical uncertainty) with the completely independent
determination by ultrasonic measurements.

Furthermore, the second section of this table with the fit-

ted parameter Ko and the correlated parameter Ko corre-
sponding to the first-order form Hll shows similarly good
agreement with the ultrasonic data and only a minor increase
in o.v. Thus, the simple first-order form Hl1 represents the
best interpolation between low-pressure and ultimate com-
pression for the given accuracy of the present data.

For the high-pressure phases, one has to consider Vo also
as free parameter in the fits, which increases the number of
the free parameters in the common second-order forms to 3
and results in rather unstable minima of the fits due to the
strong correlations of these parameters. However, perfect
fits are obtained already with the first-order form Hl 1 and
the corresponding results are represented in Table II for the
intermediate hP2 phase and in Table III for the high-
pressure cI2 phase. In both tables, previous results' based

TABLE II. Results of fitting the form H11 to the data of the hP2
phase. The lower part of this table reproduces values from the lit-

erature.

Vo(10 pm )

30 0(5)

Kp (GPa)

40(l)
37(1)
41(3)
40(5)
41(4)
40(2)

6.1

6.2
6.1

6.1
6.1
6.0

(rv (%)

1.0
1,0
0.6
1.3
1.6
2.0

Ref.

12
11

25
10

This work

All data

29.98
30.18

46.6
46.3

5.2
4.6

12
13

TABLE III. Results of fitting the form H11 to the data of the cI2
phase. The lower part of this table reproduces the values from the
literature.

Vo(10 pm )

28.5(5)

SC, (GPa)

51(1)
47(4)
41(5)
49(3)

6.0
6.0
6.1

6.0

~v (%)

0.9
0.5
0.6
2.0

Ref.

12
11
10

All data

29.68
30.30

30.8 6.9
4.7

12
13

on the Birch-Murnaghan-EOS form and the theoretical data'
are also included for comparison.

Due to the fact that the value for Ko is directly coupled to
the parameter Ko in the first-order form Hll, no extra sta-
tistical uncertainties are given in these tables for the values
of Ko. The comparison of the fits for the high-pressure
phases with the results for the ambient pressure phase can be
used, however, to estimate an uncertainty in the values of
Ko of typically 20%%uo. Within this uncertainty, "reasonable"
agreement between the theoretical values' and these best
"experimental" data of Ko for the high-pressure phases can
then be noticed in Tables II and III. However, in the com-
parison of the experimental and theoretical values for Ko of
the high-pressure phases, one must take into account that the
present lower values for Vo of the high-pressure phases in
comparison with extrapolation of the Birch-Murnaghan
form' and the theoretical results lead automatically also to
larger values for the corresponding parameters Ko.

Nevertheless, the best fitted straight lines in Fig. 2, which
correspond to the first-order form Hl 1 with different param-
eter values for the individual phases, show now clear discon-
tinuities with AV/V=1. 7 and 0.7 % at the cF4—+hP2 and
h P2 ~cI2 phase transitions, respectively, in contrast to the
smooth curves previously derived' ' from shock-wave data.

Finally, if one compares the best-fitted EOS curves for the
different phases of lead in Fig. 2 with the hypothetical curve
of an ideal solid, which describes the average p-V behavior
of the most regular elements, one can notice that the data of
lead are located only very slightly above this universal curve
for ideal solids. The largest difference is noticed thereby for
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the low-pressure data and the differences become succes-
sively smaller for the high-pressure phases. This means that
lead in its cI2 phase behaves almost like an ideal solid,
whereas the phases h P2 and cF4 show just the behavior of
simple solids characterized by straight lines of the form
H11 but with slight deviations in their slopes with respect to
the ideal case.
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