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1 Introduction

More than two decades ago, the integration-by-parts relations [1] and asymptotic expan-
sions [2, 3] became common in the Feynman diagram calculus. The combination of these
methods provides a powerful tool for the evaluation of multiloop diagrams. In particular,
massive propagator diagrams through the three-loop order can be reduced with the help
of asymptotic-expansion methods to three-loop massive tadpoles, which can be done, e.g.,
using the FORM [4] package MATAD [5] (see also Ref. [6]).!

There are lot of physical applications where the above-mentioned technique was ap-
plied. Just to mention but a few examples, it was applied to the evaluation of the three-loop
p parameter in QCD [7, 8] and the electroweak theory [9], the three-loop QCD corrections
to heavy-quark production [10], and many other quantities. Integral topologies with all
lines massive find applications in calculations of renormalization group functions [11-13]
at the three-loop order and also at higher orders of the epsilon expansion in four-loop [14]
and even five-loop [15] calculations.

In his work [16], Broadhurst noticed that all three-loop single-scale vacuum diagrams
at order O((4 — d)/2) in dimensional regularization can be related to the elements of the

!The up-to-date package MATAD-ng with full dependence on d can be downloaded from the URL https:
//github.com/apik/matad-ng and the results of this paper from the direct link https://git.io/mtdw6.
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algebra of the sixth root of unity. This observation allowed him to evaluate all the three-
loop integrals up to their finite parts in terms of a few constants, being polylogarithms of
weight four.

In this paper, we proceed by studying three-loop vacuum integrals with a single mass
scale at weights five and six. On the one hand, this is a necessary ingredient in evaluations
beyond the three-loop approximation, where the three-loop master integrals have to be
expanded to higher powers in d — 4. On the other hand, we would like to test the basis of
the algebra of the sixth root of unity through weight six.

2 Notation

We use dimensional regularization with the dimension of space time being d = 4 — 2¢ in
euclidean space. Each loop integration is normalized as follows:

/d[k]---:ew/ﬁ..., (2.1)

where v = 0.577216. .. is the Euler-Mascheroni constant.
Defining
Cz';m = kzz + mz, Cij;m = (kz — /fj)Q + m2, (2.2)

the general three-loop vacuum bubble diagram with six scalar propagators, where it is
implied that the masses either take the values m or zero, may be written as

d[k1]d[k2]d[k3]
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(2.3)

In addition to diagrams with six lines, we have also three-loop diagrams with five and four
lines,

d[k1]d[ks]d[ks]
= E4, 00030405 = a a a a a ; 24
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as well as two-loop and one-loop diagrams,

dlk1|d|k dlk
= Ta1a2a3 = / o [Cil]g [62,](13 , = Val :/ [ 1} . (26)
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3 Polylogarithms, algebra of the sixth root of unity, and its subalgebras

In our study, the key role is played by multiple polylogarithms [17, 18], defined recursively
as repeated integrals,

z p 131 J tw—1 P
t t o
G = T — 0 3.1
a1az...aw (2) /tl ~ o /t2 "y / te — ay ay # 0, (3.1)
0 0 0 .
Ga2...aw (tl)
where a1, a9, ...,a, and z are complex numbers. The definition in Eq. (3.1) is modified in

the case of ¢ trailing zero indices in the following way:

z d t1 J tw—q—1 d | q( )

t1 i1 tw—gq n*(ty—q
G 2) = - . 3.2
alaQ"'awquO"'O( ) 0/ t1 —a 0/ to — ag O/ tw—q — Guw—gq q! (3.2)

The integer number w is called the weight of the polylogarithm.

The functions G obey the so-called shuffle and shtuffle relations. In particular, any
product of two G functions with the same argument and weights w; and wsy can be rewritten
as a linear combination of G functions of weight wy + wo. In other words, polylogarithms
form a graded algebra.

The algebra of the sixth root of unity .4, is obtained from general polylogarithms by

restricting all a; to the seven-letter alphabet {0,w’, w!, w?... w5}, where
w = exp (%T) (3.3)

is a primitive sixth root of unity. At arbitrary argument z, such functions include the so-
called inverse-binomial-sums functions [19-21]. At z = 1, they represent a set of irrational
constants, which is relevant for the description of some single-scale massive diagrams (in
particular, three-loop vacuum bubble and two-loop on-shell self-energy diagrams). The
complete basis for the algebra of the sixth root of unity .4,, through weight 6 has recently
been constructed in Ref. [22].

In this work, we construct the basis of the subalgebra of A, formed by the harmonic
polylogarithms [23] Hy,...n,(2) of arguments z, = w®. We shall call such an algebra
Api(r)- The harmonic polylogarithms are defined similarly to Egs. (3.1)—(3.2), but now
the parameters a; can only take the values —1,0,+1. By historical reasons, there is also a
difference in the overall sign. Specifically, the harmonic-polylogarithm functions Hy, . »,(2)
are related to the generalized polylogarithms G via

Hiyny oy () = (—1)(umberofny =D -y (3.4)

where n; = —1,0,+1.
Using the scaling properties of the polylogarithms together with the shuffle relations, it
is easy to show that any element of the form Hy, .. »,(w") can be rewritten as G, x, (1)



| w | Re{A}, [ Im{A}, | Re{A} () | m{A} g, |
1 2 1 1 1
2 5 3 3 3
3 12 9 8 8
4 30 25 21 21
5 76 68 55 55
6 195 182 144 144

Table 1: Values of Re{A},, Im{A} , Re{A} ), and Im{ A}y, forw=1,...,6.

with some integers k; = 0,1,...,5. For example, we have Hio —1(w) = G1/u0,-1/0(1) =
G5,042(1). In other words

AH(wk)CAw, k=0,1,...,5. (3.5)

In particular, Ag.0) = Ag1) and Ap3) = Ag(-1) form the shuffle algebra of the
multiple zeta values (see e.g. Ref. [24]). The pairs (Ag (1), Apws)) and (Ag 2y, Amws))
are related to each other by complex conjugation, since w! = w® and w? = w*. Moreover,
all AH(wk), k=1,2,4,5 are isomorph. We prove this by explicitly constructing the relation
between the corresponding bases over Q. Thus, we need to consider only Ag,). We can
split each element into its real and imaginary parts,

Hy,...onw (W) =ReHy,,  n,(w)+ilmHy,, g, (w). (3.6)

Note that Re{A} ) can involve products of even numbers of elements from Im{A} ;.
while Im{A} ) can involve products of elements from Re{A} .

Using the shuffle relations and the PSLQ algorithm [25], we construct the real and
the imaginary bases for the weights w = 1,...,6. The numbers of the basis elements at
each weight for the algebra of the sixth root of unity A, and for Ap,) are summarized
in Table 1. The results for Re{ A} and Im{A}  were obtained by explicit calculation in
Ref. [22]. The results for Re{A},, and Im{A} ,, are obtained in this work. Unlike
Ay, the real and imaginary parts of A, have the same numbers of basis elements. The
integer sequence 1,3,8,21,55,144, ... corresponds to {Fy,}, w =1,2,3,4,5,6,..., where
F}; denotes the j-th Fibonacci number.

We shall denote the uniform bases of Re{ A}y, and Im{A} 4, for fixed weight w
as Re H,, and Im H,,, respectively. In the next sections, we apply the constructed bases
Re H,, and Im H,, to the evaluation of the three-loop massive vacuum bubble diagrams.

4 Evaluation of the three-loop vacuum bubble integrals

Using integration-by-parts relations, it is possible to reduce any three-loop bubble integral
with a single scale to the set of twelve three-loop master integrals, two two-loop integrals,
and one one-loop bubble. These diagrams are shown in Figs. 1 and 2.
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Figure 1: Full set of non-factorizing master integrals. Solid and dashed lines correspond
to the massive and massless scalar propagators, respectively.
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Figure 2: Two-loop and one-loop master integrals. The line coding is the same as in
Fig. 1.

It is the goal of this paper to evaluate these master integrals analytically in terms of
polylogarithms through weight six.

In the previous section, we discussed the construction of the bases for Re{.A} H(w) and
Im{A} H(w)- We now use these bases to reconstruct the analytic expressions for the e
expansions of these diagrams using the PSLQ algorithm [25]. For that purpose, we first
need a precise numerical value of each diagram.

Specifically, for the fully massive diagrams Dg and Es, we make use of the series
obtained with the help of the DRA method presented in Ref. [26] and summed with the
help of the SummerTime package [27]. Within a few hours, we were able to get 20,000
decimal figures of precision for these diagrams.

The general method of calculation which is used in this work and is applicable to all the
considered diagrams consists in writing the systems of differential equations for the integrals
and solving them later by the Frobenius method. In the first step, instead of a single-scale
diagram with mass m, we introduce a similar diagram with two different masses, m; and
meo. Then, using integration by parts, we can write the system of differential equations in
the mass ratio 2 = m?/m3. In general, these equations cannot be solved analytically. We
solve them as series of the form »_ z"¢,. The unknown coefficients ¢,, are to be determined
by substituting the series in the differential equations.



We also need the boundary conditions. The easiest choice in our case is the boundary
conditions at z = 0, which correspond to a single-scale bubble integral with a smaller
numbers of massive lines.

Finally, we set z = 1 in the series solution in order to recover the original diagram. The
summation of the series is done numerically. In this way, we are able to evaluate integrals
to an accuracy of typically 4,000 to 10,000 decimal figures depending on the diagram. For
that purpose, we need to sum up to 20,000 terms in the n sum in some cases.

Let us consider as an example the integral Dyn. There are two massive lines in this
diagram. Instead of two equal masses, we introduce now two different masses, one of which
we set to unity. Thus, we set in Eq. (2.3) m1 = z, ms = 1, and mg = mg = my = mg = 0.
With such masses, we have the following set of master integrals, which depend on z:

D1oo111, D1o1110, D201110, D1o1o11, Dot1111, Di11110, Di11111 (4.1)

where we use the definition in Eq. (2.3).

Let us denote, for brevity, the integrals in Eq. (4.1) as fi,..., f7 in this very order.
Then, the functions f1(2),..., f7(z) obey a system of linear differential equations in the
variable z, which reads:

21+ 2)fh + %(d —4)2(1422)fr =
(d—=3)zfs+(d—3)zfs+(d—2)zfy —22(1 + 2)f3 — (3d — 8)zfo — (d — 2) f1,

1
2§~ 5(3d = 10)f5 =0,

f5=0,
2fy —(d—3)fs =0,
zfy—2zf3=0,

1
—5(4—d—162+5dz)f3:0,

2~ 5d=2)fi =0, (12)

2= Dy + 3d=3)(3d - ),

where f; = df;/dz.
To solve the system in Eq. (4.2), we substitute the following collective ansatz:

oo K
fj = Z Z cj7n7kz“’“+" . (43)

n=0 k=1

The exponent shifts uy are determined as usual in the Frobenius method from the indicial
polynomials. Actually, it is easy to establish that p; can take the values 0, —, —2¢, —3¢.
Therefore, we have, for each value of j, four different solutions f;l), fj@), f]@), fj@, cor-
responding to different values of ug, and the solution we are looking for is the linear
combination

4
fi=Y 0, (4.4)
k=1



with unknown constants C; ;,, which should be determined from the boundary conditions
at z = 0. Thus, for each value j = 1,...,7, we need four boundary conditions, one for each
value of .

The boundary conditions correspond to the expansions of the integrals in Eq. (4.1)
about z = 0. Following the standard rules of the large-mass expansion [2, 3], we should
take into account the four hard subgraphs {123456}, {23456}, {356} + {245}, and {5}.
These four subgraphs provide the four boundary conditions for Eq. (4.4).

5 Results and discussion

We present the terms of the € expansions analytically in terms of the bases Re H; and
ImH;, 5 =1,...,6 in Appendix. In each case, we take the prefactor in such a way that
the terms of the expansion are homogeneous in the weighs. In some cases, this requires us
to evaluate additional integrals (with dots on lines) and to re-express the original integral
with the help of integration-by-part relations. Moreover, we find that, with the suitable
choice of prefactors, the elements of the expansion are expressed in each case either through
the Re H basis or the Im H basis. This feature is a convenient property which allows us
to reduce the length of PSLQ vector. In addition to the analytic expressions, we also give
their numerical values accurate to 50 decimal figures.

There is, of course, a certain degree of arbitrariness in the choice of the basis elements.
We just use the lexicographical ordering of the three-letter alphabet {—1,0,1}. The sets of
basis elements and the transformation between different bases (with arguments w and w?),
as well as all analytic results can be found in the attachment in a Mathematica-readable
form. In addition, we give the numerical values of all basis elements both for Az, and
Ap (w2 to an accuracy of 20,000 decimal figures.

5.1 Integrals evaluated in terms of I' functions

Four of the integrals in Fig. 1 can be evaluated in terms of I' functions, namely

Vi=e"T'(-1+¢), (5.1)
5. T(2=3e)(1 — e)T%(e)T(—1 + 3¢)
By = T2(2 - 26)T(2 —¢) ’ >3
3(1 _ _ _
BN — 63'75F (1 S)F(F(12+265))I’( 2+ 3¢) ’ (5.4)
BN, — ¥ I2(1—e)l'(e)I%(—1 + 2e)T(—2 + 3¢) . (5.5)

(2 —e)'(—2+ 4e)
5.2 Two-loop integral T111

The two-loop integral T111 was considered in Ref. [28], where its representation in terms
of the hypergeometric function 4F3 was given. The construction of its € expansion was



discussed in great detail in Ref. [29]. There, the expansion to all orders in £ was found in
terms of log-sine integrals.
We found that T7111 can be written in terms of our bases as

e?°T?(1+¢) 3v3
V3(=1+¢)(1 —2¢) \ 2¢2

+ T 4 e 4 272 4 ST 4 AT 1+ )

T111 =

(5.6)
where T®*) are expressed in terms of the homogeneous bases Im H, k+2- They are presented
in the Appendix.

It should be noted here that, in Eq. (5.8), it is necessary to take out the factor I'*(1+4¢)
to avoid the mixing of the Im H and Re H bases. This mixing occurs, since (x € Re{ A}y,
while ; & Im{A} ) and V3G, ¢ Im{A} -

To the accuracy of 50 decimal figures, we have

Ti1=— % - 2%
—9.4515402422381513188062793166606221801853203373564
— 24.208928021203592678721338219570948925801493085960¢
— 38.717599744915838872316613641777943709417494962957¢>
—101.95399100959711442266247857697577872945662436761<>

— 152.48276547467415258599823439719064567392808286431* + . . . (5.7)

5.3 Diagram BN

The integral BN belongs to the class of so-called ‘QED-type’ integrals. These are the
integrals with an even number of massive lines at each vertex. They have an especially
simple structure and were considered in Ref. [30] though weight six. We have

6375 FS(l + 6)

BN =000 290 392 -39

R — ( (
X <€3 - @ + EBN(l) + EQBN(Z) + EJBN\‘S) + 54BN\4) + .. > ) (58)

where Bik) are expressed in terms of the homogeneous bases Re Hy.o and are explicitly
given in the Appendix.
Numerically, we have
2 23
S 32

1
+ 22.434802200544679309417245499938075567656849703620—
€

BN =

+39.429294629102082115299964760073056361154617945864

+ 62.927093755359100705477989920486998916962128778534¢

— 126.33666539901207007224982170333707283310295118164¢2

— 584.7785019449263836075189997309859997236597 73745173

— 4108.8159602165199632668134484734533423368833382544* + . .. (5.9)



5.4 Diagram BN;

The diagram BN was previously considered in Ref. [31]. There, its explicit representa-
tion in terms of the hypergeometric function gFp of argument 1/4 was obtained. The
corresponding € expansion, through weight-five polylogarithms, was constructed in terms
of log-sine integrals.

In order to keep the property of the weight homogeneity and to separate the real and
imaginary bases, we write BNy in terms of the additional integrals BN, which is BNy
with additional dots, and V1,

9 (BN?” +eBNY 42BN 4+ BN 4 BN 4L )
2v/3(1 — &) (=14 2¢) (=2 + 3e)(—1 + 3¢)
(=1 +¢)%(—4 + 15¢) 3
A% 5.10
T2 (243 (1430 1 (5.10)
Numerically, we have
1 15 1 /65 3
BNy = -+ > 4+-(24°2
! €3+4€2+8<8 +2<2>
+ 21.761988509912961923611112300835065104056263673628
+ 7.8517428364255311757755955915256850308098967304537¢
— 71.052070175912095038002576965797146234900221815177¢>
— 716.82162754590202527205013899706978778657937882568:>

— 2486.5823094068232493409812154539302262366876271196c% + . . . (5.11)

BN; =

5.5 Diagram Eg

The integral Eg was also considered in Ref. [31], where the same analysis as for BNy can
be found. Our representation of this integral reads:

1 Lo 50 () | _250) | 370
Ej = ~E E! E! E! B+
3 \/3(1—5)(1—2»3)2<6 3 Tt Lyl telg fetgy fethg + )
3T (1 — e)(1 +2e)%(1 +¢) ) 1—e T(1+29)(1+ 3¢)
2e3(1 —¢e)(1 — 2¢)? 3(1—=3¢) T(1+e)'(1+4e)

) . (5.12)

where E:gk) are expressed in terms of the homogeneous bases Im Hy,3 and are explicitly
given in the Appendix.
Numerically, we have
2 11
3e3 ' 3e2

1
+ 13.774007275662264537042486899983634774794795287960g

Es =

+ 55.659622461206330171361395086424121982538065496717

+ 151.93523620176745531459840301896170801637068885020¢

+ 574.65405761296725286615112197885868312967183890132¢>

4 1417.6830429498080864815903343175553853260055772458° + . . . (5.13)



5.6 D-type diagrams

For all diagrams of the mercedes type, we have the same representation

1 2G50 . 1) L 252
D,=— (£, p D D@ 4. ), 14
A= o)(1=29) < - + D, +eD,’ +e° Dy + (5.14)

where all Dg(gk) are expressed in terms of the homogeneous bases Re Hy,4 and are given
explicitly in the Appendix.

It should be noted that the integral Ds is sometimes replaced by the fully massive
three-loop integral with 5 lines. The latter integral was considered in Ref. [32], where,
again, the hypergeometric representation was presented.

Numerically, we have

_%
g

—10.035278479768789171914700685158900238650333496003
+ 41.876702083031576174334902670970991466431593917007¢
— 146.80128953959941603962375965123680914875429640084¢% + . . . | (5.15)

_%
g

— 8.2168598175087380629133983386010858249695083391726
+ 36.473684211550968259944718569763658485586503339935¢
— 122.502843928073614386264527785288135412843194340622 + . . . | (5.16)

2%
g
— 5.9132047838840205304957178925354050268834109915340

+ 31.793875865203350915027031305982932318904242706405¢
— 95.5318685850604815415309964609914959635073262045062 + . . . | (5.17)

_ %G
€
—3.0270094939876520197863747017589572861507417864174

+ 28.736435119523636809010469958622996315186640636723¢
— 63.461003588316921857688768719288636938911285487969¢% + . .. | (5.18)

_ %G
€
— 2.8608622241393273502727845677732419175614414620201

+29.006674437837759083319026315817224175180046773850¢
— 62.361396342296251606481070393459830940783578107024¢2 + . .. | (5.19)

_2%
e
+ 1.1202483970392420822725165482242095262757766719791

+ 0.681035275345890550785882982356275565304510792838¢

De¢

D5

Dy

D3

D

Dn

~10 -



— 13.303460640858248361888942340988906552580290997554¢2 + . .. . (5.20)

6 Conclusions

In this work, we considered the three-loop massive vacuum bubble diagrams and con-
structed the pertaining bases of irrational constants through weight six, which are har-
monic polylogarithms of argument w = /3. These bases are smaller than the bases of
the algebra of the sixth root of unity. Nevertheless, we found by explicit calculation that
such reduced bases are large enough to describe all the three-loop single-scale vacuum in-
tegrals. We presented the results for all relevant master integrals both numerically and
analytically in terms of the introduced constants.
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A Master integrals in terms of harmonic polylogarithms of argument es

In this Appendix, we present terms of the € expansions of the relevant master integrals.
For the elements of the bases Re Hy, and Im H}, we introduce the following short-hand
notation:

Re Hnl...nw (W) = Rnl...nw 9 (Al)
Im Hnl...nw (w) = Inl...nu, . (A2)

Then, the coefficients T', B, E, and D introduced in Section 5 read:

_ 72 180 148 144 360
PO _ T2, 180, 148 4,360,
6 11731, 1,10 + 11 Ri-111+ 11 R1,0,1,0 11 Ri1,-10+ 11 Ri1,-11
540 33587
=R =R A3
+ 11 1,1,1,—1 55 1,1,1,1 ( )
D 7712
DY =156R1 11,10 — 16R 101,10 — 16R10,1,-1,0 — 468R 10,111 + g7 11100
7084 15884 5632
——Ri1— —Ri1— —Ri1— — 36R _
g7 LL-101 + 37 1,1,-1,1,0 T 59 LL-L11 1,1,0,1,—1
13708319R1 1011 9448 15640
— L R _ —R _11— 108R _
15138 + g7 SLLL=10 + 29 1,1,1,-1,1 1,1,1,0,—1
59151355R11.1.0.1 51713387R111.1.0
_ yLyLyy 2 _ _ yLyLyLy A'4
45414 T 992R1 L1 22707 (A-4)
_ 8592 4320 2848
D((;Q) =—624R1, 111,10 — TRL—LL—LLO + TRL—LL—LM + TRI’_LLO’I’O
10320 8640 12960
- TR1,—1,1,1,—1,0 + TRL—LLL—LI +144R1,—1,11,0,-1 + TRL—LI,LI,—I

- 11 -



391256

Ri—1,11,11 +32R10,-1,-1,1,0 + 32R10,—1,1,—1,0 + 1976R1,0,-1,1,1,1

55 bl bt ] b bt ] b
5024 17432
+32R1,01,-1,-1,1 + 32R10,1,-1,1,-1 + ?Rl,o,l,—l,l,o + TRl,O,l,—l,l,l
53444 11104 12776
—— TR 64R 1 —TR _ — TR _
99 1,0,1,0,1,1 + 1,0,1,1,—1,—-1 t+ 33 1,0,1,1,-1,0 + 11 1,0,1,1,—1,1
39451 7768 96931 16128
—— TR —TR _ —TR - —Ry1_1_
99 1,0,1,1,0,1 + 11 SLoLL1 -1 + 99 1,0,1,1,1,0 11 1,1,-1,—1,1,0
6000 19584 14640
TRLL—L—LLI - TRLL—LL—LO + TRLL—LL—LI +288R1,1,-1,1,0-1
5696 23280 2128 372192
— TR1,1,71,1,0,1 + TRl,l,fl,l,l,fl — TRLL*LLLO - 1,1,-1,1,1,1
12064 1405771580504R11.01.—1.0
77?’ _ 208R 1 yLyVUy Ly )
+ 3 1,1,0-1,1,1 + 1,1,01,—-1,—1 t+ 52401195
| 449711597968R 110,111 820125684944R 1 101,11 44309295476R 111,110
17467065 17467065 1940785
42581643956R 1 11111 _ 5328, . 56916979364R1 111,01
1940785 5 bbL=LOA 7485885
113800854256 R 11101  44868241556Ry 11 11,1  42534744232R 111 11,0
7485885 1940785 52401195

104647550068R 1,11 1,11 179716135264R 11,1010

+432R11,1,0-1,-1 +

17467065 o 1940785
26026002432R 1 1,00,-11 , 37024, 2350091860163R1.1.1.0,0.1
277255 5 O LLLOOA 471610755
009009749728R 1 11011 1515749720887R 11010  163974915824R1 111 1.1
5822355 471610755 1940785
551982130556 R 1,1,1,1,-10  280123847084R 11111  19847388288R 1 1,101
17467065 17467065 55451
8283679238293R 1 11,100  4590966964R 11111 14507424807748399R 11,1111
419209560 388157 2400927480
(A.5)
Dy’ =—26R_1110—26R1 110+ 3731,0,1,0 —26R1,1,-1,0 + 6R1,1,0,-1
616
+ T5R1’1’1’1 (A.6)
_ 1432 720 1424
DY —104R_. it » S ket ~ ity ~
5 04R 11110+ 11 R-11,-110 11 R-o11,-111 33 R-11,010
1720 1440 2160
—R_ 10— —R_ 11— 24R_ 11— —R_ _
11 R-111,-10 11 R-11,1,-11 R-11,1,0,-1 11 R-11,1,1,-1
195628 2572 668
_ 2 11— e 11— —_— _
165 R-11,1,1 +260R1 1,111 + 11 Ri—11,-11+ 33 Ri,-1,1,0,1
2284 674 1076 1316
+ TRl,—l,l,l,—l + ?Rl,—l,l,l,o + TRl,O,—l,l,O + TRLO,L—LO
360 720 14198
e -9 L= il
11 Ri01,-1,1 —20R1,0,1,0,-1 1 Ri1,01,1,~1 33 Ri01,1,1
4864 11992 759664R11-101 5008
—Ri1-1-11— —Ri11— —— Ri1-11—
+ T 105 LL 1,00 + 4455 T
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2357524Rq1 1. — 198584 926
LLoLLO Rig,-11,1 —24R11,0-1,-1 — ﬁle,l,O,l,fl

4455 135
| 559454947 R 000, 6012 850436., ~ 5116084R 1,111,
775170 11 hbLmLet T g MLLLSL0 1485
3514, | 44410145Ry 1001 9I8444R 1101 2126TL6774R 11,10
33 " hLLOA 42282 1485 1162755
(A.7)
_ 5728 2880 5696
Dé2) =—416R-1,-1,-1,1,1,0 — TR—l,—l,l,—l,l,O + TR_L_M’_LM + WR—L—LLO,LO
6880 5760 8640
=7 R-t-un-no o Re-an -1 H96R-g 01 7 Rer-a,
782512 10288 2672
— R_q1_ —1040R_11 -1 — —— R 41-11-11— —R_11_
165 1,-1,1,1,1,1 1,1,-1,—1,1,1 11 1,1,—1,1,—1,1 3 1,1,-1,1,0,1
9136 2696 4304 5264
- TR71,1,71,1,1,71 - TR71,1,71,1,1,0 - TR71,1,0,71,1,0 - TR71,1,0,1,71,0
1440 2880 56792
11 R-11,01,-11 +80R_-1,1,0,1,0,-1+ TR71,1,0,1,1,71 + TRA,LU,LM
19456 3257312R 111100  117630944R 111101
e 11745 129195
_ 20032, _ B02082704R 111,110, 24202144R 1102100
bbb 129195 3915
3704 38639896921R _1 1.1.0.1.1
+96R_111,0,-1,-1+ TR_I’I’I’O’I’_I + 11239965
24048 123547352R 111110  649919504R 1111 1.1
e 25839 43065
14056 | BB865T6T99R 110,101, 41605936R_11,0.11,-1
33 o bLLLOAL 613089 1485
357300160814R_11111.0 10288
oo 1040R 21 -1 — _— 111
3371080% 1,-1,—1,—1,1,1 1 RL-1-11-11
2672 9136 2696
~ 33 Ri-1,-1,1,01 — TRl,fl,fl,l,l,fl - TRl,fl,fl,l,l,O
576, 387824 | 18241792Rs 11,1
1 *L-11-11,-1 o1 RL-11-110 1315
35584 _ 28792 9296288R 1. _1.1.0.1.0
5 R1-110-11 ~ —5a— Ri-1101,-1 1039
14864, 5392193704R 1 111,10 . 5442000016R 1 111,11
T 1421145 473715
32280 6570705136 R, 11111  25996220167837R1._1.1.1.1.1
———Ri-1110-1+
11 473715 1854594225
64 4 208 47936
—Ri0-1_ —Ri0-11-10— —Rio0_— - 1
+ 3 *10,-1,-1,1,0 + 3 *10,-1,1,-10 3 ML0,-1LL1 33 1,0,1,—1,—1,1
47936 540736, 345216128R 1 0.1 111
35 /R101,-11,-1 363 [101,-110 94743
49280509019R 101011 95872
SOR _ _ Iy LyYy Ly _ R _ _
+ 1,0,1,0,—1,—1 + 148367538 33 1,0,1,1,—1,—1
634920920R 1 0,1,1,-10  676898224R 10,1111 387546944255R1,0,1,1.0,1
852687 284229 222551307
352181812R 01101, 4241416264027 Ry 01000, 10456,
94743 445102614 11 hheheleid

~13 -



18880 1901200 19253152R 1 1 1
Rit-1,-11,-1— %5 Ri1,-1,-1,10+ 1,1,-1,-1,1,1

11 363 1815
824 53776 B754526792R 1.1 1110
+ ﬁR1,1,—1,071,—1 + TRl’l’_Ll’_l’_l - 1491145
965522608R 11,1110 _ 3AT44  1791826416874R 111,10,
94743 11 hhohhe 370918845
201931024R1 1 1111  5946278372713R 1 1110  181225331611139R 11 1,111
94743 370918845 1854594225
824 61094644559R 1 10111 93400
+96R11,0,-1,-1,-1 + 11 Ri10-1,1,-1 — 11239965 33 Ri,1,01,-1,-1
71673534978119191589R1,1,0,1,—1,0  27778395373685590393R1,1,0,1,—1,1
588987597758175 196329199252725
30808700428404512639R 1 101,11, 92688
196329199252725 11 bhbehehed
 A9T67882A47TI21799173R 10,110, 50254587600763374613R 1 1,1,-1,-1.
392658398505450 392658398505450
 191463192286R 11,1101  30945325345674631R 1,11, 1,0,
18733275 692519221350
 15249620583030690367R 1,11, 101, 43031534692552744213R 1,1, 1.1,-1
168282170788050 392658398505450
41886306721880707250R 1.1 110 . 108791082954484641911R 1 11 111
1177975195516350 392658398505450
14056 89657794477349654246R1,1,1,0,—1,0
33 bbLLO-LAL 196329199252725
AT6T5TTT59273275116R 110,11 1559414393279R 1 110,01
9349009488225 33719895
13690397558977227041R 1 11,001 15533573816964260686R 1,1,1,0,1,1
848142140771772 21814355472525
_»88230948250575031858973L144LL0_+ 88944543800158224026R1,1,1,1,—1,-1
21203553519294300 196329199252725
54362172151172329627R 1 111,10  187944687444042632053R 1 11111
392658398505450 392658398505450
557811878457413554R 1 11101  355643681672062658107R 1.1 11,00
322379637525 18847603128261600
13865776375815235211R 1 1 1111 3656464529968891203697567R 1 1.1.1.1.1
26177226567030 107945363370952800
(A.8)
_ 2742
DY =12R10.1,0 - —5 R (A.9)
_ 15539
DS) = —56R1,0,-1,1,0 — 96R1,0,1,—1,0 + 198R10,1,1,1 + WRI,LO,l,l
152353 219164
— R — R A.10
F95  SLLLOL 6L FLLLLO ( )
Df) =304R1,0,—-1,-1,1,0 + 304R10-1,1,—1,0 — 1020R1,0,—1,1,1,1 + 304R1,0,1,—1,-1,1
608 2602
+304R10,1,-1,1,—1 + ?R1,0,1,—1,1,0 —1628R10,1,-1,1,1 + TRI,O,LO,LI
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2128 3733
+608R10,1,1,—-1,-1 + TRLO 1,1,-1,0 — 2640R10,1,1,-1,1 + —=R1,0,1,1,0,1

b ] b bbb | b 18
18773 4144
—3756R10,1,1,1,~1 — TRLOJ,LLO - TRl,l,O,—l,l,l + 608R1,1,0,1,-1,~1
| 84256336R1101,-10  69730720R 110111  104376080R 110,111
136107 45369 45369
17755424R1 11110 17755424R1 111,11 21428960R 111,100
45369 45369 136107
4285792R1.1,1,-1,0,1 177554241€L1Jr—L1r4,+_30612807€L1Jr—L10
15123 45369 136107
6734816R 11,111 20198672R1 110,10 , 120077548R 11,0010
45369 5041 45369
1187408470R1 11001 190647580R 111011  3293614283R1 11010
1224963 45369 1224963
© T1021696R11,11,-1,-1  26327008R1110-10  7959328R1 111,11
45369 45369 45369
T07222044R 11,0001, 4181188881R 110100 , 3061280R11110,01
45369 1088856 5041
25498178108029R
1L,1,1,1,1,1 (A11)
68597928
_ 2454
DY) =12Ry 01,0 — = RiiL1 (A.12)
_ 8565
Dg(),l) =—T2R1,0,-11,0 — 72R1,0,1,-1,0 + 234R10,1,1,1 + KRLLO,M
12469 21182
— R TR A3
rg RLL101 50 11110 ( )

D =432R1 0 1. 1.1.0 + 432R1.0, 11,10 — 1404R1 01111 + 432R101. 1,11

ytyds

+432R101,-1,1,—1 + 288R1,0,1,—1,1,0 — 2268R1,0,1,—1,1,1 +426R1,0,1,0,1,1

597
+ 864R1,0,1,1,—1,—1 + 1008R1,0,1,1,—1,0 — 3564R1,0,1,1,—1,1 + 7731,0,1,1,0,1

byt 1oty

—5292R101,1,1,-1 — gRLO,LI,LO — 1872R1,1,0,—1,1,1 + 864R1,1,0,1,—1,—1
4434544R1 101,10 10551648R 110111  16021968R 11011, 1
B 5041 B 5041 B 5041
2803488R 111, 1,10 2803488Ryi11 111 1127840R111. 100
5041 B 5041 B 5041
2030112R1 11,101  2803488Ri11 11,1  161120R1 11 110
5041 B 5041 + 5041
1063392731,171,71,171 287033767?,17171,077170 210683647?,171,17077171
B 5041 B 5041 5041
64500970R1 11001 . 30789948R1 11011 . 171036689R1 11010
B 45369 + 5041 45369
1121395272L1JJw—L—1 415689673L14Jj_1p 125673673L1Jgﬂ_1g
B 5041 B 5041 B 5041
112583712R 1 11101 216348149R1 11100  4350240R 111111
5041 40328 5041
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1158178961791R1,1,1,1,1,1

L1, (A.14)
2540664
DY) =8Ry 010 — 392R1 11 (A.15)
] 21209
l?ﬁf =—16R1,0,-1,1,0 — 16R1,0,1,-1,0 + 4R1,0,1,1,1 — ‘1?1*7€1J4LL1
192041 178807
— - ——R A.16
Fop F1L10.1 6L FLLLLO ( )
ng? =32R1,0,-1,-1,1,0 + 32R1,0,-1,1,-1,0 — 8R1,0,-1,1,1,1 + 32R1,0,1,-1,-1,1
64 148
+'327€L0J;—L1;4,+‘?;7210Jv—1J1)_‘7272L0J;—L1J'_ ‘§*7QLOJJLL1
224 1529
+64R1010,-1,-1+ 5 Rao11,-10 — 168R1011,-10 = =5~ R101,101
160
_'296TQLQ1JJw71_‘47973L0JﬁL10'+"§*7€Llﬂ,—LlJ,+‘647%L1£JW—L71
88690887@171,071’7170 n 1676416731,170,1771’1 B 19704647?,171,071’1771
136107 45369 45369
1868992R 11,1110  1868992R111, 1,11 2255680111100
45369 45369 136107
451136R 111,101 1868992R111, 11,1 , 322240R111-1,10
15123 45369 136107
7089287?,17171’_17171 B 212617672171’170’_170 271118487?,17171707_1’1
45369 5041 45369
262086220R 11,1001 , 33592004R 10011, 1398989602R 11,1010
1224963 45369 1224963
TATSO68R L1111 207T1264R1111 10  837824Ry111 14
45369 45369 45369
924775047?,1’171,170771 491773277?,171’171’0’0 3222407{1’1’171,1771
45369 20164 5041
18919501463R
5318 1,1,1,1,1,1 (A.17)
34298964
_ 72 180 60
PV —_ 2R, SR =R
N 11 1,10 + 11 1,:LL1+-11 1,0,1,0
144 360 540 10839
- — _ —_— _ —_ 1——0R A.18
11 Ri1,-1,0+ 11 Rii,—11+ 11 Ri11,-1 F RLLLL ( )
_ 328 428 428 528
DY =_"CR,,_ R S R 110 — =Ry
N 29 Ri1,-100+ 59 "*1.L-10.1 + 99 NLL-L10 = 5a N1 -11,1
_A51079R 1000, 1684, s © 4056811R1 1,10,
5046 99 hLLTLOT Togn ALLL=LL 15138
3533174R111.1.0
_192R L 111, A.19
1,1,1,1,—1 7269 ( )
p@ _ 232020872Ra100, 10 | 242078240R 10011, 484356480R 110,01
N 35287 35287 35287
110839452R 111110  110839452R1 11 1 11  6313068R1,11,- 1,00
35287 35287 5041
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11391752R 111,101 110839452R1 11 11,1 5849296R1 11,110

kit

5041 35287 35287

4400084y 11,111 691680096R1,1,10,-10 , 103164600R1 110,11

35287 35287 5041

| B21226763R1 11001, 1448686920R: 1100,1  BATH2883R1 11010

sLatytydy

(A.20)

317583 35287 317583
443357808R1 111,11 166918020R1 111,10 46386708R1 11,1, 1.1
35287 35287 35287
A12658400R 11,101 3381227415R 11 1100 | 182067300R11.1,1,1,1
5041 282296 35287
21952587521807R 111,111
17784648

E:,()_l) =610
E‘:go) = —12171,1,0 - 1211,71,0 + 311,171
E:gl) =247 1 110+247 11, 10— 62 1111 +247y 1,11 +2404 11,1

37
+ 167y, 11,0 — 5421, 11,1 — 311,0,1,1 +48711, 1,1 +56Z11, 10
1529 1437

7 — 2227 11—
19 11101 1,1,1,—-1 1

—126Z11,1,1 — 1,1,1,0

E§2) =487 11,110 —48Z 111,10+ 1271 1111 — 481 _11,-1,-1.1

E

3)
=96Z1,-1,-1,-11,0 1t 96Z1 1 11,10~ 2471 —1,-1111 +96Z 1 -11,-1,-11

byl

74
— 487 11,-11,-1—32Z_11,-1,1,0 +108Z_1 1,111 + EI—1,1,0,1,1
1529
—96Z_111,-1,-1— 1127 111,10+ 2522 _111,-11 + 7171,1,1,0,1

1437
+4447 111,1,-1 + Tzfl 1,1,0,0 — 4871, 11,110 — 4871, —1,-1,1,-1

sbydsty byt

=327y, 1,110 — 11274y 11,10 + 9621 —1,1,—1,1 — 80Z1,-1,1,0,—1

11841
+ 1447 _111,-1 + 1 Zi, 11,10 +90Z1 91,11 — 80Z1,0,1,—1,—1

8105 21503
7 2507 _
36 110101 + 1,0,1,1,—1 + 36

17253671'1717,170’0 4120611—1717,1,071

+130Z1,01,-11 + 1,0,1,1,0

111 -1-1-1— 172771 1 _
+96Z1,0,-1,-1,-1 — 172113, 1,10 + 4161 8322

1334797T1,, 1,10 | 14659325T11,-11,1 , 771
— 268711, -1,1,-1 — Yo7 + 2774

+ 711,1,0,71,1
131632471 1.1 1.0

(A.21)

(A.22)

(A.23)

253406711001 10810507 10,1
| 52534060001 | 1081050 10001 ypop

12483 1387 b 1387
4081508173,1,1,1,1 , 1357934 176868280771.1.1.0.0

I -
5548 657 ~ LLLO—L 898776
1445984173 1111 3591211175T 1111

1387 112347

sLyty

148

+96Z_1,-11,-11,-1+647 1 11,110 — 21621 11,-111 — —5Z-1,-1,1,0,1,1

3
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1529
+1927_ 1 _110,-1,-1+2247 1 _11,1,-10 — 50471 111,11 — Tl—fl,fl,l,l,o,l
— 88871, 1,1,1,1,-1 — 143721 111,10 +96Z11,-1,-1,-1,1 +96Z_11,-1,-1,1,—1

sLytsty yhsdyty

+647 11,1110 +2247 11,171,100 — 1922 11, -11,-1,1 +160Z_11,-1,1,0—1

11841
—2887 11,-1,1,1,-1 — TIfl,l,fl,l,l,l —180Z-1,1,0,-1,1,0 +160Z_11,0,1,-1,-1
8105 21503
—260Z-1,1,0,1,-1,1 — T81_1’1’0’170’1 —900Z-1,1,0,1,1,-1 — TI—LLO,LLO

34507341;1JJ1_LOQ 4120611L4J1L_1QJ

1927 4411 4344 g 1 —
9 1,1,1,-1,-1, 1+3 1,11,-1,-1,1 4161 4161

13347977_111,-11,0 146593257_111 111
5361'_ _ _ [t at) Uit} _ 17 Uit}
+ 1,1,1,-1,1,-1 1387 1387

105068127 _ - 2162100Z_— -
1,1,1,00,-1 LLLOL=L 4 99047 | 114 -

12483 1387 e
26326487 111110 408159817 1111 11 2715868
1387 2774 657 ~ bbbLOT
17686828077 111100 289106827 111111  7182422350Z_1111.11
449388 1387 112347
+96Z1,1,-1,-1,-1,1 + 9671, 1,—1,-11,-1 + 647y 11,110+ 22471 1 11,-10
11841
—1927y 4, 11,11 +160Zy 1 11,01 — 2887y, 1,-1,1,1,-1 — 5 Ty 111,11

2590

+ 24871 11,-1,-1,1 +44071 11,111 + 3
75984371 11011 1391964571 1101,

1,-1,1,—-1,1,0 — 1060877 _11,—1,1,1

—320Z1,-11,0,-1,-1 —

— 7712 11,1,0,-1,1

+ 152021, -1,1,1,-1,—1

1387 12483 1L
7073822-’[177171,1,71,0 403217211—17,171’17,171 + 62713299551'1’,1’1’170,1
4161 2774 898776
2686239571, -1,1,1,1,-1 , 6038799457T1 11100  o0s
1387 299592 1,0,1,-1,~-1,—1
277814945T1 01,110 , 2125810601 0,1,-1,11 585
N — —71,0,1,0,—1,1
137313 45771 2
585 227228725071 0 1010 1280
—_— 71- _ 9 I IV I _ .
9 1,0,1,0,1,—-1 1235817 + 3 1,0,1,1,—1,—1
22137586071 0,1,1,-1,0 | 4419865 2624160710110, 1
137313 gog ~MObbTLE 1387
8631917571 01111 7230866663213 01 1.1.1
Iy bt 9 _ Iy 9 9 1921’ _ -~ _ _
45771 74149020 + 19201111211
2590 30479
+ 152711, —1,-1,—11 +344711,1,—11,-1 + 3 TLL-1-110 — T3 1,1,—-1,—1,1,1
42696371 1 _1.01.— 83605
B 1;,;37 ROLEL 44Ty g 1 1o + 160170 10 -10 — 6 Tia,-1,1,-1,1
2419561 | B375T988TT11, ni01  TRAB3IIRTI 4 110
657 b hLOA 112347 1161
24602317907Z1,1, 1,110 2981940259711, 1100 oo
898776 224694 1,1,0-1,-1,1
_ 121894071,1,0,-10,-1  128479967671,1,0,-1,10 | 17260688581094342371,10,1,-1,-1
1387 411939 31412461173192
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33084411203515771101,-10  335938955928166355Z1,1,01,-1.1

387808162632 62824922346384
966683570076157971.1.0.1.1,—1 3216314451092588971 1 1,110
- —7841y11,-1,-1,-1 +

296343973332 R 1903785525648
B 52473680391301577Z1 1,1,—1,~1,1 n 910517365657338137Z1,1,1,—1,0,—1
1903785525648 62824922346384
263100146907443657T1 11100 46280134588267057Z1 11, 1,0.1
17134069730832 188474767039152
57799520399301857T1 11,111 931530505381579307Z1 11,110
1903785525648 62824922346384
1778265423341603573Z1.1.1. 111 16162415864520518371 11,0, 1,1
62824922346384 10470820391064
67738084863003155Z1 11,010  2570963697714744171 1 10,11
5235410195532 2326848975792
~12017506270731392417 1,1,0,0,-1
205608836769984
37123461223687789039459901Z1 11,000  15065768752177753Z1,1,1,0,1,-1
489612210823627499520 183698603352
5890725611419818825578737Z1,1,1,0,1,1 B 2641792499452155803Z1,1,1,1,—1,—1
25769063727559342080 31412461173192
23206255041523773771,1,1,1, 10, 709822530971820472T1 111,11
3306574860336 3926557646649
1140348451560297014117; 11 101 497108468757262704945911459T 11101
1130848602234912 979224421647254999040
19072578396451593155Z1 11111 160662586785011672453801383Z1.1.1.1.1.0
31412461173192 326408140549084999680
(A.25)
BNW =112R; 1 (A.26)
- 2304 5760 1920 4608
BN® — _ B B — _
11 Ri~1,1,0+ 11 Ri—1,11+ 11 %1010 11 Ri1,-1,0
11520 17280 593952
- _ — e A2
+ 11 Rii,-11+ 11 Rii1,-1 £r Ri111 (A.27)
. 36864 52992 52992 69120
BN® — _ 2% ——Rqyi_ ——Riq— - ——Ri1—
29 1,1,-1,00 + 29 1,1,-1,0,1 + 29 1,1,-1,1,0 29 1,1,-1,1,1
3282240 22348873 304128 98207367€
BT 59 1,1,1,—1,0 29 LLL=11 =~ K110
19524608
- 2764872,171’171,71 — TRLLLLOR (A28)
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