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Experimental Confirmation of Radiative Corrections to
Bremsstrahlung and Pair Production at High Energies
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(Received 10 July 1967)

Radiative corrections to bremsstrahlung and pair-production cross sections have been detected experi-
mentally by measuring the thin-target bremsstrahlung spectrum of 5-GeV electrons with a pair spectrometer.
Deviations of up to 5'Po from lowest-order calculations have been observed and found to agree with pre-
dictions for radiative corrections given by Mork and Olsen.

INTRODUCTION

ECENTLY Mork and Olsen' calculated the
radiative corrections to bremsstrahlung and pair-

production cross sections, integrated over all angles at
high energies. These calculations offer the possibility
of comparing theoretical predictions of higher-order
effects with experimental results. For this purpose we
calculated radiative corrections using the method of
MO for an experiment in which the bremsstrahlung
spectrum produced by 5-GeV electrons in a thin target
was measured with a pair spectrometer. In this case
the counting rate at Axed photon energy will be pro-
portional to the product of the bremsstrahlung and
pair-production cross sections, and the sum of higher-
order corrections to these two cross sections should
show up as the difference between measured points and
lowest-order calculations.

THEORY

MO start out with the radiative corrections calcu-
lated by Brown and I'eynman' for the Compton effect;
these are transferred into corrections to the brems-
strahlung cross section via the Weizsacker-Williams
method. The contribution by the vacuum polarization
graph has no counterpart in the Compton process;
it is calculated directly for bremsstrahlung and is shown
to be negligible compared to the contribution from the
other higher-order graphs.

The results are given in the form

das=dgp~(1+V),
g& —p~(g)+ps(g) ln(gk/Ep) ) x= k/Ep ~ (1)

where do-0 is the lowest-order bremsstrahlung cross
section and do~ the bremsstrahlung cross section
including radiative corrections, Z'0 the primary energy
of the electrons, and k the energy of the emitted photon.
Ak is the maximum energy available for the emission
of a second photon in the same bremsstrahlung process.
F1 and F~ are given in Table I as functions of the rela-
tive photon energy x.

The validity of formula (1) is limited by the con-
dition Ak(&EO. In our case the outgoing electron is not

' K. Mork and H. Olsen, Phys. Rev. 140, 81661 (1965};will
be cited as MO in the following.' L. M. Brown aud R. P. Peyumsu, Phys. Rev. 85, 231 (1952).
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detected, and Ak is given by 6k=SO—k; thus the hk
will assume values which are comparable to Eo. There-
fore we applied the correct expression for the double-
bremsstrahlung cross section for energies of the second
photon greater than 0.02ED.

& = P&(x)+Ps(x) In(hk/Ep)

&o &dgD& dg
—B)-1

~
dk&, ak«E, . (2)

dkr dk I

k& is the energy of the additional photon, do-& is the
cross section for double emission of bremsstrahlung
given as a three-dimensional integral by MO. This
integral was evaluated numerically and agrees for small
kq with dg. p (ps/kj)dkq as derived from (1).The result-
ing correction b~ is plotted in Fig. 1.

The radiative correction for the pair-production cross
section is obtained from that of the bremsstrahlung
process by applying the substitution rule

Ep ~ —E+, k ~ —k, dk/k ~ (E+)sdE+/ks.

The correction for pair production then reads

dg P= dg pp(1+ g~)

8P = Gr(e)+Gs(e) ln(d, k/k), e= E+/k, (3)
subject to the condition Ak((k. Again Ak is the maxi-
mum possible energy of an additional photon emitted
in the pair-production process. G1 and G2 were tabulated
by MO.

When the energy of the bremsstrahlung photons is
determined with a pair spectrometer, pair-production
processes involving the emission of an additional photon
will contribute to the counting rate of pairs of energy
below that of the original photon. The difference in

TABLE I. F1a and F2 as functions of the relative
photon energy x=k/Eo.

x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
100F1 0.10 0.19 0.30 0.43 0.60 0.81 1.08 1.50
100F2 0.02 0.05 0.10 0.16 0.25 0.35 0.49 0.70

g 0.9 0.95 0.96 0.97 0.98 0.99 0.995

100Fj 2.30 3.25 3.60 4.07 4.79 6.18 7.78
100F2 1.04 1.37 1.48 1.62 1.81 2.14 2.46

a Our values of I'1 diGer from those given in Ref. 1.We thank Professor
Olsen and Dr. Mork for kindly rechecking them.
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Fxo. 1. Calculated eBect of radiative corrections on the brems-
strahlung spectrum as measured with a pair spectrometer using
symmetrical pairs only. b~, contribution from the bremsstrahlung
process; b~, contribution from the pair-production process.

energy is equal to the energy of the additional photon
that is not detected. Thus all photons having energies
higher than the pair spectrometer setting can contribute
to the counting rate at this setting via radiative pair
production, and the infIuence of radiative corrections
on pair production becomes dependent on the shape of
the bremsstrahlung spectrum. One has to integrate over
the probability of all such possible processes to obtain
the correction for the counting rate at any point within
the spectrum:

Ak
8~= Gt+Gs ln—+

so ides P(d—~ P) t

dk, k dk )
dl(k+kt)

X dk„&k«k. (4)
de(k)

' For an experiment on radiative corrections to the positron-
electron scattering cross section see A. Browman, B. Grossetete,
and D. Yount, Phys. Rev. 151, 1094 (1966).

dr~~ is the cross section for pair production with emis-

sion of an additional photon kt (see MO). This expres-
sion was evaluated in complete analogy to (2). The
correction 6~ was applied to our experiment for &=0.5
and is plotted in Fig. 1.

The sum of P and 3~ (Fig. 1) is the expected devia-
tion of experimental points from lowest-order calcu-
lations, if the bremsstrahlung spectrum is measured
with a pair spectrometer using symmetrical pairs only.

Deviations of up to 3% are predicted, but none had
been observed so far. ' We have therefore checked the
predicted higher-order effects by measuring a brems-

strahlung spectrum with maximum energy at 5.15 GeV

by means of a pair spectrometer.
Several requirements must be fulfilled for the ob-

served deviations from lowest-order cross sections to be
identi6able as radiative-correction eGects:

(1) It must be shown that the neglect of radiative
corrections is actually the dominating error in the
"lowest-order" cross sections used here for comparison.

(2) No uncontrolled sources of experimental devi-
ations are allowed that might mask the effect we are
looking for.

The lowest-order cross sections used here for com-
parison with experimental data are the Bethe-Heitler
formula with Coulomb correction4 for processes in the
field of atomic nuclei, and the formula of Wheeler and
Lamb' for processes in the field of atomic electrons. In
both of these formulas screening is accounted for by
using the Thomas-Fermi model of the atom. Apart
from the neglect of radiative corrections, the uncer-
tainties in these cross sections are due to the following
approximations.

Static approximation and neglect of Compton graphs
involve a relative error on the order of (q/cVc)', where

q is the recoil momentum transferred to the target
particle, and M is its mass. ' Since more than 90% of
the recoils in the cross sections integrated over the angles
lie below 1 mc (m= electron mass), this error is negli-
gible for processes in the field of the nucleus but not
necessarily for processes on target electrons. Here
additional exchange graphs have to be taken into ac-
count. According to Suh and Bethe, ' and Mork, '
however, the combined eBect of the Compton and ex-
change graphs on the cross section for processes on
target electrons is negligible at high energies; it con-
tributes an error of less than 1% to the Wheeler-Lamb
cross section in our case. Since this error enters into the
total atomic cross section with a factor 1/Z only, high-Z
material should be chosen for the targets so as to keep
the total error negligible. The use of the Thomas-Fermi
model introduces an error of less than 0.2% for Z) 20.
The errors due to the Coulomb correction, to the neglect
of nuclear form factors, ' and to the neglect of nuclear
magnetic moments are all below 0.1%, and are thus
negligible in this context.

Compared to the contribution of radiative correc-
tions, these errors are indeed small at high energies for
Z) 20.

EXPERIMENTAL ARRANGEMENT

Deviations due to the experimental arrangement were
kept at a negligible level by the following measures:
For measuring pure thin-target spectra, a thin titanium
foil of 80 p thickness (=2X10 s radiation lengths) was
used as the bremsstrahlung target within the electron
synchrotron. Multiple traversals through the target
were cut down by thick secondary targets in suitable
positions inside the synchrotron ring. A mean rate of

4 Bremsstrahlung: H. Olsen, Phys. Rev. 99, 1335 (1955);
pair production: H. Davies, H. A. Bethe, and L. C. Maximon,
sMd. 93, 788 (1954).' J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 860 (1939);
101, 1836 (1956).

6 J. D. Bjorken, S. D. Drell, and S. C. Frautschi, Phys. Rev.
112, 1309 (1958).' K. S. Suh and H. A. Bethe, Phys. Rev. 115, 672 (1959).

8 K. J. Mork, Phys. Rev. j.60, 1065 {1967).' B. J. Malenka and H. P. Smith, Phys. Rev. 132, 863 (1963).
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FIG. 3. Bremsstrahlung spectrum at 5.15-GeV electron energy.
Solid curve, theoretical spectrum without radiative corections;
dashed curve, theoretical spectrum with radiative corrections.
Theoretical spectra folded with the experimental resolution and
normalized to the same value at x=0.8.

lowest-order cross sections for bremsstrahlung and pair
production. The theoretical curve takes into account
the energy spread of primary electrons in the synchro-

tron during spillout, as well as the finite energy reso-

lution of the pair spectrometer. The experimental data
have been corrected for background (&1%) and ac-

cidentals (about 10%); the latter were measured

simultaneously. Experimental points below x= 0.4 have
been further corrected for the calculated detection

eKciency of the pair spectrometer. The estimated error

of this procedure is included in the error bars shown at
each point. Experimental points were normalized to
fit the theoretical curve between x=0.5 and 0.8, since

in this region the radiative corrections are almost inde-

pendent of photon energy (see Fig. 1). The normali-

FrG. 4. Relative difference between experimental points and
the theoretical bremsstrahlung spectrum (Refs. 4 and 5) folded
with the experimental resolution. Dashed curve, deviations ex-
pected from radiative corrections.

sation required the application of a factor of 0.97 to all
experimental points.

Except for the region 0.8&x&1.0 there is good
agreement between the experimental points and the
theoretical curve. Deviations above x=0.8 are plotted
in Fig. 4 and compared with the deviations predicted
by radiative-correction effects. Within the experimental
error there is satisfactory agreement between the pre-
dicted and measured deviations from lowest-order
calculations.

Two conclusions can be drawn from this result:
(1) The predictions by Mork and Olsen' on radiative
corrections to bremsstrahlung and pair production are
experimentally confirmed. (2) Within an experimental
error of 1%, no deviations of the shape of the brems-
strahlung spectrum from the predictions of quantum
electrodynamics including higher-order effects have been
observed.
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