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Abstract

A number of irreducible master-integrals for L-loop sunrise-type and bubble Feyn-
man diagrams with generic values of masses and external momenta are explicitly eval-
uated via Mellin-Barnes representation.

1 Introduction

The sunrise-type or watermelon Feynman diagram (see Fig. [I]) is a one of the simplest Feyn-
man diagrams which have been studied by physics community as well as by mathematicians
over the last 50 years [2]- [14].
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Figure 1: Sunrise Feynman Diagram

The diagrams of this type have a few different representations. Within dimensional
regularization [I] in the momentum space it is defined as
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where «; are positive integers and 2,p2 are some (in general, complex) parameters and
n is an (in general, non-integer) parameter of dimensional regularization. The parametric
representation for this diagram has the followmg form [J:

n L+1
J~F(a—§L)/O IL2 dxl ( Zx,)
where F' and U are Symanzik polynomials [I5] and a = Zf:ll a;. Using coordinate repre-

sentation for Feynman propagator and performing an integration over the angle, it is easy
to get [4] a one-fold integral representation for this type diagram:
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where J and K are the usual and modified Bessel functions, respectiverly, and Const. is
some constant (see for details [10,11]).

Applying the algorithm of [16], a Mellin-Barnes integral representation [17] for sunrise-
type diagram can be deduced [6] (see Eq. (IG)).

The aim of the present letter is to extend the approach described in [18,[19] to the
multivariable case with reducible monodromy. As an illustration, the number of irreducible
master-integrals of L-loop sunrise-type diagram is evaluated. Appendices [A]l and [Bl contain
some additional details of the differential reduction technique.
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2 Mellin-Barnes integral versus Horn hypergeometric
function

Let us consider the function ® defined through a K-fold Mellin-Barnes integral:

T (A+1)
. . _ K tj
(A, B {Ck}; 21, 2K) = /szldtjr(_tj)r(oj_tj)zj T (B=1) (4)
This function depends on K + 2 discrete parameters, A, B and {C;}, and K variables
Z1, -, 2m. Let us briefly remind some basic steps of the differential reduction procedure

[20] in application to Mellin-Barnes integral. The differential contiguous relations for the
function ® follow directly from Mellin-Barnes representation (see Eq. (4) in [19]) and have
the following form:

(A, B:{},Cj+1.{}1:2) = (C;=0,)®(A, B;{},C;,{};2) , (5a)
QA+ 1,B{Ci};2) = (A+)_0)8(A B {Ch}; 7) (5b)
®(A, B—1;{Ch};2) = (B=1=)_0;)0(4; B;{C};2), (5¢)

L Tt could be also rewritten in the projective space [2,3].
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where p
ejzzjd—zj’ Jg=1--,m.

We denote the set of differential operators on the r.h.s. of Eq. ({) as BZSJ_’ A respectively.
A linear system of partial differential equations (PDE) for the function ® can be derived in
two steps (see Eq. (3) in [19]): (/) at the first step we define the polynomials P and @ as:

b _ot;+1)
Q; o(t;)

These polynomials define the corresponding system of differential equations (step I1):

1
(Qj|t —0; (I) P|t —0; ) :

For the function under consideration we have:

pe (A—I— Z]K:l tj) (1 - B+ Z]I'iltj)
QF (1= Cj+1t;)(1+1t))

LY (6,~C)) 6,0 = —2 (Ze +A> (iﬁﬁ(l—B))(I), j=1,---,m. (6b)

To get the full system of PDE for the function ®, a prolongation procedure should be
applied [21] (the prolongation procedure consists in applying new derivatives to the system
of PDE) so that the differential system (Gh) can be written in a Pfaffian form [

dp = Qo , (7)

= (6a)

where the matrix {2 depends only on the values of parameters and singular locus of differential
system and vector-function ¢ is defined as (®,0,2,0,;®,---,60;, ,.. ;). The rank r of the
matrix €2 at the point zy (in our case zy = 0) in Eq. () is equal to the number of independent
solutions of the full system of differential equations (see Eq. (@) for function ®).

In accordance with the algorithm described in [20], the differential operators b, inverse
to the operators defined by Egs. () can be constructed so that

b;BI®(A B;Cj; ) = ®(A,B;Ci; ), j=1,-.m

The operators b, are defined up to modulo of full system of PDE. The differential reduction
has the form of a product of several operators b, and B;T and maximal power of derivatives

2 The condition of complete integrability is valid.
3Due to relation ,®(A, B; Cj; 7)) = —2,® (1+ A, B —1;C, — 1,{C;}) = —2,B;Bibs®(A, B; C;; 7)),
not all operators b, are independent.



0;, ---0;, is equal to the dimension of the solution space. In a symbolic form this can be
written as

(I +{A,B,C;}; %) Q0+§ Q;0,+ E Qibij + - | (A, B,C}; %) (8)
2,7=1
1<J

where I is a set of integers, {A, B, é} is a set of parameters, and (); are some rational func-
tions with respect to {z;} and A, B, {C;}. The number of symmetric derivatives 6;, ;, ... ;..
where i < iy < -+ < iy, is equal to #lm),

The solution of Eq. (Gh) for a generic, non-integer set of parameters can be written as
linear combination of Lauricella [21] function FéK) of K variables. For example, closing all
contours of integration to the right (see [16] for details) we get:

BB {C i) = 1 g IIGT (€)X FE(A 1= B (1-C {-5))

- T (A+C)T (=Cy) i
P ey

XFc(A—i‘Cj, 1—B—|—Cj; 1—01, ey 1—Cj_1, 1—|—Cj, 1—Ck; {—Zj})

K
Ciy Ciq F(A_'_Cl_'_C?)
b3 O (-0 x ()T (-0 x Lt )

J1,J2=1
xHKi'zl'F(C) x FSNA+C; +Cj, 1= B+Cy +Cy; {1—Ciy, 14Cy, 14+Cy {—251)
a7FJ1,J2
_I_
K I (A+Y05,C—C,
+Z Ci) X ( % ) XHfL{ 1(25,) MF( Ci.)
£ (2;,)° ( W (B-2E,6-G)

K K
xFG(A+Y " Ci=Cy 1=B+Y C5=Ci 1 = Gy, {1+ O {—2})

j=1 j=1
T (A+Zf:1 Cj)
r (B_Zjl'{zl Cj)

+IIE_ (2,)% T (=C;,)

KFUO(A+Y 05 1=B+>  Ci{l+Cihi{-%}) 9)

J=1 J=1

where Lauricella function FéK) is defined as

o0 jp
s
Dlab e {zm) = Y (@grrin B I, ,(p) , (10)
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and (a)r = I'(a+ k)/T'(a) is the Pochhammer symbol.

The holonomic [ rank  of system of differential equations, Eq. (6L), for a generic set
of parameters {A, B,C;} is equal to 2K [21I] (see also [22-25]). However, when parame-
ters A, B,{C;} satisfy some linear combinations, the additional differential operators are
generated so that the Puiseux type solution appear. The main questions are how to find
the corresponding linear combination of parameters and how to define the minimal set of
additional differential equations.

Our approach to these problems is based on studying the inverse differential operators:
the exceptional case of parameters, when dimension of the solution space is reduced, corre-
sponds to the condition that the denominators of functions @); entering in Eq. (8) are equal
to zero for an arbitrary values of z; [26]. The same recipe is valid (with some restrictions)
in application to Mellin-Barnes integral [27] (which can be treated as a particular case of
GKZ-hypergeometric system [28]). However, when Mellin-Barnes integral is expressible in
terms of linear combination of Horn-type hypergeometric functions there is a more simple
way to find conditions of reducibility and define the dimension of irreducible subspace of
solution [I8,19]. In our case, the system of differential equations is irreducible when (see

Appendix [Al):

Fo {ag_fZ, b¢ 7, a—icpg_fZ, b—icpgéZ}, (11a)

S1 52

o {Agz, B¢z, A+i0p¢2, B—iopgz}, (11b)
S1 Sa

where s;, S; are any subsets of {¢;} and {C};}, respectivelyly, while the first line in Eq. (1)
(Fcé corresponds to the set of exceptional values of parameters for hypergeometric function
Fc 1, and the second line (@) defines the exceptional set of parameters for the function ®.
The conditions defined by Eq. (I1D]) are invariant with respect to a linear change of variables
{t;} > {A1£> 4cqi.. ) ta}, in the Mellin-Barnes integral, Eq. ().

In a similar manner we can consider the function ¥ defined as a K-fold Mellin-Barnes
integral:

(A, D {CWY; 21, - ,ZK):/Hj;ldtjr(—tj)r (Cj—t;) 25T (A+H) T (D+7) . (12)

4We accept the following definition of holonomic function [20]: A function is called holonomic if it satisfies
a system of linear differential equations with polynomial coefficients whose solutions form a finite-dimensional
vector space.

5The dimension of the space of solutions of system of differential equations near some generic point is
called holonomic rank.

6This set of parameters coincides with condition that monodromy group of Appell function Fi is reducible
[22]. For a recent results concerning evaluation of monodromy for GKZ-system see [29].



In this case we have:

Pj‘l’ B (A + ZgK:l tj) (D + ZgK:l tj)

—J_ 13a
T -Gt 5
K K
LY (0,—C;) 0,0 = z; <Z@-+A) <Z 9j+D) U, j=1,---,m. (13b)
j=1 j=1
The system of differential equations for function W is irreducible when
v {A¢Z, D¢Z, A+Y C,¢Z D+> C, ¢, } (14)
51 S2

and S; and Sy are any subsets of {C;}. The solution of Eq. (I3L]) for generic set of param-
eters can be written as linear combination of Lauricella function FéK)

completeness, we present it here:

of K variables. For

<A D {Cj};{z}) =T (AT (D)1 (C)) x FEV(A, Dy {1-Cs}i{z})
+Z T (A+C/)T (D+C,)T (O)HfL;lF(O)
xFC(A+CJ,D+C’j; 1-Cy, -, 1=Cj1,14C;, 1-Ch; {2}

K
+ ) (2)T(=Cy,) X (25,) 72T (=Cj,) X T (A+C5,+Cj,) x T (D+Cj,+Cy)

Ji,j2=1
I,y T (Cu) x FSO(A+Cy,+Cjy, D+C5,+Chs {1=Ci} 14+C5, 14 Cs {25})
a#j1,j2
+
K K K
—0—21 JbF ) x I’ (A—F; Cj—0b> x I (D+;Cj—6’b>
K K
XTI (2,) 9T (—Cj,) x FS(A+Y 0 Cj=Cy D+ Ci—=Cri 1 = Co {1+ Oy} {2})
j=1 j=1
K
K (25,)% D (— <A+ZC’> <D+ZC’]->
j=1
K’<A+Z Cj,D+Z Cii {1+ G} {=)) - (15)
j=1 j=1



3 L-loop sunrise diagram

The Mellin-Barnes representation for the diagram defined by Eq. () follows from the algo-
rithm presented in [16] (see also [6]) and has the following form:

Uy
2
t;

J(L)(Mf, 7M[2/+17O{17"' yOXL41,P ) (pz)
x/ ety LT (5-05—t) <_M_j2) | Tla—gl+) (16)
j=1%Y . 2 n
T'(a;) p I (3(L+1)—a—1)’

L+1

a—Za], t=

and «;, L are positive integers, M ]-2, p® are some (in general, complex) parameters and d is a
parameter (in general, non-integer) of dimensional regularization [1J.

St

where

|| Pﬁ—i—

2
Let us introduce variables, z; = %, j=1,2,--- L+ 1, and define functions ®; as

'
q) - Héﬁ_f[ 3 /2](%5() 2)"L X J(L)(Mfa e aM[2,+1aa1>' o aaL+lap2) : (17)
pl=ngn P s~

After this redefinition, the results of Section [2 and of Appendix [Al are directly applicable to
the analysis of the sunrise diagram. In particular, in application to L-loop sunrise diagram
we have:

A=a-5L, B=Z(L+l)-a, G=3

B B — Oéj y (18)

and the system of differential equations Eq. (6h) is irreducible when

n n
—L— —¢7Z 1
L=yt ez, (199)
S1
n n
—(L+1)— — &7 1
L)Y ez, (19b)
Sa
where S, Sy are any subsets of 1,--- L+ 1, Z = {-- —1,0,1,2,---} and n is non-
integer.
The following lemma represents the first step in our analysis:
Lemma

The holonomic rank H; of the sunrise diagram with generic values of masses and momenta
in the neighborhood of 2= 0 is equal to

H;=2M1—1. (20)

Proof: this Lemma automatically follows from Eq. ([@): there are 217! solutions, and one of
them, the term proportional to 1/T°(0), is explicitly equal to zero 0.
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Among H; solutions of the system of PDE related to the sunrise diagram, there are L+ 1
Puiseux-type solutions (see Appendix [A]). Let us explain this result by using an explicit
hypergeometric representation defined by Eq. ([@). This equation includes L+ 1 terms of the

following type: 1/z% x [H]Lillz;j} X FéLH)(I, b;{c.};{z}), where [ is integer and b, ¢, ¢ Z.
When one of the upper parameters of a Horn-type hypergeometric function is a positive
integer, the step-by-step application to this function of the inverse differential operator b,
gives rise to unit. As consequence, each of the above mentioned terms can be rewritten in a
more simple form, 1/25 x [H]Lillzj-j}. In this way, Eq. (@) includes L+ 1 linearly independent
Puiseux-type solutions.

It was pointed out in [19] that Puiseux-type solution corresponds to a product of one-loop
bubble diagrams. Then the following Theorem is valid:
Theorem
The number of irreducible master-integrals of L-loop sunrise diagram with generic values of
masses and momenta is equal to

Ny =21 [ 2], (21)

For example, for L =1,2,3,4,5,6 we have N; =1,4,11, 26,57, 120, correspondingly.

The result of differential reduction can be written in a more familiar form via propagators
with dots EI: the term without derivative in the r.h.s of Egs. () corresponds to diagram itself,
whereas terms with derivative(s) 6;® correspond to diagrams with dot(s). In application to
sunrise diagram we have

L1 L+1
JE(M, T+ {a}yip?) =D Q@ JH (M, {1}:p*) + > Pi(M) (22)
j=0 J=1
where @; and P; are some rational functions and & means symmetric derivatives with
respect to masses M?: & = 5ot —— and iy < iy < ---i;. Indeed, the number of
i1 ig? ij
symmetric derivatives @’ in the considered case is equal to % , so that
L-1
L+1)!

M —(L+2) = (— 23
( ) jz:;j!([/—i—l—j)! (23)

In other words, for the L-loop sunrise diagram, any propagator with two or more derivatives
on the line is reducible to diagrams with propagator without derivatives and propagators
with no more than one derivative on the lines and the number of the lines with one dot are less
or equal to L — 1. As illustration of this relation: at the two-loop level only first derivatives
with respect to masses enter in the reduction procedure (in agreement with [30]), at three-

loop level, the second symmetric derivatives with respect to masses #ﬁ)MZJ @) (M2, T), where
i J

" The derivative with respect to z; can be rewritten as derivative with respect to mass M2 and external

2, o — pAp2_0 2_9
momenta p=: zjz - =M 5= —p 37




i<jandi,j=1,2, 3,4, are generated (1,4, 6 terms), at four-loop level, the third symmetric
. . . 3 e . . .o

derivatives with respect to masses WA@?M%J“)(ME; 1), where i < j < k and 4,j,k =

1,2,3,4,5 are generated (1,5,10, 10 terms). In general, at the L-loop level, the symmetric
C L o’ O (21

derivatives up to order L—1 with respect to masses 3 M, 90, 00, JE(M?; 1) are generated.
The case of even n demands an extra analysis [32].

3.1 L-loop sunrise diagram with R massive lines

Let us consider the L-loop sunrise-diagram when only R lines have different masses:

, , d"(ky - - kr)
JrR{Mg};{a;} {8} p”) = /Hle 2= D2 (kg Pt [(p—hi— - — k) Per

(24)

The Mellin-Barnes representation for this diagram is
Jr{MRY;: o} B ;) = () 2P P[Pt
% HL+1—RF (g_ﬂk) r (5_%@—3))
“UOTBY) [T (3L-R+1)-5)

p o, DG (5—as=t) ( MP\"| T (a+B-3L+1)
</ {“Fldtf o () }F(%(L+1)—a—5—f)’ 29)

where
L—R+1

R R
a=) a;, f= ), B, T=) 1.
j=1 j=1 j=1
In this case we have:

A:a+ﬁ—gL, B = n_

n

—(L+1)—a— C;=—=
2 ( _I_ ) Q /8 Y Vi 2
Applying the procedure described in Appendix [Al and results of the previous section, we
got that the number N of irreducible master-integrals of L-loop sunrise diagram with R

massive lines (R < L) is equal to

aj jzlaaR

Ner=2%—801-r|. (26)

As follows from this relation, the sunrise diagram with R massive and two or more massless
lines are irreducible and its holonomic rank near 2" = 0 coincides with holonomic rank of
L . : (R) _ -1y - .
ypergeometric functions Fy,” with irreducible monodromy.
There is one dimensional invariant subspace (Puiseux-type solution) when sunrise dia-
gram has one massless line f .

Ezxample:

Nig=1, Ngo=3, Noy=2, N3z=7, Nzgp=4, N3 =2.

8 At the two-loop level it was shown explicitly by O.Tarasov in [30] (see also discussion in [31]).
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4 L-loop bubble

In a similar manner let us consider the L-loop bubble diagram (see Fig. [2) defined as
d™(ky - k)
B({M3}, }; = .
<{ L+1}7 {aL+1}) / [k%_ 7‘112]041 . [k%_ 7‘1[2/]0@ [(kl_ . '_kL>2_M[2,+1]aL+1
(27)

where «; are integer.

M L+1
B

Figure 2: Bubble Feynman Diagram

The Mellin-Barnes representation is
[,L’l—nﬂ.n/Z]L

D G T
" /{Hledtjr(_tj)rrii_)aj_tj) (]\]Jéjj_l) J}l—‘ (a—l—aL_,_l—gL—l—t_) r <a—g(L—1)+f> ,

BM2 M2 . _ _M2 %L—a
( 1> y L4153 O, aaL—i-l) - ( L+1) X

(28)

where

L L

w= Yo, =
j=1 j=1
2
Let us introduce variables z; = _J\/Zilv j=1,---, K, and define functions ¥y as
i r(3) ) >
\I’B—szlr(%) X XB(Mlv'" 7ML+17a17"' 704L+1) :

[itnan /22 (- M3, ) #Ee

After this redefinition, the results of Section [2 are applicable to the analysis of bubble
diagrams. In this case we have:

A:a+aL+1—gL, D:a—g(L—l), Cj=—-—uqj,

10



In this case (we treat n as non-integer parameter) there are L+ 1 Puiseux-type solutions (see
Appendix [A] and section B]), and the number Np of irreducible master-integrals for L-loop
bubble with an generic values of masses is equal to:

Np=2F—L—1]. (29)

For example, for L = 1,2,3,4,5,6 there are Ng = 0,1,4,11,26,57 nontrivial master-
integrals. Let us explain the zero result for L = 1. The one-loop tadpole Aq is treated
as constant in framework of differential algebra (see discussion in [18][19]).

Remark 1: The result, Eq. (29), can be derived from Eq. (21]) by consideration of bubble-
diagram as sunrise diagram with external momenta equal to zero (which effectively reduces
the number of independent variables by one).

Remark 2: In contrast to the sunrise diagram, the reduction for the bubble diagrams with
L > 3 does not have completely symmetric structure with respect to mass derivatives. At the
three-loop level this statement was confirmed in [33]. In the framework of IBP relations [34]
there is so called {dim}-relation (see discussion in [35]) connecting the diagram (27)) without
derivative with a linear combination of diagrams with the first derivative:

L+1 9 n L+1
{ZMfaMz - <§L-Z“j>}B<M&--- Mion ) =0, (30)
j=1

j=1 J

so that

) o 1 L+1 ) - .
Bam@HLw-EL_(L+U](%;Bawﬁﬂh1+en>, ()

where e; is unit vector with unity in the j-th place.

4.1 L-loop bubble when only R lines are massive

Let us consider the L-loop bubble diagram for the case when only R lines have different
masses:

o B d(ky -+ ey
PO o 0D = | s AR TR
3

The Mellin-Barnes representation for this diagram is

BR(M12’ U >M}2%> {O‘j}a {51@}) = (_Mé)%L_a_B—[il_nﬂnm]L HL+1 R (g_ )
T (2) T(aps) (Br)

(B—35(L—R)) w1 D(—t)D (2—ay—t;) ( M2\
2(L—R+1)— )X/{Hj:1dtj T(a;) (MR) }

r
T
xT <a+ﬁ—— —1)+t) (a+5+aR—gL+E),
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where

R—1 L—R+1 R—1
a=) a5, B= ) B, T=) 1.
j=1 j=1 j=1
In terms of notations of Section 2 we have:
A:a+6—g(L—1), D:a+ﬂ+aR—gL, Cj:g—aj.

In this case (we treat n as non-integer parameter) there are L + 1 Puiseux-type solutions
(see Appendix [A] and section B]) and the number N By g of irreducible master-integrals of
L-loop bubble with R massive lines (R < L) is equal to

NBrr=2""1 601 n 1] (34)

Ezxample:

NByy=1, NB33=3, NB3s=2, NBy,=7, NByzg=4, NDBj;=2.

5 Independent verification

Fortunately, there are a few others ways to cross check our results, Eqgs. (21I),(26]),(29),(34).
One is based on the reduction of Feynman diagrams (sunrise/bubble) to some basis by using
the IBP relations [34] (however, there is no guarantee, that free available programs would
do the complete reduction, see discussion in [141,36,37]).

Another way for cross-checking of our result is application of Lee-Pomenransky ap-
proach [38] (see also discussion in [39]). The algorithm is based on counting the critical
points of the sum of Symanzik polynomials '+ U defined by Eq. (). It was pointed out
by the authors of [38] that there are situations when program does not reproduce the cor-
rect number of master-integrals. Here, we present a pedagogical example, when differential
reduction allows to predict and get an algebraic relation between two master-integrals [36]
which is not predictable by the algorithm described in [38] or by results of LiteRed [40].
Let us consider the two-loop sunrise Feynman diagram in an arbitrary kinematics. The
corresponding Symanzik polynomial has the following form:

G=F+4U=212+ 2123+ 202+ 212023p° — (2120 + 2123 + 2223) (21M12 + 2 M3 + 23M§) )

In this case, there are eight critical points, defined by condition 0,,G = 0,7 = 1,2,3. Four
of them are trivial, G({q1, ¢2,¢3,q4}) = 0, where ¢, = (1/M?,0,0),q = (0,1/M2,0),q3 =
(0,0,1/M2),qs = (0,0,0). The remaing four points are algebraically independent (for a
generic set of mass and momenta) so that there are four independent master-integrals (in
agreement with the result of [30]). The number and the values of critical points do not
depend on the value of «; (power of propagators) and the dimension of space-time n, and
the product of one-loop bubble diagrams does not enter in counting of master-integrals.

12



Let us consider another particular case, the two-loop on-shell diagram (it is denoted as
JO11 in [36]): M3 = 0 and all other masses on-mass shell: M7 = M3 = p*> = 1. In this case
there are six non—degenerateﬁ critical points,

=(0,0,0), ¢ =(1,0,0), g3=(0,1,0),
12 2\ (2 12y (22 2
3737 y 45 = 37 37 3 ) d6 = 3737 3 )

Gl@) = Gla) = Glay) = 0 Glas) = Glas) = Glag) =~
The index [ of points ¢; = g2 = ¢3 is equal to 2 and the index of points ¢, = ¢5 = ¢¢ is equal
to 1. In accordance with the criteria suggested in [3§], there are two independent critical
points q4, gs and there are two master-integrals which are not reducible to the product of
one-loop bubble diagrams. However, it was shown in [36l42] that there is only one non-trivial
master-integral in this case (the second one is a product of I'-functions only .

The difference between differential reduction technique and counting the critical points is
related to the treatment of values of propagators and space-time dimension. In framework of
differential reduction technique one can consider the parameters «; (powers of propagators)
as well as the dimension of space-time n as non-integer and, as consequence, the number of
additional differential equations for Mellin-Barnes integral would be different in this case.
In Lee-Pomeransky approach, the dimension of space-time and power of propagators do not
enter the analysis. Nevertheless, when «; are integer, the results of our evaluations and
results of application of Mint should be equal. Roman Lee kindly agreed to cross check our
results by help of his packages [38,40] and got the full agreement with our expressions up to
L =5 (for the sunrise) and up to L = 6 (for the bubble).

and

6 Conclusion

The method of counting the master-integrals described in [I8[19] was applied to the multi-
variable case with a reducible monodromy. In contrast to our previous considerations [3641],
the case when a few additional differential equations are generated simultaneously has been
analysed in the present paper. Our technique is based on getting a system of linear (partial)
differential equations for a Feynman diagram via its Mellin-Barnes representation; it does
not explore IBP relations [34]. The crucial point in our analysis is the evaluation of dimen-
sion of the space of nontrivial solutions of the linear system of PDE related to Mellin-Barnes
integral. This procedure is performed by using the differential reduction technique. As an

9 The corresponding Hessian matrix is non-singular at these points.

10 The index of critical point is the dimension of the negative eigenspace of the corresponding Hessian at
this point.

HRoman Lee make the following comment on this subject: since algebraic relation between master-
integrals established in [14L36] does not follow from IBP relations related to the sunrise diagram [42] our
results do not contradict the algorithm described in [38].
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application of this technique, the number of irreducible master-integrals for L-loop sunrise-
type and bubble Feynman diagrams with generic set of masses and momenta was evaluated,
see Eqs. (210),(26)),([29),(34).
As a by-product, we have got the following interesting consequences of our analysis:

(i) as follows from Eq. (22]), the basis for L-loop sunrise-type diagrams includes L+ 1 product
of one-loop tadpole diagrams and Wzatermelon diagrams with symmetric derivatives with
Wﬂ”(w; 1), where J =0,1,--- ,L—land i; < iy < --- <.
In other words, only watermelon diagrams with powers of propagators equals to one or
two (o; < 2) and with number of lines with one dot not exceeding L — 1 enter in the
basis; (ii) as follows from Eq. (26 the sunrise diagram with R massive and two or more
massless lines are irreducible and its holonomic rank near z = 0 coincides with holonomic
rank of hypergeometric functions FéR) with irreducible monodromy. The last property is
relevant for analysis of special functions generated by e-expansion of multiloop watermelon
diagrams [111,13,/43].

respect to masses
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A What is happen when monodromy is reducible

Here we present a short algebraic deviation of condition, Eq. (III), when the system of
differential equations related to Mellin-Barnes integral, Eq. (), are irreducible. We follow
an idea presented in [44] (see also [45]).

Let @ be the set of solutions for the system of linear differential operators L;l’ defined by

Eq. (6h):
L;I)(A, B,C:) : [(‘%—C])HJ +Zj (iﬁj—l—fl) (zl{:ej—i‘(l - B))

i=1

) .]:177[(

Let S(A, B, é) denote the local solution space of operators Lf(A, B, 6) around some point
zo- The contiguous differential operators BK B.C, defined by Eq. (Bl), map the solution space
S(A, B, 6) to the solution space S(A £ I, B £ I, C+T: Z), where {I,} are set of integers.
When monodromy is reducible there is a monodromy invariant subspace (invariant under
action of monodromy) in the space of solutions. In this case the contiguous differential
operators BX B.C, have a non-trivial kernel and it is necessary to evaluate their dimension.

Let us consider the equation B} ® = 0 where B} is defined by Eq. (BD)). Then the system
of equations defined by Eq. (6L) reduces to

LY(A,B,0)® = (0,-C))0;2=0, j=1,--- K. (35)

14



When C; # 0 the solution @ of Eqgs. (35)) has the following form:

<I>0—co—|—ZcZ +chz z -4 Const. x ITK & (36)
i,7=1
i<j

Applying operator B} to function ®; we get:

BX@QEO = ACQ‘l‘ZCZ A‘I‘C —I—ZCZ]A‘I‘C‘I‘C) C C +oe

=1 i,7=1
i<j
K .
+ (20 x Y < <A+ZC 0) + Const. x T/ 2 <A+ZC) (37)
a=1 j=1
where ¢;, ¢; j,- -+, ¢; are some constants. Under conditions that

K
A,Cj,¢Z, A_'_ch_ca:(]v CL:L-..’[{7
j=1
there is an invariant subspace of dimension K for operator Bj.

Similar consideration can be done also for operator B}, defined by Eq. (Ed). In particular,
it is easy to show that under conditions that

K
B.C;¢Z, B+) C;j=0,

there is one-dimensional invariant subspace.
In application to the Lauricella function FéK)(A, B;{C,};?) of K-variables our analysis
is equivalent to the following Lemma A:
Lemma A
Under conditions that

K K
{AB,C;}¢Z, B=> CieZ, A+ C—C.€Z, a=1,--,K, (38)

J=1

there is K 4 1 dimension invariant subspace (Puiseux type solutions) so that the dimension
of the space of non-trivial solutions is equal to

Np =2 - (K +1), (39)

and the differential reduction in application to the hypergeometric function F, éK) (A, B;{C;};2)
of K-variables has the following form:

RO+ (A B,CY 2 = XGPS B (G + 3 (). (10)
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where I are set of integers, @j, P; are some rational functions (some of the P; may be equal

to zero) and 67 means 6, i, i; -
11 <ig<-ip
The number of symmetric derivatives 6;, ;, ... ;,,, Where 73 < 79 < -+ < 4y, is equal to

ﬁ and the number of terms entering in the reduction procedure, Eq. (0], is equal

tg EJKZ_Oz ],(KLLJ), = 2K — (K +1) that coincides with Eq. (33). Consequently, the highest
differential operators — one of order K,0;, ;,.... i), and K operators of order K —1, 6;, 4, ... ;

— are expressible in terms of low dimensional operators.

K-1

B L-loop V-type diagram

In the recent analysis of getting of the full set of IBP relations for complete reduction of
Feynman diagram to a minimal set of master-integrals [14,[19,[42]46] the Feynman diagram
of V-type (see Fig. B]) has played an important role. In this section we prove the following
statement:

For generic values of masses and external momenta, the diagram V (see Fig. [3))
is reducible to sunrise diagram with the same masses and momenta.

M+

PA2 PA2

\%
Figure 3: V-type Feynman Diagram

Let us consider the L-loop V-type Feynman diagram defined in momentum space as
V(L)<M127 e 7M[2,+17 Qp, -, A4, U;p2)

N (= = Mo [(p— P~ M, o 2
(41)

The Mellin-Barnes representation for this diagram is

n

V(L)(M127 e 7M[2/+17 A, , 41, U;p2) = (p2> 2
n tj n n
X / HLj‘lldt.F(—tj)F (g—Oéj—tj) (_%jz) r (EL—Oé—O'—{) r (Oz—g(L - 1)—|—£)
g=17 (o) p? I'(2L—a—0)T (a+o—2(L — 1)+7)
y T (atapp+o—2L+t+t111)
r (%(L + 1)—0[—0(L+1—0'—F—tL+1)

L-a—ap41—B—0 [il—nﬂ,n/2]L

: (42)
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where
L22, CMZZOZJ', ;ZZt]
j=1 j=1
For o = 0 the diagram V' coincides with the L-loop sunrise diagram. The integral, Eq. (42),
includes the following ratio of I'-functions with arguments different by integers:
I(2L—a-0c—1) T (a=2(L—1)+7)
X .
I'(2L—a-1) T (ato—%(L—1)+%)

Let us introduce two differential operators K; and K5 defined as
L L
K150 0+ b+5)), Kot (=) 6k +a—j)],
k=1 k=1

where a = 5L —a and b = a— (L —1). Applying these operators to the function V' we got:
(K 0 Kj) V&) — J(L)’
where J is sunrise diagram defined by Eq. (I8]). Indeed

e (1 (st () -4

The operators K; and K,y are products of differential operators of the first order, so that
their inverse operators correspond to one-fold integral over linear form. Integral of this
type convert Puiseux-type solutions of diagram J into Puiseux-type solutions of diagram V.
As consequence, the dimension of the space of nontrivial solutions of differential operator
related to diagram of V-type coincides with dimension of the space of nontrivial solutions of
differential operator of sunrise diagram J. [.
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