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Abstract:

In this paper I present a complete derivation of the Selberg supertrace formula for
super Riemann surfaces and a discussion of the analytic properties of the Selberg
super zeta-functions.

The Selberg supertrace formula is based on Laplace-Dirac operators [Jm of weight
m on super Riemaun surfaces. The trace formula for all m € Z is derived and it is
shown that one must discriminate between even and odd m. Particularly the term
in the trace formmla proportional to the identity transformation is sensitive to this
diserimination.

Furthermore the analytic properties of the two Selberg super zeta-functions are dis-
cussed in detail; first with. and the second without consideration of the spin structure.
As it is shown the Selberg super zete-functions have a similar zero structure as the
ordinary Selberg zeta-function. Also, functional equations for the two Selberg super
zeta-functions are derived.

1 apply my results to disruss the spectrum of the Laplace-Dirac operators and to
caleulate their determiuants. For the spectyum 1 find that the nontrivial Eigenvalues
are the same for T and Tl up to a constant depending on s, which is analogons to
the bosonic case,

The analvtical properties of the determinants can be dedueed from the analytical
properties of the Selberg super zeta-functions, and it is shown that they are well-
defined. Special cases [ = 0.2) for the determinants are important in the Palyakov
approach for the fermionic string. With these results it is deduced that the fermionic
string integrand of the Polyakov funcrional integral i well-defined.

A short introdnction into the theories of supermanifolds. super Riemann surlaces and
the Poinraré super npper half-plane is included.
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I. INTRODUCTION

TOE - Theory Of Everything!

String Theory Includes All Interactions Including Gravitation'

A String Theory Needs Just Two Constants!

There Is An End In Sight For Theoretical Physics!

These are a small selection of the most euphoric claims people have stated for the
string theory in the past years (Hawking [48] or Veneziana [30]). But alas! (or
fortunately), things are not so easy.

String theory started orginally as a theory, called dual model, for the strong in-
teraction {for reviews see: Allesandrini et al. [1], Schwarz i79], Veneziano [89], Rebbi
{74], Mandelstam [56] and Scherk [77], compiled by Jacob [52] and Frampton [28]).
The idea was based on the observation that many particles lay empirically on straight
lines if plotted as mass® over angulor momentum - the Regge trajectories. This em-
pirical feature was fitted into a theoretical model first by Veneziano, whe introduced
the four-point amplitude

I{—a{s)]T[—aft)]

At = T ats) —atry

(1)
(s} = 1+ a's is the Regge-trajectory, o' the “Regge slope”, s,¢,u Mandelstam
variables) and further on by Fubini and Veneziano, who invented characteristic os-
cillators explaining the Regge behaviour. The name ”dual-model” stems from the
fact that the four-point amplitude for a scattering process in this model remained
independent, whether viewed in the s,  or u-chanael. Surprisingly, this infinite set of
osciliators could be explained by creation and annthilation operators coming directly
from a one-dimensional object, called a string, sweeping out a two dimensional sur-
face, called the world sheet, in space-time. The action {Nambu-Goto action) of this
object was simply given by its surface, parametrized by a space-like variable ¢ and a

time-like variable r:
YTy e
O dr | -

_ /‘ d‘r/ do (E?X OX,
2ra’ \: ar

(X*# embedding in space-time). The typical scale of the string was believed to he
the scale of sirong interactions: 1/length =~ 1GeV. The spectrum which emerged
from this Veneziano model revealed a degeneracy at each mass level, asymptotically
increasing exponentially with the mass. An important problen: was that this spec-
trum seemed to contain both positive and negative norm states (ghosts), a natural
consequence of Lorentz invariance. Thus it was a very strong confirmation of this
model that it could be shown in the “No-Ghost-Theorem” that these ghost-states
decouple; however, with the strong restriction that the quantized theory only makes
sense in 26 dimensions!! A more serious problem remained which was even worse:
the appearence of tachyonic states.

Fomulated, e.g. by the action

5= d’i’/ do /g9 ""‘Z‘ g\:, (3)
. " do

4o’

' Alternatively. it was shown in the light-cone gange formutation, where only the physical states
remain, that the Lorentz algebra closes only in 26 dimensions,

2

{v§ = det{gas). 71 = 7 aud oy = ¢ denoting the coordinates on the world sheet)
the (bosonic) string theory reveals a lot of symmetry. The action of Eq.{3} is in-
variant under arbitrary reparametrisations of the ay/oy-surface {diffeomorphisms),
under rescalings of the metric (Weyl-transformations) and, naturally. under Lorentz-
transformations.

To include also strings with fermionic degrees of freedoin Ramond [72) and Neveu and
Schwarz 85, infroduced the spinniug string which possesses even more symmetry if
analysed correctly, 1.e super Weyl transformations and (rigid or lecal) supersymmetry
{see below). However, the principle problems of the pure bosonic case remain: these
were the critical diniension. which was given for the fermionic string by I} = 10, and
the occurrance of tachyons. So the interest in string theory was in general fading
away.

Only a few people remained in this subject, In 1974 it was shown by Scherk
and Schwarz [78] that a specific interaction vertex encloses a state which possesses
all the ingredients for being a graviton. This opened a quite exciting perspective,
namely the view of string theory not as a theory of strong interaction but as a theory
which includes gravitation. This also meant that the typical length-scale of a string
theory is not of the order of the range of strong interactions {order of the Feruui length
=~ 1073 em) but of the order of the Planck scale Ipr = 107 % ¢m and, respectively the
Planck mass mp; =~ 10" GeV . New interest emerged in view of the then developed
super synunetry theories and it was quickly shown (Gliozzi, Scherk and Olive (32},
GSO-projection) that a specific trunctation of the fermionic string includes a con-
sistent supersymmetric sprectrum. The final breakthrough took place when Green
and Schwarz {35] showed that this theory could be formulated in its cwn terms as
a superstring theory and that this theory was anomaly free [36] if the gauge group
is SO(32) (there are two different types of superstrings, called type I and type II,
respectively}; this feature is also true for the heterotic string as developed by Gross.
Harvey, Martinee and Rohm [44] (with SQ(32) and Es ® Ey as anomaly free gauge
groups). Reviews of the superstring theory are due to Green [34] and Schwarz [80..

Naturally, equivalent but different approaches in string theory were developed:?

1) The operator approach: This is the classical canonical approach to string theory
and includes a great amount of literature about it {compiled in Green, Schwarz and
Witten [37]). Further developments are due to Mandelstam [57] who calculated trees
and loops in & functional integral approach in the light-cone gauge (not to be confused
with the functional integral approach due to Polyakov). In the light-cone gauge only
the physical states with positive norm are explicit. However, in this case one must
prove the closure of the Lorentz algebra (which gives the critical dimensions 4 = 28
and d = 10 for the bosonic and fermionic string, respectively). In the light-cone
gauge the scattering of strings was described by joining and splitting of strings at the
endpoints. Much work has been done to get rid of the light-cone formulation which
masks any general underlying gauge principle. This lacking gauge principle is one
of the problems of all string theories. String theories possess much symmetry, but
where does this symmetry come from? The need to compactify the supernumerary
dimensions leads - contrary to the hope that the string theory could be unique - to
billions upon bhillions of different theories (= 109%9%1}, Recently there has been soue

! The idea of two and more dimensional objects like membranes is practically ruled out by the recent
paper of de Wit, Liischer and Nicolai {20!, They showed thai the supermembrane has a continuous
mass spectrum and no mass gap.



hope for a classification by means of a fusion algebra developed by E.Verlinde [88].
The aim of a formulation of a complete gauge invariant action for the interacting
string could hopefully lead to a deeper understanding of how and why string theory
works, and ultimately, what the underlying prineiple actually is (see e.g. West [93]).

2) The functional {or path integral) approach by Polyakov (see below).

3) BRST quantization by Siegel and Zwiebach [83]. The BRST formalism is a more
general procedure for quantization of gauge theories than the Faddeev-Fopov ap-
proach; not only are more general gauges allowed, but in addition the same BRST
transformation which determines the action gives the condition for unitary, as well as
determining the gauge-invariant part of the action and the physical states. This is a
very appealing feature in view of the difficulties to project from the naive string pic-
ture onto the physical states where a “No-Ghost-Theorem” or the Lorentz covariance
in the light-cone gauge must be proved. The BRST-invariant action can be written,

e.g.simply as [83]:
5=fL:ftI>0Q<p, (4)

where O denotes a kinetic operator, @ the BRST-operator and @ the string field.
Here & includes, of course, so called ghosts. The BRST-operator has the property
§? = 0, which is an expression for the fact that the BRST-operator determines the
physical states, by leaving the Lagrangian L invariant under BRST transformations.

4) There is still another description developed by Witten [94]. This appreach removed
also the light-cone formalism. In comparison to the interpretation of the interaction of
strings in the light cone-gauge one has to perform a rearrangement of strings of equal
and fixed lengths, where the rearrangement centers at the miidpoint (for a description
see e.g. Jevicki {53]). For three strings: Half of string 1 goes over into 3, while the
other half overlaps with the first half of string 2 {in the light-cone gange string 1 and
2 go over into 3). Witten suggested that this feature can be represented by the string

field theory Lagrangian
2
SZf(L“*QE‘+g?;'*‘#’*u‘): (5]

where the three string-overlap corresponds to the three *-term {a “wedge-product™)
and @ is the appropriate BRST operator.

There is also the idea of “p-adic” strings developed by Freund et al.[29] and
Volovich [92,. This approach is based on the conjecture that at the order of the
Planck-length nonlocal properties of strings could be described by p-adic numbers
{another completion of the rational numbers Q based on prime numbers). However,
I do not consider this any further.

Let us concentrate on the functional approach of Palyakov {70, This Ansatz.
very simple in its principle but very diflicult in explicit calculation. starts in the
following way for the closed hosonic string theory. The string pertubation theory of
the g-loop contribution to a scattering amplitude is given by the functiomal integral
over all geometries of & two-dimensional surface of genus g and over the embeddings.
respectively quantum fields living on this surface. Consider the action of Eg.(3}). Then
the partitiou function is given by the functional integral

7 - [ Danon [ PxHF (6)

4

The two-dimensicnal conformal field theories corresponding to string theories in the
critical dimension (D = 26 and D = 10 {or the bosonic and fermionic/super-string,
respectively) are all free of both local and global anomalies {see, e.g. Friedan [30]).
Due to this fact, g-loop amplitudes can be reduced to a finite-dimensional integral
over the moduli space {Teichmiillerspace} AM,.! More explicitly:

o
z=Y z, (7)
g=0

where
7, = f AW P)det’ (A5 3 det' (A1)
- ‘MB
. 5 5 (8)
A(:h) — _WyQ(__,,, 4 7) +1my— +m(mi 1)
m 61.2 Byz B:r

Here the Laplacian AT is realised on the Poinecaré upper half-plane H = {z =
c+iyir © R, y > 0} (endowed with the hyperbolic geometry}, M, denote the moduli-
space (Teichmiiller-space) parametrising the variations of all compact surfaces of a
fixed genus g and d{W P) the Weil-Peterson measure as the integration measure on
M. This partition function in the genus g, i.e. the multiloop expansion, has been in
detail discussed by D’Hoker and Phong {23], Gilbert [31] and Namaszic and Rajjev [64].
Especially the determinants in Eq.(8) can be expressed with the theory of the Selberg
trace formula on Riemann surfaces {49,82] by means of the Selberg zeta-function.?
Before explaining this in some detail I want to discuss several realizations of the
hypetbolic plane, of which the Poinearé upper half-plane is just one. The Poincaré
upper half-plane is analytically equivaient to three further Riemannian spaces: the
pseudosphere A%, the Poincaré disc D and the hyperbolic strip S. I start with the
1) pseudosphere A? which is defined by:

AV i= {(pays - U Y s = —RY) (9)

{in the following I set B = 1). A% can be visualised as a hyperboloid embedded in a
three dimensional Minkowski space. But be careful: A? has negative Gaussian cur-
vature K = —1, as well as H. D and S, i.e they are everywhere saddle-shaped.
A more convenient description for A? reads in pseudospherical polar coordinates
(. 6)i8.85.91}:

g1 = coshr. yp = sinhteosg, yy =sivhrsine, (7 20.0¢ [6.27)). {10)

The metric g, associated with the line element ds” = gapdg® dg® reads gep =diag {1.
sinh” 7).

2) With the stereagraphic projection of A? onto the (zy. r2)-plane T get the Poincaré
dise D - {: =) +irsr] 4 25 - 1k

. i yr 1Yy T, .
sy orday = et = Y275 _ fanh —{sino ~ ¢ cos ). 11}
1*!}3 2

I Belavin and Knizhnik 112; have shown that the siring ampliiudes are essentially the preduct of an

analytic and an anti-analyitic funcrion on M. This factorization has a direct correspondence with
the decomposition of the siring modes into left and right movers.

1y the case of the bosonic siting 1his integrand can also be expressed hy Theta-functions 2,58,
A super analogue of the Theta-function does nat vet exist. But see. however. Manin 58 for a
coujecture.



Figure 1: The fundamental domains {g = 2} in the three Riemannian spaces H. I, §
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1 - r2)2diag(1,»%).

Here the meiric reads gq.p = 2/
3) The Poincaré disc I’ can be mapped onto the Poincaré upper half-plane H by the

Cayley-transformation:

—iz 4+ —-{+1i
=z 4iy= ——, =t 12
¢ v 211 ¢+ (12)
The metric reads gas = 1/9% - bab.

4) With the help of the transformation
=X +1{Y = —In{—i(} (= 2artanhz], (13)

one can map the Poincaré upper half-plane (the Poincaré disc) onto the hyperbolic
strip S = {n =X +YiX € R, |}: < 1}. The metric reads go = 1/ cos? ¥ - da5.
The hyperbolic distance r = d{p".,p") [p - any of the coordinates (7, &} (a1, 22), (=, y),

{X.Y) in these spaces is given by:

coshr == cosh 7" cosh ' sinh 7" sinh 7' cos{a” - &) {on A%)
PR R )
14 Tl T
TR T TR {on D)
(.r” I Y yru‘ o ql;’ (14]
L {on H)
2ty
coshi Y - X' o o
= - —;——]- —tan) 'tanY" {on §).
cos Y eos 1!

Figure 2: The fundamental domains of Fig.1 boosted onee in all eight directions
in the three Riemannian spaces M. D and §
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The generators of the synuuetrical fundamental domain for a compact Riemann sur-
face of general genus g read in H:

cosh &2 — sinh %2 cos A7 sinh & gip k=
W= ro 29 L, (k=0,...,2g-1),
sinh 2 sin 5T cosh 2 + sinh & cos 22 )
2 2g 2 2 2g

{15)

5.0



including the inverse generators v;' = (1&)~' and where cosh i—; = cot %. In partic-
ular for ¢ = 2:

4
k:r

cosh I—Q —sinh 51 cos &F sinh % sin "4——"
Tk = :
smh -’1 sin =~

h) , (k =0,1,2,3), {(186)

cosh I—EQ + sinh %1 cos

and cosh 1—2'1 —eotf =1+ V2 = 2.41421 . ... These generators are also called boosts,
because they correspond to explicit Lorentz transformation on the psendosphere A%,
{For their action on elements { € H see Eq.(19) below.) They obey the important
constraint

- _ _ _ 1 0
('YO'Y] ! s Y2g—22 ]_1)('79 1')’1 - -72;72')'2971) = =1;. (17)
g 01

In figure 1 I have displayed the fundamental domain for the simplest case of genus
g = 2 and a symmetrical fundamenta! domain. The various parts of the figure denote
the fundamental domain if mapped onto D), § and H, respectively. Figure 2 displays
the action whereby the generators transform the fundamental domain in M, § and
D, respectively. Note that in M the boost in the positive y-direction produces such a
large boosted domain that it is not included in the figure {in fact, a ten-times larger
box would be needed).

As it is known from the theory of Riemann surfaces and automorphic functions,
every compact Riemann surface of genus g > 2 can be mapped onto the Poincaré
upper half-plane H = {: = x + iyly > 0} (endowed with the hyperbolic geometry)
into a polygon with 4¢ edges. This polygon P can be associated with a Fuchsian group
T which tesselates the Poincaré upper half-plane in an unique way (see e.g. Fenn [26]
and the above figures for g = 2}. A specific polygon P can mapped onto another cne
P’ by an element 4 € T’ (boosts). The property of this group I is that it is strictly
hyperbolic (i.e. the trace of its elements is larger than two). On the Poincaré upper
half-plane T is realized in terms of discrete subgroups of the group PSL(2, R} [on the
dise D in terms of discrete subgroups of SU(1,1)}, i.e. the special inear projections,

written in matrix notation as
¢ b
= 18
T ( . d) (18)

with a,b,e,d € R, ad — bc = 1 and tr{) > 2. Its action on H reads

o aTh
wW=¢= 00 (19)

Further I consider closed geodesics in the polygon P which represents a fundamental
domain of I'. 1 denote these geodesics by [, where there is a direct relation between a
geodesic I, and an element 4 £ T by 2 cosh 'T ja +d|. For the length spectrum of P
one has Huber slaw #(2) = ¢"/r (& — =), where #(r) is the number of Jnconjugate
primitive 7°s with I, < z. Here, elements 4 € ' whick are uot powers (greater or
equal 10 2) of any element in ' are called primitive elenents of I.

Consider the Laplace operator /_\.ﬁ,ﬂ = —A = (8 =~ 87) and a function k(p)
which satisfies the following couditions

1) A(p) is an even function in p,

i) hp) o (14 [p[*) 71 (p — +oo, € > 0), ¢ > 0.
i1} h{p) is holomorph in the strip |Im(p)] < 15 +e¢e>0.
Denote by g{u) the Fourier transformed of h{p):
1 = ~iup
o=, [ mplerap (20)
i — o

Now consider this Laplacian (which is invariant under the action of T'} in a funda-
mental domain of ' and the Eigenvalue problem

—~ATP(z) = E¥(z) (21)

(v € T). Parametrize the Eigen-

with periodie boundary conditions ¥{yz) =
= % + tp,, Then the Selberg trace formula

values E,, by En, = sa(1 — 5,) with s,
reads

2
[a%)

)

Zh(pn)=2(g—1)f ptanh mph(p dp+ZZ — ek,

- {1} k=1 % 2

expressing an exact relation between the (quantum mechanical) trace of the operator
valued function h{-A) with A(p* + 41) = h{p) and the (classical) length spectrum
{I,} [49]. On the left hand side of Eq.(22) the sum runs over the pairs p., —pn
(corresponding to the same FEigenvalue F,), p = 0 has to be counted twice if %
happens to be an Eigenvalue. On the right hand side the sum is taken over all
primitive conjugacy classes in I' denoted by {~},. For the case of genus g = 2 and the
symmetrical fundamental domain of Eq.(16} the lower part of the length spectrum
was first caleulated by Aurich and Steiner [5] coming in the end up to 200 million
lengths (6] (including multiplicities). In a very beautiful paper by Aurich, Sieber and
Steiner [7} Eq.(22) was used to calculate the energy levels E, by an appropriate test
function b - and vice versa by first solving the Eigenvalue problem aud then calculate
the first primitive lengths,

Note: The condition iii) on the test function h sets a growth condition en the Fourier
transform g, which ensures the absolute convergence of all sums in guestion (note
Huber's law).

Now introduce the Selberg zeta-function as

- H I = termiy, {Re(s) - 1). (23)

{3}p n=0

Huber's law assures the convergence of Eq.(23) if Re(s) = 1. Again the produet runs
over all primitive inconjugate 5 € I'. With the help of Eqs.(22) and (23) one can

caleulate determinants of the Laplacians ALy, where e.g. [16.84]:

det'{~A) = Z'(1)cle il meadion g

PN ES T3 I e d - 1) 80 (24)
det'(AT]) = Z(2)ele- DRI ER- AL e

{the prime on the determinants denote the omission of gero modes). For the caleu-

. . - . . .
lation of det(;_\..lm ) one has to use the m-generalisation of the trace fornmla, i.e, the

9



Selberg trace formula for automorphic forms of weight m [49]. Under the same con-
ditions on the test function h one gets (assuming that no elliptic elements appear in
the group T') the Selberg trace formula [49):

thn)"ﬂ—g)f m{cosh § W“*ZL"’* i, glkly),  (25)

= smh o= )
where Tyn{cosh §} = cosh T u denotes the m'" Chebyshev-polynomial in cosh §. For
m = 0 one recovers Eq.(2 ) Here the Eigenvalues E,, (parametrized by E, = i +p?)
are the Eigenvalues of the Laplacian® ~A,, = —A 4 imyd;. The houndary condi-

tions on the Eigenstates ¥, have to be appropriatly changed according to ¥{yz) =
¥y ez 4 d)™[|ez + df}7™¥(z) (v € T), where x, is a possible additive character.

A procedure similar to that used for the bosonic string can be used for the
fermionic string where the relevant action reads [17,19,50]:

1 T m
5(g, X, x,%) :;/Md’o\@{%g”" o XE 00 ¥ 4 1H " By
— FHF, = %ar ™ 0 Xy + 190107 ] (26)

Here denote:
1) M: the two-dimensional world sheet,
2) DX*#: imbeddings in space-time () = 10),
3) gmn = €,,%¢,, *8.p: metric on the world sheet,
4) ¥*: real (Majotana—) spinor,
5) xq: spin 3-gravitino field,
8) F#: nondynamjcal field which is needed to close the supersymmetric algebra off
shell [51,77]:

dX = e, 8 = 3, Xv"¢ + Fe, §F — ey 8.y, (27)

where ¢ is a two-dimensiona! spinor. One sets F' = 0, since the equation of motion
just reads F = 0.
7)~° (e = 0,1,5) denote the y-matrices

() ) ) e

and a bar over quantities denotes complex conjugation. The action (26) is invariant
under five fundamental symmetries [24]

i} Reparametrisation invariance,

be, 0 = SV B, e, 20,8V
Bxm = 6V Bnxm — XnBm &V
SXH = 6V, XH,
FEX = §V"8, WP,

(29)

- A, must not be confused with A(,,-‘,H.

10

ii) Supersvmmetry transfurmations,

(S(rmlz = 61 xm, Oxm = 2058, X = éq’,.u' (30)
BE = = 15" )a T Eaxn ) + 1097, Ppdm X ¥
Here Dy = Ony — %\.um‘;.‘:’ are covariant derivatives taken with the connection

W = €0, P00y by — 3Xm757 " Xn, Where € is the totally antisymimetric tensor
for the raising and lowering of spinor indices.

ii1) Weyl transformations,

de," = Ae ", EI* = —IATH
(31)
y = %A)\m- X" =0,
1v) super-Weyl transformations
Exm = Tm A, §(anything else) = 0. (32)
v) Local Loreniz transformations,
e = 16 emp, ETF = 1lysBH,
m b 275 (33)

bxm = Mysxm,  6X¥ =0

{With §V™ an infinitesimal vector field, £ an infinitesimal spinor, A and A an
infinitesimal scaling-function and ! an infinitesimal Lorentz transformation, re-
spectively.)

It is very importiant that this action can be cast inio a compact form if a super-
space notion is used {50]. Consider a {2+ 2)-dimensional superspace with coordinates
ZM = (¢#.™) with commuting +* and anticommuting 87 (for more details see [50]
and chapter IT). Tntroduce the Vierbein E,/*:

o 4140 ° = i(014%°),,
Ep * = %[)\pa - “JJJ(TSQ) ] E"m(z = 6ma'
Here, ¢, © is the r-space Vierbein and e = det{e, *). Now define
®(Z) = X{z) + i61 () + 8712 °0F(z). (35)
Then the action (26} can be rewritten as
1 142
§="> [ drdr*ddd:el
4 (36)
L=F,M8,%(Z)EVan®(Z)
The equations of motion read
D.D°®(Z) = 0. (37)

11



where D, = E,M8,,. Mapping (in the sense that I want to study partition functions)
a closed compact world sheet onto a fundamental domain (of a super Fuchsian group)
on the Poincaré super upper half plane 5H I get the Laplace-Dirac operator [ =
2¥ DD which I have to study (¥ =Im(z)}+ % = y-+88/2, 0 = 61 +i6;, 0 = 6y — i63).
The action S rewritten in terms of [Jo reads

1
$ = de(Z)@(Z)Du@(Z), (38)

where dV{Z) = dzdzd#df/2Y is the invariant measure on SH. The partition function
is calculated as follows:

g=10

Zy = ]Dgab/DxdeX“fDljJ“e_s(g'X’x"p).

Analogous considerations as in the bosonic case yield [9]:

{39)

Z :f d(SW P)[sdet(—C2)] ™ * [sdet(—C1)} (40)
SM,

where (in the notation I am using):

1) SM,: super moduli space,

2) d(SW P): super Weil-Peterson measure,

3) O = 2Y DD —m(i0 — )D,

4}y D = 89 + 89., D= 435+505.

In the fermionic string, the spinors on the Riemann surface are defined with some
spinor structure, which can be independently choosen for left- and right movers. In
type II superstring theory!, these spinor structures must be summed over io project
(GSO-projection) onto the correct sector of the Neveu-Schwarz-Ramond theory [24].
1t turns out that at the one-loop level, for type Il superstrings the resulting suimn for the
partition function vanishes by the use of a famous Jacobi identity on theta-functions
(“aequatio identica satis abstrusa”), indicating the presence of 10-dimensional space-
time supersymmetry, i.e. the equality at each mass level of the numbers of bosonic
and fermionic states (for details see e.g. [24]).

Throughout this paper I work with type IT theories in flat space-time having critical
dimension d = 10.

The contents of the chapters will be as follows:

The second chapter will deal with the theory of Grassmann numbers, superanalysis
and super Riemann surfaces. Grassmann numbers or odd numbers are introduced,
respectively, in an elementary way; supernumbers as combinations of ordinary num-
bers and Grassmann numbers are defined; furthermore, super analytic functions as
functions of super variables with super coefficienis are defined. Differentiation and
integration are introduced which are very simple for Grassmann numbers because
functions of Grassmann numbers can be at most linear due to their nilpotent prop-
erty. Supervector spaces, supertraces and superdeterminants are considered. Having

‘H'ype 1 theories contain open strings, whereas type 1T theories only closed strings.

i2

this machinery it is an easy task to proceed to super manifolds and super Riemann
surfaces. The main application will be to consider and derive the explicit form of
superconformal automorphisms on super Riemann surfaces, which includes the state-
ment of an super uniformisation theorem.

The third chapter is devoted to the study of physies on the super Poincare upper
half-plane $H, which is a special super Riemann surface and can be tesselated by a
generalisation of 5L(2, R) into compact super Riemann surfaces whith fixed genus g.
Classical and quantum physics will be considered which will give a Lagrangian and
Hamiltonian formalism. Furthermore the important Laplacians and Dirac operators
on SH are introduced, which take on an important role in the Polyakov approach to
the fermionic string theory, Also I note the path integral approach on SH.

With the fourth chapter starts the main part of my paper. I discuss and derive the
Selberg supertrace formula for automoerphic forms of weight m on compact super
Riemann surfaces, which are visualized as bounded domains on the super Poincaré
upper half-plane $H. This trace formula was alreacy derived by Baranov et al. {10},
but in their discussion the term corresponding to the unit transformation (except
m = 0) was missing. This term is explicitly derived and thus their work completed.
However, I do not claim to be mathematically rigorous,

The fifth chapter is devoted to ihe discussion of the two Selberg super zeta-functions
and contains entirely new results. Zeta-functions were originally introduced by Selberg
[82] in order to siudy spectra of Laplacians on compact Riemann surfaces of genus
g. The super Selberg zeta-functions are similarly defined as the usual Selberg zeta-
funetion. I find similarities but also important differences for Z, and Z; in comparison
with the usual Selberg zeta-function. 1 derive functional relations for Zg, 2, and a
relation linking these two functions.

In the sixth chapter I apply my results to the fermionic string theory. This includes
first the discussion of the spectra of the Laplace-Dirac operators, and second the
calculation of their determinants. It is shown that the relevant determinants which
have to be considered in the Polyakov functional integral exist and are finite. Dis-
cussions of the superdeterminants are due to Baranov et al. [10] and Aoki [3]. In
Ref.[10; ratios of superdeterminants corresponding to different copies of super Fuch-
sian groups were considered (due to lack of knowledge of the analytic hehaviour of
super zeta-functions). In Refj3} attempts have been made to express the superde-
terminants by the super zeta-functions, where the functional equation for the usnal
Selberg zeta-function has heen used, which is, however, questionable, Furthermore
the behaviour of the superdeterminants of the operators [l in the case of degenerate
super Riemann surfaces is discussed.

Chapter VII contains a summary and concluding remarks.

In Appendix A the invariance properties of some important quantities is discussed.
In Appendix B the validity of the path integral formulation on 5H is shown and in
Appendix C some results of Aoki are sununarized, who calculated the heat-kernel on
§H. Appendix I deals with the result of path integration on the Poincaré upper-half
plane H.
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II. SUPER RIEMANN SURFACES AND SUPER UNIFORMISATION

1. Survey of Superanalysis

In this chapter | want to give a short survey of superanalysis and supermanifolds
to make the material available for the next sections. No new results are presented and
I do not claim completeness. Most of this section was acquired in collaboration with
Holger Ninnemann and already presented in a seminar talk in the summersemester
1988 at the University of Hamburg [66]. The text is based on DeWitt {221, Rabin and
Crane [71] and Rogers {76]. A compiled version of superanalysis can be found in the
book of Berezin {14].

Let us start with the essentials.
Def.l: Let Ay be the Grassmann-algebra over C which is generated by the elements
(o (a=1,...,N). Ay forms a 2V-dimensional vector space with basis

1L, (a<d) (1)
and the anticommutation relation
¢t = (%" va,b (2

Often one considers the formal limit ¥ -» oo and the infinite dimensional vector
space Ao, Following Rogers one should not be concerned about introducing as much
of elements (? as one needs: “To those physicists who use supermanifolds, but do not
often lie awake at night worrying about the finer points of analysis, the message of
this paper is simple - if you need more generators for your Grassmann algebra, help
yourself!”

The anticommutation relation (2) gives at once for o = b ({®)* = 0. Anticommut-
ing variables were first introduced by Schwinger 81}, Martin [59] and Berezin [i3].
However, really concluding ¢ = 0 is due to the latter two authors.

Def.2: The elements of = € A, are called supernumbers and can be decomposed as
=z + zs, :g€C

1 . . (3
:SZngﬂwﬂnC N )

n=1

with ¢4, .. 4. € C totaly antisymmetric. g and zg are called the body and the soul
of the supernumber :, respectively.

A supernumber has an inverse only iff zp # 0. It is given by
=)
=g L(—;Blzs}". (4)
n=o

Every supernumber = € A, can be decomposed inte an even and odd contribution:

w4

o1
#=ugt+ug =zg + Z Wcal\-"\aiugﬂ?n .- .{Gl
el 2002

L
—

1

o0
— Q2n a
v 2(2n+ 1)!C°""““?n+1< BARTRISAE
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The number v is pure soul and can not be inverted, Furthermore r? = 0,

Def.3: The even supernumbers v are called (type-) c-numbers and commute with
all other numbers. The set of all c-muubers is denoted by C..

The odd supernuimbers are called (type-) a-numbers and the set of all a-numbers
15 denoted by C,.

Let us pass to superanalytic functions,
Defd: Let : =w+v (v € Cov € Co)y f@ A — Ax. The function f is called
superanalytic if:

(i) fis a linear function in the odd argument
f2) = galw) + vga(u); (6)
{i1) there exist analytical functions iy : C — A (k = 1,2). so that the functions

gt : Ce = As (k= 1,2) can be written as a power series expansion in ug

) 1 . )
arlu) = Z F_d;;‘i! ug. {¥)

-]
Il
=

The condition (i} is a natural generalisation of the definition of an “ordinary” analytic
function. The power series expansion in the odd arguments can be at most linear and
a superamalytic function f : €, -+ Ay is superanalytic on whole C,.

Def5: Differentiation with respect to the c-coordinate is the same as for ordinary
functions over C. Differentiation with respect to the a-coordinates has to be Jdone
by commuting or anticommuting the a-variable to the differential operator. Example
{differentiation from the left):

d
—f{a+vh) = b=0b.+b,,
dv

but

d d

. Tov) = ——|a -4 e — da )| = U — ba

dr(a br) dv[a Lolbe — by = b (8)
(“ab € A, be € Cp, by € Cy).
Def6: Integration over R, is defined by

fdr:ﬂ, /dr;r:l':—f rdr. (9)
R, R R

« v g

Integration and differentiation with respect to Grassmann variables is a formal pro-
cedure and was introduced by Berezin [13]. “dx” does not describe any infinitesimal.
Its the following the index R, in the Grassmann integration will be omntted.

A comparison of Eqs.(8) and (9} yields that differentiation and integration with re-
spect to Grassmann variables are identical. Let f(z) = a+wbwitha,b € Ao, ¢ € R,

Then d
il b
o (x)

[d:r flx) =0

15
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This curious result shows again that differentiation and integration are only formal
procedures.

DefT: Let f as before in Eq.(10). The é-function on R, is defined by

S(z) ==, re R,

(1)
/dmé(m)f(z) = jd.:cm- -a=a = f(0).
Def.8: Complex conjugation is given by
(z+2)=2+7, (z2') = 7'z, Yz,2' € A, {12}
Def9: A supernumber z is called
real: & 7=z
. (13)
umaginary : < I = —=.
Note:(i) The generators of A, are choosen as real Grassmannians
("=¢", Va (14)
(it} The product of iwo real a-numbers is an imaginary ¢-number:
(v1v2) = B2 = vy = —1172, Yoy, 17 € Ra. (15)

Let us introduce the concept of a supervector space.
Def10: The set S of mappings is called a supervector space if

(i) S is under the action +: § x § — § an abelian group;

(i1) For all & € Ay, and Z € § there exist two mappings
multiplication from the left op 1 5> 5,7 - a7,
multiplication from the right ag: 5 = §, ¥ — Tur.
Furthermore one has for all o, 3. € A.. T, 5:
{op + 80)0 = apid' « 4p.7
ap{f +§i= o+ oy
{arBL)e = ar(3L7) = ar ¥
1.-7=47
and analogously for the nmltiplication from the right.

In the following (if not explicetly noted otherwise) multiplication from the left is
implicetely assumed and I omit furtheron the index L.

(i)

af = Fa, Yoe C..re S (18)

where % and ¥ are the even and odd compoenents of T, respectively. In anology to
the supernumbers one defines pure supervectors of type ¢ and type a, respeciively.
For pure supernumbers and supervectors Eq.(18) can be rewritten as

af = (—1)*¥Za. (19)

The expressions in the exponent of Eq.(19) take on the values 0(1}, depending
on whether the corresponding expression is of type ¢(a).

(iv) One has complex conjugation with

=i
(drp=a+7¢ (20)
of =@
forall ¥, ¢ Sandall o € Ax.
A supervectior 7 € S can be represented with respect to a basis {;¢'}:
F=2i€ '€ Ao, (21}

where the contraction between two indices can be done according to the rule “, 7™
or “N\.7, respectively. A supervector space has total dimension d, iff it has a basis
containing & supervectors. If d is finite, one can always find a basis which contains
m real c-type supervectors and n real a-iype supervectors. Such a basis is called a
pure real basis and the ordered pair (m,n} is called the dimension of the superspace.
Both, d and (m,n} are independent from the choice of a basis.

Let {;¢} and {;} two real bases. The basis-changing matrix has the block

structure
: A C
"Iy — 29
(B (D B) (22)

with 4 £ Mat (m xm;C,), B¢ Mat(n xm:C.), C¢ Matim »n;C;) and
D e Mat(n x m;C,). Then for 7 € 5:

2 = R, (23)

A matrix K with the bloek structure (22} wilt be called a standard matrix.
Def11: The shifting of super vector indices is described by

iz .= (-1, (24)
Def12: Let K be a standard matrix. Then
IR = (=1 R i25)
is called the supertranspose of K.

With these definitions one has the properties {¥ € 5}

o K¥ = K 'z

26
(KLY = L7HR"™. (26}
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Explicitly

A ¢\ [ar _pT N
(B B) _(CT BT‘) (27)

where T denotes the ordinary transposition of matrices.
Def13: The shifting of matrix indices is described hy

K7 = (-1),K. (28)

1

Def14: The supertrace of a standard matrix is defined by

strA’:= R*
explicitly:
strh =trd — trB. {29)

One has the properties
strlym oy = m —n

st = stri {30)
str{ MN) = str(NM).

Def.15: The superdeterminant of a standard matrix M is defined by integration of
the relation

$(lnsdetM) = str( M5 M) (31}
with the boundary condition
sdetl,, o) = 1. £32)
Explicitly:
<det 4 C _Ef.(‘éfCB’lD) _ det A a3
‘\D B det B ~ det(B—DAICY (33}

The superdeterminant of a matrix exists only iff the matrices 4 and B have non-
vanishing body.

Without preof I state the inverse of a standard matrix

(55)

B (1w — A 'CB-'D) 14 —(lm — AICBTID) ' ATIC B
T\ ~-{1. - B'DAT'C) B DA (1, — B'DA-1Cy 18} :

(34}

In the next section I discuss supermanifolds and superconformal antomorphisms.
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2. Supermanifolds

To discuss global properties of superspaces I need the notion of supermanifolds.
Ordinary manifolds are locally homéomorph to R", whereas supermanifolds have
locally the structure of R™ x R,

Def16: The mapping » : R™ «R? — R™, which maps every coordinate p € R™ < R
onto its body is called a canonical projection. The set 77! (n(r)) withz € R"xR7
is called the soulfiber of z.

Def17: Let I ¢ R™ an open set. ¥ C R x RY is an open set oniy iff it can be
represented by = 1{U).

R =« R} with this topology is called a projective Hausdorff space. Two points
*,y¥ € R x R? have only disjunct neighbourhoods iff x5 # ys.

Def.18: Let M be a set, Uy © M an open subset and A4 an index set. Let &,
be a bijective mapping from U4 to an open subset of RY" x R}. M is called a
supermanifold of dimension (i, n), together with a collection of ordered pairs
(U4, ®4). if each Uy is a subset of A and its associated @ 4 is one-to-one mapping of
74 onto an open subset ;n R x R?. The collection of ordered pairs is required to
have the following properties:

(i} UsaCa =M
(11) Pao0 'I’él 15 differentiable over all nonempty intersections I’y ~ Uy

The ordered pair (74, ®,) is called a chart, or a local coordinate patch or simply a
coordinate systeni.

Let pc M. The set & n ! 7o ®i(p)} is called the soulfiber of p. The soulfibers
of all p € M together with the mapping v ¢ ® form an ordinary manifold Mg with
dimension m, the body of A{.

Supermanifolds of this kind are called DeWitt-supermanifolds. They have a triv-
ial topology in the direction of the soul coordinates, they are fiber bundles over their
body Mp. The reason for this property is the fact that an open set in M is always
the cartesian product of an open set of R™ with the entire space of the soul coor-
dinates, If this restriction is omitted one gets Rogers-supermanifolds which allow a
more complicated struciure in the soul coordinates [76]. From the point of view of
physics ouly the DeWitt-supermanifolds are of interest, see Rabin and Crane {71

Def19: Let F(AM) the set of all superanalytic functions f: M — A,.. The mapping
X :F(M) F(M), f—XFf (35)

is called a contravariant veciorfield on M if the following chain rule is valid:

~ L a
(X f)p) = (X&' )p) a_:g'if(‘l’_](yls'-':ynl+n)) (36)
y= ®(p)

Ype M, fe F(M), y={y1.....¥ym+n) € R x R], (U, ®) chart around p.

The set of all contravariant vectorfields is denoted by X(AM).
Since the chain rule is valid one can represent every X € X (M) by partial differenti-
ation

.ff:X'(,%f, f=fod L. (37}
Y
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Xi= )Ey‘ are called the components of X in the coordinate system, which is defined
by ' = &%,

Def20: Let X € X(M) and p ¢ M. Then
Xyt F(M) = A, f s (XF)D) (38)

is called the contravariant vector at p. The set of all contravariant vectors is cailed
the tangent space T, M.

The space T, M is a supervecior space of the same dimension (m,n) as the superman-
ifold M. Let yi be the coordinate functions of the chart at p, then ;& = (8/8y')), is
& coordinate basis of T, M.

Every complete set of linearly independent elements ,¢ € T, M can be used as a basis
of the tangent space. It can be expressed as

{8
af=af =) . 39
(31:'),, (39)

Such a basis is denoted as a Vielbein.

Let us turn to the study of special supermanifolds of real dimension (2,2) or of
complex dimension (1,1). Let the coordinates be = € C., 0 e C,. In the fermionic
string theory one is interested in superconformal symmetry. The notion of super-
spaces and supermanifolds enables one to represent these symmetry transformations
as pure “geometrical” transformations in the coordinates (2,8} € C, x C,. I consider
the transformation (e € C,):

trr

= -+ fe

40
=f#+e. (40)

=1
I

Lagrangians are constructed from fields and their derivatives. Therefore one is lead to
use supersymmetric differential opertators. This is nothing but to choose a Vielbein
of complex dimension (1,1), whick is invariant under the transformation (40). One
rewrites Eq.(40) in homogeneous coordinates

7 1 —-¢ O z
dgi=10 1 -« 0 (a1)
1 0 1 1
=1z+e¢X =expleX]
and realises the infinitesimal generator
0 -1 0
X=40 0 1 (42)
¢ 0o 0
as a differential operator
Lx 1 FIC, x Cp) - FIC, x Cy) z,8) [ d {eX)
X e * gl 2 c* Leals [l expf.
Lde v=0 {43)
= Ly = —#0, + Jp.
20

This operator obviously has odd parity. Invariance of an operator D € Ty M is now
equivalent to the restriction
[D:LX] =0, (44)

where

[A,B] = AB - (-1)*®BA (45)

is the supercommutator of two operators A and B. For the operator D one makes
the Ansatz
D = a(z,0)8, + b(z,0)}0s, a,b € F(C, % Ca). (46)

In addition one has the constraints D? # 0 and D* € T, M. For the supercommutator
of D and £x one gets:

(D, Lx]}=(—b— 8(8.0) + 8sa)d; + (-0{8.b) + 8pb)0p, (47)
which yields for D
D = bl(a + 8)8,. + O], acC,,be C,. (48)
We choose the normalization & = 0 and b =1, i.e.
D = 88. + Be. (49)

Therefore the operator D is something like the square root of 8, since D? = &,.
Let us consider a general superanalytic coordinate transformation

i=#{z,8)
. (50)
# = 6(=,8).
Then D transforms as follows
D = (93)D. + (868)8s + 6(B8.3)B. + 6(D.0)3,
:{(B ) (0. 8)03 %[(89 ) =+ 9(8 }(’i
= (D#)D — D)~ (DH1D?
= (D&)D + (D: - 4DID*, (51)

Def21: A superanalytic coordinate transformation is called superconformal, iff the
(0.1)-dimensional subspace of the tangential space generated by the action of D is
invariant under the coordinate transformation, 1.e.

D ={(D6)D. (52)

Def22: A Super Riemann Surface is a complex (1, 1)-dimensional supermanifold,
whose coordinate trausformnations are superconformal mappings.

Ezample: The Super Riemann sphere SC is generated by two coordinate systems
Z = (z.8) and Z = (Z,8) which are connected by the superconformal transformation

(3,8} = (1 {)) (53}



One introduces homogeneous coordinates and can represent SCasa {1,1)-dimensional
projective space {£,2,23) € Ca x C2\ {0} = P(113{As). The local coordinate sys-

temns read
(ejz(—zi) ,é):(i’)i). (54)

LIRS
The group SPL(2,C) of superconformal automorphisms of $C is the natural
super-generalisation of the Mibius transformations.! On Py ;){Ag) these transfor-
mations can be realised as linear transformations, which are superconformal in the
iocal coordinates of SC. Also one has the constraint that SPL{2,C)poay = SL{2,C).
A reasonable Ansatz reads:

[T

(

e a f
5PL(1,z;caxcf):={7= § a b|:abedeeC
¥ ¢ d

a1ﬂ37asecu;ad*bCll; sdet’y—l}. (55)

Locally the transformation
=~z r,z2' € Py (Aoo}s v € SPL(1,2:C, x C?) (56)

reads as
_#rais_a

i _'rf?“+c:+d:B

57
g_tfrazip T o
v8 +ecz4+d B’
Superconformal invariance gives the constraint:
D:' = ¢ D¢
(DA)B -~ A(DB) T (DT)B+T(DB)
B2 B B?
= (DA)B — A(DB)=T(DT).
Comparison of the coeffcients yields
e =14 fa + 2v4, e=1+(3/2)8a,
ea + el —ay =0, = = do — ¢, {59)
eff + déb — by =0; & = ba — af3.
Inserting (59} into (57} gives finally
g tEth et
cr+d (ez +d)?
(60)
¢ = ,B.fi + 9 (1 + Bj)
cz+d  cx+d 2
i‘;t’s"g‘;ner&to;; are the operators Ly, L%, L_%, G% and & of the Neveu-Schwarz section of the

1
3
Virasoro super algebra of the fermionic string. In Ref.[3) SPL(2, C) is denoted as O5p{2|1, C).
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I further define the quantities ¥, and x, by

: 1 3
Vo [Nyt + N, = (a4 d){1 - QT) —ad. (81)

N5 is called the norm of an hyperbolic v € T and y, describes the corresponding spin
structure. y, can take on the values #1 and has to be chosen as y, = sign(a 4 d).
N, will denote the norm of a primitive vy € T, where elements v € T which are
not powers (greater or equal to 2) of any element in T’ are called primitive elemnents
of I' in analogy to the usunal bosonic case. T is called a super Fuchsian group, the
subgroup SPL(2,R) of SPL{2, C), thus the group of superconformal automorphisms
of SH. Its body is the corresponding norm of an element yg ¢ PSL(2, R}, the
group of hyperbolic transformations on the Poincaré upper half-plane. In analogy
to the classical bosonic case I denote by I, = In IV, the length of a closed geodesic
corresponding to a hyperbolic v € I'. Of course, [, is the length corresponding to
a primitive 79, Furthermore, a hyperbolic transformation is always conjugate to the
fransformation

=N 8=, /N8, (62}
or In matrix representation:
Yo 0 0
hyperbolic v € T conjugate to ] Nﬁ 0 ; (63)

To normalize 4 correctly by sdety = 1 one has to multiply all matrix-entries of

Eq{53) by A =1 — %ﬁa =1+ %aﬁ. Therefore:
1+ %;3(\ o 3 1+ Aex a i)
y=RK|bo-a? a b|=]ba—ad a —%50) b(lféﬁa) (64)
da-ecd ¢ d da —c8 o1 — %Ba} d{1 — %60]

and with Eq.(34):

1+ Po ci? — da boa - a3
~71 = - d(l—%do) 71)(1*'12'}'304) . (65)
-a  —cll-1d0) ol - 18a)

To formulate super uniformisation let us firsi remember the uniformisation
theorem for Riemann surfaces (e.g. {15 ):
Theorem:
Every compact Riemann surface is conformaly equivalent to M/T, where M = C
{Riemann sphere), M = C (for the torus) or M = H (upper half-plane) where I' is a
discrete, fix-point free subgroup of the conformal automnorphisms of M.

Since C,C and M are simply connected, and super Riemann surfaces arc fiber
bundles over their body, there exist generalisations S€. SC and SH. The conformal
automorphismis of C and W are subgroups of SL{2, C}. This is not true in general for
the superconformal automorphisms of 5€ and SH. But for application in physies we

23



need in general a metric and we can restrict ourselves to “meirizable” super Riemann
surfaces. Superconformal automorphisms of a “metrizable” super Riemann surface,
which leave the metric invariant, are always subgroups of SPL{2,C).

With the DeWitt definition of open sets, a subgroup I' € SPL{2,R) acis discrete and
without fix-points, iff I'ged = Tpoay T SL(2,R).

Theorem (71}

Every “metrizable” super Riemann surface ¥ is superconformally equivalent to M/T
with M = SC, 5C or §H and T is a discrete fix-point free subgroup of the supercon-
formal automorphisms on M.

The coefficients in Eq.(55) are specified by a,b,¢,d € R, and ,8 € C,, & = ia,
8 =13

As is well known, the fandamental group of a compact Riemann surface of genus ¢

can be defined by 2g generators satisfying the relation (I1.17). In the super case one
has analogously:

(Yo1 - Y2g-2V2gm 1 MV0 P V1 - Vg 2F29-1) = (66)

(=T
(= =l
- o O

The real Teichmiiller space 7 of a compact Riemann surface with genus ¢ has di-
mension dr = 6g — 6, whereas super Teichmiiller space ST has dimension dsr =
(6g — 6,49 — 4).

The simplest generalisation of the Poincaré metric on H whick is SPL{Z, R}
invariant reads on SH de 1 002
ds* = _l._“:fhli‘_, {67)
(Im: + 388

but this metric turns out not to be invertible!

II1. PHYSICS ON THE POINCARE SUPER UPPER HALF-PLANE

1. Classical Motion’

To construct the metric on SH let us consider the Vierbein E. The general
method for construciing the Vierbein in a curved 2 + 2-dimensional super space was
given by Howe |51]. Becanse a 2 + 2-dimensional super space is conformally flat, if
there exists a coordinate system in which the metric is proportional to the flat metric,
one starts with the Vierbein EMA in flat superspace

1 00 0 1 0 0 0
. 0 1 ¢ 0 . 0 1 0 0
A_ M_
EM_—9010’E"‘3010’ (1)
0 4 0 1 0 -4 0 1

where EAM = (E’M‘!‘)_l 15 the inverse Vierbein. This gives for the quantities EA=
d:MEMA:
Er=d-+8d8, E®=dop,

S e (2)
E- =dz — 648, EY = dé.
Under a super Weyl transformation the Vierbein EMA changes as
. Bt = A(Z)Epf, a=z,z),
By w Epyt=q " .o - ; ( —) (3)
EM'J :AE(Z)EMD - 1E]\;(’Ya)aﬁD,3A§(Z): (0.:9’3)’

where D, = E, ™ 8a, A[Z) the scaling function and (7.} the y-matrices which in my

notation read?
0 2 0 0
af - el —
(¥:) (0 0), {v:) (2 0)' (4)

Since the Vierbein E# should be {up to phase factors) invariant under the action of
SPL(2,R) the appropriate scaling funetion reads A(Z) = Y ', where Y is given by
Y = Imz + 92—9 =y +16,8,, if U further set § = 8y +if; and 8 = §; — :62, where 8 and
6, are real Grassmannians. Note: ¥ =Y. The E4 are now given as (see [71,86]):

d= + 8db . dz 4848
+ g it

y ’ Y
df i0 — B
B = 0+ T (d + 0a8), (5)
2Y 2 1z
5 dé B+ d _
0= U T Vg dad),
3Y: 2y

In Appendix A the SPL(2.R) invariance of the E* is shown. The SPL{2, R) invani-
ant line element can now be constructed by [86]:2
ds’ = E*E° - 2E*E®

1

=3 (id= — ifd® — 2Y1d8®)

= }1— |did: — i8d3d8 — i0dBd: — (2Y — 66)d0dD .

I Raising and lowering of spin-indices are performed by the totally antisymmetric ¢, j-1ensor.
2Gee the remark following Eq.(44) helow.
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Rewriting ds? = dg®,qudg® ene gets the metric tensor on S'H

o1 0 —if
1 10 —8 0 -
@) =210 5 o —(2Y + 68) ¥
i 0 2V +60 0
The metric tensor is obviously of the form
_ A r T 7
{agb)—(l—\]" B\)} 4=4 !BiiB' (8)
Equation (II.33) gives the superdeterminant of (.g4)
det 4 1
det{pgp) = —————— = ———,
sdetlage) = B TTAT) ~ ave ©)
Note that (g} is a “super” Kihler metric
1 1
29z = F =43.8; 1!1172
—ifl 1
g0: = ’ZF = 6:8{; In 172
8 1 (10)
095 = 5y = 8:05In vz
2Y + o8 1
eds = —917,2 = 3{;6.9111 ﬁ
One constructs the SPL(2,R) invariant volume element on SH as
dV(Z) = /jsdet{,gs)|dzdzdbdd
_ dzdzdedé (11)

2Y

Note the difference 11 the power of ¥ to the PSL(2, R) invariant volume element on
‘H: dViz) = dedy/y®. In Appendix A it is shown that dV(Z) is indeed invariant
under the action of SPL{2,R). The SPL(2,R) invariant Lagrangian is constructed
as (following Refs.[86,87]):

m [ ds\* mo. e s B .
L:E(E) = oy 15 1028 — 882 — (2Y + 80)p8 |. (12}

The Euler-Lagrange equations derived from this Lagrangian read

,+,52 8:6 . .H.+_59 o
Tt =0, 1— =,
oy Y (13)
:+AS ¥9§970 §+,5970
z t} v = 1), =k

These are geodesic equations
G+ Te g% = 0, (14}

where

arb( -

[

8 : d Iy
agd|_qyd-1 %dde o adebrneddge L pYede | 15
g'|(-1) g | ) B {-1) Bgd (15)

Here ("g®) = (ogs)"" denotes the inverse of the metric tensor and with the heip of
Eq.{11.33) it is given by

0 2 -89 0 48

e by o | 2¥Y 68 0 —i 0
("g’) =1 o _i6 0 1 (16)
i 0 -1 0
Let us assume that the classical solutions of the “pure bosonic™ equations
2.k
Thi—=:I-i-=0 {17)
y
have been found, [z(t), Z(#)] = Tz0(t). Zo(¢}]. then
[(1, 2(4), 0(), 0(2)] = [20(t), Zul#) €120 (8) + €2, w{er Zolt) + €2)] {18)

are classical solutions of the Euler-Lagrange equations, where ¢; and ¢; are Grassmann
constants and w is a constant phase factor with |w| = 1. Explicitly

1
2(#) = ¢ tanhw(f ~ 14} + e —
(1) = ¢ tanh o o) C2+1clcoshw(f—?—fg) (19)
B£) = e12(1) + €2,

where ¢;,¢; and 2y are real even numbers and ¢; and ¢; are odd ones (for more details
see [87]). It turns out that there exist periodic orbits on bounded domains on SH
and that this motien is chaotic [60). The corresponding geodesics also obey Huber's
law. The super hyperbolic distance between two points ¢’ and ¢'?! on SH is
now defined as

q[?) t, ! ds 2 .
dig'", ¢t¥ :j d -_f (m dt = wits — ). 20
R R VU wifz = 1)) (20)

This can be rewritten as
coshd[q'”\quj) -1+ %R(q”},q(“] _ ET‘(Q(”.,QQ)). (21)
where [set ¢!V = Z, "M = W = (u + fv,0n 4 ),V = v + v5/2]:

Rzwyo Bl et (22)
’ Yy (y+60:2)c 4 vir,2) 22
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208 + i{v —iv )8 + i6) N 2vp 4 i(8 — i8)(v + iD)

W) =
(7, W) ay iv
{v+iv)(8 + i@)Re(z — w — 60) N
. 23
+ 4Yv (23)
All these two-point quantities enjoy the following property
o(vZ,yW) = o2, W)= oW, Z). (24)

In Appendix A the SPL(2,R) invariance of these guantities is discussed.

Let us note the parity of the matrixelements and the rules for index shifting for
the metric tensor and its inverse

P(agb) — (_1)u+b, e = (“1]“+b+ﬂbﬂgb

25
P(agb) - (_1)a+b, bgu - (_l)ﬂb agb. ( )

Let us turn to the Hamiltonian formulation. We have for the conjugate momenta

aL ™m . ﬂ a . ,
P = g = E[agbbq +(—1) b 0.0 = magt (26)
Explicitly
mo,. .
P, = éi;g(z —184)
m . i
P: = 9}7,2(3 -+ 136)
Mt .. % 5 (27)
Ps = :?;}-’2 6(: - 260) — m-}—;
im . s 8
P = 72},29(: +i68) + my
Note the important relations B, = p: and g = —ps. This yields for the velocities
il 1 (13
§* = —"g"p, (28)
m

and therefore for the Hamittonian:

Hip,g) = "ap — L@@} gy
1 (-1)° (29)

= —%g"pap = Pa®g"sp = Llg.q).
2m Im

2. Quantization

Let us consider the quantum mechanics on SH. Since cur Lagrangian is & non-
linear one, i.e.the g5 in Eq.(IIL.7) are functions of the coordinates, the ordering of
operators cannot be ignored. Let us start with general considerations. To define
position and momentum operators canonical super commutation relations are
assumed:

g9t =0=1[p,p,), [p,,a"} = —ihas". (30)

In the g-representation q% and p, are given by

—1
[

. —1
q, = fa p, = ~ithg idayg

ta

= “ih(aa + %Fﬂ)! (31)

where g = |sdet{ogp)| and T, = %Ba Ing (In ihe following I omit the bar on the
operators and set # = 1.). Following Ref.[86] ihe super Laplace-Beltrami operator
can be constructed as

1 1 —1
Aspp = (—1)"g 1pag? “g*spg 1. (32)

This super Laplacian is a straightforward generalisation of the classical bosonic one
and is in general the simplest one which is invariant under general point canonical
transformations (see [42,67,68,86] for a discussion of the classical bosonic case). The
quantum Hamiltonian on a super Riemann manifold is then given by

1
H:—?—ASLB- (33)
Vil

&

More explicitly {do not worry about the position of the indices)

1
H=-— ugbaf}aa +

= 5

1) .
( _) (8a+/7°4")8s
1 {34)
= == 196"8,8, + (-1)" (Ta *g" + (8. "9")) B .

m ’

The ordering prescription (32) is a special one. Another possibility is super Weyl

ordering

1 'a . ’
H = a gbpbpa = 2(71)11;00 angb+(*1)u+bePu ugl:-:\I +A1 (35)

where the quantum correction AV {of order A7) is given by

1 ., 2 a at
AV = T T Ty + (—1)7(8,"9"Th) + (- 2)* (8,8, ¢%)]. (36)

— 1
B8m t

All these formulas are straightforward generalisations of the classical bosonic case
42", Let us apply these prescriptions to SH. The momenta are given by

,E(E.L) ,.1(5 )
Pe=5\8: Tay )0 FrTi\a: T :

;
ny

1/ 8 8 1/ 9 9
P(aTeH) w5 i)



Plugging the momenta into Eq.(35) gives

i
H=- —ﬂg“a,,aﬂ
2m

Y = - ; .
= ——[(2V — 08)8.8: +i08.05 — 88,8 — 008,08,

m

(38)

In the first line in (38) one recognizes the same structure as in the bosonic case,

where H = 7$“gb3;,6a = fﬁyz(af + 63) Since the Hamiltonian represents an

observable, it should be, at least in a formal sense, hermitian. Therfore one is lead to
the following

Def.: The complex conjugate of the partial derivatives on C. x C, are given by
(8.} = a;, (B5) = — 0. (39)
It is guite surprising that the Hamiltonian can be faciorized. Let us define

O=2¥DD = 2Y(8;0 + 088,0: — 83,0, — 8540, ),

h i (40)
D=8 +88., D= _8;+00.

[1.e.D = Dg, D = Dj,in the Vierbein notation of Eq.(1)i. Then we have the important
relation:

Asps =00 (41)
Proof:
O =4YDDYDD
— 4YD[{DY)DD + Y DDD) (42)
=4Y[(DDY)DD — (DY)D*D + (DY)DDD + ¥YDDDD).
One makes use of the relations

DD = -DD, D? = 4., Dt — &,

A DU v — Lo id
DY = 5(9 + 18), DY = E(B + 18}, (43)
DDY = iD*Y —id.Y = },
and get
v ) ) o
[F = —— [{2Y — 88)3.8; + i0D,.8; — 100,80 — 853435}, (44)
Tt

which completes the proof.

It is quite interesting to note that this possibility of taking the square roote of Agrp
crucially depends on the choice of the factor “2” in ds” of Eq.(6). Demanding Aspp =
(J* determines this factor unambiguously.

[Jis a SPL(2,R) invariant operator.

Proof: In Appendix A it is shown that one has for the SPL(2,R) transformation
(11.60) the following transformation properties

-t p
B(Z) (45)
Y = 1 B(Z)*Y'.
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Therefore

! #D*,_—luf)' —¥'p'D=r. (46)
B(Z) (Z)

Generally 1 refer to the operator [] as the Laplace-Dirac operator on SH.
With the invariant volume element on SH, Aszp and [J are hermitean with respect
to the scalar product

(‘I’j.‘i’z): /‘G’Iylz)‘b]‘iz (47)

The operator [Jis the zero-case of the more general operator [0, which is defined
by!
(O = 2Y DD + m{if - 8)D, (48)

This is the important operatar for the fermionic string (see next chapter). In Ref.[10]
also the operator [, is introduced which is constructed by a linear isomorphism

e e (A L (49)

Hence we have an unitary equivalence of (3, and Cl + 7. Explicitly ), reads:

O

]

i
X

YDD + — (it - 8)(D +iD}

|3

(50)

3

YDD i

| 3

(81 4+ 6:)(0s, — O, ) - i 860,

I denote this unitary equivalence by (I, = 1+ . Let us cousider an even differen-
tiable superfunction on SH {4, B even, x,x odd}
e g o, 1 oy L Fer. = 1.5 -
®(z,2,0,0) = A=, 2} + —[8x(5,7) + 03(2,7)] + =00 B(5, %), (51)
V¥ ’ Y
With the notation —A,, = —4y28.8: ~ imy8, = —y*(82 4 83) + imyd, one gets the
following equivalence relation |10):
~A_,A=s(1-s)A  B=-4
Dm@:s‘i’c"' —A..n,_l'\':(ifsi)x, 7A7m+]i =(%_Sz)i (52]

e =)= =298y — 3(m - 1}y,

where s is an even supernumber. Thus, the solution of the Eigenvalue problem: is
formnally the same as the classical bosonic one. However, the periodic boundary
conditions {for e.g.m = 0 $(rZ) = $i{z), v € SPL(2,R)] must be interpreted in
the super language. By taking the body in all quantities, one recovers. of course,
the old problem. The equivalence relation legitimates to set s = % +ip(p € R, s0
called “small” Eigenvalues neglected). This reproduces the positivity of the operator
_Am-

' use a slightly different notation asin Baranov et a1.[10.11] and Aoki {3]. In Refs.{3,10] a description
i given, how such opertors can be constructed in a systematic approach.
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An odd superfunction is constructed in taking the quantities 4, B, y and 3 in Eq.(51)
odd and even, respectively.

As is easily checked ®; =Y* and &, = (6; + &)y * satisfy (52), ie, ®; and &; are
an even and an odd solution of the Laplace-Dirac operator [,,,, respectively, with
Eigenvalue s:!

0@ =s®;,  (i=1,2). (53)
Let us note the squares of the Laplace-Dirac operators [T, and f1,.. They read
CE, = [0 + mli6 — 8)D]*
=05 + m{h(i — 8)D + m(i8 — )D0 + m*(i8 — §)D(:6 — §)D
= [:If, + 2mY(DD +1i8: )+ mi(if — 8)D; (55}
= [0+ 56— 8)(D+iD))’

T+ EE“' (16 - 8)(D +:D) + =(:6 — B)(D +iD)h
2
+ (6~ 8)(D +iD)(i# - §)(D +iD)
= +imYa,. (56)

Let us finally discuss quantization in the path integral formalism on a (m,n)-di-
mensional super Riemann manifold. I state just the most important results. A more
detailed freatment is not discussed here. Let us consider the Eigenstate |¢ > of the
coordinate operator g with Eigenvalue g and the properties

< qlg' »=glq)gld V) 3¢ )6(g—¢'). 1= qu\/sﬂq >< gl {57)

Now define the kernel function A(g",q';1", ") describing the time evolution
g9 £

Pg" ") = /dq\/ﬁff(q",q';f",f-')‘l'(q':f') (58)
by the matrix element
K(q",qj;f",t') — qn|e—i(i"—£'}H3w1qﬂ . (59)

Here the super Weyl ordering prescription in the Hamiltonian (c.f. Eq.(35)) is chosen.
I proceed in the usual manuer, i.e. subdividing the time interval T = " — ¢' into N-
subintervals of equal length ¢ = T/N and let #%) = ¢ & ek, '™ = "Nk =
0.1,...,N). First one gets

K(g".q.:T)== q"!f""“"_""”““' lg' >
N

( H f\/g(ﬂdq(“) x H < q(j]}exp{f ifH_q[.‘r]\q(j4] = . (60}

INote tha? an Elgenfunchon of the form ¢ = A + BGB which is satis{yi mg the relation [52) {}¥* 1s

a special case of such an Eigenfunction) has under lhe assumption s = = + ip({p ¢ R) with respeet
to the scalar-product {47) zero-norm. Even worse, in general the scalar-product. (47) does not form
a Hilbert space inner product in the sense that it is not pesitive definite - quite puzzeling in view of
DeWitt’s book 1220, The asymptotic hehavior of.the heat-kernel [see chapter VI and Appendix (1)
suggest that one would have 10 give up either positivity or diagonizability of sclf-adjoint operators
{or both}, to have a super reparametrization invariant notien of super Hilbert space 4.
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The short-time matrix element can be evaluated [qf‘i)

. . e %(QUJ +q(j—-1)),Aq(j) =
g — g1 dp = dp,dp,dpedpy):

q(j) ‘e—istw |q(j*1) -

dp("”

(2m)ym

~1—ie < ¢ How|g"™ " > [g(g')g(g")) 7 f
XEXP{ [ Dag — —2g"(qiy py” o) — ¢ (q(ni’erAV(qﬁd))H- (61)
Here use has been made of the matrix elements
1 iprz 1 ips 6
< 2lpe >= 5 dp.e'Pr?, < Olpe == = | dpge'F?, (62)
2 1

where z denotes any of the commuting variables and @ any of the anticommuting
variables. Equations (62) imply

/dpgdpéeips(ﬂ“79')61';:5(9”--5’]

- ] dpodpg L + ipol8” — 8) + ipg(8" — &) + peps(8” — (6" — 8')]
+(§”79f)(3"'—0'):6(9_“—6_']6(8"79,), (63}

Now the integration formula for Gaussian integrals in superspace [22,p.46,p.304] is
used: .
(2m2) =

TR %“Mbbpap. (64)
|sdet.M|2

jdqeer [3¢°M’q — ipa°q: =

Here it 1s assume that {,Af;) is of the block diagonal form

A &
(40 €)

where A is a matrix with Eigenvalues whose bodies are strictly positive and B a
matrix of the block form

— ding 0 1 0 ity "
B—dlab[( i 0 )( i o )] (65}

with y; » 0(¢ = 1,...,n). Otherwise additional phases occur in (64) - see [22].}
Modified for the inverse of {, A3} (*M?®) the Gaussian integral reads (and note that
I handie the variable g and p as a standard basis):

. } . (27} %
dpexp i1p, I Ay — ig" gpl = o
/ b TP sgetai

E.%qaagl‘b‘i'_ (66)

i Phase: due to negative Elgemalues in the matrix 4 are not allowed in ordinary quantum mechanics.
the underlying body of the discussed theory. Additional phases due to negative p; read as follows:
For every p; -7 0 multitpy (64) by the factor i.
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Therefore the p-integrations can be carried out. Finally one has to take the limit
N — oo and the path integral on a {m,n)-dimensional super Riemann manifold reads

ﬁ N-1

m w272
K(g",qT) = lg(g')gf") ™% Jim ( ) qu“’

XIIV qﬁ’up{[ ‘”"gu€%A¢”+eVmE)+Avm$ﬂ}.(mv

A detailed proof of this representation will not be given here.

In case of SH one has AV = 0 and finds explicitly for the path integral on SH
[Z = (:,9) - (T + iyzgl +102)]

NN-1

" _ " il (71 3.0 gal3) 7ot}
K(Z",2".T)= 2vY'Y" ]:mm( ) H/dmfdyfde 8 H Yo
xexp{ ;mz Azt As 83 A A 7595"?&:‘-’%9(1"
_ oy (i) gla) (51 A gld)
(2¥,) + 65 8 A8 ARV b (68)

In a rather tedious calculation it can be directly shown that this is the correct path
integral on SH. See Appendix B for some details.

The path integral (68} has not been calculated explicitly up to now. However,
there exists a semiclassical solution by Uehara and Yasui [87] and a calculation of the
heat kernel K(T) by Aoki [3] by solving directly the equation

d i ' " 3
(@~;ﬁa;,f) (T)=8¢" —q') (T=t"-1>0) (69)

with the boundary condition

1

K(T) - %

8= — ')Ay - g8 - 0)EE" ), (T =0y (70)

A short summary of Aoki’s results is given in Appendix C.
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IV. THE SELBERG SUPERTRACE FORMULA FOR SUPER RIEMANN SURFACES

Let us consider the $PL{2,R) transformation as given in Chapter II
f84+az+b A

A8 tcz+d B’

y_brazts T @)
+ftext+d B
where
AZ)=az+b-88 BiZ)=cz:+d— 8y, T(Z) =az+ 3+ ef; {2)
le—é—gﬁa,'y:dafcﬁ,ﬁzba—aﬁ. (3}

The numbers a. b, ¢, d satisfy the relation ad — be = 1 and are real even supernumbers.
The nuimbers e and 3 are odd bupernumbers with the property a = ia, 8 = id. 1
also use the notation Z' = (=, 8") = ¥(2.8) = vZ. A4, B and " must be multliphed
by AL =1~ %od to give the correct normalization sdetT = 1 (see Eq.(I1.84}). 1
denote these quantities by A, B and I, tespectively. Let us introduce some important
noticns:

Deft: Let T C SPL{2.R) be & discrete subgroup and U © SH a fundamental
domain of T which tesselates SH.

Def#: Let 4 € I'. A function f(Z)(Z € SH) is called a super automorphic
function of weight m iff it is satisfying the relation f(yZ) = ].\'(Z)f Z), where j
is given by

N m —TR F z
= erimrm = (2)

5

1t

(4}

|

F‘Y_ (:,16’):7(‘:!9}'

The task is to construct the relevant aperator for the super trace formmla which maps
super automorphic functions into super automorphic functions. Let us consider the
integral operator L

Lam:j 4V (W Yk (Z, W )W), (5)
SH

L is called the Selberg super integral operator on §H, where kw(Z, W) is the
integral-kernel of an operator valued function of the operator f,.

Now introduce the functions ®{z) and ¥(r) sufficiently decreasing at oc. Since the
Laplace-Dirac operator [1is a $PL(2, R) invariant operator its integral kernel (and
the integral kernel of functions of []) must depend an SPL(2. R) invariant quantities.
Therefore one makes the Ansatz

R(Z, W)= ke(Z, W) = B[R(Z, W) - M Z.W)¥ R{Z, W)L (8)

The invarianis #(Z, W) and B(Z, W) have been defined in Egs.(1I1.22). For the heat-
kernel of the operator [J? the integral kernel kp.q¢ can be explicitly calculated {3} and
has the form of Eq.(6). Let be m € No. Introduce the quantity J™:

(Z,W € 5H), {

:—zzi+i95)?

=+ ify

ImZ W) = (
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and study the transformation properties of J™ for J™{Z, W) — J™{(yZ,¥W). Using
Eq.(A.8)

1- > — B + 187
~v(z = w® +160) = (z—-w—i—;ﬂv) of_ _ i

B(Z)BW)  B(z)B(W)

one gets the transformation rule for J™:

— w4y
_[B(Z) :-w-+ibr B(W)
“1Btz) i-w+ify B(W)

- P AN
JMvZ,4W) = (T )

m
Fi

] =iz} I™Z, Wi (W) (9)

Defining now

km(Z, W) = J™( 2, W)k(Z, W) (10)

and k. has ihe required properties for the iniegral kernel of the operator L. Thus
one formmuiates the following

Theorem 1: Let f be a super automorphic function with f € L*(SH) and scalar
product [f1, f2 € LE(SH)]

(hofe) = [W(DA(Z) Fu2) (1)
The Selberg super integal operator is then given by
Lf(z) = j dV(Z)J™(Z, W){ 2[RI Z,W)] — »(Z,W)RIR(Z, W)} F(W)  (12)
SH

and maps super automorphic functions into super automorphic functions.
Together with the substitution W = 4 W' one easily shows

42 7) = ] AV Yo 28V = [ VO Yoy 23157
SH SH
= [ 2T A (13)
SH

= j;"lZ)f VAW ke (2. W) fOW) = 57 (Z)9(2)
SH

[ |
Let f he a super antomorphic function and g = Lf. Then:
g(Z):/ AV (W)km(Z, W)Hf(W) = Z/ dV(W ki (Z, W) f{W)
SH
Y
._\_‘fdun Ve (2,7 W[ Zjdl(n Vel 2,4 W) 7 (W) £ (W)
{1 {~}»
/dl(ﬂ) (Z. W) f(1y,
(14}
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where
=" kml(Z,9W)iT(W) (15}
b

is the super automorphic kernel.

Let us consider the supertrace of L. I represents an integral operator of an
operator valued function h of the Dirac operator [0, i.e.L = h{{]). Let us as-
sume that the Hilbert space L*(SH) can be mapped onto 15 := {the space of all

sequences {a,} C Ao with the property that imy oo E —a \an|2 exists }. This as-
sumption is nothing but a generalization to the super case of the well-known theorem
that every Hilbert space is isomorph to I2. In I% [0 can be repesented as an infi-
nite dimensional matrix. Let us denote (O ) as this matrix representation, Let us
furtheron consider the Eigenvalue problem

(Om )Y =AY, (16}
where ¥ € I3 with appropriate boundary conditions. ({Jn) diagonolized yields
(Om) — A =diag(AF.AF, .. GAE L AF ), where AT ore the B(ose)- and Fermi)

Eigenvalues of () for the even and odd Eigenfunciions of ([In}, respectively.
Clearly

str(y = str{[0. ) = strA = Z()\f - Fy; (17)
n=0

this expression must be in general regularized (e.g. by the zeta-function method). Let
us consider further powers of C: [F, (k € N). Then

str[F, = str{m )¥ = strAf = Z[ AEE (AR, {18)

Since every well-behaved function h(:) can be approximated by powers of -, one
finally gets for str{L) on the one hand,

str{L) = strlh{TDm ). = 3 [h(A5) = B(AT); (19)
=0
on the other hand, one has for the transformation W = vZ = (N,z, v\, ﬂiﬂ]

oo B (DA
TR, m Dy /N T

Thus we get for str{L}):

str{L):/ dV(Z)K(Z,Z) Zde(Z Vem( 2,4 Z)52% L\ TA(4), (21)
(=} {3}

where A(y) 1s given by

__1(7)=jd1"[2)km(2.-‘iz]

dedydddd
= j T 12,0 2)|#(R) - rU(R)] (22]
Ny
= ;] dyf j (m‘m ST Z5Z) [ R(R) ~ r¥(R)
= U‘i‘ El
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Immediately the term corresponding to the identity transformation can be stated

I™(Z,2)=(-1)% =im]

A = 4 / ”dyj drjgg‘?g@ iMr(g —1)8(0),  (23)

since vol(RS,) = 4n(g — 1), where RS, denotes a Riemann surface of genus g.

For the explicit evaluation of (22) we need the following

Theorem 2: Let L be the super Selberg operator and ¢ any Eigenfunction of (J,,, in
SH with (nth = 5¢. Then

] AV (Z Vo (W, Z)6(Z) — h{s)b(W), (24)
SH

where the superfunction h depends only onr s and the kernel k. The value of h(s) is
thus independent of the function ¢.

Proof: In Ref{10] the proof of this theorem is given for all function ¢ (even and
odd), all m € Z and all W € SH. Since we need theorem 2 only at a specific value,
ie. W = Zg = (4,0), I restrict myself to that relatively easy case, which has also the
advantage that the case of odd functions drops out. Thus for W = Z; = (¢,0):

R (o

It
PN
—
|
l\'J|Q:
|
R

1] 2
;f; > Y Y (25)
i'pZ) - '.;‘!
=y
g ! -1 _
ya-1 (y+ ?) =yl i_ry'"zaa.

Let ¢ an even superfunction as in Eq.(I11.51) without linear in #,8-terms, i.e. ¢ is of
the form ¢ = A(1 + %99}. Insertion yields:

Lé(Zy) = /dV(Z)km(Zn,Z)@ﬁlZ)
j dyf dr/iﬁf‘g.]m (i, ZH{®[R(:, Z))—»{i, Z)PiR(:. )}(1+—69) Az =

L) e

xfdaé[q;(}a)f f;'gaq’( g g—chp(R)— ‘g‘g‘l’(&)]

B

—{s - 1)®(R)+ R;®'(R) + ‘II(R,-)J

=& R;)

)
/f?/idr(i:i‘iji 1) e 0
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Since & depends only on Ro(z,:), where Ry = ‘,,T‘? is an SL(2, R} invariant quan-
tity, the last equation can be interpreted in terms of the Selberg trace formula for
automorphic forms of weight m [49] with integral kernel $. Now, an aperator £ on
the Poincaré upper half plane whose kernel depends only on Ry is in fact a function
of the Laplace operator A,,. It follows that L multiplies ¢ by

his) ::f "7%6:? (y+y " - 2)dy, {27)
0

where Q is given by
Qi = [ bt e (28)
0

This completes the proof.

Let us turn to the calculation of A(«). The invariants v and R are given with
the hyperbolic transformation W = 2 = (¥, 7, x4/ N,8) as:

N 8
Rz,77) = T2V (B,
!\a,_f 32 o
0d (29)
r(Z4Z) = (2- \'v‘vw? =y Ny __)2
Y
For the J™ term one gets:
e\ - N, 08N\ %
Jm(z,ﬁ):( o .._j-\_“1/ j )
I N,z +iy,/N, 08
a [( 2N, — 1) - ig(N, + 1) i/ N 08 )
TN (N, - 1) (N, S 1) w(N, - 1) - iy(N, 1)
El

(AP /N, 88

(e )

:I'( o = 1Y+ ay( v, —4—1)
(w(hy - 1)~ ig(N, + 1))% (1 o wN - by o1/ N, 08 )

2(N, — 114 iy(N, + 1) YPIN, 12 - 2 (N, 4+ 17

{Substitution r = y&)

B (_5__(_;}5 - 1) — Ny + 1)) g (1 Cimén, NN, - 188 )

- g EHN, - 1) (N, 4 1)

HN T i, 1 1)

(Substitution £ = :\/ ‘\‘1\_1 ¢

ln]\ £

s )

(C ~ 2 cosh <2

C+ 2% cosh

My a8
1~ 2ln N, [°
¥ (®+4cosh® ——

Setting In N, = « and finally

¢ — 2icosh § ) E ( 89 m{x, ) (30)
§ — 2icosh §

T Z,~Z) = (
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(¢ =4/ ’T]E = InN,).

We know that ¥'* is an Eigenfunction of (3, with Eigenvalue A = s. Setting W =
Zy = (3,0), then Y = 1. Theorem 2 gives therefore the multiplication by the function

h(s):
fumdy/w dxf‘mﬁjm(t Z){ (R(i, 2)] ur(i,Z)‘I‘[R(i,Z)]}Y’
f[,m dy/id;r 46 (y“+ S—;y“‘zas) (___i;:g H_;)ﬂ
e (R s )
A Z“’T(ili{ﬁi) T ceeme(FR0)

L2 +(371) @,(12+(;‘“1)2)+.I,(m2+(z_‘_.}_)_zk)]1 (1)

N

3| e

Il

where the {m/2)"* power is to be a principle value (see [49], p.454). Performing in
the y-integral a partial integration for Re(s) > 1:

o o () ()

2 (132N g2 ~ 132 1 oy —1)°
y [@,(1‘ Ly —1}) )T +ly-1F _ 1m.1'l Q(T iy - 1) )] (32)
y Yy %+ (y + 1)?

Therefore for h{s):

rﬁi(y+1))%
/ dyf day’ (:r—é—-i(y—!—l)
-+ — 24.-_12 ‘2_‘_ ﬁlz

[@(’ ly- ._!..)+2(_,, m,(f (y ))7 _imay '_Eq,(r (y >)}

y y y e (y+ 1) ¥
{Substitutions » = V’E{ and y = %)

& — %icosh ¥y . ., o
j du/ B Tl %(“(’75)[9(5‘ +4smhz%
. (.f *4(‘05]1 —]T

] 2 : 2u ”n‘-f H 2 u
+920e" - 1)B'(E7 + 4sinh 3y - Ez_:‘" eod) " ~&(£ - 4sinh 7)] .

The &-integral is sphitted into two parts in order to project out the even £-contribu-
24 i i Proj .
tons=: further the abbreviation o™ (£, u} = [£ — 2icosh 7" 15 introduced (note that
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a™ 15 an even funection in «):

1 = 1 oo
his) = Z/ dueu“*ﬂf d¢
— o 1]

{@(52 +4sinh® 2] + 2(e* — 1)8'(£2 + 4sinh” ¥) o
x m
(£ + 4 cosh® s

& u)+ a™ {6 ))]

_ imfed  ®(£ +4sink’ ) P (o) — o™ u)]}
£2 + 4 cosh? 5 &4 4sinh® 5 ’ '
{Substitutions & = £2 + dsinh? 7)

[+.0] oG
= E/‘ due"(’_%)f da ——
g —o0 4sink?® ¥ (‘?4'4)T

5 [‘I’(:r) +2(e* - 1)¥(x)

\/7}2 [a™(E(x),u) + a™(—¢(z),u)]
x —4sinh” §

"(Elx) u) —a™(—E(x), )
r+4 ’

— imeT B(x) =

(33)

Thus for appropriate h the operator 2([J,,) equals to an integral operator L of the
form (5) whose integral kernel k,,,(Z, W) is related to h by the equations

h(s) = / du c"("_%Jg(u), (s = % + 1p),

1 = — I,
glu) = — dpe "Phiy +ip),

2r o

1 /= dr {34)
glu) = y —

4sinh? 3 (7 +4)2
v 2(e® — 1Y@ m—
X [ (=) + 2(e (=) ol +aT) - zmesz(r)—.“__?___ !
Vr - 4sinh?® 7 7+4

where the abbreviation 2 = a™{££(r),u] has been used. Since [J,, and Iilm + o

2
are unitary equivalent, one can study traces of (7, instead of [},,,. But sone care

is needed. If one goes back to [Jn. which is the relevant operator in the fermionie
string, then ¥*~ % is an Eigenfunetion of [J,, with Eigenvalue A = s; therefore

¥ = s¥ = (B + 5V = (s = 517
(33)

= Dm}f"_% - (Dm + ?})’6_-; = s}
Considering now h as an operator valued function of [J,, one has h([J,,,} = h([],, + el
Therefore one has to replace in the calculation of h(s} as a multiplier of the kernel

of {[Jy} Y* by Y*% . Considering s as an Eigenvalue of [J,,. this yields for the
mltiplier of the kernel of hi[J,,)

2
his+ 2% .—.f die e gl
.

1 > .
glu) = o /: dpe” 'uph{ip . ’H;:L,l, 1.

4 o

(36)
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where g{u) is explicitly given in terms of € and ¥ as in Eq.(34). Note that the
contributions % coming from A(s + m/2} and Y*~ % cancel. To distinguish between
the functions & in Eqs.(34) and (36) T often denote k in Eq.(36) by hm(s) = A{s+ T—;—'l ).

Let us consider several combinations of g{u) and g(—u) for later use

glu) + g(—u)
oo o dsinh? &' -
— .]_'/ de - (3) + 4510 2 (m)(aT+QT)_'in? (‘05}1%@(3’)&
4 Jasinnz 3 (x +4)7 \/m r+4d
(31)
g(u)e'% +g(~*u}e%
1 hEw m_gm
T f ._.,_t.iij [_C_O_S___g_____(_’r_]____(afr +a™) — im@(.r)o + — @ jl (38)
B N A £+ 4
gln) — g{—u)
o 4 cosh 2 ' m _ .m
= Lanny dr__ [ cosh 3 2UE) am g am) 7im¢($)u_] (39)
$ ey G Ly i
u . 1 oo d 45 _ g
glule™7 —g(—ujer = - sinh%j * - {x) (z) (@™ +a™) (40)
$E s 0407 s

I have now the relevant terms to calcutate A{4):

1 pNe e d0df
x J™(Z,vZY{${R(Z,v2)] - r(Z,7Z)¥|R(Z,7Z)}}
BN (1 08\ [2(N,—1) —iy(N, + 1)\ 7
=5 e[ e faa(S D5 T )
(N, — 1)xy /N80 )

S, 1P + (N, 4 17

X (l—im

o8- 68
x| B(Re) — = Ro®(Ro) — 201 x5 cosh%)g'I'(Ru)}

Performing the 88-integration and the substitution z = y¢

L fMedy £ (E(N, - 1) - ilNy + 1)) F
- ’f v f_m"f(cu\z ST +1))
ImE(N, — 1)y /N80
X [RDQ'(RUH(] — xy cosh 2)¥(Ro) + 18(Ry) + 51":]132 v i—l(f\k - 1)2@(1{0)].

Here another substitution was performed, £ = (/N /(N, —1) = (/{Zsinh } ), where
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N, =¥ and By = (* + 4sinh? 3. The y-integration yields

Aly) = IaN,, f‘” dC(C - z-icoshg)?
dsiph® 2 /.. ( + 2icosh ¥

[ .
X (¢% + 4sinh® §)®'((* + 4sinh?® £) + (1 - x, cosh 2)¥(¢? + 4sinh® &)

1 2 sv2 o i7?icx7 2 colZ u
4’5@(( + 4sinh E)‘f’m’@(c + 4 sinh E) . (41)

Let us consider the ® and ®'-terms in (41) and perform a partial integration in ¢

oo —2icosh ¥\ % |
/ JC(-(__”"S 2) i®'(¢7 + dsinh® ¥) + 18(¢? 4 4sinh? 1))

{ + 2icosh %
o —oicosh®y 7T
- j d({ ( Q---—»‘fff)i‘i) ¢*P'(C* + 4sink® 2)

o { ~2icosh §
1,4 ¢ —2cosh 2\ %
_ e |9 2 4 si hzg 2)
2Cdg'[ (¢* + dsin 2)(C+2icosh§

= — 2icosh ¥\ T (H((? + 4dsinh?® &
:—imcoshg\/ dC(C 1.(:05 i) s sz u2)' (42)
- ¢+ 2icosh § (% 4 4cosh® ¥

&)

Thus we get for 4(7)

AW):*nNmfwdqg;ﬁgﬂﬁ)?
4sinh® 3 J—co ¢+ 2ucosh 3

x |4sinh® %@'(CQ + 4 sinh® 5)+ (1 - x,cosh %)‘I’(Cz + 4sinh?® 2

i
TR ]
£¥ +4cosh® §

In Ny, fx d(
C4sinh o ((2 < 4sink? $)F

X { [4 sinh? %‘i"((_z + 4sinh? 21— x, r:osh%)\ll(g‘2 + 4sinh? )

(xy — cosh £)®(¢* + 4 sink? ;)}.

(af +al)

m(

E?m{)ﬁ — cosh %)@(C? + 4sinh? el - u'f'}}
2

(Substitution x = (? + 4sinh® &, de = 2¢d¢ = 2/ — 4sink® £d¢)

oy, /°° de
Ssinh% 4sinh? 2 (@ + 4 sinh? g)m?

1 - y,cosh £)¥(z) + 4sinh® 2 &' mo_ gm
{(_..__.’i.‘ cosh 3)¥(z) + 4sinh” § (ﬂ“)(a:aJrﬂa_v_w]Jr,‘;.m(xj,cosh%)@(r}u}
\/;rftlsinhz% z+d

‘and finally by Eqs.(37) and (38)]

In N
Ay =
N

el

-

4" A

[y(u) +gl—ul—xy (9('11)6'_"5 +g(—u)e? )] (43)
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This is the result of Ref.[10]. Therefore the supertrace formula reads:
sttL = i™(g — 1w ®,.(0)

+Z X l“jff o) + 9=} =, (atw)e” Feg-uet)] (e

Y
where w = ln V., = I, and g{u) is given by

1 e :
gfu) = o= [ dpehip+ 7). (45)
2r J_ oo
Furthermore in &(z) an index m is added to denote the dependence on m., Our final
task is to eliminate ,,(0).
Let us first consider m = 0. By Eqs.(39):

o Q]
g(u) — g(—w) = 2sinh ? cosh f o(z)dz (46)
4sinh? ¥

¥ y/z — 4sinh? 5
Let us derote (w = 4sinh’ B

sinlhu [g(u) - g(_u)} - L.oo jﬂ’%dx (47)

Let us consider the integral

Qo(w) =

fﬁ () f\/ﬁ— mq;,(f,ﬂ
—%fdﬂﬁy)fdw(u 2y e —w)

m.—

1 e
= —=3B(55) [ dy®oly) = Talw), (48)
" r
where in the last step the integral [33, p.285]
b
/ (r—aP Hb—x) 'de =(b— a)" 7 Bl ) (49}

was used and Blz.y) = D()M(y}/T(z + y) is the Beta funciion. Thus the 1nversion
formula reads

1 1 dw
dy(r) = ';./‘ T—H:Qo[m) (50)
Therefore:
(0 L 1/06 gt} — gl—v)]
= — — » = - — N —
ol0) T Jo \/— Qo) m Jy sinh3 glei— g !
1 = du ; ; .
_ el U d —nxph_ ip 1y mph 4 1
2#2/0 simhi J_ o p[c (ip 2) ¢ {ip 2}

i > ) > sinup
L dphlip+ Snup
wt _/_% phiip +3) /0 sinh § !
2
j hiip + 1) tanh=pdp,
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where the integral [33, p.503):

* sin(az) i am
—_— = — tanh —
l Soh(br) " 2 PR gy (51)

has been used; therefore finally’
AE,DJ =1i(g - l)f R(ip+ 3} tanh wpdp. (52)

It is possible to construct the inversion formulas for, e.g.the m = 1 and m =
9 cases by starting from Eq.(39). But this is rather tedious and cannot be easily
generalized to all m € #. Therefore I must develop a systematic approach to invert
Eq.(39), i.e.to express $m(z) by an integal (or integrals) over g{u} - g(—u). The
general inversion formula must then be evaluated for @.,(0).

Let us consider Eq.(39) by reinserting the variable { = /= — 4 sinh? 3

1 b o £~ 2icosh 3 7
g(u)fg(fu)wism 5‘/: ({({+91m)

imég , “
m-;‘l’m(gz +4smh2 ;‘;)ji (53)
z

b [4 cosh ';“I‘:.n(fz + 4sinh? 3

Let be m # 0. Performing a partial integration in the second term, where it 1s
assumed that all the relevant terms are sufficiently decreasing at co:

o ,g-z:'coshg)? 1 ) s
I — | . |t®,, h? %
/_wda[(“gmsh% T [e2mie? + acin? $)]

o —~Zcosh¥\ %[
ot j df(f___f“’s 2) {‘}m(fzi—‘isinhz%)+2§2¢I>Ln(§2+4sinh2§)].

2im cosh £ 5 ¢ + 2icosh %

—oe
(54)
With the abbreviation w = 4sinh’® 3 this gives in Eq.(53):
glu) — gl-u)
1. S A+
= :) " tanh & f d{(\ y *— ?E) [(u--'r52+4)¢’;,,(u'-'r-§2)+ %‘I)m(w'ﬂfz )] (53)
2 . w4 —if
Let us define € must not be confused with Qg in Eq.(47),
Q{w) = 2coth I tg(u] - (—-u‘)j‘.
. (56)
() = i ({2 + 4)2(2) + 1 Bo(2)]
and get the integral relation (w = 4 sinh? ¢ 520
* fie i . .
g = de[ ¥ ) $ ol + £7). 7

‘1n Hefl]10; & factor of two is missing.



For this integral relation I can apply an inversion formula given by Hejhal {49, pp 454 2Ym = 1:
which yields for $:

m 1 i + 44121
i R A ii(x) = ,f j + %) ( e A) dt
/ Q'x +1? (\/£+4+12+f) dt. (58) i) o \—y+ Q'ly NOET e
) - /T % f Qy+ )y + 4+ 12dt
Reinserting ¢ I get a differential equation for &: LAVEEE I
(w=y? —1)
, 1 -1 = Verar o4yt 1 ® 4y
$ () + —,,(7) = 4._*“;/ e + (7—) dt (39 = e e ¥ ! ————d
m( ) 2(T+4) ] ?mTr(:l‘+4] _OLQ{ ) m+]‘ ( ] T\'G*_,; y+4 Q H fl i

. . . . . Rearrangement of integrations)
which can be easily solved to give the inversion formula for $: ( & 5

1 s o wr d
= ——_fﬁj dw Q' (u vw+4f 773’7,——
. Vy+4+17 -1 RCEEYE » fy+divie -y
Pt - e [ [ e (Y22 ) dt. (6] s 2 ar+b
T+ \f‘*‘ 417 41 (Set : =y = 4 and elementary integral:/ ———=—=— == ———artanh4/ - )
rvar *b Vb \

I
dur

This is the main result of this section. -
'{w)artanhy/
\f w + 4

Note: 1) The integration constant in Eq.(60} is given by &,.{x=) = 0.
2) The inversion formula is valid for m € Z [see below Eq.{61) for m = 0].
To get some confidence in the inversion formula let us cousider Eq.{60) for some e
specific values of m. - _ 177 / Q(w) —_dw
e + 4 \/(
{w = 4sinh® 2)
1 / j 4 = glu) — g} u

- Qy + 1 = [ S cosh ¥du. (62)

mvr +4.J. VY + ﬂ'\/r +4 zarsinh 2 | /4 qinh? iy ‘

(=3 +1)

il @

(Partial integration}

lm=0 w ~-m)(ul+4)

o)

R / i = Q' w)
Tave+alt, Sy +a VT

( Rearrangemenf of integrations)

duw In particular for » = 0:

1 o
J i‘I’;(U):——/ coth 3 wg(u]fg{ u)
- ) wew [ TS
dr Y % = A_/. dph( ]f coth 3 sinup du
£ -+ —

: — -—Z-—arctan /7%d {ac < 0)
\/md} v —ac \ Ty = / kifip ,—)cothrrpdp, {63)
-

Elementary integral: /

- T
= w)arctan dw
ﬂ\/:r +4 / 4 \/ T+
where in the last step the integral [33, p.504!

(Partial integration) g :

= ’1’ /a qu!h—.___)—dhl L =@

- e ! oe L i3 sinly X¢

T e (H A=z f sin @ r?s Sl P ——I d (64)

(w = 4sinh? ) o sinhqr -’) cosh 2 4 cos IE

_ _lfoc gl gb) 4, (61)
2

arsinh T \/m was used. This gives finally for A{)” by Eq.(23)

This is equivalent with Eq.(50} and shows that the inversion forinula is also valid for

. = I ] r
m = 0, i.e. the mversion formula is valid for all m ¢ Z. Ay =ilg ”/_x cothmph{ip + 1)dp. {65)
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1 ®y(z) =

mlﬁf \/F./ V1) (\/%;:)‘“

:W\/m_rj / Q'(y + t*)dt

vr\/ﬂ_/\ﬁj

The first integral is up to a factor Eq.[61). For the second I get:
4 a dy /00 ot .
H + *)dt
wr + 4 / y + 4 3 @ (y )

= -fr\/aT f = 4) j [dt Qly -+t )] (Partial integration)

j Q(y +1)dt  (w =y +1° and rearrangement)

Q'(y +t4)dt.  (66)

ﬂﬁ?] y+4)

_—__.d ur - = . @
e [ F—_y\/m

. dr 2 ae + b
Elementary mtegra_]'.] - =
Jar + bvexr ~d ad —bc ¥ cz +4d

2 < Jw—x
- i Ndw y — 481 hz z
7T(1‘+4)j; —wi Qw)du (w sinh” )
. - lg(u) — gl —u}]y/4sinb® ¥ — 2du (67)
‘J'I'{I’-i—‘q] 2a1'sir|}13§l :
This gives for in = 2 the inversion formula
= _— —_—
PBy(x) = — f Mcﬁr.

2a1sinh 5 \/4 sinh? ¥ — &z

Tz 14 /hrsmhg[g(u] - g{uu.)j\falsmh $ —rdu. (68)

In particular for = = 0:

E

2B,(0) = l/ holip + %)tanh rpdp — / g(u)sink § du {69)
T )

[=1] —

and therefore finally

Agz) :-i(gfl}f holip + %]tanhrrpdp-i—(l—g)!lh;g{l)—h.g{O]}. (70)

4) m = 3: Similarly as for m = 2 i1 is straightforward to show that

g == ] >
B d,(0) = z j ha(ip ~ L cothapdp — :f gl )sinhu du
T - . b

- o

.4:,:” ilg — 1) [ halip + %)mth npdp — (1 — g]{hg(%] - }13(7;]3]3.

-
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Let us for a moment turn to test functions h for the operator [, i.e.let us
consider the functions h(s) = ho(s). By Eqs.{34) relating h and g, § and @ do
not depend on m (“hatted” quantities belonging to [3,,). The equations for &,
(m =0,1,2,3) suggest the following general structure for %,

i"$,.(0) = 1;] h{ip + ;) tanhwpdp

—oo

mf2

- —E/ §(w)sinh(k -~ Hudu  (m even)  (72)

imd,.(0) = 1/ h(ip + }}cothmpdp
EJew

2 (m-1)/2
-— j glu)sinh kv du {m odd). {73)
™ — oo

k=1

In particularly, it remains to show that for all m (even and odd):

. - L ad
i’"“tbmﬁ,({)) —iM"®,,(0) = —~f giu)sinh ’"T“du. (74}
T J-o

Having proved Eq.(74) once, one can go back to the operator [, and all related
quantities. Equation (74) is now proved by induction for m — m + 2.

1) Since each step forward is by two units in the induction we have to distinguish
between the even and odd cases. Eqs.(61) and (69), respectively (63} and {71) show
that Eq.(74) is correct for m = 0 and m = 1, respectively.

2) Lei us consider Eq.(74) and insert for " $,,(0) and im+2‘§m+2(0}:

. . R 1 % dy
imYEP L o0 — i, (0 = %/ N 7Q( _12)

m+2

T - (]

NCET TR

\/y+4*f2‘rf

1/~ d = . —
:77/ e Q) (VT a -
o (y+4)7F S

(Partial integration)

+1 (= d o NV ET TR
el e | auy+ Y b
1] —oc

2r

NFEvees

Q) [ ey e e
7[(V'g;-§»4+f”ff) +(\/m+f) }

_ 17:-1—1/0( dy
i Jy y%—’})lrﬂ

A I T = )

Vo — 4\/u Ty
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Again with a rearrangement of integrations:

2 4(0) — i, (0) = fﬁr-—lj do- 2]
]

4 w4
f i —[Ww AoV Wi i)
0o Vu-y (v +4)™ ’ PR
[Substitution # =1 — (y 4 4)/(w + 4}]
m+1f°° ng)/ FE(1-07 {1447 )
_— dw -~——= o T s (dE. (T5)
r w4y (1+8% (-4
Let us consider the t-integration and replace m — m + 2:
e L+
(m+3)j [( N *)M]df
o (1+0%5°  1-n=
(Partial integration:)
B 2[(14}%—‘ (1+f)'“{"}w’a%
(L+1)" { 0
=4 cosh %sinh ’";2 u  {w=4sinh? 7 Teinserted)
1+4)77
*{m+1 [( { * )m+a dt. (76)
(1—1)_

Thus repeating the calculations of Eq.(75) for m — m + 2 and taking into account
the result of Eq.(76) yield together with w = 4sinh? 3 and Eq.{74):

im+4ém+4{0] _ im+2&m+2(0)

8 [~ . .,
= __f [§(u) = §(—w)] cosh ¥ sinh ™F2du — [i™ 2 ,,45(0) - i 6.0(0)]
0

T
2 o0
= —;/;wg}(u}sinh 3 du. {77)

This proves the induction!

I summarizge, I have formulated the Selberg Supertrace formula on super Riemannian
surfaces for operator valued functions of the Laplace-Dirac operator [J,,. Let h be a
testfunction with the properties {following Baranov et al.[10]):

i) k(3 +ip) € C=(R),
} h(% + ip) need not be an even function in p,
i) h(3 +ip) x Oz }{p — doo).

iv) h(% + tp) 1s holomorphic in the strip Im(p)i = 1 + T 46 ¢ > 0 to guarantee

absclute convergence in the sums of Eq.{82) below (see [49] p.30}).

Its Fourier transform g is given by:

1 o ;
o) =5 [ dperip 1 ) (78)

-~ (=]

The term _—1[0'"} corresponding to the identity transformation reads

A =g - Hf hisp + 2t ) tanh npdp

mf2
—(l—g)z:{h(%‘+k‘)fh(%—k—l]] (n even) (79}
k=1
Al™ =g - 1)/ hiip + "+1)coth rpdp
{(m—1)/2
+{1-g) Z h(mzi+il)—b(-z_—] - k)] (m odd). {80
k=1

The last two equations can be combined and stated in a compact form yielding’

smh ¥

_43"”:(1—9)]“— Sy cosh hdu,  (mez), (81
1]

where T,,r(cosh ‘) = cosh 5 denotes the mth Chebyshev-polynomial in cosh 2 Thaus
the supertrace formuia reads (I, primitive geodesic}:

3 () = h(pF)] = (1 - g)f o) = 9=u) oo
n=>0 o
km

+ 3 Z _ny s [g[klﬁ)-i—g(——kl.!.)*\ﬂ,k(9“\'11)€7¥ ‘f‘g(_l"lﬁ)f;)] (82)

{3} k= lf‘ -

Equation (82) completes the work of Refs.[10,11] by explicit statement of the inversion
formula (60) and the Af)'"]-iernl, respectively.

TNote the similarity with the A:;';L,b”a term in Eq.{F.25).
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V. ANALYTIC PROPERTIES OF THE SELBERG SUPER ZETA-FUNCTIONS

1. The Selberg Zeta-Function Z

The Selberg zeta-functions were originally introduced by Selberg {82] in order to
study spectra of Laplacians on compact Riemann surfaces of genus g. The Selberg
geta-function is defined by

Z(s) = H
)} %

— g lerhib, (Refs) > 1). (1)

nr_jg

Here I, is the length of a primitivey € I' and {7}, denotes primitive conjugacy classes.
The analytic properties of Z(s) can be studied by the Selberg trace formula with the
help of the regularized resolvent function h{p} = 1/{p? - (s — 3)*| - 1/[p" — {o - 1.
This is an even function with the property A{p) — O(p *)(p — toc). Inserting h
into the Selberg trace formula (1.22) one finds for Re(s) > 1 [49,84]:

1 Z'{s) 1 > 1 1
—— =B+———+2(g-1)[¥(s)-F(1 —_— |, (2
251 Z(s) e 1) T HDRGs) - )]+T§[En+s(s-—l) z. )
where the B, = 1 +pn are the Eigenvalues of the Laplacian —A on the Poincaré upper
hali-plane in a conipact domain as already defined in chapter T and B = ; %;% -

Thus, Z(s) is an entire function of s of order 2 and Eq.(2) extends meromorphically
to all s € C, Furthermore one can state: Z(s) has

v : at s = —k(k € N) zeros with muliiplicity {2g - 2){(2k + 1),
e : at s = 0 a zero with multiplicity 2¢ — 1 and
s : at s =1 a zero of multiplicity one.

These zeros are called the “trivial” ones. Furthermore:

*:oat s = % + ipn (pn € R) “nontrivial” zeros with the same multiplicity as the
corresponding Eigenvalue,

e : at 0 < s < 1 “nontrivial” zeros are located which correspond to the so called
“simall Eigenvalues” with the same multiplicity as the corresponding Eigenrvalue,

These Eigenvalues are the Eigenvalues of the Laplacian —A defined on compact do-
mains on the Poincaré upper haf-plane with periodic boundary conditious for its 4g
boundaries. These compact domains correspond to a compact Riemanu surface of
genns g. Setting s — 1 — s in Eq.(2) and subtracting it from (2} one gets by direct
integration the functional equation for the Selberg zeta-function

Z(s) = Z{1 — s)exp [4w(gﬁl)‘/;k?ytanrrydy]. (3)

Oune could hope of finding an analytic continuation of Z(s) in, say, U < Re{s) <1,
where it shonld be possible to determine 011 the critical line Re{s) = ¢ the nontrivial
zeros and therefore the Eigenvalues B, = 3 L4 p? of the corresponding Lap]acmn (smrall
Eigenvalues. of course, in a similar manner; for the regular oktagon (g = 2) it 1s has
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recently been shown, that there are no such Eigenvalues [7]). Unfortunately, up to
now no such analytic continuation has been constructed.

There is an increasing amount of literature concerning the Selberg zeta-function.
It has been of interest, because determinants of Laplacians can be expressed by com-
binations of the zeta-funetion and its derivatives. Define Da(z) = det'(—A + z),
where the prime denotes the omission of zero modes. Then the Selberg zeta-function
and Da are connected by the relation |84]:

Z(s) = sls — 1)Dals(s — DI[(27)'~*eTHUDas)@(s +1)] 77, (4)
where C = 41 —1In /27 — 2¢"(—1) and G{z) denotes the Barnes G-function defined by
[ )" )

!
" (5)
‘I

[ Z‘I’(ﬂ)+l =yt (n)jL

Glz+1) = (21'1']526_i
o= (27]')%8_%_ R

[E(z) = I'(z)/T(2) the digamma-function, yg = —¥(1) Euler’s constant]. G(z) has
the important properties G{z + 1) = T{z)G(z) and G(1) = 1. By taking the limit
s — 1in Eq.(4) one gets

det'(—A) = Z'(1)els Dl 2mrad(=1)=3] (6)
where ((z) denotes the Riemann zeta-function. The properties of the Selberg zeta-

function can also be used to show that the bosonic string theorie diverges - see [45]
and end of chapter V1. Steiner [84] has computed the important relation

2{g—1)
Z{s) = s(s = 1)Z'(1)erasle=l) [(277)1”6”(5_”G{s)6’(3 + 1)}

e (205,

— 1. Equations (4} and (7) are connected by the

bl
771

Da(s) = Zjes 2o || (1+ 2 ) e (- 2 ) (8)
r=1 " n

From Eq.(7) cne can deduce

s—1 4 sc¥3(s) Hime) =5 gL os(s— 1) Zs
- PP L P L bl Sn TR =),
Z(s) = Z(s +1) { o I—[]En+$(£+1)exp(En (9)

where 74 = 2(g — 1)vE
formuia

n=

Finally the functional relation (3) can be rewritten yielding

Gl — s)G(2 - - (20)

. 2{g—1)
Z(s) = Z(l7s)[(zn)‘““ﬂb)G(s+1_)_‘J] .

r
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Introducing the function Ris) = Z{s)/Z{s + 1) one finds the functional relation for
the function R{s} which reads

Ris)R{-s}) = 20551201 — 5] = (2sinws)970

More information about Z(s) can be found, e.g.in [24,49,62.84].

{11}

The purpose of the following sections is to discuss the analytic properties of the
Selberg super zeta-functions Zy and Z; (definitions see below). It turns out that
it is possible to proceed in a fashion similar to that used for the ordinary Selberg
zeta-function, however, with some restrictions. Thus the program is:

¢ : to determine the “trivial” zeros,

o : to determine the “nontrivial” zeros,

¢ : to find functional equations and,

¢ : to find functional equations combining the two Selberg super zeta-functions.

Since in the supertrace formula terms with and without the character y., appear, I
have to choose appropriate test functions which separate this combination. It turns
out that I musi choose odd test functions which are allowed in the supertrace formula,
in contrast to the ordinary trace formula. Similarities to, as well as differences from the
original pure bosonic case will occur. I also derive functional relations and relations
between the two possible zeta-functions. In a paper by Baranov and Schwarz [11],
such a relation was already stated, unfortunately however, with a missing factor.

2. The Selberg Super Zeta-Function Z,

The Setberg super zeta-functions are defined by

o
Zo(sy= ][] 1~ xs®e 0495 ], (Re(s) > 1), {12)
{+)p k=0
where ¢ can take on the values g = 0,1, respectively. x describes the spin structure
and [, is the length of a primitive geodesic, as already defined.? The v product is
taken over all primitive conjugacy ctasses v € I'. The Selberg super R-functions are
defined by

Rqfs) = s+1 = [ i-xsme™], (Re(s) > 1), (13)

{1}
To study the analytic properties of Zy and Z, let us consider the Selberg supertrace
formula for m =0, i.e.?

Z {h‘{Pf) - h(Pn g — 1]] lp—l- Ytanh zpdp

n=0

+ L Z [ (H?)+9(_klv)_X7k(9(klw)€7HTT +9("k11)fk‘7’)]- {14)
{ria b k=1¢ e

llf net otherwise noied Ido n01 dxstmgl.ush between the these two numbers i, in Eq.(1) and Eq.{12).
2Througout this chapter I denote by AB(F) = ;— + "B(F) {r € N) the Bose and Fermi Eigenvalues
of {7, respectively.

To get informations for Z, or R, respectively, one has to choose a test function hip)
so that the first two terms in the square bracket in the supertrace formula cancel,
e gln) = —g(—). I choose the function (Re(s} - 1, Re(s) - 1):

1 1 : ) 1 1
falp) = 2{A- %){ A= IR T ey %12]!\_1 . :Eep(?*rfz _;27?)'
20 N * 4 i =+ rp & & /
(15)
The second term plays the role of a regulator in order that all the involved terms in
the supertrace formula are convergent. Thus for g(«):

1o 2 @ 1 1
= — —iPh (pidp = i — - —— 4 16
giu) = o f_w( (p)dp W/O Psm"ﬁ(sz e Uz+.pz) po (28)

and therefore g{u) is an odd function as required. Using {33, p.406;:

e -
Jos1n ar L —-
it = e ad (17}

¢ dF 4 2

Tget (v »0)glu)=(c ™ —e ""andforu e R

glu) = sign{u){e 14N g7l (18)
finally for G{u, x)

Glu,y,) = '74\-,_,(9—3‘“[ r_"l“l) sinh . (19)

Thus only the y,-term remains in the supertrace formula which allows to study the
properties of Z; alone. Inserting G(u, x) into the length term yields

Z Z ki, xs) Z Z[ \_! etk _ Efcrk!,)

2 smh =

{vhp k=17 {r}n k=1
_ Z l_rx_}f—sl.. ~ l_}x_yefaf-. _ R'l(s) N R'I(O') (20)
1= xqe 1o xyemh Ri(s)  Rilo) -

{7}s

In the last step the property of the logarithmic derivative of the Selberg super R-
functions has been used, i.e.for Re(s) = 1:

d . Iy %eb
-4 Ly et o 2% 2L 2
1s inR gls) = ln H 1-—x,% P Z 1 — xqfem0l (21)
{7}r {~1»
The 4p term gives
Ao = g — 1)/ its(p) tanh 7p dp
4 = du = psinup ° psinup
= —(1- e dp - d
‘.'T( g)‘/o sin.h%l,/; p? + s* P j; p? + ot L4
=41~ g)/ e ———2-—-:141, (22)
0 sinh 3
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where the integrals (17) and (IV.51) have been used. Using now [33,p.356]

o _#zsinhﬂmd _lw(l {1—%[3)_ (1 ,u—ﬁ) 3
fo ¢ Smbbz T | \2T 5 ot ) (23)

where ¥(z) = T'"(z)/T(z), z € C, I get finally for 4,

Ag =4(g - D)¥(s+ 1)~ T(o + 1)) (24)

Let us denote by Anl"! = nB —nF the difference between the number of even and odd
zero modes of the Dirac operator []. Thus the supertrace formula for the function b,
reads

ha(2®) — hu(pF)] — Ant® 1 _ 1

1[ () (7)) "o (5= 35+ 3) (07%)(0+%)
Ri(s) Ri(e)

Ri(s) Hi(s)

gk

n

=4g~1)[¥s+ 1 -¥o+1)]+ (25)

First I discuss the trivial structure of zeros and poles of R, and Z;. T read off the
analytic properties of the R;-function:
e : Fors = %: there is a pole, zero or a regular point depending on whether
Ango) >0, Angu) < 0 or Ang = 0, respectively.

e : For s = —%: there is a zero of multiplicity 4(¢g — 1) + A'ni,m {assuming that
|Ang| < 4(g — 1)).

e : Fors= —% —k (k€ N): there are zeros with multiplicity 4(g — 1).
In the discussion has been used that Res ¥(:)|,=_, = —1 (k € Ng). Therefore the
analytic properties of Zy read:
o : Fors = %: there is a pole, zero or a regular point depending on whether
Aﬂ(,)m =0, Anf)(” < 0 or Ang = 0, respectively.
s : Fors— _% — k (k € Ny): there are zeros with multiplicity 4(k + 1)(g - 1).

Second let us turn to the nontrivial zeros and poles of these two functions (first so
called “small Eigenvalues” not considered). Since

. 1 1 9
b = 28| (i G e 1 =6
we have
Res|h,(p5)] =1,  Resfhp])] =1 (27)
s=ipD s=—ipF

with signs of the residua reversed for the Fermi Eigenvalues. Thus Ri(s) has

o ; for s = z'pf(F): there are zeros (poles) with the same multiplicity as the corres-
ponding Eigenvalue of (.

. B(F - .
e ; for s = ~ipa ' reversed situation for poles and zeros.
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Note the erucial dependence on the signs.

Since R(1 £ip) is regular we can conclude by Z;{1 & ip) = By(1 24p) - Z1(2 + ip)
that Z(s) is regular on the line Re{s) = 1. Furthermore this gives by Z:(ip) =
Ry(ip) - Z1(1 +ip) that Z1(s) has on the line Re(s) = 0 the same properties as R;(s},
l.e. zéros (poles) for s = ipnB(FJ and poles (zeros) for s = —z'pftm. Repeating this
procedure for Zi(ip — k) = Ralip — k) - Zy(ip — k + 1) (k ¢ N}, we get an infinite
number of critical lines for 7 located at Re(s) = —k (A € Ny). Therefore the analytic
properties of Zy for the nontrivial zeros and poles (k & Ny) read:

e : Fors = ipf(m — ki there are zeros (p%) and poles (pf ) with the same mnlti-
plicity as the corresponding Eigenvalue of (0.
e : Fors = —ipf'w) — k: there are poles (p%) and zeros (pf ) with the same

multiplicity as the corresponding Eigenvalue of [1.

Figure 3: Zeros and poles of the zeta-function Z,
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fi a c a h ]
Y Iy F Y Y F 3 p
-2.0 B o =} a o B
k Iy Fy A F 3 1
) o o a 1] ]
k A Fy r'y » -
-4.0 b L & L FN L h L N r L L X

-4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0

Finally let us discuss the case of so called small Eigenvalues (0 < A < 1), which are
also unknown and likely do not exist for small g [7]. We can see from Eq.(23) that
for R; they are located at 7% Ls g

—

o : for s = £(AF ~ 1) there are zeros (poles) and

o fors = T(AL - %] there are poles (zeros) with the same multiplicity as the
corresponding Eigenvalue of [, respectively.

By the same considerations as for the other nontrivial zeros and poles we get the
structure for the Z;-function (X € Nk

e ;fors= BT _ § - & there are zeros (poles) and
s : for s = 7()\5(1’1 - %) — k there are poles (zeros) with the same multiplicity as

the corresponding Eigenvalue of [, respectively.

All these Eigenvalues are of course, even numbers, i.e. elements of C.. Therefore the
supertrace formula can be extended meromorphically to all s € Ay and By and 7,
are meromorphic functions in A,

-1
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In figure 3 the analytic properties of the Z,-function are displayed. The trivial zeros
are indicated by filled dots, the position of the bosonic zeros and poles by filled and
cmply squares, respectively, and the position of the ferinionic zeros and paoles by filled
and empty triangles, respectively. The small Eigenvalues are not considered. The -
and y-axis are taken ai the body of A, ie. [Ax)Bedy = C. The y-axis 1s taken in
arbitrary units.

Let us consider Eq.(25) in the limit & — % and get

Ri(0)  Any )
rIhjni Ry(m) -+ 2 --i - #g—1)T(e + 3)| = A1 -8, (28)
where ¥(1) = —yg = —0.57721... is the Euler number and A, is given by
g
Ri(3) (0)
A, :R](l—}’ (Ang  =0),
2
{1— ant? )
i °(5) (0)
:(1 T A* o ) (Any ' < 0), (29)
2
f{d — E)A"B ]_ZR](O')dO (0}
= AT {Ang, = 0).
o — 1A% Ry(o) do
Therefore
— 2ip8 2ipB 2ipf 2ipF
B 2 e (g - e £ 4
,,Zl[su(pf)? ey SH@EP T Tyl :
An™ Ri(s)
=GThaan e ~1(s+ )+ Z==. (30
G-Drp PTGy B

hy has the symmetry ky, = h_,. Writing down Eq.(30) for s —» —s and subtracting
it from Eq.(30) gives with ¥(} + s) = ¥(; — s} + mtanws [55,p.14] the functional
equation in differential form for the R;-function

d

d—ln}i’;(s)Rl(fs) = -4{g — l)r tan ws. (31}
5

Of course, every information about the nontriviai zeros is lost. This equation can be

integrated yielding .

Ry(s)Ry(—s) = Ay{cosms)*o™" (32)

where 4, is a constant given e.g. by Ay = Ry(so)Ri{—sp){cos ms)* 179} with some
sp € C, which is however, independent of sy. I have, e.g. (ne small Eigenvalue A = %

assumed) for sq = 0: A; = R2(0).

3. The Selberg Super Zeta-Function Z,

In this section | derive the analytic properties of the Selberg super zeta-function
Zy and present a functional equation connecting the two Selberg super zeta-functions
Zy and £;.7 | consider the test function (Re(s) - %):

1 1

h, : = —_ 33
1(?) (1_/\) ( 7")“ et pz,r(_g,%)z (33)

This gives at ouce Ay = 0 because k, is an even function in p. Furthermore for g(u):

1= S 1
glu) — :r/ Yt/ B e, (34)
2

2T 25 —1

Gk, )= ——(1 - /\-,‘."' cosh %) (33)

Therefore the right hand side of the supertrace formula reads

Z L f (s ;]l”v (1 _ \}k(-os]] "_;;)
ot _,'_1~5111h §— 3
_ 1 Z i L 0 —*kiy _ MJ.-((F%N.‘:, B hk(--(w;)m,]
25 —1 Pyt
1 [qdmzo(s) CdlnZis — 1) dleZi(s + %)_}
2s—1" ds ds ds -

4. { Zi(s}
% —tds | Zi(s — 1)Zis+ L)

]. (36)

Here the properties of the logarithmic derivative of the super zeta-functions have been

used.

d lnz = ——111 H H 1 —y % (s+R)E 7 ]

{x}e k=0
g (st oo oo

= L gn _—(s+kinl,

Z2:1 — yo e (3L ZZZ“M €

{7}p k=0 {~+}s k=bn=1

“r\";qn -anl,

- L Z —nl‘ . (37)

{1}p =1

Thus the supertrace formula for the test function h, reads

> . Ant? 1 d Z2(s)
B F =0 - ) “9\Y
LS R s A P w7l AP ST AT S B

n=1

It is also possible to derive the analytic properties of Zp similarly as the reasoning for Z; as in
section 2. However, this approach here seems to be more straightforward to me.
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Due to onr knowledge of the analytic properties of the Z;-function we can deduce the
analytic properties of the Zy-function:

o : 5= —k(k & Ng) There are trivial zeros with multiplicity (g — 1)(4k + 2).
Since both sides of Eq.{38) must be regular for s = %iipn —k (k € Ny) we get further

. 5= % + z'pftp) — k: There aze zeros (pZ ) and poles (pL),
$1s5= -1 — ip2t™) _ k. there are poles (pZ) and zeros (pf ),

with the same multiplicity as the corresponding Eigenvalue, respectively. Similarly,
as for Zy, we get an infinite number of eritical lines, which makes 1t very unlikely that
a functional equation for Zgexists like Eq.(10) for the ordinary Selberg zeta-function.
By the same considerations as for Z; one gets the structure for the Zg-function for
the “small Eigenvalues” (k € Ny}):

o : fors = Af(m — k there are zeros (poles) and

o i dor s =1 A2 _ L there are poles {zeros) with the same multiplicity as the

corresponding Eigenvalue of [, respectively.

Figure 4: Zeros and poles of the zeta-function Zg
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A functional equation for Ry can be derived, as can be seen in the next section. Of
course Eq.(38) and Z; can be extended meromorphically to all s € Ag. In figure 4 the
analytic structure of Zg is scetehed. The trivial zeros are indicated by filled dots, the
position of the bosonic zeros and poles by filled and empty squares, respectively, and
the position of the fermionic zeros and poles by filled and empty triangles, respectively.
The small Eigenvalues are not considered. The z- and y-axis are again taken at the
hody of A, i€ (Acc)Body = C. The y-axis is taken in arbitrary units.

The test function h, is invariant under the change s -» 1 — 5. Performing this
substitution in Eq.(38) and subtracting it from (38) yields the functional equation

d Z2(s) } d [ ZE1 - s)

£ - = Al S
PP A Sy A PT) B P P R VAL )

(39)
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We consider the funciional equation (31) for the H,;-function and perform the substi-
tution 5 — % — 5. By expressing the B,-function by the quotient of the Z;-functions,
this yields

dl {zl(;-—s;z,(s*g)
ZIn Pkt s
Zi(5 — ) (s + 3)

ds
Thus we find by combining Fqs.(39) and {40) the functional equation in differential
form connecting Zy and Zy:

} = 4n(g — 1) cot ms. (40)

a4 [ Zy(} — 5)Zals)

a I m_s)ji :2‘1T(g ~-1)cot1rs. N (41)

The functicnal equation can be integrated yielding

Zy(3 - s)Z(s) . 2091}
E](% +35)Zo(1 ~ s) Coletnme)7 42

where Cj is, e.g. given by Z1(1 ~ 50} Z0(50)/ 12143 + 50) Zo{1 -~ 50)(sin 730)2 19 with
some sy € C which is, however independent of sy. This gives, e.g.for s¢ = %: Co =

7:(0)/2:(1) = By(0) = V.

4. The Super Zeta-Function Zs

To get around the difficulties of the combination of the Zy and Z; functions for
general test functions k in the Setberg supertrace formula let us (following Matsumoto,
Uehara and Yasui [61]) define the super zeta-function Zs:

bl i i
Zgl(s) = H H sdet[l - diag(l,c_t*, X.,cf%,x.,c_% )e‘[”””“}
{1}p =0

B 1—1 ﬁ It - c*(s+n)h][1 - e_(5+n+])11] _ Zo(s)Ze(s+ 1) (43)
{7}, n=0 - \,ch(-!+n+§-]h]2 Zf(s + %] '

Let us consider the resolvent of (1: R {[R) = (57 —[E)" "' (Re(s) > 1). Therefore

1 1
p)= 5 —7 = ST 2 (44)
R O N Py B
The Fourier transform of hip) yields:
1 = ;
glu) = .;f hip)e™"Pdp = gi(u) + go(n), (45)
where s
cosup
gqilu) = ;/ 1) ;'jpj;;dp = gi(~u)
i 7‘: 4' 1up (46)
- 5111 U
alu) — —f —— o= dp = e gal—u).
galu) = = _w(sz_%}___lﬁpgf g )

n Ref.{11] the (sin x5)*(9" H.dependence is missing.
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Using the integrals [33.p.407):

% (b+ cx)sina; —b
l/ (btecx)sinar, [,ﬁzﬁ,mgsnlaq_krcoan] ar

ceo Pt w? .\/pfq (47
i
/oo (b+ca'}cosa;rd [ b—cqg Cesi an/p_qt
————dx = cosag + csinag|we
o PAogrota? N=
we get for v > 0:
1
qi{u) = - cosh ge™"*
3
E (48)
galu) = p sinh $¢7"*
25
Therefore (u € R):
1 u
g("u]—_,—fiﬂl ! (49)
25
which gives for G(u,x)
1 w8 u
Glu,x,) = L€ {cosh & — x4), (50}
and the right hand side of the supertrace formula reads
1 o xm —skily g M LS k 1 Zg(s)
— 76 (e +e” T — 2y = — = Fe 51
2%L e ( SRR * AU

For the Ay we get
Ao =g — l)f h{p)tanh rpdp

,g—ljm du f°° sinup d

=1

® Jo sinh§ S (- —dp+p? P

71_9‘/‘00 du : u—us_]'*g (59)

= — x == 2
s Jy sinhg §

where the integral (47a) has been used. Therefore we have for the resclvent-kernel-
function the supertrace fornla

d 1 1 Anfl 49 -1 1 Zits) (53)
3 - _ 1 Zst 5
S AL s 25 Z5(s)’

Therefore Eqs. (53} and Zg can be extended meromorplically to all s € A, The
very simple analytic structure of Zg can be read off:

¢ : 5 = 0 there is a zero with multiplicity 2(¢g — 1 + An(o]),
¢ 5= i(% + ipB) there are zeros (poles) and

* 5= :I:(% + ipE ) there are poles (zeros),
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with the same multiplicity as the corresponding Eigenvalue of [J. respectively. A very
shnple functional relation can be deduced from Eq.(53). reading

dang( ) dinZs( )

e e - T . .»'4
ds ds 154)
In terms of Zy and Z, Eq.(54) gives!!
d ) Zo(s)Zals —~ 1) d Zg(f.s)Zu(l - 8) -
— In YR = v . (55)
ds Zis+ 3) T ds ZH 5 - 8)
Equation (54) or (35), respeetively. integrated gives Zg(s) = Zg(—s), thus Zg{s) is

an even function in s. Combining Egs.(31), (41) and (53) the functional equation for
the Ry function is deduced. which reads:

dilnf?g(s)l?n(*s) == 47r(g — 1)cot 7s. (56)
s

Equation {56) can be integrated to give

Ry(s)Ro(~s) = Balsinws)ie 1, (57)

401-9} with some

where the constant By is e.g. given by By = Ry(sy)Ro(—56)(sin sy}
sp € C, where By is independent of sq, e.g.for s = j:%: By = Zo(——] ZU( ) =
Ro(— % ). Of course, any information about the nontrivial zeros and poles is lost. Note
that the same relation holds also for the ordinary Selberg zeta-function; however, in

this case the integration constant is given by B = 290971 seec Bq.(11).

From Eqs.[32), (42) and (57} many relations linking Z; and Z; for particular
arguments can be deduced, e.g.

_Z(=3)  Z(-1Z(1)  ZHY) .,
Bo= 720 " m@ae ozan T A (58)

However, I do not see any valuable consequence as, e.g. determining from these te-
lations the constants A‘I, By and (g like for the Selberg zeta-function. It is also
not obvious to me to derive from these relations a functional relation for Z, or 7,
respectively, like Eq.(10) for the ordinary Selberg zeta-function. Oun the contrary: I
believe that such relations do not exist for Zy and Z,, because we have an infinite
number of critical lines for these two funtions. The immediate consequence of such
relations, if they would exist, would be that we could solve the Eigenva]ue problem
for the operator [}y by Just looking at the poles (for A7) and zeros (for AT) at, e.g. the

critical line Re(s) = -~ for Zg(s). The values at the critical line Re(s) = —1 for
Zp(s) would be related to the line Re{s} = %, where Zg could be easily calculated by

Eq.{12) once a sufficient large enough set of geodesics {I,} would be known. This is,
however, very unlikely (but not a proof).

'In comparision {0 Rel.[61] one has to take the limit ¢ = I in ihe formulas.
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VI. SPECTRA AND DETERMINANTS OF LAPLACE-DIRAC OPERATORS

1. Resolvent and Heat-Kernel

Since [, is not a positive definite operator [ calculate the superdeterminant of
e* — [, for Re(e¢) > m and analytically continue in ¢. Similar considerations have
been done by Aoki [3] by means of the supertrace of the heat kernel of [J2,. Fitted
with the knowledge of the analytical properties of the Selberg super zeta-functions
I can avoid the indirect reasoning of Aoki to get the superdeterminants in compact
form. For this purpose the functional relations for Zy and Z, of the previous chapter
are used. These functional relations have not been available in [3]; without proof Aoki
has used the functional relation of the Selberg zeta-function, assuming that it is also
valid in the super case. As discussed at the end of the previous section this seems
to be very unlikely that such a functional relation exist. Furthermore, statements of
the spectrum of the operators [, and its relation to the spectrum of [] can be made
(and similarly for (3, which I do not consider explicitly).

Let be m € Ngy. The superdeterminant is defined using the (-function regular-
2 2 d
sdet(e’ - O,) = exp | - B*Cm(s;c)
5

ization as!
a:ﬂ]
Cmls;c) = str[(r:2 — Dfn)_’]

= F(}sm} /000 dit* Tste{expl—t(c® - ). (1)

where use has been made of the integral [33,p.317]:
oc
/ 2" le B dr = u VT w). (%)
0

So one has two possibilities to study sdet(c® - [ ):

1) by computing str[{c? — [0%,)7°] {generalized resolvent) or

2) by computing str{exp{—1{c® — (1%, )]} (heat-kernel).

I prefer the second method. It has the advantage that integration constants are
explicitly given (see below). The function h corresponding to the heat-kernel of ¢* —
[F, reads

mll

2
hri(s) = T :

—c?]

(3)
Therefore for g{u)

1 [~ .
glu) = ——] e "™Phulip + %]dp

o

9

1 pymzlyro.n e Tgrdim 1 —u
gy el TP tritm u pdp
T — ot

1 u? 24 4 1}:: (4)
= ——exp| - - —¢ m+1}—|.
am TP T 2

! This metkod of regularization of determinants by zeta-functions was introduced by Ray and Singer
73 i differential geometry and Hawking {47 in Held theory.
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This gives
1

N

1 2 2
glu) — g(—u) = ——e* /¢ tsinh(m + 1)

vt

Splitting now the calculation of (,.(s;¢) into two terms corresponding to the identity
transformation and the length term, respectively, gives:

Glu,x) = g v et {cosh(m + 1)% — ycoshm 2]

(5)

u
7

Cmlsic} = Culsic) + Culsic). {8)
I first calentate ¢1:
H 1 = -t {m)
Cmlsic) = f(—.;) T A (1) dt
0
1—g _ s sinh{m +1)%
Af]m)(i) = 9. Cz‘/ e it ~-—(f)2 coshm 3 du
vt 0 sinh £
m
(1= g Y e (7)
k=0
Equation (7) can be proved by induction:
q P ¥
First step: m = O:
AP =12 fm e My = (1 - g)e . (8)
i 0
Second step: m — m + 1:
2
. 1~g _., [ evuitt
Aty = 2t e sinhfm + 2)% cosh{m + 1)5 d
0 (t) \/;r?e L inh{m + 2} cosh{m )g du
R , . ,
= e " / e “cosh(m + 1jusink 5 + sinh(m + 1)§ coshm g du
VT i 5 e 2
m - —e? - —
=AM f,_ff ¢ 'f e coshim + 1)udu
v 0
W m+1
2 2 2, ETY 2 7
- (1 __g){t—t IZ(‘ t 4 t{m+1) 1] ;{1 79)£ ctt Zel i’ (9}
k=0 k=0
where the integral [33.p.317
o 1 g o
] e P coshar dr = ;v‘ﬂgf“z’” (10)
o 2
Las been used.
|
Similarly:
4=
il 11}
(~m) oy —eht N kT _ (
4, ) = (g — 1) L ¢ {m =223 ...
k=0
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This gives for (],

m

isie) = =3

I‘(s) ]D 1 1 —Ec —k*) dt = (1 _g Z(CZ _ k?]—a. (12)

k=0 k=0

For later use it is easily calculated

a%c,’,,(s;c)! ={g-1)) In(c’ —#"). (13)

Let us caleulate (L in two alternative ways. The first is appropriate to the
analysis of the spectrum, the second to the calculation of the superdeterminants.
1) The supertrace formula for the heat-kernel now reads:

m

oo
IR G NI SR S
n=1 k=1

2
w‘m ,’ ) oy Rl k ki,
\/4? E E s [coah{m + 1)JT - Xq coshmT (14)

~ET k=1 - -

and the Ay term appropriately replaced for negative integers, With the help of Eqs.(2),
(7) and the integral {33, p.340]:

B s 3 H
f 2 Ve Ty = 2(7) K.(2+/87) (15)
0 h
this gives for the supertrace formula of the generalized resolvent kernel:
i 1 1
e lle? = (A1 e - (L0
2 Lk (ki
1_9)Z[Cz_.. F{SJZZ iy S En

a1
,_l(ckl )[cosh (Ea—kl.,) — x+" cosh (?klﬁ.)]. (18}

This gives explicitly for s = 1 {m evenk

> 1 1 AN |
,E.LE—(AB P )4”91];.“‘“

1 > { ke o+ 1 n
= W 2 E ﬁe kel {cosh (f—‘)‘—kij) — v, " cash (?kl.,)}
J€T k=3 € 2 — € F - -

;€
1 d [zn(% c+1)zn{cf%)]
=——1In )

Zile + P} (e + 1
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where Eq.(V.37) has been used (logaritmic derivative of the super zeta-functions).
For s =1 and m odd:

m

N IS U RN O U
LlerigE oo Ml e

14 [zl(-'-;-umZ( )

= Sode Zo(™H LV Zole + om) |

2) Let first m be an even number. Let us consider the representation (Re{s) < 1}

2 = At
3571 = - _ .—f\(-\+2c}|d)‘: 19
{1 —s) L O+ 200 (19)

This integral representation follows with the help of [33,p.318] (Re{z) > —1):

f (o= u) e Hide = p " I T + 1)e T8, {20)

Therefore we get for ¢ {e:s) with the help of Eq.{14) and the representation K 1 (z) =

NCTCES

(r(sw:) _ sinms [ dX
pkeid ‘ T o

2052
—il (A+c+dy m +1 k m
x 2 Z Y‘ L cosh ki, } = x+ " cosh ?qu‘
j(FJ. ] -
sinms d Zal T+ A+ e+ )X 40— 7)

dA
= f : oy In [ ] m—1 ] (21}
k0 0 /\(/\ )\Fﬂ,A ZI(T +A*C')Z](‘*2"+/\+C)

where Eq.(V.37) has been used again. Let be f(s) = sin{7ws)[A(A ~ 2¢)77]. Then
fi8)is—0o = m and we get for {'(O;c) (Re(s} > m):

C0ie) = g~ 1)) In(e? - &7)

k=1

= d . [ZoA+ T+t D)Z(A - 2 o)

+/ dh-—in 7 P

0 dA Zyid B 4 ) Z (A —ﬁ ko)

= Zofe =1+ F1Zg( C——)

=(g—1 In(e? — 37y -1 { o 22
(g }é ufe ) - lu Zole 1 ) Zy(e - 12,,,) {22)
Here it has been have used that lim. .o Z4(s) = 1, which follows at once from the

Euler product representation of the Selberg super zeta-functions. Therefore (m =

0.2,...)

Zolc + 2 3 +1)ZO{C,E ﬁ(
Z](C*‘ m;l)Z [(’*Lzm)(‘?'(g 1)k:]

sdet{c? - [I,) =
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Similarly {(m = 2,4,...):

m—

Zofle~ T+ 1)2(c+ 2 _
sdet(c’ — [0 ,,) = Z(C+i+1)zl =y H -k (24)

For m an odd number the roles of Z; and Z; are just reversed and it follows imme-
diately (m = 1,3,...):

Zl(c+1+m)Z] c— =

dt 2 _ 2 —
sae (C Dm) Z (c+ m+1)zu{c + i- m)(,‘29 2 H (25)
Similarly (m = 1,8,...):
Zile+1 -+ 7)) |y
det{e® — [, )= SR L
det{e —Op) = 7 mﬂ}zu(ﬁ_k ];[ (26)

Equations (23-26) are the starting points for the calculation of determinants. Because
the super zeta-functions are meromorphic functions in A.., the same holds for the
superdeterminants.

Let us denote by ©(1) := str'[exp(t[12)]. Thus:

i) i 2
sdet'{c® —[) = exp{ ~ 3 [ﬁ j dit*"let @{1‘)1 }} (27)
4 18=0

Some statements about @ can be made and an equation expressing © by the zeta-
function Zg can be derived. Let us consider the superirace formula for the resclvent
kernel:

iZ's(c) gflfAnw)
2c Zsl(c) et ’

str'{e? — 1)) /nc—""(l)(f)df: (28)

This equation can be inverted by the theory of Laplace transformations yielding (see
e.g. 125 pp.129):

de?

+ 1m0 ) {0}
bin = = ‘*ILZAG 9~ 1= any

27 Sy ine 2¢ Zslc) c?
LY R PP ()
= - we "L In Ze) () du ~ (g — 1+ Ang ). (29)
V4t

where £7! denotes the inverse Laplace transformation. In particular this gives
- _ (o)
Q)= —{g—-—1+Any ) (30)

this result is consistent with equation (14}, Equation (14) gives also that for § — o
the superirace for the heat-kernel for [, diverges according to {m < N

Omit) = st explt 2] = (1 - g™ 'L {f = x) (31)

fand similar for negative integers), a result found by Acki 3.
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2. Discussion of the Spectrum

The operator [ is simpler to study than the operator {1, because the irivial
contribution 3 to the Eigenvalues has been subtracted (see Eq.(I11.49} for the unitary
equivalence between [, and ﬁ-rn + 3

For applying the supertrace formula for the operator [J,, the formulas must be
changed appropriately - see Eqs (IV.34):

(m) _ 1 < glu) — g(—u) u
Ay ={1 g)/ﬁ —ﬂ_—sinhg Ty (cosh 3 )du (52

Glu,x) = g(u) + g{—u) — x[glw)e™* + g{—u)e?],
where 1 oo
sty = 5o [ e htip+ an. (33)

Thus the function f has taken on the argument ip + 3. This gives immediately:

1 Pt Trat—ctt+ x
w} = —— 2
9ln) 4‘rri
1
Glu,x) = f_"2/4l_c2t(cosll 4 -x)

3 ™
A a0
m g ~ctr ~u? /4t
A:) L € coshm 3 du
VT 0
1-

) —€c2—mTz)t‘

(

where in the last expression the integral (9) has been used. Therefore we get for the

2
supertrace formula for the resolvent of [, for m even {*hatied” quantities belonging

to )

= [ 1 1 1—g 1 d . [Zole+13Zp(c)
T - L L d g [Bale+ BZolo)],
Sl =Ly @GPl e Piler B 2ede L ZRer gy )
(35)
and similarly for m odd:
= 1 1 ] 1-g¢ Ld., [ Zite+1)Z:(c)
N e | s SRR N Sl LALLM
r;_;; - ? ( nrn)2 c? (Aim)z- (('—m]((-_ E 2cde L 22((.*%)
(36)
Analysing for the particular values ¢ = ¢ and ¢ = =7 + ¢ this gives for m even
{rer = 1):
14 | 20{1'4-1)2“((') g—1
i Y
¢ de zZ; e+ 3 (e = F)e+3)
210}
Ak,rg” {c=¢€.m=0)
€
A~ t0)
x4 gl%wtg_ (¢ = e m = 0) (37)
€
1-¢
= te= =3 — e = 0)
e E



and regularly otherwise up to the nontrivial zeros and poles of Zy and Z,. For m odd
forc=41+eandc=32 4¢(|ef < 1)

(¢

2c de Zg((-‘_;_)%) . %)(c—!— r;!)
1o Ap™ 1
g1+ An, ([c=d=+em=1),
¢ 2
{0}
An 1 38)
x G . o R
F— ((‘7+2,6.!H}[1), {
l-g
+ (e=1% +em#1)

me

and regularly otherwise up to the nontrivial zeros and poles of Zy and Z,. Let us
discuss two scenarios for Afzgu):
1) Aﬁ.g‘” = 0: This yields for the various trivial modes of Ch for m even:

m even: m odd:
-1
Aal =0 Ang = g -1
m ~(m)
A™ =g-1  (m#0), ARyY =0 (m #£ 1),

AR =1 g {m #0); AR =1-y {m #£1).
2 ¥

2) Aﬁ,:]m =1 — g: In a similar way:

AR =1y AniY =0
N
Aﬁ‘i’% —1-g; {m#0) Aﬁtim%) _1_, (m#D)

That trivial modes or trivial Eigenvalues (as the trivial-modes of (I ) appear can be
understood in the view of the corresponding results for the classical Laplacian —A,,
as discussed, e.g. by Hejhal [49,p.408]. Let {l(nm)} be the set of all Eigenvalues of the
Laplace-operator —Ay, = —y? (82 + 82) + imy0, and m > 2. Then (n € N):

DY = (30 - P v DT £ 2 - ), (39)
where d = é + (g — 1){m — 1} and § takes on the vaiues 0 and 1, depending on
m. There are several methods of obtaining this result. E.g.one can first consider
the Selberg trace formula for the {regularized) resolvent-kernel function and deduces
this statement from the analytical properties of the Selberg zeta-function {nontrivial
Eigenvalues) and the poles occuring in the 4y term (trivial-modes); second, one can
consider commutation relations of the differential operators V¥ acting on tensorfields
which give simple recursion formulas for the Laplacian A, depending an the curvature

R of the space in question [16].
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Equations (35} and {36) give also the relation of the Eigenvalues Anom of O, and
An of [ly. Due to the analytic structure of the super zeta-functions for the nontrivial
Eigeuvalues this gives:

A = ds (n e N,me NJ. (40)

This simmple result corresponds again to the classical one noted in Eq.(39).
3. Determinants and the Fermionic String Integrand

The starting points for the calculation of determinants of the operator [J2, are
Eqgs.(23-26) which all can be analytically continued to ¢ = ¢ {including a cmission of
zera-modes if necessarry). Let us first consider Eq.(23) for m = 0. Performing the
iimit ¢ — € {for 'e| = 1:

! . gcl(_l)zl(lzg_zlfmfmn‘o‘”

sdet{-[33) = - 5 (41)
(29 - 2) [2:(3)]
Here by Z](%] the appropriate derivative or residuum of Z; at s =  is denoted,

depending whether An{]‘” < 0 or Angnl > 0, respectively. To make this quantity
well-defined I subtract from sdet{—[J3} the zero-mode which I denote by priming the
sdet. Using further the functional relation (V.42) for Zy and Z; I get finally:

zu(l)]iz](o)_ 42)

tR — g—1
sdet {—[TJ;) [ﬂ' 2](;) 20

For calculating the superdeterminant for rm even and m > 2 a subtraction of zero-

or trivial-modes is not necessary. Proceeding simularly as for m = 0 we get for
m o= 2.4,...
‘ 971 Z4(1 + 2y 1% 2,00
det{—(,) = 1) A At 43
eri-0h) = (1) et | 7 (43
Similarly (m = 2,4.. ..}
det{ -0 ) [((mfz)!)g_l Zols ) rZ](l) (44)
sde = .
—m - Z](’—”r}l} Z,(0)
Form =1,3,...:
T+ 1)) 2a0)
detl -1 = ,L) LS T R0 Ant)
sdet{ --[1;,) {(im! Zol ") | 741 (45)
and m = 3.5,...:
. (m =2\ Zi(7) 1P Z(1)
sdet 7[?2_,_"] = K ) 2 . 46
( Tr Zo(m1)| Z:(0) (46)

Note the differences to Ref.[3] which are due to the additional super zeta-functions.
The case of (]2, must be treated separately because of the appearence of zero-modes
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which must be subtracted. Therefore denoting the omission of zero-modes by priming
the super determinant I get

1-921(%)]221(1)
Zo(1)| Zy(0)

From the introduction we know that the relevant string integrand is given by

sdet'(—[13) and sdet{(—[£ ). Equations (42) and (43) yield:
[sdet'(—-[:}g)] -3 [sdet(—[T; )} :
_ (wg_lzoﬂs(r)g“‘zﬂzz(z](1>)2
Zii}) 2] ZuSH\NZ(0)) ]
or alternatively
(a2 2V Zu2) Zald)
( Ziy) (") Zi(§) Zo(- 1) 8

and we can conclude that this expression is well defined. Furthermore for Z, of
Eq.(1.38):

sdet'(—[1%,) = {TI' {47)

Zg:/ d(SW P)[sdet!(—[E)] * [sdet'(~[E)]?
sl

() (32 BB o

This is the main result of this section. Note the appearence of the various ratios
of the Selberg super zeta-functions. The main difference to Aoki {3} who first cal-
culated super determinants of Laplace-Dirac operators lies in the additional factor
[Z:(1)/Z1(0)? in the superdeterminants. This factor is unambigously given by the
functional equations which have been used to derive Eq.(48) and it changes the super-
moduli dependence of the integrand. In the result of Ref.[3] this factor did not appear
because the functional relatious of the Selberg super zeta-funetions were not avail-
able.

Unfortunately ne statement. like the analysis of Gross and Periwal 143}, about the
growing properties of this expression for increasing genus g can be made because an
expansion in the super moduli gives unknown signs in the soul-contributions of the
Selberg super seta-functions, Gross and Periwal found for the relevant terms in the
genus-expansion of the Polvakov partition funetion Z for the bosonic string

g=0
Zy = f Py dett A Y 7 det{A] )

M
(1t.‘f'(AJ )= Z'(l]rm_ 1 2=~4 - 1) 4 . (50)
det{a]) = Z(2jcfamrrsmemadtn 5

= dt .
2'(1) - f‘ch"‘-""”cxp{ */ PR 1}

212 201+ 8)  ZULIKiE T AT b ),

T2

where d( W P) is the Weil-Peterson measure, M, the moduli space, Z the usual Selberg
zeta-function, © the trace of the heat-kernel on compact domains on the Poincaré up-
per half-plane and C¢, B,, K(4,¢) and M(8,¢) are constants independent of the genus
g. From Eq.(50) one finds that Z'(1)7! and Z(2) have an exponential growth for in-
creasing genus; together with the properties of the Weil-Peterson measure, i.e. that its
volume increases factorial-like for increasing genus one concludes that the pertubation
series in g for the partition function Z diverges.

Nevertheless we can discuss the behaviour of the fermionic string integrand for
the case of degenerate super Riemann surfaces. For this purpose let us consider such
a surface, i.e.a pinching process takes place and at least the lenght of one geodesic
vanishes. Let ly be the geodesics of 49 € I with ({o)Body < (I3 )Body for all 4 € T with
¥ # ¥o. Let us introduce the partial zeta-functions Z,(s) = Z4{s.1y) with

(s} H i1— \9 € 'i”")l“ (g = 0.1, Re(s) = 1). {51}

For the entire zeta-functions one has

i SRV
Z,(s) = [241)"" [] H 1 \% M (Refs) & 1), (52)
£l k=0
IF I
where g(]u) denotes the multiplicity of Is. A discussion for the bosonic string is due to
Wolpert {95 who showed that for !y — 0 one has {set ¢ = 0 in Eq.(51) and interpret
all guantities in terms of the bosonic case)

i, 2
Zisy = I} t-xp(fa LO(ZQ)) {ly — 0). (53}

This asvimptotic behaviour has the immediate consequence that the hosonic string
has a divergence due to geodesics of zero-length. This result can be generalised to
the fermionic string! To see this let us start by taking the logarithm of partial zeta-
function:

2= nida
— I Zy(s) Llnl—\, remmiley
n=.4
x NP
o \“‘ Sk = Rlasmily Sﬁ 7‘7 777777
_.;._.‘A\')O /_.4}‘{1 —-”()
=l k1
1o \i ¢ o heln 1 \’it_‘ \f,‘(tfi-wl( Iy s ko kel (54)
- O -- — = 5
Iy, < R 2 L k 12 S
Lo k=1 k=1
where the denominator was expanded as
1 1 1 }\’]u 242 =
VR T R TR L (55)
For the various sums one gets
R S e |
_ \ S L = L =P{-. 2. 1). s I st
Lo . { | (=, )

1/ n?
= = ((‘ iy, = sl = faly - Loy loisdy - Lu \.7‘;)) - Oily). (5B)
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o

2omeo [awyr 18 Lerch’s transcendent 55, p.32.. With the expan-

where ®(z,5,a) :=

sion
oo m—]
‘P(f:,ﬂ?,ﬂ EN-D { g m—n a (1111?]) +{(ln 1)[ ‘I'l(m)fll’(ﬂ]iln(lné)]}
(57)
(note {(s,1) = (s}, ({2} = v*/6 and P{2) — ¥{1} = 1}. Furthermore
1 o Xku —ksly 1 .
EZ b : :—Ein{l—;\we toy
k=1
1
= - In(sly) + O(ly), (xyo = 1), (58)
o i koocakle _ M0 X0 eobe
— * e = = -
i3 _ —sI
12 d ¥ 121 =y, o
1 1 -
= a2 + O(l), (X7 = 1} (59)

The last two expansions are valid for (sly)gedy > 0. Furthermore no singularities

appear for x,, = —1. This gives in the case of y,, = 1 the expansion for {(—In Z,}:
=2
=1ln Zp(s) = ol + (s — )1n[0+const.+0(la), (60)
a

which is equivalent with Eq.{54). For y,, = —1 things are changed and we get:
—1n Zl(s)}hot_l

2 - R ’
—l-(f- —~17r) il ¥ (fg - E) +sln (lg - i-z) + eonst. + O(lg). (61)
IU Io $ L

Therefore we have to descriminate between x4, = 1 and y,, = ~1. Let us first
assume that the character y., corresponding to the smallest geodesic is positive or
that this can be achieved by an appropriate redefinition of the 4g generators -;, 57!
{i =1,...,2g). In the relevant combinations for sdet(—[T,) this gives:

Zols - Ph2ols 71+ F)
Zy(s + ™20 (s + 157)
Zﬂw—%ﬂdc+1+%)
Zols + MH)Zg(s + 15

x const., (m € Z.,even, lg -+ 0),
(62}
x const., (m € Z.odd. 1y -+ O,

where the consf. may depend on s. Therefore in this case the determinants are
proportional to a constant (m £ Z) and thus the fermionic string integrand is finite.

Iu the ease of y,, = —1 things are changed and we get in the limit ly — 0, e.g. for
m =

Z;"’(s+ %) §+ %, (63]
(8)Z:(s +1) 2e i\ C im e

- o 2% 1y — — by —
ZHs+ 3 s+ 1

where again the consi. may depend on s In this case the fermionic string integrand
diverges for l; -+ 0 as in the bosonic case.

Finally let us consider the product of the superdeterminants of —[J% and [,
sdet'( 7[]3] . sdet'[-—[]?,l ) =1 (64)

which follows directly from Eqs.{42) and (47}, Generalizing this interesting resulf we
find {omitting zero-inodes if necessary}:

sdet’(—[F,,) - sdet'{ -5 1) = (1 {m —1)*7%9, (m e Z). {65)

Let be f,,, = 15 o k*)77 ). Redefining the superdeterminant by sdet'( (2,
sdet'( f,,, (m > 0) and sdet’{--[P,, ) := sdet'( —[ ,,}* frm—2 {rr = 1) this gives
the relat]on

sdet’( -7, ) - sdet’ (=[5 _;) = 1, (m ¢ Z). (66)

An equation like this was already stated by Baranov and Schwarz {111 by more general
consicerations. I close with this result, which nicely confirms my own considerations,
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VII. SUMMARY

In this paper I have discussed the Selberg supertrace formula on super Rie-
mann surfaces and some of its most important consequences. In chapter IT a short
survey of super analysis and super manifolds was given. Fitted with that know-
ledge it was possible to study in chapter [II physics on the super Poincaré upper
half-plane, i.e. classical and quantum motion. Starting frou the Vielbein approach a
well-behaving nonsingular metric on SH was constructed. From this metric the clas-
sical Lagrangian and Hamiltonian could be easily constructed. Also, the construction
of the quantum Hamiltonian has been straightforward and was defined by the super
Laplace-Beltrami operator Agpp on SH. The path integral on SH was written down
and proved in Appendix B to be the correct one. Surprisingly enough this super
Laplace-Beltrami operator could be factorized into the square of the Laplace-Dirac
opetator: Agrp = ¥ = (2YDD)*. Also the more general operators Che and [
were introduced which are connected by a linear isomorphism,

With chapter IV the main part of this paper started. The Selberg super operator
L on $H was defined and it was found that the operator L multiplies an arbitrary
Eigenfunction of [, by the function k, where h is only defined by the Eigenvalue s of
this Eigenfunction with respect to [Jm and the integral kernel of L. The calculation
vielded that for appropriate h the operator 2([J) equals to an integral operator L
whose integra! kernel k.. (Z, W) is related to h by the equations

hufsr= [ duet gl (o= 4

-0

1 =)
g(u) = ‘*\/ dpf_wphm(% +ip),

or J_o
() 1/°° dr (1
)= - o e
g 8 4sirh? 2 {r +4)2
‘? AT N LI 711
« l‘l’(l‘}i___) (= )(ﬂ:a S a™) — ime 3@(1.)?* Q__}
\/a"--f—}:nnhz,‘—; r—4

It was found that the Selberg supertrace formula reads

L (22 — Bm(p5) 1—g)/ “ I sk m

‘111111

oL I "im , kD L1
=YY {g(ﬂ-f«,!+gt-~ku-~\J(gu-f«.u S gkl e )}

fap b€ B0

The inverqion formmla which is needed in the supertrace fornmla to calculate the tern

A("” = iMrlg — 1}®,,{0) which corresponds 1o the identity transformation was found
to be given by

] o d{,‘ jo( ) . ( - L 2
MR = ee— —t— yor i)l tene s - ) di. (3)
m( Tr\rﬁ'T4 T \’/37+4 —-\x-Q( \‘_l]—:4—§ f')j*f

where Q{u) = 2coth ¥iglu) - gl —u);. A:,m] and the inversion {formula for €,,(0}

completed the work of Baranov et al. 110 11" by explicithy stating the A " term and
the inversion formula. respectively.

Chapter V was devoted to the discussion of the analytic properties of the two
Selberg super zeta-functions Zy and Z;:

Zy(s) = LT[ [t =01, {Re{s) > 1),

2€T k=0

H H 1 ,x_fe—(.sﬂ-)g]’ (Re(s) > 1).

el k=0

(4)

By considering specific test functions for the analytic properties of Z; (k € N¢] could
be derived:

v s = % There are a pole, zero w1th multiplicity lAnu )‘, respectwe]v, or a regular
point depending on whether An =0, An“” < Dor Anw)

e 5= 7% — k: There are zeros with multiplicity 4(k + 1){g — 1).

o 1 s =1p% T — k! There are zeros {pZ) and poles (pf);
¢ : s = —ipPF — I There are poles {p%) ana zeros {»™)

with the same muliiplicity as the corresponding Eigenvalue of (], respectively. The
erucial importance of Anf)o) = #even(zero — modes) — #odd{zero — modes) of the
operator [] has become clear. A functional relation for Ry and Z;, respectively, was

derived:

_ o mslast Z:(s)Z (*‘) i;z_(o_) H{g-13
Ry(-s) = Tiis ~ 1) (lfs) Zl(l)(cosvrs) g (&)

Similarly for Zy (k € Ny ):

o : s = —k: There are trivial zeros with multiplicity (g — 1)(4k + 2).

-

+ipB ¥ ki There are zeros (pZ) and poles (pf'y;

.8 = % — ipB'F — It There ure poles (pZ) and zeros (pf ),

of course. with the same multiplicity as the corresponding Eigenvalues of [, respec-
tively, It was found that there is no zero of Z¢(s) at s = 1. This is quite different in
comparision to the usual Selberg zeta-function.

Also a functional equation for By and Zp, respectively, was derived reading

_ DlsZel—e) o Ze(-
Zols =1 Zol1 - 5)  Zof

)

b2

Ryls)Ryl—s) =

{sinws )1, (6)

[

)

For both functions we get an infinite set of critical lines located for Zg at Re(s) = % -~k
{(k = Ng) and for Z; at Re{a) = ~&k (F € Nyh

Unfortunately no functional equation: for Zy or Z; as for the ordinary Selberg zeta-
function could be found. However. I have argued the unlikelihood that such a relation
exists. hased on the cxistence of the infinite nuutber of critical lines.

This appearence of an infinite nmnber of critical lines for the rwo functions Zg and
Z; is surprising. because there is not any classical analogy for this feature. However,
in view of the functional relations for Ryi Z¢) and Ry(Zy ) this is a consistent result.
The functional relations are not of any use for the determination of the spectrum of
the Laplace-Dirac operator (3. Tlis in turn is the same situation as in the classical



case. There is up to now no way into the eritical domain of the {super) zeta-functions
in the complex plane, where the nontrivial zeros (aud/or poles} are located.

By an appropriate test function h a functional relation connecting Zy and Z, could

he derived:

Zi(} - s)Zo(s) Z(0) .
P S = ——(sinms)
Z](E 4—3)20[1—5) Z](l]

‘2(9"1). ‘T'

A relation like this was already stated by Baranov and Sehiwarz {11, but without the
characteristic (sinms)? 2.dependence.

Having discussed the properties of Z; and Z; I treated in the fical chapter the
spectrum and superdeterminants of the Laplacian-Dirac operators (1, and [Jm, re-

spectively. Denoting by Aﬁ&m) the difference of the even and odd trivial-modes ) of

the operator [, two scenarios for Aﬁgo), ie. A?}EO; = 0 and Aﬁ:,m =1 - g. respec-
tively, were discussed. i

For the nontrivial Eigenvalues of [, I found that they are determined by the non-
trivial Eigenvalues of [} as

Aﬂ.m = j\n- {(ncN,meN). (8)

The caleulation of the determinants was performed with the well-known zeta-regula-
rization method. The result for e.g. sdet’{ - [) was given by

qu(l)rzl(m )

‘;d .’ -2 = [‘,rr — e,
T Zi4 ! 41

and similarly for sdet'(—[,) (m € Z). These representations showed clearly that
the superdeterminants are well-defined quantities. Since the superdeterminants were
well-defined, it could be shown that the fermionic string integrand in the Polyakov
approach is well-defined. The remaining integral over the super moduli space reads

=i

zg:f A SW P sdet!(~[2)] 3 lsdet’(~CE)]
M,

2

() () iz iy

Unfortunately no statement about the growing properties of this expression for in-
creasing genus g like the analysis of Gross and Periwal (45 could be made.
However. it could discussed what happens for the fermionic string integrand if a pinch-
ing takes place. Here a divergence as well as a convergence can happen, depending
on the spin structure.

An interesting feature of the determinants is that there is a typical factor of
Zy{0)/Z;{1). This factor does not appear in the work of Aoki {3, who started
from quite analogous expressions but used the functional relation of the ordinary
Selberg zeta-function [48] instead of the functional retations for the Selberg super
zeta-functions. But this factor is an unambigous consequence of the functional rela-
tions which I derived in chapter V. I do not see any way to simplify this charateristic
factor any further by exploiting ail these functional relations. Therefore this factor
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gives an additienal coniribution in the super moduli dependence of the superdeter-
unnants and thus also for the fermionic string integrand.

Aninteresting relation for the determinants was deduced reading
sdet| r—[:l"im)'sdt‘i’f——[:l;znfl):(—1]9_](m—1}2_29. (€ &), {11)

These results which are all direct consequences of the Selberg super trace formula
demonstrate in an impressing way the power of the trace formula.

In Appendix E T have given a review of path integration on the Poincaré upper
half-plane M. It 1s a short suminmary of recent results in this field obtained by F.Steiner
and myself 38-43:.

The fact that the fermionic string theory is, formulated in the super analysis
fornulation. well-defined. is a step forward in the understanding of the whole string
theory. However, one must keep in mind that the ferngonic string s as well as the
hosonic string nothing but a tov-model. To incorporate supersymmetzy or to get
the standard-model gauge symmetries. the superstring or the heterotic string theory
is needed {The higher-loop partition function for the latter has been constructed by
Moore. Nelson and Polehinski 163]). Whereas the incorporation of the superstring can
be done by the GSO-projection, it is not obvious to formulate a Selberg trace formula
for the heterotic string case and to study its consequences. Again new surprising
features may occur.

I think that we must face the possibility that we do not know up to now enough
mathematics to understand this new physics. and once again physics may be too
hard for the physicists.
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APPENDIX A: DISCUSSION OF INVARIANCE PROPERTIES OF IMPORTANT QUANTITIES

1. The Volume Element 4V(Z)

Let us consider a SPL(2, R} transformation which is following Chapter II given

by
o 80taz+b A
T yb+ez+d” B’ )
9,763+az+ﬁ*£ 1)
T v +ez+d B’
where
AZ) =0z +b— 08, B(Z)=cz+d— 87, T(Z)=az + 3 + 8, {2)
3
e:1+;,@a,7:da—cﬁ,5:bafaﬁ. (3

The numbers a,b, ¢, d satisfy the relation ad — bc = 1 and are real even supernumbers.
The numbers a and 3 are odd supernumbers with property & = ia, 5 = ¢3. A, B and
T must be multliplied by K = 1 + %aﬂ to give the correct normalization sdetT = 1
(see Eq.(I1.84}). 1 denote these quantities by .‘1, B and I, respectively. Throughout
this appendix I assume that 4 € T' is a SPL{2R) transformation (but do not confuse
with ¢ = do — ¢f; the correct distinction between these two quantities is in general
clear by context).

Let us introduce the number

ZZ‘W :::'71[‘+i99, 2 Y = --fZZZ*:—_(z—E-Q—iﬂB‘). (4)

Z gy is transformed under the action of 7 ¢ SPL(2,R) into

, A(ZVB(W) - AW B(Z) L0 2 Tar
a1 Bzw = Zzw = meﬁi” e

Let us first consider the first two terms in the numerator of Eq.(5):
AZ)B(W) ~ A(W)B(Z)

={az+b—88)cw+d—1vy)—(az+b—08)cw ~d—wy)

= (az = b){c@ + d) — {aww + b)(cz + d)

=1

+iplaz + b){da — ed) — iiHba — a3 ez + d)

=irlaz+d)

-l ~d)iba — ad) + Hda — e ai + b)Y

=8{ari+[4)
+if{ba — a3V da — e3F)i7 — {ba - ad)P8{da — e3)

=2ia36p
= -+ iFar - d) s Haw - 3) - adb. (8

For the third term:

TEZ TV Y = i(az — 3~ eBiarw + 8 + o
adfz — @y - didaz - 3) - Blad + 3)~ 01 - 3a ) 4T
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Thus combining Eqs.(6) and {7)

1
Zow =Zaw——=——- (8}
B(Z)B(W)
Simitarly
. f o, E—w—Ov
F—w - = {(9)
B(Z)B(W)
in particular:
1-—
Y=y af _ Yy (10)

BZF B
Let us consider D#':
I'(z) _|DT(Z)|B(Z) + ['(Z)[DB(Z)]

P8 =Dy B%(Z)

In detail:
IDT{2)[B(Z) + T(Z)|DB(Z). =

i 4
{fB[Z]—rHaB(Z)+')I‘+F9c](c2+d}(lfﬂ—'jf b )
2 ez +d

and therefore

DT(Z)[B(Z) + T(Z)DB(Z)] | od
B(Z) h 2
Thus
_ 073 1
D¥ = = —— = F,(Z). 11
B(Z) Bz (2] {11)
With Eq.(11.52) we have the transformation properties of the aperator D:
af
g Lo f12)
B(Z) B(Z)

Let us consider now the Jacobian J in the volume element for the transformation

of Bq.(1): d=dzdfdf = Jd:='dz'df"d¥. 1t is given by:

(8.:) (8.3} (8.0') (2.8}
T ey |22 (02 (00 (028
(De=') (D6=') (0p8') (860
(Bp=') (357} (G8') (8;8')

(18.2") 0 (0.8 0
0 (8:5") 0 (8:8")
(8pz") 0 {Dyd') 0

0 (B 0 (88

[ __1___ lot fazsr} 0
T ab (048] 0 (8.7

(0.8 0 (Bt )} 0 ) {(Onz"} 0
- 0 (88 ] 0 [Op811 0 (%)

(BN (RN DTN DN 5
i Gpth) { 8,81

= sdet
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and we see that the Jacobian factorizes. Let us calculate J. It is given by

7 [(8:A)B — A(0. BY{(8T)B + T(8B)| - [(8.T)B — (8. B)}(8eA)B - — ADB)

J =
(3oT)B + T8 B))2
(14)
For the denominator:
- c
{8T)B + T(3B)1* = (¢B — [}’ = B(cz + d} {1 —aff - 35‘1‘-"---~~i} (15
cz+d
and therefore
1 1 do — ¢
. - 1+ ad+ 36 .
(BT)B+ (3B Bl dy| %% } (16)

For the numerator:

[(8-4)B ~ A(. B)ji(8T)B + T8, B, — [(3.T}B — [(9. BY[{ 3 A)B — A(8e B}
(aB — Ac){(eB - Ty} —{aB - T){4y — &B)

= e(aB* — ABc — ablly + 2AcHy + c08B)

feztd) Llf—a.@‘ 3gte .Tﬂ

T
(@ + d){2Acy — aBy — ebB) + ad B ~ avAB

=ad(ez4d) =—af(e:4d)
do —~ 3
= (ex - a3 - 38— T
= (s +d) |1~ S —30% S )
Thus:
- 1 - o
jolzied 1 A el A S (18)
B(z) B(Z) IB(Z)®  iB(Z)2
Combining Eqgs.(10) and (18). the invariance of dV(Z} is proven, i.e.
d:dzd8df  d-'d='d8'dd
= (19)

2y 21"

2. The Invariance of R{Z, 1V}

Let us consider the two-point quantities #{Z, W) and R(Z,W ). They are given

by
Iz — e — G112 Iz — w — Bp!?
W) = = _ 20
Riz.w) Vv (y + 88,2} v + viz/2)’ 20)
Lo 208 (v —ip)0 +40)  2wp +i(6 — iB)(v + iF
HZ,W) = — HE+126) ( o v + ip)
N {1v +i7)(8 + if)Re( = 7_@_1'-‘91_{}. (21)

4Y 1
Furthermore we have coshd{Z,W) = 1 + %R(Z, W) - 2r(Z, W), Of course, the

invariance of d follows from the invariance of r and R.
Let us consider R. From Egs.{8)} and (9) we see at once that

R{yZ,+W) = R(Z,W) (22)
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and the invariance of R with respect to the action of SPL{2R) is shown. The invari-
ance of r{Z, 1} is similar but much more involved aud will not be given here.

3. The Vierbein E4

Let us consider the quantity E* = (dz + 8d#)/Y under the action of the trans-
formation {1). First with Eq.(10):
¥
Yi=qaf = ey (23)
\B(Z)?

Next this gives
24 8d8 = y(d: + 8dh)
1784
= B—(—d - B—Adﬂ) - 1—(B—Bd - B—Bdﬂ)

d: a6 B\ 8= o8
r ar er 0B éB
o= el e d@ | - | —d: - ——dF
'B{B(a: o8 ) BQ(Q:d aﬂd)}
1. dz — 848
= EIE_[(BG - 4dc v I'n )d- (B(R - A“ ~Te )dﬂ = —132—(—) (24)
Thus combining Eqs.{23) and (24) we get
Er:. _ FYE: _ (_—mﬁE: (25)

with some phase factor given by ¢ = Im{B)/Re(B). Therefore £? {and E?) are up
to phase factors iavariant under the action of §PL(2, R). For the combination E*E?
this phase factor drops out. The calculation for E® {and E?) is similar.

APPENDIX B: PROOF OF THE PATH INTEGRAL ON S5H

In this Appendix I want to show that from the short time kernel of the path
in1egnl on SH I denote Z = {z,8), Yor = yar + 8arfps /2. where yp; = (v + v )72,
Bag = (8 - 8")/2, A2 = (" -2, A0 =(8" — ) and h.c.:

\ﬁ-:r}"“r?

QTI'i'}'.U

K(Z'.Z”;f} =
x exp { — s IA‘ AZ - iy AZAR - B AzAE — (2¥ay = #1482, }A&'A(ﬂ } (1)

and the time evolution equation

dr'dy' d8' d8'
W(Z;He):/,f__f}” K(Z,2' ez 1) )
the “super”-Schrodinger equation can be derived, ie. {z =0 +iy. 8 =48; +if):
av(Z;t Y _ - »
i% L |2V - 08)8.8; + 80,0, — i8O8 + D500 | W(Z.1)
m

1 . . . .
=5 iyly + 16,8, o2 83) + 3y + i0,61)89, 04,
+ y{613,00, + 88,8, + 80,85, — 8:0,85,)1¥(Z,1). (3]

3+
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One has to perform a Taylor expansion in Eq.(2):

I}
V(Zit) + o W(zt) = Bo¥(si1) + Baba¥(Zit) + BudhOaUZit) 4., (4)

where the coefficients B, and B, in terms of the real coordinates z,y,8;,8; up to
O(e) are given by

da'dy' d8', 4, )
By = [ S2 % gy
¢ /2(yf+w;9')K( Zie)
Lyt 68, dx' dy' 46,8,

4ri VI 1000 (yar + 18ar20ar1)

X exp {2 Ve [A Az — By ATA —ifp Az A8~ 2V + 9M9_M)A8A§}} ~1. (5}
M _

.! ! 9! 6!
B, = /MK(Z,Z';E)(J —2'y~0

Ay + 10,60
[ de'dydsids, ., ,
By*‘[mh(Zgz.f)(y“y)*g "
42’ dy' 48, 8, . ,
= | 2 1V 2z Zhe) 6 — ) ~0
Bo = [ G g K2 ee —0))

da'dy dolde, . ,
= K(Z,Z"e) (68—~ 0,) =0
BB: /Z(y'—t—i(;?‘(}']) (Z, 'E)( 2 2)

B =y [ S i (22500 = 2 =ty + it
B,, - %f%%ﬁ(z:zuexy YV puly - i68)
Boye, = 1]‘;’(““’7%1 (2,26 — )0~ B) > ity + i0a0)
Buo, = %f‘;fyd”j‘g,ff%m ez 2l - 8) = o, .
B, - 3 [ SR “:‘;,‘;?) 1225l = O 8 = ()
B =5 [ gt KL L5y~ 40— 0) = 1508,
B = 3 [ G (2250l 0 ) = i
Bay = %j dfjd{‘if,',‘;,ﬂ')z (Z.7%e)a -2y — §') = 0.

I just present some details of the calculation of By: the other coefficients are calculated
in a similar way.! First let us consider the Lagrangian in the midpoint formulation
on the lattice:

L= 6_;‘.;._-2- CAZAZ - iy ATAS — iy ATAR - (7Y + By )ABAS.  (8)
€5l

i The calculations were done with the help of 1he algebraic computer program REDUCE.
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The exponential expanded in the Grassmann variables yields [Az = 2 — 2", Ay =
v -y

teL

_ [ m(ﬂf—»‘f')2+{y—y')z]
€ =exp | — o

2ie yi,

x uLQEaé’e*(A? A?
1etyd, )

+i’ig§f[1+ i _Aszr?Azy} im 9,9[1_ iAz Azrtﬂzy]
EYM 2ym 8y €YM Zynr By
2 2 im. _ A A2 . AZ
_ﬂylLl\M]_ ﬂw[u_y wtzwg”_ (9)
2ym By €YpM 2ym Byis

Furthermore we have

T [1
UM

1 1 [ ag — '8 — g0 —65]
1+

M M Bym
fye [y T (10)
W:\fﬂl W Ay o]
In the usual way 3" and yas have to be expanded according to
i:1[1+%+‘52y] Lo {1+Ay 3Ay} (11)
ym Y 2y 4 N 8 ¥

In multiplication the various terms and inserting into the Taylor expansions we have
to take into account terms up to the sixth and eigkth orderin Az and Ay, respectively.
Explicitly, after integrating out the Grassmann variables

A2 : A?
By ~ - //d:r’dy exp il y]
‘?mey

-_.my:“,.o)

{ 3mie  Afr 4+ 2'7A2y
% g1 - +

T e ¥

&nr By
1iin
b3 141(A2 Aty + Aty) - gz 6(/—\ fraty - 28%A%y ¢ Afy)
ey 4
€ 65 17 im?
R ,  AZpA? ___—Aﬁ ATrAY Y - AtPAY
2 8my 16 ey® rATy) 16 ey ( + raY ety
P21 A7 : '
) i - 7777{; ~ .???.r\—(AEy—i'_\ﬁ.TAzy + 31_\41;321;-: 3__\‘2‘1”&41’,) 1 (12}
y 8yt 16ty oy

One makes use of the following identities

e,
Alr = Afy= =47

i

. 3
TE
Al = A"yils(‘—yl) .
™
2 q

Al y= 3( — oy’ ) R Az‘yilﬂﬁ(*rjyz) ;
I m

respecting that in the required limit the integral over r and y gives Zmiey® /m (as
denoted). the result of Eq.(5) is proven.

(13)
Al



APPENDIX C: THE HEAT KERNEL ON SH

In this Appendix I want to give a short summary of the results of Aoki [3] who
first calculated the heat kernel on SH. Let us first describe his definition of the
Laplacian he uses. It reads

K

A= Ao+ miz~ -0 DD ~ 18, - 8) — = (8—6)D+ Dy+ ™, (1)

where m ¢ Z, b= gy + 84, b= 35 + 89 and
0= [(: — 00 80—z 99)}3;65 + (2= T 08)(al5 + 00p8; — 85;6.). (2)

Now recall the Laplacians [, and (J,,, used by Baranov et al, [10'. Thus we find the
following equivalence

(@ + 57 = Ao, (3)
where o )
O =(z—2-68)DD - (6 - 8D + D)
O =4z - 88)% (0, + 2)(z -3~ 88)"
These equations establish the unitary equivalences of A,, and [, ie. A, = [F,.
This gives, of course, also [y = {Jn + % in my notation.

(4)

Aoki studies the heat kernel G}, which is defined by [Z = (2,8}, W = (w,r) =
(u + iz, 2)):

(B + ARGL(Z,W)=0 (t>0)

Gt (Z,W) - %6(1‘ —u¥{y — ) — v -5} s 07,

(5)
Now consider some redefinitions, 1.e. define G, by
: . > —a—
Gl W)= ———= | G,(2.W), (6)
w--I—fv

then
(8 +A)GL(ZW)=0 (1>0)

1 ot

1 _
- Z W)= — 6 WY - 1l W - 0T,
S A2, ) ml(Z, W) o [coshd{Z, W) — 1iA{Z, WIA(Z, ¥ ( )

(1)

Here A, is a transformed Laplacian and d, A and A are SPL(2, R} invariant quan-

tities given by:
A, — (ﬁ)
<21

cosh d(Z, W) = 1 — 272212

Ozy3 + vy, + Prpp + B
Vi1
Zab = 3q — Sp — Babs, (a.b=1,2), Z, =22, =W

A(Z, W) =
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Now expand
G Z. W) = gp, (r) +1AARL(d). (9)

m

This leads to coupled differential equations for g, and hY,:

a F e ( 1 ' Id)a m? - 2 ]L'(d

_— o —— _mtanh - }— & i P

o [ ad? sinhd e 2/ ad 4 ( coshd + 1 )J | gmld)
_ m + 1)

sinh d

a L 1 a') a coshd  m{l+ 3} m?

— - | = ( - ——— — mtaunh + - -+

ot | ad? sinh d ad sinh?' d  coshr-1 4

sinh d a2 1 a /2 ™"
( T e =0 )

hiid) (10)

hin(d)

ad? - sinhd 8d  coshd 4

coshd + 1

with the boundary conditions:

Gld) =6 (=07

(12)
m(dlﬁff(‘(coshd—i] (t - 0").
sinh d
The solutions for g}, and A!, read
. 1 o sinhm—'H —u cosh %
gm(d) == 5,1 ‘MATn ( )du (13)
ar34: Sy 4/2icoshu — coshd) cosh 4 3
R o hi ™ —u?jat hi
oy« - g [Ty (S Y- Tt S gt
4w313 Jg  4/2(coshu ~ coshd) cosh £

{14)
where T (k € Ny) are Chebyshev-polynomials. One can also expand (:r':,,, as
88

F' (z,w) + terms involving v

Gf‘n(za LV) = .&3\{(3:1‘ )

with the relation

; sy T
R P e R A"

w2
As is shown on Ref.[3] the following Laplace representation can be deduced for ¢!,

gr{ziw) = —={m = 1) j dk il y) Ty alu v
EAEE iR 27i . 'mnl lpJg“q__(m'l

ip)2
{15}

where the functions ¥, are the normalized Eigenfunctions of the Maass operator

D_, = y2(83+83)+2imar and are given by [3,18,39] (i = -sign{l)F,p > 0, ke R):

,'psnlh"?rp T )
‘I'p.k(:cfy) % -k + IP) '\ ar 3. * " e lp ”‘ly)! (16)

where the W, ,(z} are Whiitacker functions. The representation (15} shows a cut

in the complex s-plane located along the critical line Res = %

spectrum of VA, = O + 2 =0, reading A = ’"2“ =ip(p> 0}

which gives the
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APPENDIX D: THE PATH INTEGRAL ON THE POINCARE UPPER HALF-PLANE H

In this Appendix | present three diferent path integral treatments for a particle
moving freely on the Poincaré upper half-plane H = {: = z +iyly > 0}, endowed with
the hyperbolic geometry. The Poincaré upper half-plane is analytically equivalent to
three further Riemannian spaces: the pseudosphere A?, the Poincaré disc D and the
hypezbolic strip § (as already noted in the introduction).

For a review of classical and quantum mechanical motion (in bounded and un-
bounded domains) in these four Riemannian spaces, see e.g. Balazs/Voros [8].

I do not consider motion in bounded domains. For an attempt to ealculate wave-
functions and energy levels see Aurich, Sieber and Steiner [7]. To construct the path
integral on H, I follow ihe canonical approach as described in previous papers [41,42].
I use the prescription, which I called “product form”-definition. Let us summarize in
short the most important facts of this prescription (for details see [38]).

Let us start with the generic case [i.e. the classical Lagrangianis given by Ley(g,g)
= %gabqaqb ~ V(4q), the classical Hamiltonian by Hey(g.qg) = ?g“bpapb + V(q)] and
write the metric tensor ggp in the form { which under reasenable assumptions is always
possible, e.g. positive definite scalar product):

d

(@) = Y Rac(@)hac(q) (1)

<=1

{d=dimension of the Riemannian manifold}. The quanium Hamiltonian is constructed
in the usual way by the Laplace-Beltrami operator Agrp {I set i = 1; in the following
suins over repeated indices are implicitely understood):

{g=determinant of the metric tensor g,;). Let us introduce momentum operators
Pa = —1(8a + T2 /2), where I'; = &, 1In /5. Rewriting the Hamiltonian (2} in terms of
the momentum operators p, let us choose a product ordering-defimtion:

2
H = —h™(q)papeh®™(q) + Vig} + AV(g) (3)
2m

with the well-defined quantum correction AV giveu by (h :=detihay) = /3):

1 h.a
AV = — |4hochbe, + 2hachbe
8m ' h

h h h
. apac be a4 be b _ pacpbe’l L)
+ 2h (h & I a ) h*“h e } {4)

Let us zssume that gap is proportional to the unit tensor, i.e. gqp = f2éqp. Then AT
simplifies into
d

)

HA = d)f2 = 2f - faa {

B f1 S -
ez

w
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This implies that if the dimension of the space is d = 2, then the quanium correction
AV vanishes.

For details consult Ref. [38]. Using the Trotter formula e *A¥B) — 5 limpy .,
(c‘i‘A/Ne_i‘B/N)N (e.g-[75]) and the short-time approximation for the matrix ele-
ment < ¢"|e *H|¢' > one obtains in the usual manner the Lagrangian path in-
tegral in the “product form”-definition [¢/? = ¢(¢\?), FU) = (D), #9) =
¥k je, e=T/N =" —t"} /N, N — oo, AglH) = ¢l — gli-1};

¢ T
K0T = [ VaDa0exs {i [ [ Fhochuci®it = Via) - AV(a) o)

Na N-1

m z .

= I (53 dg'?!

: .’\}linoo(Z?rif) E f\/g(q )dg
N

X exp iz [%hm(qu%)')hbc(q(j))Aqa,(i)Aqbv(i) _ eV(qU}) _ EAV(qUJ}] . (6)
g=1+"

The expression in square brackets is nothing but the classical Lagrangian with an
additional quantum correction potential AV: L.5; = Lo — AV, Clearly, one has
to prove that with the short time kernel of this path integral the time-dependent
Schrédinger equation

1 18
- —A v 1) = -~ — gt i
[ s OB+ (q)}%&(q, )= -5 ¥lwt) (71
can be derived via the time evolution equation
") = jvg(Q')K(q",q';T)d'(q’;f'}a’-q’- (8}
This is in fact the case - see [38].

In H the metric isgiven by gas = Sap/4° (¥ € R,y > 0). The classical Lagrangian
and the Hamiltonian read, respectively:

2
mo, L

o . v oo
Lez,dvy.g) = 550 +4) Heilwpasyopy) = o (07 + By (9)

and the quantum Hamiltonian is given by
2 2 2
Y [Z] a )
H-=- -2 [ - 2.}, 10
2m (3.1'2 Oy? (10)
The scalar product for functions fy, f» € L*(H) reads,
(fiofadn = dr y_?fl{rny)fﬁ(*r:y)' (11)
—oc 0

States ¥ € D(H)NL?*(H) must satify the boundary condition lim, ¢ $(z.y) = 0(r
R). Following the “product-formm” prescription, | get for the hermitian momenta:

I, =0 P;:EE 1

1 Or 5
. 2 148 » (12)
R CEr



and the Hamiltonian rewrsitten in the product ordering vields:
1 2 2
H = oylpz + pyly- (13}

Here it has been used that for this special two-dimensional metric: AV = 0. Thus
we can infer that the path integral on the Poincaré upper half-plane in the “product
form”-definition reads:

E¥(2",y" 2"y T)
N-—1 :
m o o o[ dyl
= li {3} .
P-]’]—r»noo(z?'l'ié) I—[l [w dz /D yi7)2 xp
i=

[ want to emphasize that in the “product form”-definition for the path integral on H,
there is no additional quantum potential or curvature term. Via the time evolution
Eq.(8) it is an easy computation to show that Eq.(14) is indeed the right path integral
on H (see [41] for details).

i i ALY L ATy 4y
2 yyte-1d ’

I now present three alternative ways to ealculate the path integral (14).

1) To make the path integral manageable I perform a time-transformation (see [42]):
o
s(t) = s = s(t"), s(ty=0 (15)
v f J)) ( (
with f{y) = 1/y%. The variables r and y are transformed into
2(t) = €(s) with £(s{t)) = =(t)
y(t) — qls)  with  q(s{t)) = y(t}

with £(0) = &', £(s") = z", 7{0) = ¢ and n{s"”) = y". Let us assume that the
constraint

{16}

H

 ds _
e

has for all admissible paths a unique solution s" = 0. Of course, since T is fixed. the
“time” s" will be path-dependent. To incorporate the constraint {17) the identity

oo s
1= lzf ds"§ / g
Y 0 v (s}
1 (®dE _qp f” f E
= e P ds" exp | ¢ ds = 18
o fm 3 A plef, Baim) U

has to be used in the path integral (14). The only difference to the prescription given
in {42] is that we have now only a time- and not a space-{ime-transformation. This
has the consequence that the additional factor in equation (IV.6) of [42] is absent
in the present case. Defining the energy-dependent Feynman kernel G{E) via the
Fourier transformation’

1

KMa" g« g T) = o
Trl

[ ety e )

To work with well-defined mathematical formulas let us assume that £ has a small positive imagi-
nary part ie, and write E 4 7e (with real E} instead of E whenever necessary. Also, square roots will
be positive. Sec e g.[39,46] for details.
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I obtain the transformation formula
e -
GH(.‘r"‘y”._rr._y';E) — I./ K—(éu,iﬁ”,f',l’]‘r;s”]dsu, (20)
[

where the transformed path integral is given by

K" " € s s :/Dé (s)iualm Dl )exp{””f (€4 ff)ds}
= lim

o "mé f f d€nydny - / f div - ndmn 1)

x
Z [ (& = €50V =gy = mg-n) } (21)

| &
':v\|3

x pxlm gy exp

N f,)ffi
) 2rm ™ m
ualn) = H [\/ 58 MGYNG-n) exp (*5??(;')’?(1—1)) ) (Eﬂm’?u—u)]- (22)

i=1

I, denotes a modified Bessel function. Following the general theory (42}, it has been
used:

gab = faby Vg=1, Tg=0, T, =0, AV =0. (23)

The path integral in {21) factorizes into a path integral for a free particle in £ € R,
and into a radial path integral with “angular momentum” A in the variable € R™.
Using the well-known path integral identity

: " }
i c m 22 — o kg P12 Pt
f,u;[riDr(f)exp( 5 /; r di‘) = Vr'r T exp(zT(r ))Ix( T r'e )

(24)
(see Peak and Inomata [69] and Steiner and Grosche [41}}. we can immediately write
down the solution of (21):

};;-(Eyf "?”aﬁj ??I.SN)
/i m 3” Mmoo en 12 e 27 m  n
= /Z X?{Aﬁt(f - +n +”J}I"(-a'_7”")' (25)

m ’I‘i

Inserting (25) into Eqg.(20), the s"-integration can be carried out by first performing

a Feynman-Wick rotation (s" — —i7, 7 € R*), and then introducing the integration

variable = = my'y" /7 and the Poincaré distance coshd(z",z') = [(2" = a')* + ¥ +

y"?]/2y'y". T obtain (for the integral see p.712 of reference [33]]

. h dz
GH(:I'”,y",x’\y';E) _ T?‘l_—f E_"tOShdIm( )\/ — T;Q,%,,'p(COShd), (26]
L]

V2

where I have introduced the momentum p = 4/2mE — 1/4. Eq.(26) gives a closed
expression for the energy-dependent Green's function (resolvent kernel) in terms of the
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Legendre function of the second kind @Q,'. This result agrees with the one obtained
by solving directly the Schrodinger equation (see e.g. [46]). Using the integrals (see
(33], pp.819, 732):

Q, 1 (M :/‘”dp: panhry’ (jibj_z
2 2ab o VZ +pr2 P'—3 Zab (27)
az + bz + Cz 4\/a_b ==
1 = k
'PV*E ( 2ab ) < COSVﬂL dk K, {ak) K, (bk)cos ck,

Eq.(26) can be rewritten as

Hw,y:f‘?yE)

- ! sink wp . ikl 2" — 2!
7/ d*] P IR [ Ko lkly') K (JRly") 47720 (28)

(7 + )/2m - F

(K, denotes a modified Bessel function}, The representation (28) shows clearly that
G(E) has a cut on the positive real axis in the complex energy plane with a branch
point at E = 1/8m. We thus infer that the quantum mechanical motion on the
Poincaré upper half-plane ‘H has a continuous energy spectrum. From (28} the nor-
malized wave functions and the energy spectrum can be read off:

/ h
PSH; L 1kz\/_hip(“‘:ly) (z€ R,y >0}
1/, 1
B =5 (P 4)

with p > 0 and ¥ € B\ {0}. These are the correct wave funetions. The spec-
trum has a largest lower bound Eg = 1/8m. A state with p = 0 and Eq = 1/8m
does not exist, because oz vanishes identically. One also has to exclude the case
L = 0, which is obvious from the a.symptotic behaviour of the A, function for = —0:

Ko=) = 3 [ (ip) {2 )"D +T(—ip) ( ) ] It is nevertheless possible to define a func-

tion @p(y) := yP+ 1% which is an Eigenstate of H, Ho, = E;¢,. but this function is

not normalizable in H. ¢, is only normalizable in a bounded domain. Let us discuss
in short the “zero-momentum” energy shift E, = ﬁ. Let us consider the classi-

cal Hamiltonian Hey and insert {introducing /i) the Heisenberg uncertainty relations
#ps = /2 and yp, > h/2. This gives for the energy of gnantum motion on H the

lower bonnd:
By s o (13‘")* " (30
HS"S? T2} 7 8m’ (30)

lﬂl'p,k(:ra y)

+ ? . .
The value E, =infEy = Bin; can never be taken on because {zjy = 0} ¢ H. Eg is the

largest lower bound on 'H.

On the pseudosphere A%, the Poincaré disc I} and the hyperbolic strip 5 the

]]77|;;;.‘}?:,‘(: ) OFis )-for :e € -1 1iand Pe). Qfi(x) for # € 1-1.1) for the Legendre funciions
of 1he first and second kind, respectively.

wave functions are given by (p > 0,1 € Z,k € R):

2 / h
‘I";},z(‘ﬂﬁﬁ) = IL;zEE T(ip + 14 1/2)P, ;(coshf) ily
psinhxp 1+ :
T2 (r, %) = of Tom T(; +ip+ 1)7’ (1 - TZ) ¢ (31)

wﬁ‘k(X,Y) = \/4 ( psinhmp Vcos YPiig_l(sinY)eikX.
T 3

cosh® 7k + sinh® rp)

The corresponding path integral expressions on M, A? D and § are equivalent to
each other. This has been discussed in detail in Refs.[40,43); see also the end of this

sectlom.

Finally, we perform a Fourier transformation in (28) to get the time-dependent
Feynman kernel

K" "D

1 o o el e ) T
= — dk/ dppsinh'frpef'TL’r"l‘_“ \/y'y”Kip([kly‘)K:’puklyn)flku =, (32)
-0 0

=
The i form an orthonormal basis
o o dy T ' '
dz Fﬂ’p.k{w,w%' w(z,y) = 8(k — K )(p — p'). (33)
—oc q

Proof: Inserting 1, from Eq.(29) and performing the r-integration yields:

24/pp' sinh 7rp sinh p’

7(

N =8k -k

j; 7B—?P(y)hip( )y (34)

Using the integral ({33}, p.693):

o N a,\—u—]bn
TR (ay)AL (b dy = oo
ju ¥~ R ylay) KL (by) dy 2231 = A

Xr(17—”/\7;“,1(*11)F(};_A:y-{—v)r(l—)\—:y—u)1_‘(1—)\;;:—11)

Loddpsv 1=A-p=v 2
x F(7+i—K SIATET g - b—). (35)

1
2 2 a?

Leta=b=1 A=1-2¢ g—ipand v —ip-+ 2ig. ¢ = (p' — p)/2. then

T(e ~ip~igi'{e +iq)T(e —iq)T(e —ip — ':q,),

2e—1 - . - =
f; y Kiply) K ipyaig(y) dy = T(2¢)23- 2

(36,

The “good” terms yield in the Hmit ¢ — 0:
. Te+ip+igiTie—ip—1g) 1 _ . Lo 1T =
g — T g Tlip— 1g)i® = — 137)

&p+ q)sinhwlp — ¢}’

93



where I have used a well-know property of the I'function. The remaining terms vield

. T(e+iq)T(e - iq) . €
lm = = 27 lim e
€—0 I'(2¢) —0 w(e? + ¢7)

= anb(p’ — p). (38)

and Eq.(33) is proved.
Vice versa, the ¥ & form a compleie set, i.e.

/ ﬂ'k/ dpyps(e”,y" Wpaiz' ¥} = gy 8" — 2y — 3"y (39}
—oo 9
(the factor ¥'y" = (¢'g"}™ % has to be included due to the Riemannian structure of

H, see e.g. [67]).
Proof: Consider the integral {133 p.772):

/ dr Ki; ()R () cash{(# - @)x] = Ko{+/a? + b% — Za.bcos-d;). {40)
0

Differentiation with respect to ¢ gives on the left hand side:
a oo B _ o0 . _ .
75;5-[ dr K. (a)R;.(b)cosh|(r — ¢)z] = de ¢ sinh|(7 — ¢)e| Kz (a) K (b)),
0 b

(41)
while the right hand side yields:

a8 . absin ¢ R —

— - Ky(y/a? + b2 — 2ab - K1(y/a® + b2 — 2abcos ¢).

Fn o(v/a? + ab cos ¢) AT 2ebeord (1{+/a ab cos @)
(42)

Here some properties of the K,.-function have been used (see e.g.[33], p.510). There-
fore in the limit ¢ — 0 and for y' # ¢":

/ * dppsinhap Ky (k] K p(lkly") = 0. (43)

It remains to consider the case y' ~ y". Let usset y=3', v" = y+ 6 with j§' = 1 and
cosg=1— ¢%/2 for [¢f « 1. Using Ky == —In(z/2) {z — 0) we get for the right hand
sice of Eq.(40):

5

kl1
0“-'\‘1\/3}'2 + " — 2y cos @) = 5 !:ln |T s (82123 (16l 1g] < 1) {44)

and in the limit ¢ —0:
/ dppsinhwph i (|kiy' ) Kp(jkly") = \/y "y Sy — ") {45)
0

Together with the well-known equation 51; f_moo dhett(z" =) — §(z" —2') the com-

pleteness relation (39} is proven.
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2) In the second approach in caleulating the path integral {14) - following the idea of
“ = !N, This gives:

Kubo 54, - let us start by integrating A(T) over 2" = »
= NG BT
SMg oo R ay
/ ERED gt e s T ’xl’.?lo(zwif) H/u yo?

—ac

J=1
N 5 N ,
im g~ ARD - o . m  Apld)
Hexp | - L J 3 H/ d:r“)exp (— o ""ﬁ
e = yliyli-n e 2qe ylityli- )
— m AT pee g m K AR )
L n m ? (jg,, 'i_'i’ll Ay = AT PRI
V" im (gm'f) L g1 P {26 Z NETNTETE Ky"ysT). (46)
1=1 =1
Let us look for a transformation = = z(y) so that
-2
2 ¥
F= (47}
u

A simple calculation vields = = Iny, respectively the inverse transformation y = €.
=(y) has the property (0,00) — R. Thus dy/y = dz, and the kinetic term in the
exponential in the path integral (46) gives in a Taylor expansion:

AL
12

~ A%

Ayl _ 7:3:‘“—2;“’{?;“‘ B E:uJ_A:uu]?

i - *

Exploiting the path integral identity Atz= (%]2 1 get:?

im Ay L3} 2
- A ) I
€Xp ( 2e yu)yu 5% ) T exp ( A Sm) ’ (49)

Therefore the path integral (46) gives essentially a path integral of a free particle in
R in the z-coordinate, We get with Ix(-".,.’ = RK{y",y; T

N N
E

- N
el tm 2.(7)
H / d="Y'exp 5 ZA E

Sa4 T ]_ ( m )
CexR 2 T 8m | Noeee 2ie o

B 2 iT m A3 .,
- [.W?ii&rn] ( ) o {ZT( —=)

1 "

2 ™m 2 (¥ TR E
) [— ﬁln (‘U,)} = K(y",y;T). (50)

Let us note that { = in(y"/y') is nothing but the hyperbolic distance d in H if
(1‘”

T
—rTme (

- 2"} = 0. Introducing now

2 e
- 57?; ,y: v (51)

T use the symbol = {following DeWitl [21}) to denote “equivalence as far as use in the path integral
is concerned”. A discussion concerning these identities can be, e.g. found in Feynman and Hibbs [27];
see also 142] and references therein.
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I obtain

- e dk moy 3 m iT
"woo, _ "o, . 2 _ 2r
Ky ,y,T)—jt Kk,y",y;T) = ( - ) exp( —~21Ta.rcoshl —)

k=1 2ri T 8m
(52)
This integral equation can be solved exactly and the result reads (see [54]):
My gy m \§ udu ~om o, AT 53
(4:T) = ﬁ(QWiT) veoshu — coshdexp [ HT" Sm]' (53)

Fourier transformation to get the Green's function G(E) = fnoo eTE K (T)dT yields:

R du
G'H dEYy= 2 m ___..Tf__.__d
(&:E) = V2 (5 Tothn —coma "

e 3 T ‘L
T % -y - | — —{E)T!dT
X/o ?exp{ 2iTu (Sm 2 ) ]

m
o [T N Mo _(cosh d). 54
w2 Ja Veoshu - Tcoshd T _5_’V2mEﬁ7{mS } (54)

This is the previous result. Note that A and G™ are only a function of the hyperbolic
distance d. Therefore Eqs.(53) and (54) gives the result in all the four spaces H, I},
A% and §.

3) In the third approach in calculating the path integral (14) let us start by performing
a Fourier expansion of X"(T}:
K”(:r”,y”,z',y';T)zf By v T) e dk

—a

(55)
], b el [
Eply",ys 1) = r/ K™y 2y T)e =7 e

2T J e

This gives if Eq.{14) is inserted into (55) for KJH(T):
1 T * dt”) F—. Ayl
ER T =+
Rely™.yiT) = o~ mhfl omf Hj gz P Z]JU)U(J n]
im

o AZD ;
5] _m e b At
* Hl dr EXP[ Sie gy et

~ N oo N ,
- }:J:IJ;}" . ( x I_Il dy (J) iz m Azyu] _f“z‘“] yli- 1)
2 AN—ex ‘7mf o J(J) - 2e ylalyti—H) 2m
i=

\/w Dy(i) U myt R o

= exp — T = e | dt] (56)
o 2yt Zm

Performing the transformation = = Iny, y = ¢ in {(56) and repeating the same

procedure as in Eq.(46) I get with Ke(=", 2" Ty= Kely' o' Ty

"

1 : oy e st { t » ;‘“2 2:
]\-“:lr t. Ty = - R Vr—iT!8m fD;(f)eX}) ‘1/ (f' . ~) (ff]. (57)
or L t =m |
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This path integral is nothing but a path integral for the potential of Liouville quantum
mechanics with the potential V(2) = 5’%62‘. This path integral was calculated by
Steiner and Grosche [41] and the result for K} therefore reads,
Ki(=",27)
1 L " o 'T 1 ’ ”
= ﬂ_—se(= +: ”2‘/0 dppsinh7p exp [— %;;(pz + Z)]K,ﬁp“k‘ez JRp(lk|e® ). (58)

Inserting y = €*, this gives finally for the Feynman kernel on H:

E"=", "2y T) / dkj dppsinhmp

ET - - Jl' sh(zx" —«
XEXP{ (p += )]\/yy”fnp |kly' VK| k |y )7 == (59)

with the correct energy-spectrum and wave-funetions as in (29}.
Using now the integral repesentation ([33], p.732):

= Ll ( a? 4+ + 2
K, K, (bx de = ——P_ 1 | ——5— 1. 60
A {az}R,(bx) cos cx d i beonun b ) {60}

and the addition theorem for the associated Legendre functions: ([33], p.1014)

=7 — 1cos I'W’ELU_ b+ 1)y !
Pulzz — /22 —13/27% —Tcosd) = Z( S P R LG LA C Y

l= - oo

the identity:

dppsinhmpe 5P ER)\fyry K (kY'Y Kip[R]y") 070

dppsinh mp c_%(‘t’z+i)ir(% +ip— D)

cm""”_q’:]'Pi H +ip[fosh P! {cosht"). {82)

~laip
can be derived. Here use has been made of Eq.(1.14). The right hand side of Eq.(62)
represents the Feynman kernel on A® and thus this shows the equivalence of the
Feynman-kernels on H and A?, je. K™H(T) = K‘V(T]. Inserting on the right hand
side of Eq.(62) the variables of the Disc D' T get the Feynamn kernel on D

Lo & S
f’,r?A dp Z psiuh?rpcxp[ﬁ, L(pz_ ;)}

2m
I=~o

1+ 1472 T
- i -1 ey’ —
% 1"(1? aqp e )2 P:p*- (1_.?"2) jDiPi12 (1?"”1 (8D 1g3)

There is no obvious simuple mampulation in, e.g. Eq.(63) to achieve the Feynman kernel
on the hyperbolic strip §. One has to caleulate K9 directly. This has been done in
Ref. 40} and the result reads:

I"S(‘YH,‘XI:);H:).vl;T) — %‘[m dkfm . ps_lfl_h_fp
TJ e e

cosh 7k + sinh® mp
S Lo _ " I
x VeosY eos YEPY®  (sin Y")P 2 (sin ¥ e MY LSS LS (64)
k=3 the- g

RKP(e! ! 9 2T =




i
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(3!
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(11

(12
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