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Abstra
tThe gravitino regeneration rate � ~G is 
al
ulated perturbatively to the leading logarithmi
and 
orresponding 
onstant order in the strong 
oupling 
onstant g. Two approa
hes ofobtaining the 
oeÆ
ient of the leading logarithmi
 term, one starting from individual grav-itino produ
tion pro
esses and one applying the thermal version of the opti
al theorem, areshown to deliver analyti
ally the same result. In the se
ond approa
h the next-to-leading
onstant term is obtained along with that 
oeÆ
ient. Here the imaginary part of the grav-itino self energy is 
al
ulated in the framework of hard thermal loop e�e
tive �eld theory,with a resummed gluon propagator for both soft and hard gluons. The 
onstant is stronglydepending on the gravitino energy E. As an appli
ation, the impli
ations of a large baryo-genesis temperature, TB = O(1010 GeV), on the mass spe
trum of superparti
les have beenre-analyzed with the new value for � ~G. Previous phenomenologi
al 
on
lusions remain es-sentially un
hanged. ZusammenfassungDie Gravitino-Regenerationsrate � ~G wurde st�orungstheoretis
h zu f�uhrender logarithmis
herund zu dazugeh�origer konstanter Ordnung in der starken Kopplungskonstanten g bere
hnet.Zwei vers
hiedene Methoden, den KoeÆzienten des f�uhrenden logarithmis
hen Terms zubere
hnen - die eine geht von einzelnen Gravitino-Erzeugungsprozessen aus, w�ahrend dieandere das optis
he Theorem bei endli
her Temperatur benutzt - liefern analytis
h das-selbe Ergebnis. Mit der zweiten Methode erh�alt man dar�uberhinaus den n�a
hstf�uhrendenkonstanten Term: Der Imagin�arteil der Gravitino-Selbstenergie wurde im Rahmen der ef-fektiven "hard thermal loop"-Feldtheorie bere
hnet, wobei sowohl f�ur wei
he als au
h f�urharte Gluonen ein resummierter Gluonpropagator verwendet wurde. Die Konstante zeigteine starke Abh�angigkeit von der Gravitino-Energie E. Als Anwendung des neuen Wertsf�ur � ~G wurde erneut untersu
ht, wel
he Konsequenzen eine hohe Baryogenesetemperatur,TB = O(1010 GeV), auf das Massenspektrum supersymmetris
her Teil
hen hat. Die Ergeb-nisse einer fr�uheren Untersu
hung behalten im wesentli
hen ihre G�ultigkeit.





Denn, was man s
hwarz auf wei� besitzt,Kann man getrost na
h Hause tragen.J. W. v. Goethe, Faust
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Introdu
tionSupergravity is the theory of supersymmetry extended from a global to a lo
al symmetry.A fundamental ingredient of supergravity is the gravitino �eld. The gravitino is thegauge �eld of supersymmetry. It is a spin-3=2 �eld and the supersymmetri
 partner ofthe graviton [1℄. As long as supersymmetry prevails, it only 
ouples with gravitationalstrength � 1M (whereM = (8�GN)� 12 ' 2:4 �1018 GeV is the Plan
k mass) to other �elds,and it is massless, just as the graviton.When SUSY is broken, two things 
hange. First, the gravitino a
quires mass trough thesuper Higgs me
hanism [2℄, eating the goldstino degrees of freedom. In a supersymmetri
theory, goldstinos are the fermions 
orresponding to the Goldstone bosons arising fromglobal symmetry breaking. Se
ond, the gravitino's 
oupling strength in
reases from thegravitational strength � 1M to a strength whi
h 
an be as strong as a weak-type intera
tion[3℄. Both phenomena, the mass and the in
reased 
oupling, are related: the gravitino massm ~G is of the order of [3℄ m ~G � �2M ;where � is the s
ale of SUSY breaking. In turn, the gravitino's intera
tion strength afterSUSY breaking is enhan
ed by a fa
tor of s
ale of SUSY breaking over gravitino mass.Even with this enhan
ed intera
tion strength, however, gravitinos play a parti
ular rolein the spe
trum of supergravity parti
les: they are a massive spe
ies whi
h de
ouplesmu
h earlier than all other massive parti
les from thermal equilibrium (ex
ept for the
ase of extremely light gravitinos), resulting in a very high gravitino abundan
e in theuniverse. This has been used to derive 
osmologi
al 
onstraints. In [4℄ an upper massbound of m ~G < 1 keV on stable gravitinos was derived from the requirement that over-
losure of the universe has to be avoided. The authors of [5, 6℄ found a lower massbound m ~G > O(104)GeV on unstable gravitinos. If unstable gravitinos were lighter, theenormous amount of entropy from their de
ay would be produ
ed late enough to disturbnu
leosynthesis.In
ation may be a way to avoid these gravitino problems and to reopen the window for1



a more natural gravitino mass range between several MeV and several hundred GeV [7℄.In an in
ationary epo
h, any primordial gravitino abundan
e is enormously diluted. The
osmologi
ally relevant gravitino abundan
e is 
reated in the reheating phase after thein
ationary period. This reheating period is 
hara
terized by the maximum temperaturerea
hed, the reheating temperature TR. Gravitinos are dominantly produ
ed by inelasti
2! 2 s
attering pro
esses of parti
les from the thermal bath [8℄. The gravitino abundan
eis essentially linear in the reheating temperature TR. If one 
hooses TR too large, oneen
ounters again the old gravitino problems of a possible over
losure of the universe or adisturban
e of nu
leosynthesis. This, in turn, poses 
onstraints on baryogenesis modelsthat may require a large reheating temperature, su
h as baryogenesis through leptogenesis[9℄.Thus in [8℄ a bound TR < 108 � 1012GeV for the reheating temperature was found. Theauthors of [10℄ were the �rst ones to 
al
ulate the produ
tion 
ross se
tions for all relevantinelasti
 2 ! 2 produ
tion pro
esses for gravitinos heavier than gauginos. They deriveda bound of TR < 109� 1010GeV. Four of the ten produ
tion pro
esses turned out to havea logarithmi
ally singular 
ross se
tion due to the ex
hange of infrared massless gluons.The divergen
e was regularized by an ad ho
 introdu
ed e�e
tive thermal gluon mass.The analysis of [10℄ was re�ned and extended to the 
ase of light gravitinos by [11℄; abound TR < 102 � 1010GeV, as a fun
tion of m ~G, was derived there.In 1994, Fis
hler [12℄ 
laimed a mu
h higher produ
tion rate than the authors before himhad found. Due to heat-bath e�e
ts the gravitino regeneration rate should be propor-tional to T 5, instead of T 3, as estimated previously. If 
orre
t, this would have dramati

onsequen
es both for 
osmology and supersymmetri
 phenomenology.Motivated by Fis
hler's 
onsiderations, Ellis et al. [13℄ studied the leading �nite-temperature e�e
ts of the gravitino regeneration rate in the e�e
tive theory for lightgravitinos. In a new approa
h the gravitino regeneration rate was 
al
ulated from theimaginary part of the gravitino self energy rather than from 
onsidering individual grav-itino produ
tion pro
esses. The old result that the gravitino regeneration rate is propor-tional to T 3 
ould be 
on�rmed, Fis
hler's argument was not supported. Furthermore, in[13℄ it be
ame apparent that the divergent 
ross se
tions are regularized by the ele
tri
rather than the magneti
 Debye mass of the gluon, and that the logarithm whi
h arosefrom the 
ut-o� pro
edure a
tually is the leading term in an expansion of the gravitinoregeneration rate in powers of the strong 
oupling 
onstant. However, the 
oeÆ
ients ofthis leading logarithmi
 term found in both approa
hes di�ered by a fa
tor of � 15, andthe 
onstant term remained unknown, be
ause only the 
ontribution from soft gluons was
al
ulated. 2



In [14℄ we generalized the 
al
ulation of the ten dominant gravitino produ
tion pro
essesto arbitrary gravitino masses. It turned out that adding the results of the previously
onsidered limiting 
ases of very light and very heavy gravitinos yields the general result,with no new 
ontributions from the intermediate gravitino mass range. Furthermore, wefound an in
ationary s
enario with a large reheating temperature TR = O(1010 GeV)whi
h is 
onsistent with the gravitino 
onstraints.This thesis presents two new results: the 
onstant term of the gravitino regeneration rate� ~G is 
al
ulated for the �rst time 
onsistently in the framework of thermal �eld theory,and the 
oeÆ
ient of the leading logarithmi
 term is determined with improved a

ura
y.The integral over � ~G, weighted with a Fermi distribution, leads to the Boltzmann 
ollisionterm C ~G of the Boltzmann equation for the time evolution of the gravitino number density.It is demonstrated that the 
oeÆ
ients of the leading logarithmi
 term of C ~G found in thetwo approa
hes 
oin
ide analyti
ally. As an appli
ation of these new results, the validityof our large TR s
enario [14℄ 
ould be 
on�rmed. The gravitino 
onstraints are evenslightly relaxed, but this e�e
t is over
ompensated by using a smaller Hubble parameterh 
ompared to [14℄.The 
onstant in the gravitino regeneration rate is found by extending the 
al
ulation of[13℄ to in
lude also the 
ontribution from hard gluons. Sin
e the logarithm of the strong
oupling is numeri
ally quite small (about a third of the 
onstant term), knowing the
onstant term means a 
onsiderable improvement for any quantitative dis
ussion of thegravitino problem.The improved a

ura
y in the 
oeÆ
ient of the leading logarithmi
 term is realized byin
luding a quantum statisti
al fa
tor for the parti
le whi
h is produ
ed along with thegravitino in the 2 ! 2 gravitino produ
tion pro
esses when 
al
ulating the Boltzmann
ollision term C ~G. The in
lusion of the quantum statisti
al fa
tor, whi
h is usually setto 1 in this approa
h, is possible by doing all ne
essary phase spa
e integrations in thelaboratory system. The result for the 
oeÆ
ient of the leading logarithmi
 term 
oin
idesanalyti
ally with the one found by [13℄ in the self energy approa
h, if one supplies twonumeri
al fa
tors whi
h have been overlooked in [13℄. This provides a 
onsisten
y 
he
kfor the two approa
hes.In the re
ent past, several publi
ations appeared in whi
h non-thermal produ
tion ofgravitinos was studied. In [15℄ for example an investigation of gravitino produ
tion duringpreheating due to a 
ombined e�e
t of intera
tions with an os
illating in
aton �eld andabsen
e of 
onformal invarian
e is 
arried out. Although non-thermal me
hanisms 
anlead to a gravitino produ
tion mu
h more 
opious than thermal pro
esses, the eÆ
ien
yof these new non-thermal me
hanisms is very sensitive to the 
hoi
e of the underlying3



in
ation model. In this thesis, I do not 
onsider su
h non-thermal me
hanisms but onlythe thermal produ
tion of gravitinos whi
h is always present, independent of the spe
i�
in
ation model.The thesis has four 
hapters. In 
hapter 1 the theory of massive and massless spin-3=2parti
les is reviewed and it is shown how to 
al
ulate pro
esses that involve su
h parti
les.In 
hapter 2 the 
ross se
tions of the ten dominant gravitino produ
tion pro
esses are 
al-
ulated. From these 
ross se
tions the Boltzmann 
ollision term governing the Boltzmannequation for the time development of the gravitino number density is 
al
ulated. In 
hap-ter 3 a di�erent approa
h is used to 
al
ulate the same Boltzmann 
ollision term: usingthe thermal version of the opti
al theorem, it is obtained from the imaginary part of thegravitino self energy. In 
hapter 4 an update of our analysis [14℄ is presented, where theimpli
ations of a large reheating temperature, TR = O(1010 GeV), on the mass spe
trumof superparti
les was studied. The result is that the phenomenologi
al 
on
lusions remainessentially un
hanged.Appendix A 
ontains the Feynman rules of SUSY QCD with gravitinos. In appendix Bthe te
hni
al details are explained of how to perform all phase spa
e integrations of theBoltzmann 
ollision term in the laboratory system. This is needed in 
hapter 2 in orderto keep the quantum statisti
al fa
tor for the parti
le whi
h is produ
ed along withthe gravitino in a 2 ! 2 pro
ess. In appendix C the supersymmetri
 e�e
tive thermalgluon mass is 
al
ulated. In appendix D the approximations made when 
al
ulating theimaginary part of the gravitino self energy in 
hapter 3 are justi�ed.
4



Chapter 1Spin-3=2 Parti
lesThe obje
tive of this 
hapter is to provide both the theoreti
al ba
kground of quantizedspin-3=2 �elds and the tools to do pra
ti
al 
al
ulations with massive and massless spin-3=2 parti
les. I start with deriving the equation of motion for the Rarita-S
hwinger �eld.The wave fun
tion, the spinor ve
tor  �(P ), is derived, as well as the expression for thesum ���(P ) over proje
tion operators on all four heli
ity states. The wave fun
tions arethen used to 
onstru
t expli
itly the sum � 32��(P ) over proje
tion operators on the masslessstates with heli
ity +3=2 and �3=2, and it is shown how to do pra
ti
al 
al
ulations with� 32��(P ). Finally the e�e
tive theory for light gravitinos is explained. In this theory onlythe spin-1=2 or goldstino 
omponents of the gravitino are left over, and the gravitino 
ansimply be treated as an ordinary spin-1=2 parti
le.1.1 Equation of motionThe �eld equations for spin-3=2 parti
les are a parti
ular 
ase of the Bargmann-Wignerequations [16, 17℄ whi
h are a system of relativisti
 wave equations for arbitrary spin. Inthe Bargman-Wigner formulation, a �eld of rest mass m and spin s � 12 is represented bya 
ompletely symmetri
 multispinor  ��
:::� (x) of rank 2s satisfying Dira
-type equationsin all indi
es: (i=� �m)��0 �0�
:::� (x) = 0(i=� �m)��0 ��0
:::� (x) = 0 (1.1)...In the 
ase of s = 32 one 
an show that the symmetri
 rank 3 spinor  ��
(x) is uniquely5



determined by the 
omponents of a ve
tor-spinor  ��(x). This ve
tor-spinor is a more
onvenient obje
t to deal with as a wave fun
tion than the multispinor  ��
(x).  ��(x)
arries both a Dira
 spinor index � and a Lorentz ve
tor index �; the Dira
 spinor indexwill be suppressed in the following text. From the symmetry requirement in all threespinor indi
es and from the Bargman-Wigner equations 1.2 for  ��
(x) one derives for �(x) the two equations of motion 
� �(x) = 0; (1.2)(i=� �m) �(x) = 0; (1.3)whi
h are know as the Rarita-S
hwinger equations [18℄. They yield the further 
onstraint�� �(x) = 0: (1.4)An alternative way to derive the Rarita-S
hwinger equations is to start from the La-grangian density for a free spin-3=2 �eld:L = �12"���� �
5
��� � � 14m �[
�; 
�℄ �: (1.5)This density is part of the full supergravity Lagrangian [19℄, des
ribing the motion of afree gravitino. Varying eq. 1.5 with respe
t to  � yields0 = �L� � � �� �L� ��� �� = �12"����
5
��� � � 14m[
�; 
� ℄ �: (1.6)With the identity 
�"���
 = �i
5(
�
�

 � 
�g�
 + 
�g�
 � 

g��) (1.7)this also leads to the Rarita-S
hwinger equations 1.2 and 1.3.1.2 Wave fun
tion and spin sumFollowing [20℄, the solutions  l�(P ) to the Rarita-S
hwinger equations 1.2 and 1.3 in mo-mentum spa
e with heli
ity index l = +32 ;+12;�12;�32 
an be 
onstru
ted as dire
t prod-u
ts of ordinary Dira
 spinors us(P ), vs(P ) (s = +12 ;�12) for massive spin-1=2 parti
lesand polarization ve
tors "m� (P ) (m = +1; 0;�1) for massive spin-1 parti
les:6



 l+� (P ) = Xs;mC(l; s;m)us(P )"m� ; (1.8) l�� (P ) = Xs;mC(l; s;m)vs(P )"m� ; (1.9)where the C(l; s;m) are Clebs
h-Gordon 
oeÆ
ients. Sin
e the gravitino is a Majoranaparti
le for whi
h the 
harge 
onjugated wave fun
tion equals the wave fun
tion itself, Iwill restri
t myself to positive energy solutions  l+� (P ) involving only us(P ) and drop thesupers
ript + in  l+� (P ).The Dira
 spinors are normalized to �usus0 = 2mÆss0; (1.10)and for the polarization ve
tors one has"m� "m0�� = �Æmm0; (1.11)therefore the wave fun
tions  l�(P ) are normalized to l� l0� = �2mÆll0: (1.12)The sum ���(P ) = Pl  l�(P ) l�(P ) of proje
tion operators on all four heli
ity states
an be obtained as follows [17℄: Be
ause of Lorentz invarian
e, ���(P ) must be a linear
ombination of the ten tensorsmg�� ; m
�
� ; 
�P� ; 
�P�; P�P�m ;=Pg�� ; =P
�
� ; =P
� P�m ; =P
� P�m ; =P P�P�m2 : (1.13)From the requirement that ���(P ) must satisfy the Rarita-S
hwinger equations
����(P ) = 0;(=P �m)���(P ) = 0; (1.14)and must have the proje
tor property� �� (P )���(P ) = �2m���(P ); (1.15)the 
oeÆ
ients of the ten terms 
an be determined in a unique manner. The result is thatall ten terms 1.13 �gure in ���(P ),���(P ) = �(=P +m) �g�� � P�P�m2 � 13 �g�� � P�P�m2 ��g�� � P�P�m2 � 
�
�� : (1.16)7



1.3 Spin sum for states with maximal heli
ityIn this se
tion the sum � 32��(P ) of proje
tion operators on states with heli
ity +3=2 and�3=2 is 
onstru
ted expli
itly. In the limit of very heavy gravitinos, only the gravitino
omponents with maximal heli
ity play a role. � 32��(P ) is needed if one wants to 
al
ulatejust their 
ontribution to a pro
ess.Heli
ity is the spin proje
tion on the momentum axis. For massive parti
les this is not aLorentz invariant quantity. Therefore it is not possible to extra
t in a Lorentz invariantmanner the 
ontributions of single heli
ity states to a 
omplete 
ross se
tion. However,one 
an go to the 
ase of massless spin-3=2 parti
les. In this 
ase, heli
ity be
omes equalto 
hirality, whi
h is a Lorentz invariant quantity. Now one 
an even isolate the two spinorientations + and �.I start by 
onstru
ting the wave fun
tions  +� =  + 32� and  �� =  � 32� a

ording to eq. 1.9extended to the 
ase of massless parti
les. To this end I need two Dira
 spinors u+(P ) andu�(P ) of a massless spin-1=2 parti
le with four momentum P and the three polarizationve
tors "+, "0, and "� of a massless spin-1 parti
le.The Dira
 spinors satisfy the massless Dira
 equation=Pu�(P ) = 0 (1.17)and are eigenstates of the 
hirality operator:
5u� = �u�: (1.18)Massless spinors 
annot be normalized in the same way as massive ones (eq. 1.10); insteadone has �us(P )
�us0(P ) = 2P �Æss0: (1.19)The spinors yield the proje
tion operatorsu�(P )�u�(P ) = (1� 
5)=P2 : (1.20)To 
onstru
t the polarization ve
tors "m� one introdu
es a time axis n, n2 = 1, n0 > 0.The ve
tor of longitudinal polarization is then"(3) = 1n � P [P � (n � P )n℄ : (1.21)Next one 
hooses a transverse polarization ve
tor "(1), "(1)2 = �1, "(1) � "(3) = "(1) � n = 0,and de�nes the se
ond transverse polarization ve
tor"(2)� = "���
n�"(1)� "(3)
 : (1.22)8



The spa
elike parts of "(1), "(2), and "(3) build a right-handed 
oordinate system. Thepolarization ve
tors for a massless spin-1 parti
le with spin proje
tion +1, 0, and �1 arethen [17℄ "+ = 1p2("(1) + i"(2));"0 = "(3);"� = 1p2("(1) � i"(2)): (1.23)A

ording to eq. 1.9, the desired wave fun
tions are �� (P ) = "��u�(P ): (1.24)Obviously,  �� satisfy the se
ond Rarita-S
hwinger equation 1.3. In order to see thateq. 1.2 is satis�ed as well, note that ="(2) = �i
5=n="(1)="(3) (using the identity eq. 1.7), andthat ="(3)u� = �=nu�. With this, one �nds indeed
� �� = 1p2="(1) (1 � 
5) u� = 0: (1.25)Unlike eq. 1.12, the massless wave fun
tions are normalized to l�
� l0� = �2P �Æll0: (1.26)The proje
tion operator � 32��(P ) for massless spin-3=2 parti
les is� 32��(P ) = Xl=+3=2;�3=2 l�(P ) l�(P ) = h"+� "+�� (1 + 
5) + "�� "��� (1 � 
5)i =P2= =P2 h"(1)� "(1)� + "(2)� "(2)� + i
5("(1)� "(2)� � "(2)� "(1)� )i : (1.27)� 32��(P ) 
an be shown to satisfy the Rarita-S
hwinger equations 1.14 (with m = 0) and topossess the proje
tor property (eq. 1.15 modi�ed to the massless 
ase)� 32��(P )
�� 32 ��(P ) = �2P�� 32��(P ); (1.28)just as ���(P ) does.The use of this proje
tion operator in a pra
ti
al 
al
ulation leads to s
alar produ
tsand pseudos
alars involving the ve
tors "(1) and "(2), for whi
h we do not have 
ovariantexpressions. However, we are free to use a parti
ularly 
onvenient 
oordinate system to
al
ulate those quantities, for example the 
oordinate system in whi
h P has 
omponentsP � = (p; 0; 0; p): (1.29)9



Choosing the time axis n� = (1; 0; 0; 0) (1.30)one �nds "(3)� = (0; 0; 0; 1); (1.31)and with the 
hoi
e "(1)� = (0; 1; 0; 0) (1.32)"(2) be
omes "(2)� = (0; 0; 1; 0): (1.33)Here one sees expli
itly that P � "(1) = P � "(2) = 0. If the 
al
ulation in question is aninelasti
 2! 2 pro
ess a(P1) + b(P2)! 
(P3) + d(P4); (1.34)where a spin-3=2 parti
le d is produ
ed, one 
an go to the CMS system, whereP �2 = (p; 0; p sin �; p 
os�);P �3 = (p; 0; 0;�p): (1.35)Here all parti
le masses have been negle
ted (the formalism 
an easily be generalized tomassive parti
les a, b, and 
). � is the CMS s
attering angle and p the CMS energy; 
os�and p 
an be expressed in terms of the Mandelstam variables s and t. The representationeq. 1.35 will be used in se
tion 2.1 to 
al
ulate an inelasti
 2 ! 2 gravitino produ
tion
ross se
tion. The quantities required there are the s
alar produ
tsP3 � "(1) = P3 � "(2) = P2 � "(1) = 0;P2 � "(2) = �p sin�; (1.36)and the pseudos
alars (with "0123 = �"0123 = +1)"����P2�P3�P4�"(1)� = 2p3 sin�;"����P2�P3�"(1)� "(2)� = p2(1 + 
os�);"����P2�P4�"(1)� "(2)� = p2(
os� � 1);"����P3�P4�"(1)� "(2)� = �2p2: (1.37)10



1.4 E�e
tive theory for light gravitinosIf in an ordinary gauge theory a global gauge symmetry is broken, Goldstone bosonsare 
reated. In the 
ase of a lo
al rather than global symmetry, a

ording to the Higgsme
hanism the Goldstone bosons are eaten by the gauge bosons, giving them mass. If aglobally supersymmetri
 theory is spontaneously broken, a massless spin-1/2 Majoranaparti
le is 
reated, the goldstino. In a lo
ally supersymmetri
 theory, i.e. in supergravity,the goldstino degrees of freedom are eaten by the gravitino through the super-Higgsme
hanism [2℄. Thus the gravitino a
quires mass and two additional degrees of freedom,the heli
ity �12 
omponents.This suggests that the intera
tions of the heli
ity �12 
omponents of the gravitino 
an beapproximated by goldstino dynami
s. Indeed, in the limit of vanishing gravitino mass m ~Gand vanishing gravitational 
oupling 1M , the heli
ity �32 
omponents of the gravitino arenegligible and its heli
ity�12 
omponents behave exa
tly as the goldstino of spontaneouslybroken globally supersymmetri
 theories, with goldstino-matter rather than gravitationalintera
tion strength [3℄.The gravitino-goldstino high-energy equivalen
e theorem [21℄ states that "the S-matrixelements for longitudinally polarized gravitinos (heli
ities�12) and other physi
al parti
lesare asymptoti
ally equal up to 
orre
tions of the order m ~G=ps to 
orresponding S-matrixelements where ea
h longitudinally polarized gravitino is repla
ed by the 
orrespondinggoldstino." So at large momenta the heli
ity�12 
omponents of the gravitino are essentiallygiven by a goldstino, and the gravitino wave fun
tion is � 12� (P ) = is23 P�m ~Gu�(P ) +O m ~Gjpj ! : (1.38)Sin
e for light gravitinos, the intera
tions of the heli
ity�12 
omponents are mu
h strongerthan the intera
tions of the �32 
omponents, it is possible to build an e�e
tive theory forlight gravitinos in whi
h only the heli
ity �12 
omponents are left over. The e�e
tivetheory has the advantage to avoid the 
ompli
ated spin-32 formalism in 
al
ulations.There are two ways to get the Feynman rules for light gravitinos in the e�e
tive theory:Either one repla
es in the original supergravity Lagrangian the gravitino wave fun
tiona

ording to eq. 1.38 and uses the equations of motion of the parti
les to get rid ofthe derivatives by integration by parts, or one uses goldstino intera
tion verti
es from aLagrangian in whi
h global supersymmetry has been broken.For the 
al
ulations presented here, the Feynman rules for light gravitinos have beenderived from the e�e
tive Lagrangian of [22℄. Compared to the Feynman rules for light11



gravitinos used in [11℄ this Lagrangian 
ontains a new quarti
 term leading to a gravitino-gluino-squark-squark vertex, whi
h is not present in the full theory. As pointed out in[22℄, in
luding the Feynman diagram with this new vertex leads to a 
ross se
tion forgravitino produ
tion pro
ess J (see se
tion 2.2) whi
h is four times as large as the resultfound by [11℄ for the same 
ross se
tion without the additional diagram. The larger resultis 
onsistent with the result from the full theory whi
h is the sum of the results for smalland large gravitino masses (see se
tion 2.2). The e�e
tive Lagrangian and the Feynmanrules of the e�e
tive theory for light gravitinos are given in appendix A.

12



Chapter 2Gravitino Produ
tion Pro
essesIn this 
hapter the Boltzmann 
ollision term whi
h des
ribes the rate of 
hange of thegravitino number density is derived from 
onsidering the ten dominant inelasti
 2 ! 2gravitino produ
tion pro
esses. First, the 
al
ulation of the di�erential 
ross se
tion forone of the pro
esses is given in detail. Then the results for the other nine pro
esses aresummarized. For four of the ten pro
esses the total 
ross se
tion diverges due to theex
hange of massless infrared gluons, so one has to 
hoose a regularization s
heme. Twopossible s
hemes are presented, the ad ho
 introdu
tion of a thermal gluon mass andan angular 
ut o�. Both s
hemes lead to a logarithmi
 term in the total 
ross se
tionwith the same 
oeÆ
ient for the logarithm, but di�erent 
onstant terms. The Boltzmann
ollision term is then obtained by integrating the individual squared matrix elements overphase spa
e. Usually this is done negle
ting the quantum statisti
al fa
tors in the �nalphase spa
e. In appendix B a method is explained of how to 
arry out all phase spa
eintegrations in the lab system, i. e. in the rest system of the thermal bath. This allowsto take into a

ount those usually negle
ted quantum 
orre
tions. The 
oeÆ
ient of theleading logarithmi
 term in the Boltzmann 
ollision term 
an be 
al
ulated analyti
ally,and it will turn out that with quantum 
orre
tions, it is the same as the one obtainedfrom the 
al
ulation of the gravitino self energy in 
hapter 3.2.1 Example of a 2!2 
ross se
tion for gravitino pro-du
tionHere the 
al
ulation of the di�erential 
ross se
tion of the pro
ess gluon + gluon! gluino+ gravitino is demonstrated in detail. I have 
hosen this parti
ular pro
ess be
ause it isan example for a pro
ess where 
ontributions from unphysi
al gluon polarizations must be13



subtra
ted somehow. Usually this is done by subtra
ting a ghost diagram. An alternativeway is to use an expression for the sum over the gluon polarisations in whi
h the unphysi
al
ontributions are already subtra
ted [23℄. Both methods are demonstrated here. As itshould be, they lead to the same result.
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cFigure 2.1: Feynman diagrams of pro
ess gluon + gluon ! gluino + gravitinoOn the tree level, for the pro
ess under 
onsideration one has the four Feynman diagrams(a) to (d) in �g. 2.1 and, if one 
hooses to work with ghosts, the ghost diagram (e), whi
his the s-
hannel diagram (a) with the external gluons repla
ed by ghosts.The parti
les have four-momenta P1 to P4, and the gluons/ghosts and gluinos have 
olourindi
es a, b, and 
, so the pro
ess readsga(P1) + gb(P2)! ~g
(P3) + ~G(P4): (2.1)Let us 
al
ulate the squared matrix element resulting from the four diagrams (a) to (d).With "�a, "�b denoting the polarization ve
tors of the two gluons, the expression to beevaluated reads"�a"��0a "�b"��0b D��0��0 = "�a"��0a "�b"��0b tr h �(P4)V���(P1; P2; P3; P4)v(P3)�vV �0�0�0 �0i ; (2.2)where D��0��0 is a Dira
 tra
e with propagator denominators, and V��� (P1; P2; P3; P4) isthe sum of the four vertex in diagram (d) and the three produ
ts of three verti
es andpropagators from the s-, t-, and u-
hannel diagram (a), (b), and (
). Here and later Ialways sum over initial and �nal spin states.Using the Feynman rules from appendix A and taking the tra
e with FORM one getsan expression for D��0��0 in terms of the momenta P2, P3, and P4 (P1 is eliminated usingenergy-momentum
onservation) and of the massesm ~G andm~g. Note thatD��0��0 is gaugeindependent: the part of the gluon propagator whi
h depends on the gauge parameter �is proportional to the gluon momentum. In the gravitino-gluon-gluino vertex this gluonmomentum is 
ontra
ted with a 
ommutator that 
ontains another gluon momentum,yielding zero. 14



If the 
al
ulation is done with ghosts, one repla
esXspins "�a"��0a ! �g��0; Xspins "�b "��0b !�g��0 : (2.3)With these repla
ements in eq. 2.2, let us 
all our expression jM4j2. Introdu
ing theMandelstam variables s = (P1 + P2)2;t = (P1 � P3)2;u = (P1 � P4)2= �s� t+m2~g +m2~G; (2.4)one gets repla
ements for the s
alar produ
ts P2 � P3, P2 � P4, and P3 � P4, and ends upwith an expression for jM4j2 in terms of s, t, m ~G, and m~g.So far the 
al
ulation was exa
t. Now we want to take the high energy limit s� m~g;m ~G.In order to keep tra
k of the di�erent orders in the expansion, we multiply jM4j2 by thedenominators of the propagators of massive parti
les, i.e. by (t�m~g)2(u�m2~g).There are terms in the resulting expression 
ontaining no mass fa
tors, so all similar termswith mass fa
tors instead of fa
tors s or t 
an be negle
ted.However, 
are has to be taken with terms that have a denominator 1m2~G arising from thegravitino spin sum eq. 1.16. It turns out that in the di�erential 
ross se
tions of all ten2! 2-gravitino produ
tion pro
esses su
h denominators are balan
ed by a produ
t of atleast two masses mi, where mi stands for the mass of any of the other parti
les involved,i.e. gluinos, quarks, or squarks. These terms are dealt with assuming thatm2im2~G � sm2i : (2.5)(Fa
tors t have to be treated in the same way as fa
tors s, sin
e we are interested inthe leading terms of the total 
ross se
tion, whi
h is up to a fa
tor the integral of thedi�erential 
ross se
tion over t from �s to 0.) jM4j2 however 
ontains also terms / 1m2~Gwith no other masses in the numerator. These terms will be 
an
eled by like terms fromthe ghost diagram. In order to get the high energy limit of jM4j2 one therefore has tokeep three 
lasses of terms: terms with no mass fa
tors, terms with mass fa
tors m2~gm2~G ,and terms / 1m2~G with no other masses in the numerator. We divide again by t2(s + t)2,thus realizing the limit s� m~g;m ~G also for the propagator denominators. Note that bymerely repla
ing 1t�m2~g by 1t , one 
ould have lost terms of the order of m2~gm2~G .15



The result isjM4j2 = 23 g2jfab
j2M2  7s2 + 18st + 15t2s + m2~gm2~G 4s2 + 8st+ 5t2s � t(s+ t)m2~G ! : (2.6)The repla
ement eq. 2.3 introdu
es 
ontributions from the unphysi
al longitudinal polar-ization of the gluons. These 
ontributions are exa
tly given by twi
e the ghost diagram(e), whi
h we will subtra
t from jM4j2. The 
al
ulation of the modulus squared of theghost diagram jM�j2 follows the same lines as the 
al
ulation of jM4j2, and one obtainsjM�j2 = 13 g2jfab
j2M2  s2 + 6st+ 3t2s + m2~gm2~G 2s2 + 4st+ t2s � t(s+ t)m2~G ! : (2.7)Ghost lines 
arry a dire
tion arrow 
orresponding to ghost and antighost. One has totake into a

ount the 
ontributions from both dire
tions, therefore jM�j2 is multiplied bya fa
tor of two, and the �nal result readsjMAj2 = jM4j2 � 2jM�j2= 4g2jfab
j2M2  1 + m2~g3m2~G! s+ 2t+ 2t2s ! : (2.8)An alternative way to get rid of the 
ontributions from longitudinal gluons and at thesame time a 
he
k of the 
al
ulation is to use the 
orre
t spin sum [23℄. If one takesinstead of the repla
ement eq. 2.3 the spin sumsXspins "�a"��0a = �g��0 + 2s (P �1 P �02 + P �01 P �2 );Xspins "�b"��0b = �g��0 + 2s(P �1 P �02 + P �01 P �2 ); (2.9)then one 
an obtain the result eq. 2.8 dire
tly fromjMAj2 = "�a"��0a "�b "��0b D��0��0 : (2.10)So far we have 
al
ulated the modulus squared of our matrix element using the full grav-itino wave fun
tion, i.e. summing over all four heli
ity states. The result is proportional tothe 
hara
teristi
 fa
tor �1 + m2~g3m2~G� whi
h will appear also in all the other 2! 2-gravitinoprodu
tion pro
esses. Interestingly, this result is just the sum of of the two limiting 
asesof very big or very small gravitino mass; there is nothing new from the gravitino massrange m ~G � m~g.For very heavy gravitinos, only the gravitino 
omponents with maximal heli
ity playa role. Their 
ontribution to jMAj2 
an be obtained with the formalism presented in16



se
tion 1.3. For the sum over gravitino heli
ities Pspins �0 � in the Dira
 tra
e eq. 2.2one simply has to use � 32 �0� instead of ��0�. The s
alar and pseudo s
alar produ
ts whi
hneed to be evaluated are given in eqs. 1.36 and 1.37. With the de�nitions eq. 2.4 andeq. 1.35, one has for the CMS energy and s
attering anglep = ps2 ;
os� = 2 ts + 1: (2.11)The result for the squared matrix element isjM 32Aj2 = 4g2jfab
j2M2  s+ 2t+ 2t2s ! : (2.12)For very light gravitinos, the e�e
tive theory of se
tion 1.4 
an be used. With the verti
esgiven in the appendix A.3.3 and the spin sum Pspins  = =P4 in the Dira
 tra
e eq. 2.2one gets jMe�A j2 = 43 g2jfab
j2m2~gM2m2~G  s+ 2t+ 2t2s ! : (2.13)2.2 Summary of all ten 2!2 
ross se
tionsIn total, there are ten di�erent inelasti
 2!2 s
attering pro
esses in whi
h gravitinos 
anbe produ
ed. Following [10℄ I denote them by the letters A to J; the pro
esses along withthe 
ontributing Feynman diagrams at tree level are listed below:� A: ga + gb ! ~g
 + ~G
+
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� D: qi + ga ! ~qj + ~G (
rossing of C)� E: qi + �~qj ! ga + ~G (
rossing of C)� F: ~ga + ~gb ! ~g
 + ~G
+
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a� I: qi + �qj ! ~ga + ~G (
rossing of G)� J: ~qi + �~qj ! ~ga + ~G (
rossing of H)Note that in the e�e
tive theory for light gravitinos the fourth diagram with the gravitino-quark-squark-gluon vertex in pro
esses C, D, and E is missing. Instead there is a fourthdiagram with the gravitino-gluino-squark-squark vertex in pro
esses H and J in the e�e
-tive theory.In the previous se
tion it has been shown in detail how the high energy limit of thesquared matrix element of pro
ess A, jMAj2, is obtained. It turned out to be the sum ofthe two limiting 
ases of very big and very small gravitino mass. In the same way the highenergy limit of the squared matrix elements of the other nine pro
esses are 
al
ulated,and again they are simply the sum of the two limiting 
ases, with no new 
ontributionfrom an intermediate gravitino mass range.18



pro
ess i jMij2= g2M2 �1 + m2~g3m2~G�A ga + gb ! ~g
 + ~G 4(s + 2t+ 2 t2s )jfab
j2B ga + ~gb ! g
 + ~G �4(t+ 2s + 2 s2t )jfab
j2C ga + ~qi ! qj + ~G 2sjT ajij2D ga + qi ! ~qj + ~G 2(s + t)jT ajij2E qi + �~qj ! ga + ~G 2(s + t)jT ajij2F ~ga + ~gb ! ~g
 + ~G �8 (s2+st+t2)2st(s+t) jfab
j2G ~ga + qi ! qj + ~G �4(s+ s2t )jT ajij2H ~ga + ~qi ! ~qj + ~G �2(t+ 2s + 2 s2t )jT ajij2I qi + �qj ! ~ga + ~G �4(t+ t2s )jT ajij2J ~qi + �~qj ! ~ga + ~G 2(s + 2t+ 2 t2s )jT ajij2Table 2.1: Squared matrix elements jMij2 up to a fa
tor of g2M2 �1 + m2~g3m2~G� for gravitino( ~G) produ
tion in two-body pro
esses involving left-handed quarks (qi), s
alar quarks (~qi),gluons (ga) and gluinos (~ga). The values are given for the spe
i�ed 
hoi
e of 
olors andsummed over spins in the initial and �nal state. fab
 and T aji are the usual SU(3) 
olourmatri
es.In table 2.1 the squared matrix elements of all ten pro
esses are shown. The values givenare summed over initial and �nal spin states. As far as 
hiral fermions and their s
alarpartners are involved, only 
ontributions for left-handed parti
les are in
luded.A ni
e 
he
k of the jMij2 is provided by their 
rossing symmetries. The pro
esses A andB, G and I, and H and J represent pairs of s- and t-
hannel pro
esses. One gets jMBj2from jMAj2 by ex
hanging every s for a t and vi
e versa, and by multiplying by a fa
torof �1 for ea
h fermion 
rossed from the initial to the �nal state or in the other sense.The two other pairs of pro
esses behave the same way.The pro
esses C, D, and E are three 
rossing 
hannels of the same rea
tion. Consider�rst the pro
esses C and D. If we try to view them as s- and t-
hannel, starting fromjMCj2 / s, we would expe
t jMDj2 / t rather than jMDj2 / (s + t). So we shouldinterpret D as the u-
hannel rea
tion, but the same is true for pro
ess E. Where is the t-19




hannel? The answer is that t and u 
annot be de�ned unambiguously for three di�erentpro
esses, be
ause one 
an measure the s
attering angle of an outgoing parti
le withrespe
t to both ingoing parti
les, and none is preferred. Swit
hing from one to the other
orresponds to ex
hanging a fa
tor �t for a fa
tor s� t and vi
e versa (in the 
ase of thepro
ess pairs A and B, G and I, and H and J things are di�erent, be
ause for ea
h pairthe third 
hannel would not represent a new pro
ess). Of 
ourse, the total 
ross se
tion,whi
h is obtained by integrating over t, is not a�e
ted by this 
hoi
e.Another 
onsequen
e of 
rossing symmetry is the parti
ular form of jMF j2. Pro
ess F isthe pro
ess with three gluinos. All three 
rossing 
hannels look the same, therefore jMF j2is invariant under the ex
hange s$ t or s$ u.2.3 Two 
ut-o� methodsIn this se
tion the total 
ross se
tions �i for the ten pro
esses A to J are 
al
ulated. The�i are related to the squared matrix elements jMij2 by�i = Z d3p3(2�)32E3 d3p4(2�)32E4 (2�)4Æ(P1 + P2 � P3 � P4) jMij24I : (2.14)Here, the momenta are as in pro
ess A, eq. 2.1. P �i = (Ei;pi), and I is the 
ux fa
tor,I = 12w(s;m21;m22) with the fun
tion w(x; y; z) de�ned byw(x; y; z) = qx2 + y2 + z2 � 2(xy + xz + yz): (2.15)This de�nition of � di�ers from the usual de�nition of a total 
ross se
tion in that I havesummed over spins in both initial and �nal state. Usually the delta fun
tion in eq. 2.14 isintegrated out in the CMS system (see for example [24℄), and one is left with an integralover the di�erential 
ross se
tion:�i = Z dtd�idt = Z t+t� dt jMij264�I2 : (2.16)The exa
t integration limits are fun
tions of s and the masses of the four parti
les involvedin the pro
ess:t� = m21 +m23 � 12s h(s+m21 �m22)(s+m23 �m24)�w(s;m21;m22)w(s;m23;m24)i : (2.17)In the high energy limit s � m2i one has w(s;m2i ;m2j ) � s, and eq. 2.16 simpli�es
onsiderably: �i = Z dtd�idt = Z 0�s dt jMij216�s2 : (2.18)20



pro
ess i �i=FA ga + gb ! ~g
 + ~G 83 jfab
j2C ga + ~qi ! qj + ~G 2jT ajij2D ga + qi ! ~qj + ~G jT ajij2E qi + �~qj ! ga + ~G jT ajij2I qi + �qj ! ~ga + ~G 23 jT ajij2J ~qi + �~qj ! ~ga + ~G 43 jT ajij2Table 2.2: Total 
ross se
tions �i up to a fa
tor of F = g216�M2 �1 + m2~g3m2~G� for gravitinoprodu
tion; pro
esses with no divergen
e. The values are given for the spe
i�ed 
hoi
e of
olors and summed over spins in the initial and �nal state. As for 
hiral parti
les, onlyone 
hirality is in
luded.With this it is easy to obtain the total 
ross se
tions of the pro
esses A, C, D, E, I, andJ. They are given in table 2.2.The remaining pro
esses B, F, G, and H however give logarithmi
ally divergent resultsdue to denominators 1t or 1s+t in jMij2. These divergen
es 
ome from diagrams in whi
hmassless gluons are ex
hanged in the t- or u-
hannel. The use of the exa
t integrationlimits eq. 2.17 does not help: it merely 
hanges the integration limits by amounts ofthe order m2i , leading to logarithms of the order ln sm2i . The physi
al 
ut o� however
omes from temperature e�e
ts and not from the T = 0 parti
le masses. Therefore thedivergen
es must be regularized by introdu
ing either a �nite gluon mass me� of the orderme� � gT or an angular 
ut around the forward and ba
kward dire
tion.For the massive-gluon method, one has to re
al
ulate the squared matrix elements usinga modi�ed denominator in the gluon propagator Feynman rule: 1K2 be
omes 1K2�m2e� (Kis the gluon momentum). Provided that eq. 2.5 also holds for mi = me� (a somewhatquestionable assumption), one is left to leading order with expressions that 
an be ob-tained from the old jMij2 by multiplying them with t2(t�m2e�)2 in the 
ase of pro
esses B,G, and H, and with t2(t�m2e�)2 (s+t)2(s+t+m2e� )2 for pro
ess F. In the 
ase of pro
ess B one obtainsin addition a term proportional to m2e�m2~G whi
h is not shown in table 2.3. With these newjMij2 the t-Integral is �nite. As the leading term one obtains a logarithm ln s+m2e�m2e� .21



pro
ess i �i=F with gluon-massregularization �i=F with angular-
utregularizationB ga + ~gb ! g
 + ~G jfab
j2 �8 ln s+m2e�m2e� � 14 + : : :� jfab
j2 �8 ln 2+ÆÆ � 6 + : : :�F ~ga + ~gb ! ~g
 + ~G jfab
j2 �16 ln s+m2e�m2e� � 923 + : : :� jfab
j2 �16 ln 2+ÆÆ � 443 + : : :�G ~ga + qi ! qj + ~G jT ajij2�4 ln s+m2e�m2e� � 8 + : : :� jT ajij2 �4 ln 2+ÆÆ � 4 + : : :�H ~ga + ~qi ! ~qj + ~G jT ajij2�4 ln s+m2e�m2e� � 7 + : : :� jT ajij2 �4 ln 2+ÆÆ � 3 + : : :�Table 2.3: Total 
ross se
tions �i up to a fa
tor of F = g216�M2 �1 + m2~g3m2~G� for gravitinoprodu
tion. Logarithmi
 divergent pro
esses; the 
ross se
tions are given for both gluon-mass and angular-
ut regularization, they are valid for the spe
i�ed 
hoi
e of 
olors andsummed over spins in the initial and �nal state. As for 
hiral parti
les, only one 
hiralityis in
luded.In the angular-
ut method, one 
hanges the integration variable from t to 
os�, where �is the s
attering angle in the CMS system: t = s2(
os��1), d�d(
os�) = s2 d�dt . The integrationis then not performed over the whole range 
os� = �1 : : : 1, but rather over a 
ut range
os� = �1 + Æ : : :1 � Æ with a small parameter Æ. Again, one gets a logarithm ln 2+ÆÆ asthe leading term.Between the two 
ut-o� parameters exists the relationÆ = 2m2e�s ; (2.19)so the logarithms obtained from both 
ut-o� methods are equivalent.The total 
ross se
tions of the divergent pro
esses B, F, G, and H are given in table 2.3 forboth regularization methods. The logarithmi
ally singular terms are universal whereas the�nite parts depend on the 
uto� pro
edure. The same result as with the angular-
uto�regularization is obtained from a naive gluon mass regularization, where one repla
es1t ! 1t�m2e� and 1s+t ! 1s+t+m2e� in jMij2 before doing the t-integral.2.4 The Boltzmann 
ollision termWe are interested in the 
osmologi
al produ
tion of gravitinos after an in
ationary pe-riod whi
h has pra
ti
ally erased any primordial gravitino abundan
e. As a thermal22



non-equilibrium pro
ess, gravitino produ
tion in the thermal bath is governed by theBoltzmann equation (
f. [25℄): dn ~Gdt + 3Hn ~G = C: (2.20)Here, n ~G is the gravitino number density, H is the Hubble 
onstant, and C is the Boltz-mann 
ollision term. For the pro
ess a+ b! 
+ ~G it readsCa+b!
+ ~G = Z d�ad�bd�
d� ~G(2�)4Æ(Pa + Pb � P
 � P ~G)�hjM!j2fafb(1 � f
)(1� f ~G)� jM j2f
f ~G(1 � fa)(1 � fb)i ; (2.21)where d�i = d3pi(2�)32Ei (2.22)(usually d�i 
ontains an additional fa
tor gi that 
ounts the spin degrees of freedom, butthey are already summed over in my squared matrix elements), jM!j2 and jM j2 are thesquared matrix elements for the forward (a+ b! 
+ ~G) and ba
kward (
+ ~G! a+ b)rea
tion, fi(Ei) are the phase spa
e densities (R d�igifi(Ei) = ni), and � applies forbosons/fermions.Assuming CP invarian
e, one has jM!j2 = jM j2 = jMj2. For the phase spa
e den-sities fa, fb, and f
, we take the equilibrium densities fEqi , i.e. a Bose or Fermi densityfB=F = [exp (Ei=T )� 1℄�1, be
ause in the temperature range of interest, all parti
les ex-
ept gravitinos are in thermal equilibrium. In our 
ase, the gravitino phase spa
e densityf ~G is so small that we 
an set 1� f ~G � 1 and negle
t the ba
kward rea
tion. So the formof the 
ollision term we will work with isC = Z d�ad�bd�
d� ~G(2�)4Æ(Pa + Pb � P
 � P ~G)jMj2fEqa fEqb (1 � fEq
 ): (2.23)Now there are two possibilities to further pro
eed. In the usual treatment one also sets1 � fEq
 � 1 before doing the integrations. I will review this method in the following. Inappendix B.1 a formalism is presented in whi
h this fa
tor 
an be kept, be
ause all phasespa
e integrals are evaluated in the laboratory system. I will 
ompare the results of bothmethods; the quantities resulting from the �rst method will be marked with a prime.The fa
tor 1�fEq
 depends expli
itly on the energy E
 of parti
le 
 in the lab system (i.e.the rest system of the thermal bath), whi
h is a non-
ovariant quantity. Without thisfa
tor the integration over the delta fun
tion 
an be done in the CMS system, leaving adi�erential 
ross se
tion:C 0 = Z d�ad�bfEqa fEqb 4I Z d�
d� ~G(2�)4Æ(Pa + Pb � P
 � P ~G) jMj24I= Z d3pa(2�)3 d3pb(2�)3fEqa fEqb IEaEb Z dtd�idt : (2.24)23



IEaEb is the relative velo
ity vrel of the in
oming parti
les in the lab system. In the highenergy limit, vrel = 1 � 
os �; (2.25)where � is the angle between pa and pb. Note that the integrand of eq. 2.24 depends onfour independent variables: pa, pb, 
os � (these three �x s in the lab system), and t.If the total 
ross se
tion �(s) is 
onstant (i.e. independent of s), the angular integrationgives just the usual fa
tor of 2, and the integration over the two three-momenta pa and pbof parti
les a and b gives together with this fa
tor of 2 their equilibrium number densitiesnEqa =ga and nEqb =gb: C 0 = nEqaga nEqbgb � = �a�b  �(3)�2 T 3!2 �; (2.26)where �i = 1 for a boson and �i = 34 for a fermion.If the total 
ross se
tion �(s) depends on s, the integrations over the phase spa
e fa
torsare mixed with the one over �(s), and the equilibrium number densities do not arisenaturally as fa
tors in the result. However, one 
an still divide C 0 by the fa
tors nEqa =gaand nEqb =gb. The remaining quantity is usually 
alled the thermally averaged 
ross se
tion�0(T ) (it is often denoted �0(T ) = hvrel�i), and one 
an writeC0 = �a�bn2rad�0(T ) (2.27)with nrad = �(3)�2 T 3 the number density of one bosoni
 relativisti
 degree of freedom.Now let us 
al
ulate the Boltzmann 
ollision term C2!2 for gravitino produ
tion via in-elasti
 2 ! 2 pro
esses. The total 
ross se
tions for the ten pro
esses A to J (tables 2.2and 2.3) are to be summed over the 
olour degrees of freedom (i, j, a) or (a, b, 
) andthen multiplied with the following multipli
ity fa
tors (nf is the number of quark 
avors):� 12 for pro
esses A and F: there are identi
al parti
les in the initial state.� 2nf for pro
esses I and J: qi (or ~qi) 
an have nf 
avors and two 
hiralities.� 4nf for pro
esses C, D, E, G, and H: qi (or ~qi) 
an have nf 
avors and two 
hiralitiesand 
an be parti
le or antiparti
le.For the a
tual 
al
ulation, one formally works in the limit of small 
oupling, g ! 0, andonly in the end result one extrapolates to the real value of g. The leading term of C2!2
omes from the logarithms in the total 
ross se
tions of pro
esses B, F, G, and H. In [14℄we have 
al
ulated this leading term of C 02!2. With m2e� � g2T 2 one hasln s+m2e�m2e� � ln sm2e� = ln 1g2 + ln (1� 
os �) + ln paT + ln pbT + 
st. (2.28)24



The �rst term is the leading term. It is a 
onstant, so one 
an apply eq. 2.26. WithXa;b;
 jfab
j2 = CA(N2 � 1);Xi;j;a jT ajij2 = CFN;CA = N;CF = N2 � 12N (2.29)for the group SU(N) (CA and CF are the usual group fa
tors) one arrives atC 02!2 = n2rad g22�M2  1 + m2~g3m2~G! (N2 � 1)(N + nf) 2116 ln 1g2 + : : :! : (2.30)This 
orresponds to the leading logarithmi
 term of our result eq. (4) in [14℄. There wehave used Maxwell-Boltzmann distributions rather than Bose or Fermi distributions forfEqa and fEqb , this a

ounts for the di�eren
e of a fa
tor of 1=�(3)2. The 
onstant term in[14℄ 
omes from integrating over the next-to-leading terms in eq. 2.28.A more exa
t result 
an be obtained when doing all phase spa
e integrations in the labsystem (see app. B.1), be
ause then the quantum statisti
al fa
tor (1 � fEq
 ) in eq. 2.23
an be kept. Pi
king out one of the six non-divergent pro
esses A, C, D E, I, or J, and
al
ulating their 
ontribution Ci by doing the phase spa
e integrations eq. B.8 numeri
allyone 
an determine the deviations from the the 
orresponding C 0i obtained without thequantum statisti
al fa
tor. For gravitino plus fermion in the �nal state, I found a de
reaseof Ci 
ompared to C0i between 9% and 14%. For gravitino plus boson in the �nal state,the Ci are 19% to 27% bigger than the 
orresponding C 0i.For the divergent parts of the di�erential 
ross se
tions / 1t and / 1u whi
h are responsiblefor the leading logarithmi
 term the phase spa
e integrations 
an be done analyti
ally inthe weak 
oupling limit. The te
hni
al details are given in appendix B.2.The result for the 
ollision term of inelasti
 2 ! 2 gravitino produ
tion, 
al
ulated withthe quantum statisti
al fa
tors (1� fEq
 ) kept, isC2!2 = (N2 � 1)(N + nf ) 1 + m2~g3m2~G! T 6M2 g2  3�(3)32�3 ln 1g2 + : : :! : (2.31)Compared to C 02!2 (eq. 2.30), the ratio of bosoni
 and fermioni
 
ontributions has 
hangedfrom 1 : 34 to 2 : 1, and the 
oeÆ
ient of the leading logarithmi
 term in C2!2 is bigger bya fa
tor of �27�(3) = 1:1731.1As a numeri
al e�e
t, this is not very big, and it is mainly interesting be
ause it yields analyti
ally25



the same 
oeÆ
ient for the logarithmi
 term in C as from the gravitino self energy. However, in
lusion ofthe quantum statisti
al fa
tor of a �nal parti
le 
an have mu
h more dramati
 e�e
ts: 
onsider the 
asewhere a parti
le spe
ies X is produ
ed mainly from de
ays a ! b +X. Then, if b is a massless bosoni
spe
ies in thermal equilibrium at a high temperature T , the X produ
tion rate is enhan
ed by a fa
torof the order of ln Tma . 26



Chapter 3The Gravitino Self EnergyIn this 
hapter, the Boltzmann 
ollision term for gravitino produ
tion is 
al
ulated ina se
ond approa
h di�erent from the one presented in the previous 
hapter: with thethermal version of the opti
al theorem. First, the relation between the imaginary partof a parti
le's self energy and its regeneration rate will be illustrated. Then the leadinglogarithmi
 and 
onstant term of the imaginary part of the gravitino self energy willbe 
al
ulated in the e�e
tive theory for light gravitinos with a resummed thermal gluonpropagator.3.1 The opti
al theorem for �nite temperatureThe opti
al theorem for zero temperature, as is well known, says that in a given pro
essthe imaginary part of the forward s
attering amplitude is proportional to the total 
rossse
tion (see, for example, [26℄). For an unstable parti
le, one 
an thus relate the imaginarypart of the self energy with its de
ay width.Looking at a self energy with temperature swit
hed on, a propagating parti
le 
an haveintera
tions with other parti
les from the thermal plasma. Thus even stable parti
les 
andisappear, and they 
an also be produ
ed, both by inelasti
 s
attering pro
esses withparti
les from the thermal ba
kground. Therefore at �nite temperature the imaginarypart of the self energy of a parti
le is not proportional to its de
ay rate, but rather to therate of approa
hing a thermal equilibrium distribution, the so-
alled regeneration rate.This is explained in [27℄, and I will review some of this work now, espe
ially the relation tothe Boltzmann 
ollision term. What follows will be a heuristi
 illustration of the general
ase, not a stri
t proof. The 
al
ulation in the spe
i�
 
ase of the gravitino self energy inthe e�e
tive theory for light gravitinos will be given with all te
hni
al details in se
tion 3.2.27
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V3 V4Figure 3.1: Two-loop self energy diagram of a boson �Consider the two-loop self energy diagram of a boson � �g. 3.1. Let us 
all it diagram(1) out of a 
omplete set of N two-loop self energy diagrams of the boson �.� has a four momentum P = (E;p). The diagram has four verti
es V1 to V4 whi
h 
andepend on the momenta of all parti
les 
onne
ted to the vertex: Vi = Vi(Pj), where Pjstands for three four momenta. The loop momenta to be integrated over areK1 = (k10;k1)for the parti
les d and e, and K2 = (k20;k2) for parti
le 
. The other parti
les in theloops 
arry momenta Q1 = P � K1 (parti
le a) and Q2 = K1 � K2 (parti
le b). Forsimpli
ity, all parti
les in the loops are assumed to be bosons, too. We are interested inthe imaginary part of the diagram asso
iated with the three parti
le state 
onsisting ofa, b, and 
.The diagram represents the self energy 
ontribution�(1)� (P ) = T 2 Xk10;k20 Z d3k1(2�)3 d3k2(2�)3V1�d(K1)V3�a(Q1)�b(Q2)�
(K2)V4�e(K1)V2; (3.1)the �i's denote propagators.Now it is argued in [27℄ that the imaginary part asso
iated with the three parti
les a, b,and 
 
omes from the three propagators �a(Q1), �b(Q2), and �
(K2), and not from theverti
es or from other propagators. Therefore one may repla
e in the verti
es Vi(Pj) thezero 
omponents pj0 of the momenta (whi
h initially are summed over dis
rete imaginaryvalues) by the energies Ej = qp2j +m2j . The same holds for k10 in the two propagators�d(K1) and �e(K1), and one is left with the produ
t of two ordinary zero-temperatureamplitudes A(1)(p; k1; k2)B(1)(p; k1; k2) whi
h is a part of the the tree level order of the28



squared matrix element jMtree�ab
j2 for rea
tions between the parti
les �, a, b, and 
:�(1)� (P ) = T 2 Xk10;k20 Z d3k1(2�)3 d3k2(2�)3A(1)B(1)�a(Q1)�b(Q2)�
(K2): (3.2)Using the Sa
lay representation of the propagators and doing the sums over Matsubarafrequen
ies (see se
tion 3.2) gives�(1)� (P ) = � Z d3k1(2�)3 d3k2(2�)3A(1)B(1) Z �0 d�eE� Ypi=q1;q2;k2 12Ei X�i=�1 e�iEi�g�ii (Ei) (3.3)with the statisti
al fa
tors g� for bosonsg+(E) = fB(E); g�(E) = 1 + fB(E): (3.4)After � integration and repla
ing eE� = 1 one has�(1)� (P ) = � Z d3k1(2�)3 d3k2(2�)3 A(1)B(1)8Eq1Eq2Ek2 8Xj=1 eSj� � 1E + Sj g�11 (Eq1)g�22 (Eq2)g�33 (Ek2); (3.5)where j 
ounts the eight possible sign 
ombinations �1�2�3, and Sj are the 
orrespondingenergy sums Sj = �1Eq1 + �2Eq2 + �3Ek2 . The statisti
al fa
tors 
an be 
ombined withthe exponentials using the relation e�iEi�g�ii (Ei) = g��ii (Ei). With the identitylim"!0=� 1E + i"+X� = ��Æ(E +X) (3.6)one gets the imaginary part=h�(1)� (E + i"; p)i = � Z d3k1(2�)3 d3k2(2�)3 A(1)B(1)8Eq1Eq2Ek2 8Xj=1(GPj �GDj)Æ(E + Sj): (3.7)Here the GPj and GDj are produ
ts of statisti
al fa
tors that will turn out to belong to� produ
tion and � disappearan
e pro
esses:GPj = g��11 (Eq1)g��22 (Eq2)g��33 (Ek2);GDj = g�11 (Eq1)g�22 (Eq2)g�33 (Ek2): (3.8)Other two-loop diagrams than the one shown in �gure 3.1 
ontribute other produ
ts ofamplitudes A(n)B(n). By summing up a 
ertain subset (let's 
all it the ab
 subset) of all Ntwo-loop self energy diagrams of � one 
an 
olle
t all terms A(n)B(n) whi
h give togetherthe squared matrix element jMtree�ab
j2. Calling the self energy resulting from this subset�ab
� , let us look at a parti
ular Sj , say S4 = Eq1 � Eq2 � Ek2 . WritingZ d3k1(2�)3 = Z d3q1(2�)3 d3q2(2�)3 (2�)3Æ(p+ q1 � q2 � k2); (3.9)29



for j = 4 one gets the 
ontribution (possibly after a rede�nition of the three momentum
ow) =h�ab
� (E + i"; p)ij=4 == 12 Z d�q1d�q2d�k2 jMtree�ab
j2(2�)4Æ(P +Q1 �Q2 �K2)(GP4 �GD4) (3.10)with GP4 = [1 + fB(Eq1)℄ fB(Eq2)fB(Ek2);GD4 = fB(Eq1) [1 + fB(Eq2)℄ [1 + fB(Ek2)℄ : (3.11)Written in this form it is 
learly apparent that the term proportional to GP4 in eq. 3.10 isE times the � produ
tion rate �ab
P4 in a thermal plasma through the pro
ess b+
! a+�;the term proportional to GD4 is E times the � disappearan
e rate �ab
D4 trough the inversepro
ess: =[��(E + i"; p)℄j=4 = E(�ab
P4 � �ab
D4) = �E�ab
�4 : (3.12)Here the � regeneration rate �ab
�4 was introdu
ed, the meaning of whi
h will be
ome 
learsoon. Note that �ab
Dj�ab
P j = GDjGPj = e�Sj� = eE�; (3.13)this ratio is a universal fun
tion of E, independent of the other energies.The eight possible sign 
ombinations �1�2�3, j = 1 : : : 8, represent � produ
tion and �disappearan
e through the following eight pro
esses and their inverse pro
esses:j = 1 (+ + +) : nothing ! � + a+ b+ 
;j = 2 (+ +�) : 
 ! � + a+ b;j = 3 (+�+) : b ! � + a+ 
;j = 4 (+��) : b+ 
 ! � + a;j = 5 (�++) : a ! � + b+ 
;j = 6 (�+�) : a+ 
 ! � + b;j = 7 (��+) : a+ b ! � + 
;j = 8 (���) : a+ b+ 
 ! �: (3.14)Pro
ess j = 1 is never possible; the 
orresponding delta fun
tion in eq. 3.7 will alwaysbe zero. Of the four 1 ! 3 de
ay pro
esses j = 2; 3; 5; 8 and their inverse 
ounterparts30



one is possible if the mass of one of the four parti
les �, a, b, and 
 is bigger than thesum of the masses of the three remaining parti
les, otherwise none of these pro
esses ispossible. The three 2 ! 2 pro
esses j = 4; 6; 7 are possible for arbitrary parti
le masses.The individual �ab
Dj , �ab
P j sum up to �ab
D , �ab
P . Here one sees that in the imaginary partof the self energy, all three or four rea
tion 
hannels of jMtree�ab
j2 are taken into a

ounta

ording to their range of de�nition in terms of the parti
le momenta.By integrating the rates �ab
D and �ab
P over the � three momentum one 
an build a Boltz-mann 
ollision term for the time development of the � number density n� (
f. eq. 2.21)resulting from rea
tions with the parti
les a, b, and 
 (f�(E) is the distribution fun
tionof the � parti
les): Ctreeab
 = Z d3p(2�)3 h(1 + f�) �ab
P � f��ab
D i : (3.15)Eq. 3.12 and eq. 3.13 yield �D = (1 + fB)��; �P = fB��: (3.16)With this, eq. 3.15 simpli�es toCtreeab
 = Z d3p(2�)3 (fB � f�) �ab
� : (3.17)Other subsets of two-loop self energy diagrams than the (ab
) subset will yield tree levelsquared matrix elements jMij2 of other � produ
tion or � disappearan
e pro
esses in-volving four parti
les, or one-loop 
orre
tions to 1! 2 or 2! 1 pro
esses. The imaginarypart of the one-loop self energy gives a Boltzmann 
ollision term asso
iated with tree-level1 ! 2 or 2 ! 1 pro
esses. In general, L-loop self energy diagrams give Boltzmann 
olli-sion terms for � produ
tion or � disappearan
e pro
esses involving (L + 2) parti
les ontree level, or l-loop 
orre
tions to pro
esses involving (L+ 2 � l) parti
les.Eq. 3.17 is the desired relation between the imaginary part of the self energy of a bosonand the Boltzmann 
ollision term for the time evolution of its number density. However,it seems diÆ
ult to establish in an a
tual 
al
ulation a one to one relation between theBoltzmann 
ollision term resulting from one parti
ular 2! 2 pro
ess and one parti
ulartwo-loop self energy diagram, be
ause the rea
tion 
hannels of the matrix element summedover in the self energy 
orrespond to 2 ! 2 Feynman diagrams of di�erent pro
esses.A simple relation exists only between the Boltzmann 
ollision term resulting from allrelevant produ
tion and disappearan
e pro
esses, and the imaginary part of the 
ompleteself energy to a given order.In order to in
lude the 
ase of a fermioni
 �, one has to generalize the de�nition of theregeneration rate �� to �� = �D � s��P (3.18)31



(where s� = �1 for a boson/fermion), be
ause for fermioni
 � one �nds�=�	���	��E = �D + �P ; (3.19)(	� is the � wave fun
tion), and the Boltzmann 
ollision term is given byC� = Z d3p(2�)3 (fF � f�) ��: (3.20)The reason for the two di�erent forms of the regeneration rate �� for a bosoni
 and fora fermioni
 � will be
ome 
lear if we take a look at its meaning. Consider an arbitraryenergy distribution of � parti
les f�(E). It follows a time evolution (negle
ting theexpansion of the universe)�f�(E; t)�t = �f�(E; t)�D + [1 + s�f�(E; t)℄ �P : (3.21)For small deviations from equilibrium, eq. 3.21 has the solutionf�(E; t) = �P�D � s��P + 
(E)e�(�D�s��P )t = 1ee� � s� + 
(E)e���t; (3.22)where 
(E) is an arbitrary fun
tion. For the last identity, eq. 3.13 was used. Eq. 3.22means that the �nal form of f�(E; t) is a Bose or Fermi distribution, and that a departurefrom this equilibriumdistribution is washed out with the regeneration rate ��. For bosons,the regeneration rate is the di�eren
e between de
ay rate and produ
tion rate, whereasfor fermions it is their sum.3.2 The gravitino regeneration rateHaving established the relation between the imaginary part of a parti
le's self energy andthe Boltzmann term of its produ
tion, let us use this formalism to 
al
ulate the Boltzmann
ollision term for gravitino produ
tion in a se
ond way, using the e�e
tive theory for lightgravitinos.Compared to 
al
ulating the Boltzmann 
ollision term C2!2 arising from individual 2! 2produ
tion pro
esses, as it was done in 
hapter 2, the self energy formalism has threeadvantages: one 
an 
larify the nature of the divergen
e in the total 
ross se
tions, one 
anobtain the 
onstant term, and one 
an be sure that all relevant pro
esses are automati
allytaken into a

ount.First, the self energy is a quantity whi
h adapts itself to a 
al
ulation in the frameworkof thermal �eld theory. Here a resummed gluon propagator whi
h 
ontains 
ontributions32



from an arbitrary number of hard thermal loops is used instead of the ordinary T = 0gluon propagator. The 
al
ulation in this framework will turn out to give a �nite result;the divergen
e from ex
hanging soft gluons in the t or u 
hannel is regularized by theele
tri
 Debye mass of the gluon. If the result were divergent, this would mean that the
ut-o� 
omes from the magneti
 Debye mass of the gluon.Se
ond, sin
e in the self energy formalism one has a 
onsistent regularization pro
edurerather than a 
ut-o� by an ad ho
 introdu
ed e�e
tive gluon mass of whi
h only the orderof magnitude is known, one 
annot only 
al
ulate the leading logarithmi
 term but alsothe 
orresponding 
onstant term of the Boltzmann 
ollision term.Third, the imaginary part of the self energy takes into a

ount all relevant produ
tionpro
esses, no matter how many parti
les are involved. So if one has the self energy to agiven order in the 
oupling 
onstant, one 
an be sure that no produ
tion or disappearan
epro
ess 
ontributing to this order has been overlooked. In turn, the fa
t that with theself energy method we will �nd a Boltzmann 
ollision term C� equal to C2!2 eq. 2.31, isa proof that the ten 2 ! 2 pro
esses from se
tion 2.2 are really the dominant gravitinoprodu
tion pro
esses, and that 1 ! 2 de
ays or pro
esses with more than four parti
lesinvolved 
an be negle
ted.On the one-loop level, there are two diagrams whi
h 
ontribute to the gravitino self energy(see �g. 3.2): one with a gluon-gluino loop (a) and one with a quark-squark loop (b). As
(a)

G G
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g
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qFigure 3.2: Feynman diagrams 
ontributing to the gravitino self energy on the one-looplevelwe have seen, the leading logarithmi
 terms in the Boltzmann 
ollision term C2!2 from2! 2 pro
esses all 
ome from t- or u-
hannel gluon ex
hange diagrams. These diagrams
orrespond to the gravitino self energy diagram (a). Furthermore, diagram (b) 
annot
ontribute to the leading logarithmi
 or to the 
orresponding 
onstant term, be
ause it
ontains two gravitino-quark-squark verti
es whi
h ea
h 
ontribute a fa
tor of m2q�m2~qMm ~G ,whereas the gravitino-gluon-gluino verti
es of diagram (a) are / m~gMm ~G whi
h is one mass33



fa
tor less. Sin
e no massless parti
les are ex
hanged, we do not expe
t any logarithmi
terms from diagram (b). Thus the gravitino regeneration rate resulting from diagram(b) will be down by a fa
tor of m2~qT 2 (assuming m~q � m~g) 
ompared to the 
onstant termresulting from diagram (a). Therefore we 
an restri
t ourselves to 
al
ulating only diagram(a).At T = 0, diagram (a) represents the expressionS(P ) := trh (P )� ~G (P )i = i Z d4K(2�)4 tr h(=P +m ~G)V �2 i ~S(Q)iS��(K)V �1 i : (3.23)Here, V �1 and V �2 are the verti
es, i ~S(Q) is the gluino propagator, and iS��(K) is thegluon propagator (
f. �g. 3.3). P = (E;p), K = (k0;k), and Q = P �K = (q0;q) arethe gravitino, gluon, and gluino four momenta.
G G

g
a

g
a

V
µ
1 V

ν
2

iS(Q)

iSµν(K)

P PFigure 3.3: gluon-gluino loop diagram, the leading 
ontribution to the imaginary part ofthe gravitino self energy. The blob denotes a resummed gluon propagator.We will 
arry out the 
al
ulation in the imaginary-time formalism of thermal �eld theory.As is well-known, for gluon momenta of the order gT ("soft" momenta), loop 
orre
tionsto the gluon propagator be
ome as large as the bare propagator itself, and the same 
anhappen with vertex 
orre
tions that would be of higher order at T = 0. Therefore onehas to reorganize the perturbation series. A 
onsistent resummation is done in the hardthermal loop (HTL) approa
h [28℄, where one uses a resummed propagator whenever theparti
le 
arries soft momentum, and a resummed vertex whenever all momenta going intothe vertex are soft. In this 
ontext, a momentum P = (E;p) is termed soft if both E andp are at most of order gT . Otherwise, P is hard.Sin
e the gravitino momentum P is of order T , we do not need any resummed verti
es.The zero 
omponent of the fermion four momentum in the loop is summed over odd34



Matsubara frequen
ies of whi
h the smallest is i�T , so these momenta are always hardand we don't need resummed fermion propagators either. The gluon momentum however
an be
ome soft, therefore we need a resummed gluon propagator for soft gluon threemomenta k. In [29℄ a similar 
al
ulation, the produ
tion of axions in a hot plasma, isdivided into two parts: 
ontributions from soft gluons are obtained from the imaginarypart of the axion self energy with a resummed gluon propagator, whereas 
ontributionsfrom hard gluons are 
al
ulated from the matrix element for the 2! 2 axion produ
tionpro
ess with a bare gluon propagator. The division line is a gluon three momentum �kof the order of pgT . Both 
ontributions mat
h in a way that �k 
an
els out in the endresult. Here, I will use a resummed gluon propagator for both soft and hard gluons, butfor te
hni
al reasons I will keep the division into the two regimes.The resummed gluon propagator reads [30, 31℄iS��(K) = i (A���T +B���L + C���) (3.24)with the tensors (v is the velo
ity of the thermal bath)A�� = �g�� � 1k2 hK2v�v� �K � v(K�v� +K�v�) +K�K�i ;B�� = v�v� � K � vK2 (K�v� +K�v�) + �K � vK2 �2K�K� ;C�� = K�K�(K2)2 ; (3.25)and the transverse and longitudinal gluon propagators�T (k0; k) = 1k20 � k2 ��T (k0; k) ;�L(k0; k) = 1k2 ��L(k0; k) : (3.26)�T and �L are the transverse and longitudinal gluon self energies:�T (k0; k) = 32m2g "k20k2 � k02k  k20k2 � 1! ln k0 + kk0 � k# ;�L(k0; k) = 32m2g "k0k ln k0 + kk0 � k � 2# : (3.27)Unlike in [30℄, here we have to use the supersymmetri
 e�e
tive gluon massm2g = �mMSSMg �2 = g2T 26 (N + nf ) (3.28)35



whi
h is derived in appendix C.The other ingredients of expression S (eq. 3.23) are given in appendix A, and we getS = �iC Z d4K(2�)4 (DL�L +DT�T ) 1Q2 �m2~g (3.29)with the 
onstant fa
tor C = 43 m2~gM2m2~G (N2 � 1) (3.30)(the fa
tor N2 � 1 
omes from summing over the gluoni
 
olour degrees of freedom) andthe Dira
 tra
esDT (k0; k; E; p;pk) = 132tr f(=P +m ~G)[=K; 
� ℄(=Q+m~g)[=K; 
�℄A��g ;DL(k0; k; E; p;pk) = 132tr f(=P +m ~G)[=K; 
� ℄(=Q+m~g)[=K; 
�℄B��g : (3.31)These tra
es are taken in Minkowski spa
e time. Note that the term proportional to thegauge parameter � disappears, be
ause ea
h gluon momentum in C�� is 
ontra
ted with a
ommutator 
ontaining another gluon momentum from the gravitino-gluon-gluino vertex,yielding zero: S is a gauge-independent quantity.Now we swit
h to Euklidean spa
e time, giving the zero 
omponents of the four momentadis
rete imaginary values. The integral R d4K(2�)4 be
omes a sum integral iT Pk0 R d3k(2�)3 , andthe propagator denominators are repla
ed with their Sa
lay representations [32℄:1Q2 �m2~g = � Z �0 d�eq0� ~�(Eq; � );~�(Eq; � ) = 12Eq n[1� fF (Eq)℄ e�Eq� � fF (Eq)eEq�o (3.32)(with Eq = qq2 +m2~g) and�T=L(k0; k) = � Z �0 d� 0ek0� 0�T=L(k; � 0);�T=L(k; � 0) = Z 1�1 d! [1 + fB(!)℄ e�!� 0�L=T (!; k) (3.33)with the gluon spe
tral densities [31℄�T (!; k) = 34m�2g x=(1 � x2)A2T + (z +BT )2 �(jxj � 1) + �PT (!; k);�L(!; k) = 34m�2g 2xA2L + (z +BL)2�(jxj � 1) + �PL(!; k): (3.34)36



Here, x = !=k, z = k2=m2g,AT (x) = 34�x; BT (x) = 34  2 x21 � x2 + x ln 1 + x1� x! ;AL(x) = 32�x; BL(x) = 32 �2� x ln 1 + x1� x� ; (3.35)and the delta fun
tion 
ontributions�PT=L(!; k) = ResT=L(!T=L; k) hÆ(! � !T=L)� Æ(! + !T=L)i (3.36)from the poles !T=L(k) of the propagators �T=L (ResT=L are the residues of the poles).These delta fun
tion parts of the gluon spe
tral densities, however, will not 
ontribute tothe leading order terms of S (see appendix D.1).With these repla
ements, our expression readsS = CTXk0 Z d3k(2�)3 Z �0 d�d� 0 Z 1�1 d!eq0�+k0� 0e�!� 0 ~�(Eq; � ) [1 + fB(!)℄ (DT�T +DL�L) :(3.37)Next we eliminate fa
tors kn0 in the Dira
 tra
es DT=L by writing k0ek0� 0 = ��� 0ek0� 0 andintegrating by parts: the border term gives zero, and the remaining integral is just theinitial expression with k0 repla
ed by !. This 
an be done for arbitrary powers kn0 , so weget DT=L(k0; k; E; p;pk)! DT=L(!; k;E; p;pk): (3.38)Now the summation over k0 
an be performed,TXk0 ek0(��� 0) = Æ(� � � 0): (3.39)The integration over � 0 is trivial, and after � integration we are left withS(E; p) = C Z d3k(2�)3 Z 1�1 d! (DT�T +DL�L) 1 + fB(!)2Eq ��(e(E�!�Eq)� � 1E � ! � Eq [1� fF (Eq)℄� e(E�!+Eq)� � 1E � ! + Eq fF (Eq)) : (3.40)Here, the gravitino energy E takes values E = (2n+1)i�T , therefore eE� = �1. After thisrepla
ement, we extend S(E; p) to the whole 
omplex plain. In order to get the imaginarypart =[S(E + i"; p)℄ we use the identity eq. 3.6.After simplifying the produ
ts of the statisti
al fa
tors fB=F and the exponentials one has=(S) = C8� Z dkd�d! k2Eq (DT�T +DL�L)�� [Æ(E � ! �Eq)(1 + f! � fq)� Æ(E � ! + Eq)(f! + fq)℄ ; (3.41)37



where f! and fq stand for fB(!) and fF (Eq), and � is the 
osine of the angle between pand k.The angular integration produ
es a fa
tor of Eqkp and determines the s
alar produ
t pk:for both delta fun
tions, one haspk = E! + 12(k2 � !2 +m2~g �m2~G): (3.42)Furthermore, the ! integration region is now restri
ted: only for the two ranges! = E �q(p + k)2 +m2~g : : :E �q(p� k)2 +m2~g; (3.43)! = E +q(p� k)2 +m2~g : : :E +q(p+ k)2 +m2~g (3.44)the delta fun
tions 
an be satis�ed for some value of � between -1 and 1, and from therequirement that Eq be positive a theta fun
tion is left over from ea
h delta fun
tion:=(S) = C8�p Z dkd!k (DT�T +DL�L)�� [�(E � !)(1 + f! � fq)� �(! � E)(f! + fq)℄ (3.45)The �rst ! range eq. 3.43 mat
hes with the �rst theta fun
tion, whereas the se
ond !range eq. 3.44 mat
hes with the se
ond theta fun
tion.With eq. 3.42, one obtains for the Dira
 tra
esDT (!; k;E; p;pk) = � 1� !2k2! (k2 � !2) "�E � !2�2 � k24 #++E!  1� !2k2! (m2~g �m2~G)� (k2 � !2) m~gm ~G + !2k2 m2~g �m2~G2 !�  1 + !2k2! (m2~g �m2~G)24 ;DL(!; k;E; p;pk) = �(k2 � !2)�E � !2�2++k2 (m~g +m ~G)24 + ! �E � !2� (m2~g �m2~G) + (m2~g �m2~G)24 : (3.46)Up to this point, the 
al
ulation is exa
t. Now I will start making approximations.The high temperature limit 
onditionE � p � T � m ~G;m~g (3.47)will be used to simplify the Dira
 tra
es eq. 3.46.As for the gluon spe
tral densities eq. 3.34, I will negle
t the delta fun
tion parts andshow in appendix D.1 that they do not 
ontribute to the leading order terms of the result.The remaining parts of �T=L(!; k) have support only in the region�k � ! � k (3.48)38



be
ause of the theta fun
tions �(jxj � 1).The integration over the loop three momentum k is subdivided into a soft part for k =0 : : : �k and a hard part for k = �k : : :1, where �k � pgT .3.2.1 Soft loop momentaFor soft momenta k, we have E � k; j!j. Therefore only the �rst ! integration rangeeq. 3.43 
ontributes, whi
h I approximate to ! � �k : : : k. This is justi�ed in ap-pendix D.2; there one has to assume that m~g � mg. I approximate (1 + f! � fq) � T=!.Only the leading terms of the Dira
 tra
es eq. 3.46 are kept:DL � �E2(k2 � !2) = �E2m2gz(1� x2);DT � �E2(k2 � !2) 1� !2k2! = (1 � x2)DL: (3.49)Again, x = !=k and z = k2=m2g. This gives a 
ontribution to the gravitino regenerationrate from soft gluons�soft~G = �=(S)E �����k<�k == 364�CTm2g Z 1"0 dz Z 1�1 dx(1 � x2) " zA2T + (z +BT )2 + 2zA2L + (z +BL)2# : (3.50)I have introdu
ed the quantity " := m2g=�k2 � g whi
h is small in the weak 
oupling limit.Doing the z integration �rst,Z 1"0 dz zA2 + (z +B)2 = ln 1" + 12 ln (1 + "B)2 + "2A2A2 +B2 � BA ar
tan AB + "(A2 +B2) (3.51)(this is also valid when the denominator of the integrand goes through zero, as 
an beseen by taking the limit after the integration) we �nd the leading logarithmi
 term ana-lyti
ally and a 
onstant term whi
h has to be determined numeri
ally. Up to the fa
torof 364�CTm2g, the 
ontribution to �soft~G from transverse gluons is 43 ln 1" � 0:374 and the
ontribution from longitudinal gluons is 83 ln 1" � 5:214.The gravitino regeneration rate from soft gluons is�soft~G = N2 � 14� m2~gM2m2~Gm2gT  ln �k2m2g � 1:397 + : : :! : (3.52)Compared to the result for �soft~G obtained in [13℄, eq. (39), my 
oeÆ
ient of the logarithmi
term is larger by a fa
tor of 4(N2�1). It seems that in [13℄ a gravitino-gluino-gluon vertex39



was used whi
h is too small by a fa
tor of 2, and the summation over the gluoni
 
olourdegrees of freedom has been forgotten. Up to the numeri
al prefa
tor, eq. (37) of [13℄(whi
h di�ers from their eq. (39) by a fa
tor of 2) suggests agreement in the 
onstantterm.3.2.2 Hard loop momentaFor hard loop three momenta k > �k we have to keep also terms O(!4; !2k2; k4) in theDira
 tra
es eq. 3.46, but we 
an still negle
t terms 
ontaining mass fa
tors:DT � �m4gÆ2 z(1� x2)2 24 1 � Æ2xpz!2 � Æ24 z35 ;DL � �m4gÆ2 z(1� x2) 1� Æ2xpz!2 : (3.53)Here I introdu
ed a new small quantity Æ := mg=E � g. For the gluon spe
tral densitieseq. 3.34 I use the approximations�T (!; k) � 34m�2g x=(1� x2)z2 �(jxj � 1); �L(!; k) � 34m�2g 2xz2 �(jxj � 1): (3.54)Sin
e z > 1=" for hard gluons, whereas jAT=L(x)j; jBT=L(x)j ' O(1) for most values of x,it is allowed to negle
t the latter quantities in the denominators (this was also 
he
kednumeri
ally).Now it is 
onvenient to subdivide the integration over z into two parts: starting from=(S), eq. 3.45, we have the 
ontribution to the gravitino regeneration rate from hardgluons�hard~G = �=(S)E �����k>�k = 364�Cm3g Z 11" dz Z dx xpz (1� x2)243 1� Æ2xpz!2 � Æ24 z35���(jxj � 1) "� 1Æpz � x! (1 + f! � fq)� �  x� 1Æpz! (f! + fq)# == 364�Cm3g (IE + I1) : (3.55)The z integration region is divided into an intermediate range z = 1=" : : : 1=Æ2 (
orre-sponding to k = �k : : : E), yielding IE, and a range of large z, z > 1=Æ2, yielding I1.To both integrals IE and I1 only the term proportional to (1 + f! � fq) 
ontributes: fork < E one is always in the �rst ! integration range eq. 3.43, 
orresponding to the �rststatisti
al fa
tor. For k > E the se
ond ! integration range eq. 3.44, 
orresponding to the40



se
ond statisti
al fa
tor (f! + fq), is ! = k : : : k + 2E where the gluon spe
tral fun
tionhas no support.The leading logarithmi
 term of �hard~G 
an be obtained analyti
ally from IE omitting 
on-stant and higher order terms in the development of the statisti
al fa
tor(1 + f! � fq) = T! + : : : : (3.56)In IE, x integration goes from -1 to 1, yieldingIE = 4 Tmg "ln E2�k2 � 130 +O(1)# : (3.57)Note that the logarithm 
ontaining the arbitrary s
ale �k mat
hes the logarithm of therate for soft gluons eq. 3.52: the end result is independent of �k, as it should be.Unfortunately the expression in square bra
kets in eq. 3.57 re
eives also O(1) 
ontribu-tions from the O(1) terms in the development of the statisti
al fa
tor eq. 3.56. It seemsimpossible to isolate the 
onstant term of �hard~G analyti
ally. On the other hand, if onedoes the integration numeri
ally one has to give the 
oupling g a spe
i�
 numeri
al value,and 
ontributions from di�erent orders in g get mixed up, as already pointed out in [29℄.In pra
ti
e however, assuming that the perturbation series behaves reasonably, one 
annumeri
ally isolate the 
onstant term of IE by 
hoosing g small enough. Small enoughmeans that the result, after subtra
tion of the leading logarithmi
 term / ln E2�k2 , exhibitsno dependen
e on g any more.The 
onstant KE(E), IE = 4 Tmg "ln E2�k2 +KE(E) + : : :# ; (3.58)is given by the weak 
oupling limit ofKE(E) = mg4T 8<:Z 1=Æ21" dz Z 1�1 dx xpz (1� x2)243 1� Æ2xpz!2 � Æ24 z35 (1 + f! � fq)9=;�ln "Æ2 :(3.59)Using the sto
hasti
 integration program VEGAS and setting " � m2g�k2 = ~g with ~g := mgT =gqN+nf6 , I have evaluated eq. 3.59 for di�erent values of E. Table 3.1 shows the results(~g was set to 10�6).As for I1, one 
an use the approximation eq. 3.56 for small ! < E andfB(�!) � exp�!T �;fF (E � !) � exp�! � ET � (3.60)41



Gravitino en-ergy E=T KE(E) K1(E)10�2 -0.033 6.53 � 10�2 -0.033 5.410�1 -0.034 4.13 � 10�1 -0.041 3.01 -0.10 1.63 -0.23 0.80101 0.29 0.783 � 101 3.9 1.8102 21 5.9103 260 58104 2700 580Table 3.1: The leading order 
onstant terms in �hard~G for di�erent values of the gravitinoenergy E. KE(E), as de�ned in eq. 3.59, gives the 
ontribution from intermediate loopmomenta �k < k < E. K1(E), as de�ned in eq. 3.62, gives the 
ontribution from largeloop momenta k > E.for large ! > E in order to estimate the order of the result for E � T :I1 = 4 Tmg �65 + e�E=T �1 + e�E=T�+O(1)� = 4 TmgK1(E): (3.61)This 
onsideration shows in parti
ular that there is no further logarithmi
 
ontributionto �hard~G from I1, but only a 
onstant one. However, sin
e the approximations eqs. 3.56and 3.60 are not good enough, the exa
t value 
an only be obtained from a numeri
alintegration, just as with the 
onstant 
ontained in IE.K1(E) as introdu
ed in eq. 3.61 is given byK1(E) = mg4T Z 11=Æ2 dz Z �1+ 2Æpz�1 dx xpz (1� x2)243 1� Æ2xpz!2 � Æ24 z35 (1 + f! � fq):(3.62)42



Numeri
al values ofK1(E) for di�erent gravitino energies E are given in table 3.1. Again,~g was set to 10�6, and I used �10E2T 2 + 104� =~g2 instead of in�nity as the upper limit ofthe z integration.Both 
onstants KE(E) and K1(E) are small for values E < T but get large for valuesE � T : the O(1) terms omitted in the approximation eq. 3.56 lead to terms linear inE=T in the 
onstants KE(E) and K1(E).The gravitino regeneration rate from hard gluons is�hard~G = N2 � 14� m2~gM2m2~Gm2gT "ln T 2�k2 + 2 ln ET +KE(E) +K1(E) + : : :# : (3.63)The dots represent 
ontributions of higher order in the 
oupling g. The leading logarithmi
term stems from IE whi
h represents the 
ontribution from the intermediate gluon energyrange k = �k : : : E.Here a remark is in order as to why one 
annot use a non-resummed gluon progagator when
al
ulating �hard~G , whi
h would be okay following the rules of HTL e�e
tive perturbationtheory. Using a bare gluon progagator for the 
al
ulation of the hard gluon 
ontributionleads to a gravitino regeneration rate of the order of�bare~G � m6~gM2m2~GT ln T 2�k2 ; (3.64)a result 
ompletely di�erent from eq. 3.63. This is, on one hand, no surprise. Thereis a 
lear 
orresponden
e between a Boltzmann 
ollision term obtained from a 1 ! 2de
ay and the one obtained from a pure one loop self energy diagram (see se
tion 3.1).One expe
ts, and it 
an be shown expli
itly, that the resulting imaginary part of the selfenergy 
ontains the matrix element for gluino de
ay into a gravitino and a gluino whi
his � m6~gM2m2~G , and for dimensional reasons one must obtain the regeneration rate eq. 3.64.On the other hand, the results for a bare and for a resummed gluon propagator shouldhave the same high-energy behavior whi
h here is obviously not the 
ase.An attempt of an explanation for this surprising e�e
t is that the thermal mass of thegluon plays a 
ru
ial role in gravitino produ
tion and disappearan
e pro
esses, not onlyfor soft gluons, but for gluons of energy up to � T : the whole gravitino regeneration rate� ~G is proportional to the thermal gluon mass squared. Sin
e su
h a mass is not presentwhen one uses the bare gluon propagator, su
h a 
al
ulation does not give the leadingresult, whi
h here 
omes from a subset of all two-and-higher-loop gravitino self energydiagrams.The total result for the gravitino regeneration rate � ~G reads� ~G = �soft~G + �hard~G = 43



N2 � 14� m2~gM2m2~Gm2gT "ln T 2m2g + 2 ln ET � 1:397 +KE(E) +K1(E) + : : :# : (3.65)It is given here in
luding the leading logarithmi
 and the 
orresponding 
onstant term.Note that the 
onstant term has a non-negligible dependen
e on the gravitino energy. Theenergy dependen
e beyond the logarithmi
 one 
an only be obtained from a 
al
ulationin the framework of thermal �eld theory. Previous estimates of the 
onstant [10, 11, 14℄were based on zero temperature 
al
ulations of the produ
tion pro
esses, therefore they
ould not yield the 
ontributions KE(E) and K1(E) to � ~G.The term 2 ln ET of the expression in square bra
kets in eq. 3.65 makes the 
onstantnegative for small gravitino energies E. It is balan
ed by the leading logarithmi
 termln T 2m2g � ln 1g2 su
h that � ~G remains positive as long as the gravitino energy does notbe
ome soft, E � gT . For soft gravitino energies, one would have had to use alsoe�e
tive verti
es when 
al
ulating the gravitino self energy diagram. Therefore it is nosurprise that � ~G turns negative for soft gravitino energies.Fig. 3.4 shows the gravitino regeneration rate up to the order given in eq. 3.65 as a fun
tionof the gravitino energy E (I used N = 3 and nf = 6 for m2g, eq. 3.28, and the running
oupling g(T = 1010GeV) = 0:85). With de
reasing E the regeneration rate � ~G(E) as
al
ulated here turns from positive to negative values in the region E � T . Be
ause ofthe large value of g, the unphysi
al behavior of � ~G for soft gravitino energy starts alreadyat E � T .3.2.3 The Boltzmann 
ollision termUsing eq. 3.20 with f ~G = 0 we �nd for the Boltzmann 
ollision term C� obtained fromthe self energy methodC� = 3�(3)16�3 (N2 � 1) m2~gM2m2~Gm2gT 4  ln T 2m2g + 1:366 + : : :! : (3.66)The 
onstant of 1.366 after the logarithm is made up of four 
ontributions: a 
ontributionof 1.978 from the term 2 ln ET in eq. 3.65, the 
ontribution of -1.397 from �soft~G , a 
ontri-bution of -0.177 from KE(E), and a 
ontribution of 0.962 from K1(E). The last two
ontributions have been obtained by numeri
al integration over E.Substituting the expression eq. 3.28 for m2g yieldsC� = �(3)32�3 (N2 � 1)(N + nf ) m2~gM2m2~G g2T 6 "ln 1g2 � ln (N + nf ) + 3:158 + : : :# : (3.67)44



Figure 3.4: The gravitino regeneration rate � ~G(E) as given in eq. 3.65 up to a fa
tor ofF = N2�14� m2~gM2m2~Gm2gT .The 
oeÆ
ient of the leading logarithmi
 term of C� is analyti
ally the same as the 
o-eÆ
ient of the leading logarithmi
 term of C2!2, eq. 2.31, in the limit of small gravitinomass. The 
onstant in the Boltzmann 
ollision term however 
an only be obtained 
on-sistently from the self energy 
al
ulation, and not from starting from the 2! 2 gravitinoprodu
tion pro
esses.
45



Chapter 4Baryon Asymmetry And DarkMatterThe result eq. 3.67 for the Boltzmann 
ollision term for gravitino produ
tion 
ontains twoimprovements 
ompared to older results [11, 13, 14℄. First, the 
onstant term has been
al
ulated for the �rst time 
onsistently in a �nite temperature approa
h. Se
ond, the
oeÆ
ient of the leading logarithmi
 term has been determined with improved a

ura
y.The result eq. 2.31 for this 
oeÆ
ient obtained from 
onsidering 2! 2 gravitino produ
-tion pro
esses and the result eq. 3.67 obtained via the imaginary part of the gravitino selfenergy 
oin
ide analyti
ally.In view of these improvements it seems worthwhile to update the analysis we havepresented in [14℄, where the impli
ations of a large baryogenesis temperature TB =O(1010 GeV) on the mass spe
trum of superparti
les in supersymmetri
 extensions ofthe standard model have been studied. It turns out that the phenomenologi
al results re-main essentially un
hanged. The new gravitino 
onstraints are slightly relaxed 
omparedto the old ones, be
ause the gravitino produ
tion 
ross se
tion we used in [14℄ was about33% larger than the new one.This 
hapter is organized as follows. First, a motivation is given why one is interestedin a large baryogenesis temperature TB = O(1010 GeV), and the problems due to thepresen
e of gravitinos in su
h a s
enario are explained. Then the new formulae for thegravitino abundan
e and 
ontribution to 
h2 are derived. They predi
t values around25% smaller than the values given by the old formulae of [14℄. Finally a s
enario with abaryogenesis temperature TB = O(1010 GeV) is presented whi
h satis�es all 
onstraintsdue to the existen
e of gravitinos. 46



4.1 Baryogenesis and the gravitino problemA possible answer to the question why there is more matter than antimatter in the universeis baryogenesis through leptogenesis [9℄. In the leptogenesis model, the 
reation of the
osmologi
al baryon asymmetry is a

ounted for by the following me
hanism: one startsfrom a non-vanishing lepton asymmetry L that is transformed into a non-zero baryonasymmetry B via lepton-number violating sphaleron pro
esses [33℄. L 
an be 
reatedfrom out-of-equilibrium de
ay of heavy Majorana neutrinos N . Assuming a similar massspe
trum in the quark and lepton se
tor, one �nds a natural mass s
ale of the lightestheavy neutrino N1 in the order of 1010GeV.N1 get out of thermal equilibrium at T ' mN1.Therefore the temperature s
ale of baryogenesis in su
h a model is TB ' O(1010 GeV)[34℄. Assuming in
ation, this means that we need a reheating temperature at least aslarge as TR ' O(1010 GeV). The question arises whether su
h a reheating temperature is
onsistent with 
onstraints due to the existen
e of gravitinos.To �nd a viable 
osmologi
al s
enario one has to avoid two types of gravitino problems[8, 10, 11, 35℄: First, the mass of all gravitinos in the universe must not ex
eed the 
losurelimit, 
 ~G � � ~G�
 < 1 (�
 = 3H20M2 = 1:05h210�5GeV
m�3 is the 
riti
al energy density),and se
ond, de
ay produ
ts of unstable gravitinos or of parti
les de
aying into gravitinosmust not alter the observed abundan
es of light elements in the universe. The latter
onstraint is 
alled big bang nu
leosynthesis (BBN) 
onstraint. Both gravitino problemsget more serious as TR in
reases, be
ause the gravitino abundan
e is proportional to TR.It was widely believed that it is diÆ
ult to have TR � O(109) GeV.In [14℄ we showed that it is possible to have TR � O(1010) GeV if 
ertain 
onditions onthe mass spe
trum of supersymmetri
 parti
les are satis�ed: in our s
enario, the gravitinois the lightest supersymmetri
 parti
le (LSP) with a mass between 10GeV and 100GeV,followed by a higgsino-like neutralino as next-to-lightest supersymmetri
 parti
le (NSP).4.2 The gravitino abundan
e after in
ationFrom the Boltzmann equation 2.20 one obtains for the gravitino abundan
e at tempera-tures T < TB, assuming 
onstant entropy,Y ~G(T ) := n ~G(T )nrad(T ) � g?S(T )g?S(TB) C ~G(TB)H(TB)nrad(TB) ; (4.1)where g?S(T ) is the number of e�e
tivelymassless degrees of freedom [25℄. For T < 1 MeV,i.e. after nu
leosynthesis, g?S(T ) = 2 + 214 �T�T �3 = 4311 , and g?S(TB) = 9154 in the MSSM.47



With H(T ) = sg?(T )90 �M T 2 (4.2)(where g?(T ) = g?S(T ) for T as high as � O(TB)) one obtains for light gravitinos (m ~G �m~g(�); � ' 100 GeV) from eqs. (4.1) and (3.67) for the gravitino abundan
e and the
ontribution to 
h2,Y ~G = 2:26 � 10�10 � TB1010GeV� 100GeVm ~G !2  m~g(�)1TeV!2 ; (4.3)
 ~Gh2 = m ~GY ~G(T )nrad(T )h2��1
= 0:43� TB1010GeV� 100GeVm ~G ! m~g(�)1TeV!2 : (4.4)Here I have used g(TB) = 0:85, nrad(T0 = 2:7K) = 200 
m�3, and m~g(T ) = g2(T )g2(�)m~g(�).Note that the temperature dependen
e of the gluino mass is only the logarithmi
 onefrom the running 
oupling g(T ). Using a thermal gluino mass m~g � T would not be ap-propriate here, sin
e m~g in the Boltzmann 
ollision term C�, eq. 3.67, represents the s
aleof supersymmetry breaking rather than an e�e
tive parti
le mass at high temperature.Eqs. 4.3 and 4.4 predi
t a gravitino abundan
e and a gravitino 
ontribution to 
h2 whi
his about three quarters of the one we have found in [14℄ (
f. eqs. (8) and (9) there).Compare the thermally averaged 
ross se
tion C(T ), eq. (6) of [14℄,Cold(T ) ' 10g2(T )M2  1 + m2~g(T )3m2~G ! ln 1g2(T ) + 2:7! (4.5)with the new value Cnew(T ) ' 17:6g2(T )M2 m2~g(T )3m2~G  ln 1g2(T ) + 0:96! : (4.6)in the limit of a small gravitino mass, the new value is about three quarters of the old value.The new prefa
tor of 17.6 instead of 10 
omes from the fa
tor of �(3)2 mentioned aftereq. 2.30 times the 
orre
tion due to the quantum statisti
al fa
tor whi
h is in
luded both inC2!2 (eq. 2.31) and in C� (eq. 3.67). In obtaining the old 
onstant (the term proportionalto 2.7 in eq. 4.5) we had negle
ted several 
ontributions whi
h should 
ontribute to thesame order, thus overestimating the 
onstant term.48



4.3 An in
ationary s
enario with TR ' TB 'O(1010 GeV)In the 
ase of the 2 ! 2 gravitino produ
tion 
ross se
tions (se
tion 2.2), using thefull theory rather than the e�e
tive theory for light gravitinos 
ompletes the fa
tor m2~g3m2~Gto give the sum �1 + m2~g3m2~G�. Under the assumption that this is valid not only for the
oeÆ
ient of the leading logarithmi
 term, as it has been shown in eq. 2.31, but alsofor the 
orresponding 
onstant term, the phenomenologi
al 
on
lusions of [14℄ remainessentially un
hanged. In this se
tion, they are summarized again.

Figure 4.1: Upper and lower bounds on the NSP mass as fun
tion of the gravitino mass.The full lines represent the upper bound on the gluino mass m~g > mNSP for di�erent re-heating temperatures. The dashed line is the lower bound on mNSP whi
h follows from theNSP lifetime. A higgsino-like NSP with a mass in the shaded area satis�es all 
osmologi
al
onstraints in
luding those from primordial nu
leosynthesis.First, 
onsider the 
onstraint from the 
losure limit: From the 
ondition 
 ~G =Y ~Gm ~Gnrad�
 � 1 follows an allowed region in the m ~G-m~g plane whi
h is shown in �g. 4.149



for two di�erent values of TR (h was set to 0.7 [36℄). The allowed regions are below thesolid lines, respe
tively. Compared to the 
orresponding �g. 1 in our previous analysis in[14℄, the allowed maximum gluino mass as a fun
tion of the gravitino mass has shiftedtowards smaller values, and a reheating temperature as large as TR ' O(1011 GeV) seems
ompletely impossible now. The e�e
t of the smaller gravitino abundan
e has been over-
ompensated by the smaller Hubble parameter h = 0:7 (in [14℄ we have used h = 1).Se
ond, 
on
erning the BBN 
onstraint, 
onsider a nonrelativisti
 parti
le X de
ayinginto ele
tri
ally and strongly intera
ting relativisti
 parti
les with a lifetime �X . Roughlyspeaking, the de
ay 
hanges the abundan
es of light elements the more severely the longer�X and the higher the energy density mXYX are. These 
onstraints have been studied indetail by several groups [11, 35℄.From �g. 3 in [35℄ one reads o� that the following 
onditions are suÆ
ient in order not to
ome into 
on
i
t with the measured abundan
e data:8>><>>: �X < 2 � 106 s;mXYX < 4 � 10�10GeV, 
NSPh2 < 0:008: (4.7)One 
an easily ex
lude the 
ase of an unstable gravitino [14℄. Let us limit ourselves tothe 
ase where the gravitino is the LSP. The NSP then plays the role of the parti
le X.The lifetime of a fermion de
aying into its s
alar partner and a gravitino is�NSP = 48�m2~GM2m5NSP : (4.8)From this we obtain an allowed region in the m ~G-mNSP plane. In �g. 4.1, it is the regionabove the dashed line.The best studied NSP 
andidate is the neutralino. The neutralino � is a mixture of thephotino, the wino and the two neutral higgsinos:� = N1~b+N2 ~W3 +N3 ~h01 +N4 ~h02 : (4.9)Depending on its 
omposition, one 
an talk of gaugino-like or higgsino-like neutralinos.Edsj�o and Gondolo [37℄ studied 
�h2 as a fun
tion of neutralino massm� and 
ompositionZg = jN1j2 + jN2j2 in a large SUSY parameter range. They found that for a broad rangeof m� and Zg, 
�h2 > 0:025, thus a stable neutralino would be a good dark matter
andidate in this range. Fig. 4.2 (taken from [37℄) shows the distribution of su
h models.However for a higgsino-like neutralino, i.e. Zg < 0:5, there is also a broad range of m� forwhi
h 
�h2 < 0:025. If one de
reases the limit to the value we need, 
�h2 < 0:008, theallowed neutralino mass range only slightly de
reases to 80GeV < m� < 300GeV [38℄.50
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�h2 >0:025, in
luding 
oannihilations between neutralinos and 
harginos (�gure taken from[37℄).The shaded region in �g. 4.1 shows the m ~G-mNSP range where all 
onstraints are satis�edfor a reheating temperature TR = 1010GeV. An example for a possible SUSY mass spe
-trum would be: a gravitino as LSP, m ~G � 50 GeV, followed by a higgsino-like neutralinoas NSP, m� � 250 GeV, and a gluino mass m~g � 500 GeV.Note that TR ' TB ' O(1010 GeV) leads to 
 ~Gh2 = 0:1 : : : 1 in a 
onsistent gravitinomass range. This is illustrated in �g. 4.3. Compared to the 
orresponding �g. 2 in ourprevious analysis in [14℄, 
 ~Gh2 as a fun
tion of the gravitino mass has be
ome slightlysmaller (
f. eq. 4.4). Yet with the new numbers, gravitinos may still be the dominant partof dark matter. 51



Figure 4.3: Contribution of gravitinos to the density parameter 
 ~Gh2 for di�erent gravitinomasses m ~G as fun
tion of the reheating temperature TR. The gluino mass has been set tom~g = 500 GeV.
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Con
lusionsIn this thesis the Boltzmann 
ollision term C ~G governing the Boltzmann equation forthe time evolution of the gravitino number density has been 
al
ulated to the leadinglogarithmi
 and 
orresponding 
onstant order in the strong 
oupling. As an appli
ation,the gravitino 
onstraints on a 
osmologi
al s
enario with a large reheating temperatureTR have been re-analyzed.Compared to earlier results for C ~G, two improvements have been realized. First, the 
on-stant term of the gravitino regeneration rate � ~G has been 
al
ulated 
onsistently in thethermal �eld theory approa
h. C ~G is obtained by integrating over � ~G, weighted with aFermi distribution. Se
ond, the 
oeÆ
ient of the leading logarithmi
 term has been deter-mined with improved a

ura
y. In addition, it 
ould be demonstrated that two approa
hesto 
al
ulate this 
oeÆ
ient, one starting from individual gravitino produ
tion pro
essesand the other using the thermal version of the opti
al theorem, deliver analyti
ally thesame result.With these results predi
tions based on the numeri
al value of the gravitino abundan
ebe
ome signi�
antly more reliable. This holds in parti
ular for the next-to-leading 
on-stant term, be
ause for the real value of the strong 
oupling, the leading logarithm isa
tually quite small, numeri
ally only a third of the 
onstant term. The fa
t that for the
oeÆ
ient of the leading logarithmi
 term the same value has been obtained with twodi�erent methods provides a good 
onsisten
y 
he
k.As for the 
onstant term in � ~G, an earlier result for the 
ontribution from soft gluons by[13℄ has been 
on�rmed up to a fa
tor of 32 whi
h had been overlooked in [13℄. To thispurpose the gravitino regeneration rate was 
al
ulated using the thermal version of theopti
al theorem. The imaginary part of the gravitino self energy was determined in theframework of hard thermal loop e�e
tive �eld theory. In this framework the logarithmi
divergen
e arising from the ex
hange of massless infrared gluons ex
hanged in the t or u
hannel of inelasti
 2! 2 gravitino produ
tion pro
esses is regularized by ele
tri
 Debyes
reening. This e�e
t is taken into a

ount by a resummed gluon propagator whi
h isused instead of the bare one. 53



The 
ontribution from hard gluons to � ~G has been 
al
ulated in the same way. In the
al
ulation of the one-loop gravitino self energy a resummed gluon propagator was usedas well for hard loop momenta. This represents an alternative to the method of [29℄ wherein a similar 
ase, the 
al
ulation of the axion produ
tion rate, the 
ontribution from hardgauge bosons was determined dire
tly from the matrix element of axion produ
tion, ratherthan from the self energy. The 
ontribution from hard gluons to the gravitino regenerationrate exhibits a strong dependen
e on the gravitino energy E.The 
oeÆ
ient of the leading logarithmi
 term in C ~G, whi
h is obtained along with the
onstant in the self energy 
al
ulation, was 
al
ulated in a se
ond approa
h summing upthe 
ontributions from the four divergent gravitino produ
tion pro
esses. The logarithmi
divergen
e was regularized by an ad ho
 introdu
ed thermal gluon mass. Evaluating allphase spa
e integrations in the laboratory system allows to in
lude a quantum statisti
alfa
tor in the 
al
ulation of C ~G. This fa
tor, whi
h is usually set to 1 in this approa
h, isthe quantum statisti
al fa
tor for the parti
le whi
h is produ
ed along with the gravitino.If this parti
le is a boson, the pro
ess is Bose-enhan
ed. If it is a fermion, the pro
ess isFermi-suppressed. The 
oeÆ
ient of the logarithm obtained with the quantum statisti
alfa
tor is more a

urate than the one we published in [14℄. Together with the above-mentioned fa
tor of 32, the two di�erent values for the 
oeÆ
ient found in [13℄ and in [14℄are brought to agreement.With the new value for the Boltzmann 
ollision term C ~G our analysis [14℄ was repeated,where the impli
ations of a large baryogenesis temperature, TB = O(1010 GeV), on themass spe
trum of superparti
les was studied. No phenomenologi
al 
on
lusions need tobe 
hanged, be
ause in [14℄ we used a gravitino produ
tion 
ross se
tion whi
h was quite
lose to the new value. With the new numbers, the gravitino 
onstraints on a large TBs
enario have even be
ome slightly relaxed, but this e�e
t is over
ompensated by usinga smaller value for the Hubble 
onstant, h = 0:7, whereas in [14℄ we had h = 1. Itremains however possible to have a large baryogenesis temperature, TB = O(1010 GeV).Gravitinos may be the dominant part of dark matter.
54



Appendix AFeynman RulesHere the Feynman rules for SUSY-QCD and for gravitinos in the full and in the e�e
tivetheory are given. Majorana fermions (i.e. gluinos and gravitinos) are dealt with following[39℄: for ea
h diagram a 
ontinuous fermion 
ow is de�ned. In the Feynman rules it isdenoted by a thin line with an arrow. Dira
 tra
es are taken in the dire
tion opposite to thefermion 
ow. In the fermion 
ow formalism ea
h diagram 
an be given an unambiguoussign relative to the other diagrams of a given pro
ess, and one avoids the use of the 
harge
onjugation matrix C.Note that the fermion 
ow is not identi
al with the fermion number 
ow (quark andsquark lines 
arry fermion number arrows, whereas Majorana fermion lines do not), noris in general fermion or fermion number 
ow identi
al with the momentum dire
tion.A.1 External parti
le linesAll momenta are understood to run from the left to the right. In the e�e
tive theory forlight gravitinos, external gravitinos are treated like external gluinos.� Gluons g(P ) with polarization ve
tor "�(P ):
µ

= "�(P ); µ
= "��(P )� Spin-12 fermions: gluinos ~g(P ) or quarks q(P ):55



= = = u(P )= = = �u(P )= = = v(P )= = = �v(P )� S
alar parti
les: squarks ~q(P ) and ghosts �(P ):= = = = 1= = = = 1� Gravitinos ~G(P ):
µ

=  �(P );
µ

=  �(P )A.2 PropagatorsAgain, all momenta are understood to run from the left to the right.� Gluon:
a,µ b,ν

= iÆab h�g��P 2 + (1 � �) P�P�(P 2)2 i� Ghost:
a b

= Æab iP 2� Gluino:
a b

= Æab i=P�m~g� Quark:
i j

= Æij i=P�mq ; i j
= Æij i�=P�mq� Squark:

i j
= Æij iP 2�m2~qA.3 Verti
esHere, all momenta are understood to run into the vertex. Ex
ept for the four-squarkvertex, the Feynman rules are given for only one 
hirality, i.e. squarks and quarks areleft-handed. For the proje
tion operators PR=L we have as usual PR=L = 12(1 � 
5).56



A.3.1 Verti
es of SUSY-QCD� Gluon-gluon-gluon:
K1,a,α

K2,b,β

K3,c,γ = �gfab
 h(K1 �K2)
g�� + (K2 �K3)�g�
 + (K3 �K1)�g
�i� Gluon-gluino-gluino:
a

b

c,µ = �gfab

�; a

b

c,µ = gfab

�� Ghost-ghost-gluon:
P,a

b

c,µ = �gfab
P �� Four gluons:
a,α b,β

c,γd,δ

= ig2 hfabef 
de(g�
g�Æ � g�
g�Æ)+f b
efade(g
�g�Æ � g��g
Æ)+ f 
aef bde(g��g
Æ � g
�g�Æ)i� Quark-quark-gluon:
j

i

a,µ = �igT jia 
�PL; j

i

a,µ = igT jia 
�PR57



� Squark-squark-gluon:
Pj,j

Pi,i

a,µ = �ig(Pi � Pj)�T jia� Quark-squark-gluino:
a

i

j = �ip2gPLT jia ; a

i

j = �ip2gPRT ija� Gluon-gluon-squark-squark:
a,µ i

jb,ν

= ig2fTa; Tbgijg��� Four squarks:
i j

lk

= 8>>>>>><>>>>>>: � ig2(nf�1)2nf (ÆilÆjk + ÆijÆkl) one 
avor, one heli
ity� ig22 (ÆilÆjk � 1nf ÆijÆkl) two 
avors, one heli
ityig22 (ÆilÆjk � 1nf ÆijÆkl) two heli
itiesA.3.2 Verti
es with gravitinos (full theory)Gravitino verti
es 
an be read o� from the dimension-5 terms in the supergravity La-grangian [19℄:L = � ip2M h(D����) �
�
�PL�� (D��)�PR
�
� �i� i8M � [
�; 
�℄ 
��aF a��: (A.1)Here, � denote 
hiral fermion �elds, � their s
alar superpartners (the Lagrangian is givenfor only one 
hirality), F a�� is the �eld strength tensor of the gauge �elds Aa�:F a�� = ��Aa� � ��Aa� � gfab
Ab�A
� (A.2)58



with the gauge 
oupling g, �a are the gaugino �elds,  � is the gravitino �eld, and M =mPl=p8�. The 
ovariant derivative D� is given byD��i = (��Æij + igT aijAa�)�j: (A.3)For the gauge group SU(3)QCD one has the following verti
es (all momenta run into thevertex):� Gravitino-gluon-gluino:
µ

b

P,a,ρ = � i4M Æab[=P; 
�℄
�; µ

b

P,a,ρ = � i4M Æab
�[=P; 
�℄� Gravitino-gluon{gluon-gluino:
µ a,ρ

b,σc

= � 14M gfab
[
�; 
�℄
�; µ a,ρ

b,σc

= � 14M gfab

�[
�; 
�℄� Gravitino-quark-squark:
µ

i

P,j = � ip2M ÆijPL=P
�; µ

i

P,j = � ip2M ÆijPL
�=P ;
µ

i

P,j = ip2M ÆijPR=P
�; µ

i

P,j = ip2M ÆijPR
�=P59



� Gravitino-quark-squark-gluon:
µ j

a,ρi

= � ip2M gT jia PL
�
�; µ j

a,ρi

= � ip2M gT jia PL
�
�;
µ j

a,ρi

= � ip2M gT jia PR
�
�; µ j

a,ρi

= � ip2M gT jia PR
�
�A.3.3 Verti
es with gravitinos (e�e
tive theory for light grav-itinos)These verti
es 
an be read o� from the e�e
tive Lagrangian of [22℄:Le� = m2~q �m2qp3Mm ~G � PL��� + �PR ��� m~g2p6Mm ~G [
�; 
� ℄�aF a��� gm~gp6Mm ~G �a��i�jT aij:(A.4)Here  is the goldstino (spin-1=2) 
omponent of the gravitino �eld. The remaining �eldsare the same as in the full theory Lagrangian eq. A.1. The e�e
tive theory 
ontainsthe same verti
es as the full theory, ex
ept for the gravitino-quark-squark-gluon vertex,whi
h is missing in the e�e
tive theory. Instead, there is a new four parti
le vertex, thegravitino-gluino-squark-squark vertex (all momenta run into the vertex):� Gravitino-gluon-gluino:
b

P,a,ρ = m~g2p6Mm ~GÆab[=P; 
�℄;� Gravitino-gluon-gluon-gluino:
a,ρ

b,σc

= �i m~g2p6Mm ~G gfab
[
�; 
�℄;60



� Gravitino-quark-squark:
i

P,j = �i m2~q�m2qp3Mm ~GÆijPL;
i

P,j = �i m2~q�m2qp3Mm ~GÆijPR� Gravitino-gluino-squark-squark:
j

ia

= �i m~gp6Mm ~G gT jia
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Appendix BEvaluation of The Phase Spa
eIntegrals in The Laboratory SystemWhen doing the phase spa
e integrations in the Boltzmann 
ollision term, eq. 2.23, keepingthe quantum statisti
al fa
tor (1�fEq
 ) requires to remain in the laboratory system for allintegrations. In this appendix the te
hni
al details are presented whi
h are needed in orderto take into a

ount the quantum statisti
al fa
tor of a �nal parti
le in the Boltzmann
ollision term for a 2 ! 2 s
attering pro
ess. In the �rst se
tion the general formalismis outlined. It leads to an integral expression whi
h has to be evaluated numeri
ally inmost 
ases. In the se
ond se
tion it is shown that in the spe
ial 
ase of the 
oeÆ
ient ofthe leading logarithmi
 term of C2!2, the Boltzmann 
ollision term from inelasti
 2 ! 2gravitino produ
tion pro
esses, this 
oeÆ
ient 
an be determined analyti
ally in the weak
oupling limit.B.1 General formalismThe formalism will be demonstrated for massless parti
les, so the momenta are P �i =(pi;pi). The 
ollision term eq. 2.23 with the phase spa
e di�erentials written out readsC = Z d3pad3pbd3p
d3p ~G16(2�)12papbp
p ~G (2�)4Æ(Pa + Pb � P
 � P ~G)jMj2fEqa (pa)fEqb (pb) h1 � fEq
 (p
)i :(B.1)The problem with this integral is that working only with the momentum three ve
tors ofthe four parti
les pa, pb, p
, and p ~G, one would have to deal with 
ompli
ated relations forthe sines and 
osines of the angles between the momenta. Here it helps a lot to separatethe ingoing parti
le side from the outgoing parti
le side, and it is therefore 
onvenient to62



introdu
e an additional three ve
tor h representing the momentum of the 
enter of massof the parti
les in the thermal bath:h = pa + pb = p
 + p ~G: (B.2)h plays the role of an interfa
e between the ingoing and outgoing parti
le side. Some ofthe angles will be measured relative to h, and for these angles the mutual relations aremu
h simpler.We will need three su
h angles: the angle between h and pb, the angle between h and p
,and the polar angle ' between pb and p
 relative to the axis h (the three momenta of thein
oming parti
les pa and pb lie in a plane Ai, and the three momenta of the outgoingparti
les p
 and p ~G lie in a plane Af . In general, Ai and Af are di�erent: they have theve
tor h in 
ommon, but around h they 
an be rotated against ea
h other by the angle'). So I de�ne � = hpbhpb ; (B.3)�0 = hp
hp
 ; (B.4)' = Polar angle between pb and p
 around h: (B.5)With h one 
an rewrite the Æ-fun
tion in C (eq. B.1) asÆ(Pa + Pb � P
 � P ~G) = Æ(pa + pb � p
 � p ~G) Z d3hÆ(pa + pb � h)Æ(p
 + p ~G � h) (B.6)and perform the integration over d3p ~G.Then we write the di�erentials d3pad3pbd3p
 in C in terms of angular variables:d3pad3pbd3p
 = p2adpad(
os �0)d�a p2bdpbd(
os �)d�b p2
dp
d�0d�: (B.7)As before in eq. 2.25, � is the angle between pa and pb. �0 and �a are the azimuthal andpolar angle between pa and some arbitrary dire
tion of referen
e, and �b is the polar angleof pb around pa. Nothing depends on �0, �a, and �b, so they 
an be dire
tly integratedover, yielding a fa
tor of 2(2�)2.Next �0 is eliminated by integrating over the energy Æ-fun
tion Æ(pa + pb � p
 � p ~G). Thisprodu
es a fa
tor p ~Gp
h and limits the p
 integration region: p
 integration goes from x�h2to x+h2 (with the abbreviation x = pa + pb).The �nal step is the integration over d3h. Now all Æ-fun
tions are gone, and we are leftwith an integral over �ve independent variables: the momenta pa, pb, and p
 and the63



angular variables 
os � and ':C = 18(2�)6 Z dpapafEqa (pa) Z dpbpbfEqb (pb) Z d(
os �) Z x+h2x�h2 dp
 h1 � fEq
 (p
)i Z d' jMj2h :(B.8)Here h is not independent but a fun
tion of pa, pb, and 
os �: h = qp2a + p2b + 2papb 
os �.jMj2 is a fun
tion of the Mandelstam variables s and t, therefore we need the followingexpressions for s and t in terms of the lab system variables (with k = p
 � x2 , and � as adependent variable, � = 1h(x� s2pb )):s = (Pa + Pb)2 = x2 � h2 = 2papb(1 � 
os �); (B.9)t = (Pb � P
)2 == pbh 24h(h� � x) + 2k(x� � h) + 2 
os'vuut(1 � �2)s h24 � k2!35 : (B.10)The reason why in the integral eq. B.8 there are �ve independent variables instead offour when one works in the CMS (
f. eq. 2.24) be
omes apparent here: The additionalvariable ' 
annot be de�ned in the CMS, be
ause there h shrinks to zero. In the CMS, theonly variable de�ned in terms of a quantity of the outgoing parti
le side is t, equivalentto the CMS s
attering angle. In the lab system, t depends on two quantities of theoutgoing parti
le side: on p
 and on '. Indeed one expe
ts �ve independent variables,sin
e starting with twelve from the four momenta, four are taken away by the Æ-fun
tionand three 
orrespond to the 
hoi
e of the 
oordinate system, leaving �ve physi
al degreesof freedom.With the quantum statisti
al fa
tor (1�fEq
 ) kept we obtain new quantities 
orrespondingto the ordinary total 
ross se
tion �(s), eq. 2.14, and the thermally averaged 
ross se
tion�0(T ) �guring in eq. 2.27: a thermal 
ross se
tion�th(pa; pb; �; T ) = 164�2I Z x+h2x�h2 dp
 h1 � fEq
 (p
)i Z d' jMj2h (B.11)and a thermally averaged 
ross se
tion�(T ) = C�a�bn2rad : (B.12)In general, this formalism does not deliver analyti
 results sin
e one has to integrate aBose or Fermi distribution fun
tion over a �nite range in the p
 integral. It is howeverpossible to get analyti
ally the 
oeÆ
ient of the leading logarithmi
 term of C for gravitinoprodu
tion, as is shown in the next se
tion.64



B.2 Integration of a divergent di�erential 
ross se
-tion / 1tIn order to determine the leading logarithmi
 term of C2!2 we start from the divergentterms of the matrix elements jMij2 of table 2.1 and apply naive gluon-mass regularization,i.e. we repla
e 1t ! 1t�m2e� and 1s+t ! 1s+t+m2e� . After de
omposing jMF j2 into partialfra
tions all divergent terms are / s2t�m2e� or / s2s+t+m2e� . In the following, C is 
al
ulatedfor the �rst 
ase. The se
ond 
ase 
an then be easily derived.Substituting for t the expression eq. B.10 and doing the ' integral gives (" = m2e�=s)I' := � Z d' s2t�m2e� = 2�shq(pb � p
)2 + " [h2(1 + ") + (2p
 � x)(x� 2pb)℄ : (B.13)Without the part proportional to fEq
 (p
) in the integrand of eq. B.8, one 
ould do the p
integration exa
tly, with the resultI
 := Z x+h2x�h2 dp
I' = 2�sh ln 1 + "" : (B.14)For small " the main 
ontribution to I
 
omes from the region p
 � pb (note that theexpression in square bra
kets in eq. B.13 is always greater than zero). This re
e
ts thefa
t that our 
ross se
tion strongly enhan
es forward s
attering. One 
an rigorously showthat in the limit "! 0, 1q(pb � p
)2 + " [h2(1 + ") + (2p
 � x)(x� 2pb)℄ ! Æ(pb � p
) ln 1 + "" : (B.15)With this the p
 integration be
omes trivial. All other integrations 
an be performedanalyti
ally.The thermal 
ross se
tion is given by�th(pa; pb; �; T ) = 116� ln s+m2e�m2e� h1 � fEq
 (pb)i ; (B.16)it has to be 
ompared with the total 
ross se
tion �(s) = 116� ln s+m2e�m2e� obtained withoutthe quantum statisti
al fa
tor of (1�fEq
 ): this fa
tor enhan
es s
attering for bosons andsuppresses s
attering for fermions, if the �nal state is o

upied.We use again the expansion eq. 2.28 and �nd after 
os � integrationC = 116� Z dpa2�2p2afEqa (pa) Z dpb2�2p2bfEqb (pb) h1 � fEq
 (pb)i  ln 1g2 + : : :! : (B.17)65



The pa integral gives the equilibrium number density �anrad. For the pb integral, two
ases 
an o

ur: Both parti
les b and 
 are bosons (BB) or both are fermions (FF). Therespe
tive integrals giveBB : Z dpb2�2p2bfB(pb) [1 + fB(pb)℄ = T 36 ; (B.18)FF : Z dpb2�2p2bfF (pb) [1 � fF (pb)℄ = T 312 : (B.19)With �0BB = 1, �0FF = 12 we write the �nal form of the 
ollision termC = 116��anrad�0b
T 36  ln 1g2 + : : :! : (B.20)Compared to the 
ollision term C 0 obtained without the quantum statisti
al fa
tor,eq. 2.26, in
luding the fa
tor of (1 � fEq
 ) yields a fa
tor of �0b
 T 36 , with fermions only
ontributing half the amount of bosons, instead of �bnrad � 0:122�bT 3, where fermionsgive three quarters of the boson 
ontribution.The 
ollision term 
orresponding to a squared matrix element jMj2 / s2s+t+m2e� 
an beobtained simply by ex
hanging the roles of pa and pb.Before putting together the 
ontributions from the four gravitino produ
tion pro
esses B,F, G, and H to obtain the quantum statisti
ally 
orre
ted Boltzmann 
ollision term C2!2for gravitino produ
tion one must be sure that for the pro
esses involving both fermionsand bosons, i.e. B and H, t has been de�ned su
h that it is made up of parti
le momentaof the same spe
ies. This is indeed the 
ase.
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Appendix CThe Supersymmetri
 E�e
tive GluonMassThe standard model gluon self energy �SM�� (K) of a gluon with four momentumK = (k0;k)was �rst 
al
ulated by Silin, Klimov, and Weldon [30℄. There are four diagrams that
ontribute to the one-loop order: a quark loop, a gluon loop, a ghost loop and a tadpolefrom the four-gluon vertex.In the minimal supersymmetri
 standard model, there are three more one-loop diagrams:a gluino loop, a squark loop, and a squark tadpole from the gluon-gluon-squark-squarkvertex. It turns out that the 
ontributions of ea
h of the four parti
le spe
ies gluon,gluino, quark, and squark are of the same form eq. 3.27, with individual 
oeÆ
ients forea
h parti
le spe
ies.To determine the supersymmetri
 e�e
tive gluon mass, it is enough to look only at thezero zero 
omponent �00. The 
ontribution to �MSSM00 from ea
h of the four parti
le spe
ies(for te
hni
al details see e.g. [28, 40℄) 
an be parameterized as�i00(K) = Xig2T 23 " k02k ln k0 + kk0 � k � 1# (C.1)with the following individual 
oeÆ
ients:� Xgluons = Pb
 jfab
j2 from gluons,� Xgluinos = 12Pb
 jfab
j2 from gluinos,� Xquarks = nf Pij jT ajij2 from nf quark 
avors,� Xsquarks = 2nf Pij jT ajij2 from nf squark 
avors, ea
h with two 
hiralities.67



Here, a is the 
olor index of the external gluon, b and 
 are the 
olor indi
es of the loopgluons or gluinos, and i and j are the 
olor indi
es of the loop quarks or squarks.Note that both in the 
hiral and in the gauge multiplet, the 
ontribution of a boson istwi
e as big as the one from its fermioni
 partner. This 
orresponds to the result eq. B.20for the Boltzmann 
ollision term of a 2 ! 2 gravitino produ
tion pro
ess in the LSF,where a pro
ess with a gravitino and a boson in the �nal state 
ontributes twi
e as mu
has a pro
ess with a gravitino and a fermion in the �nal state.Comparison with eq. 3.27 shows that the individual 
ontributions to the e�e
tive gluonmass are Xig2T 2=9. The summations are easiest done by summing over over all 
olordegrees of freedom, and then dividing by the number of gluon 
olor degrees of freedomN2 � 1. With the relations eq. 2.29 one �nds the 
laimed supersymmetri
 e�e
tive gluonmass eq. 3.28: �mMSSMg �2 = g2T 26 (N + nf ): (C.2)Compared to the standard model e�e
tive gluon mass�mSMg �2 = g2T 29 (N + nf2 ); (C.3)the supersymmetri
 mass squared is bigger by a fa
tor of 9=4 for N = 3 and nf = 6.
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Appendix DApproximations in The Cal
ulationof The Imaginary Part of TheGravitino Self EnergyD.1 Contribution of the pole terms to the imaginarypart of the gravitino self energyHere it is shown that the delta fun
tion parts �PT=L(!; k), eq. 3.36, of the gluon spe
traldensities �T=L(!; k),�PT=L(!; k) = ResT=L(!T=L; k) hÆ(! � !T=L)� Æ(! + !T=L)i (D.1)do not 
ontribute to the leading logarithmi
 or next-to-leading 
onstant term of the imag-inary part of the gravitino self energy eq. 3.45.The poles !T=L(k) of the transverse and longitudinal gluon propagators eq. 3.26 are so-lutions of trans
endental equations. Their limiting forms for the two 
ases k � mg andk � mg are [31℄: !T (k) = 8>><>>: mg + 35 k2mg + : : : ; k � mg;k + 34m2gk + : : : ; k � mg; (D.2)!L(k) = 8>>><>>>: mg + 310 k2mg + : : : ; k � mg;k  1 + 2e� 23 k2m2g�2 + : : :! ; k � mg: (D.3)69



One 
an show that for all k, mg is a lower bound and k + mg is an upper bound forboth poles !T (k) and !L(k). For k � mg, the residues have the limiting form (I get alongitudinal residue di�erent from [31℄)ResT [!T (k); k℄ = 12k + : : : ; (D.4)ResL [!L(k); k℄ = �43 km2g e� 23 k2m2g�2 (1 + : : :) : (D.5)Small loop momenta k < EFor gluons with momenta k < E in the loop, the two ! integration regions eq. 3.43 andeq. 3.44 are approximately ! = �k : : : k and ! = 2E � k : : : 2E + k, up to terms O�m2~gE �.Therefore 
ertainly no poles are lying within the ! integration regions for k < mg.As for loop momenta mg < k < E, poles will not be within the se
ond integration region! = 2E�k : : : 2E+k until k � E=3; this 
ase will be dealt with in the large loop momentasubse
tion. In order to de
ide whether the poles are lying within the �rst ! integrationregion one has to develop the square roots in eq. 3.43:E �q(p� k)2 +m2~g = �k � m2~g2E � k(k2 +m2~g)2E2 +O  m2~GE ; m4~gE3 ; k2m2~gE3 ; k4E3! : (D.6)If at all, the poles �!T=L 
ould be rea
hed at the lower end of the integration region fork > kT=L with kT=L given approximately by the solution of the equationsm2g2kT = m2~g2E � k3T2E2 ;2kLe� 23 k2Lm2g �2 = m2~g2E � k3L2E2 : (D.7)One 
an ex
lude the pole 
ontributions 
ompletely by requiringm3g > m2~gE; (D.8)be
ause then the right hand sides of eqs. D.7 are always negative for k > mg. Theassumption eq. D.8 is reasonable and 
onsistent with the requirement mg � m~g whi
hI will need in se
tion D.2. However, if one wants to avoid assumption eq. D.8, the
ondition mg � m~g is suÆ
ient to ex
lude the transverse pole, and the 
ontribution fromthe longitudinal pole 
an be shown to be negligible as long as kLmg � 1.70



Large loop momenta k > ERather than dis
ussing under whi
h 
onditions the poles are lying within the ! integrationregions I will show that even if they 
ontribute for all k > E their 
ontribution is negligibleby �nding an upper bound. Even if for all k > E the poles 
ontribute, their 
ontributionto �hard~G 
annot be larger than (
f. eq. 3.45)
T=L = C8� 1pE Z 1E dkk ����ResT=LDT=L(1 + f! � fq)���!=�!T=L(k)++ ���ResT=LDT=L(f! + fq)���!=+!T=L(k)� : (D.9)Note that the �rst integration region eq. 3.43 
an only possibly 
over the poles �!T=L ��k, whereas the se
ond integration region eq. 3.44 
an only possibly 
over the poles+!T=L � k. Therefore one 
an approximatej1 + f! � fqj!=�!T=L(k) � �1 + e�E=T� e�k=T ;jf! + fqj!=!T=L(k) � �1 + eE=T� e�k=T : (D.10)With the Dira
 tra
es (
f. eq. 3.46, negle
ting terms 
ontaining mass fa
tors)DT j!=�!T (k) = 94m4g  Ek � E2k2 !+O  m6gk2 ! ; (D.11)DLj!=�!T (k) = k4e� 23 k2m2g�2  1 � 4Ek + 4E2k2 !+O k4e� 43 k2m2g �4! ; (D.12)one gets 
T � O Cm4gE ! ; (D.13)whi
h is suppressed by a fa
tor of E2m2g � "2 
ompared to the leading terms of �hard~G eq. 3.63,and a 
L whi
h is exponentially suppressed with a fa
tor � e� E2m2g .D.2 Approximation of the ! integration limitsHere a proof is given that the error one produ
es by approximating the ! integration limitsto 
al
ulate the soft gluon 
ontribution �soft~G to the gravitino re
reation rate in se
tion 3.2is negligible. The proof requires the assumption that m~g � mg.71



In the expression eq. 3.50 for �soft~G , the exa
t integral to be 
al
ulated would readZ 1"0 dz Z x+x� dx(1 � x2) " zA2T + (z +BT )2 + 2zA2L + (z +BL)2# =:Z 1"0 dz Z x+x� dx [IT (x; z) + IL(x; z)℄ ; (D.14)with AT=L and BT=L given in eq. 3.35 and the x integration limits (
f. eq. 3.43)x� = �1� m2~g2kE � k2 +m2~g2E2 +O m2~GkE ; m4~gkE3 ; km2~gE3 ; k3E3! : (D.15)In eq. 3.50, this is approximated by setting x� = �1. To leading order, the integral givesa logarithm ln 1" and a 
onstant.The 
orre
tions obtained by using the exa
t limits eq. D.15 will now be shown to be ofhigher order. To this end the z integration region is subdivided into three parts: region Iis from z = 0 : : : z�, region II is from z = z� : : :1, and region III is from z = 1 : : : 1" . Herethe quantity z� = k�2=m2g was introdu
ed, where k� = m2~g=mg. For loop momenta k > k�,the 
orre
tions in the integration limits x� are smaller than 3" (note that mg=E � "),whereas for k < k� (i. e. in z integration region I) they 
an be
ome large. Additionally,one requires z� � 1 (i. e. m~g � mg). Note that one only has to 
are about 
orre
tions ofx� whi
h make the x integration region smaller, sin
e the integrand is zero for jxj > 1.The errors EIT=L, EIIT=L, and EIIIT=L resulting from the three z integration regions and thetransverse and longitudinal term IT (x; z) and IL(x; z) in the integrand of eq. D.14 arede�ned as the di�eren
e between the exa
t expression eq. D.14 and the approximatedintegrals with x� = �1. For these errors one 
an �nd the following upper bounds:z integration region I: z = 0 : : : z�As both terms IT (x; z) and IL(x; z) of the integrand in eq. D.14 are always positive orzero, integration over the whole range x = �1 : : : 1, z = 0 : : : z�, 
ertainly gives an upperlimit of EIT=L.Error from transverse term: For the denominator of the integrand, one has A2T +(z +BT )2 � x2 + z2, thereforeEIT < Z z�0 dz Z 1�1 dx zx2 + z2 < �z�: (D.16)The error is O(z�) whi
h is below O(1); it is negligible.72



Error from longitudinal term: For the denominator of the integrand, one has A2L +(z +BL)2 > 4, therefore EIL < Z z�0 dz Z 1�1 dx(1 � x2)z4 = z�26 : (D.17)This error is even O(z�2) and therefore negligible, too.z integration region II: z = z� : : : 1In region II and region III the 
orre
tions to the integration limits x� = �1 are small,of order ", and therefore one 
an develop the integrands around x = �1. Around bothx = 1� u and x = �1 + u, for small u the integrands areIT (u; z) = 2uz "�34��2 + �z + 34u�2#�1 +O(u2z); (D.18)IL(u; z) = 4uz "�32��2 + �z + 3� 32 ln 2u�2#�1 +O(u2z): (D.19)Error from transverse term: IT (u; z) is bounded from above by uz, thereforeEIIT < 2 Z 10 dz Z 3"0 duuz = 92"2 (D.20)(the fa
tor of 2 is for the two borders around x = �1). The error is of higher order thanO(1).Error from longitudinal term: IL(u; z) is bounded from above by uz, too; thereforeone obtains the same estimate for EIIL as for EIIT :EIIL < 92"2: (D.21)z integration region III: z = 1 : : : 1"Error from transverse term: Here one 
an use the upper bound 2uz for IT (u; z)(eq. D.18): EIIIT < 2 Z 1"1 dz Z 3"0 du2uz = 18"2 ln 1" : (D.22)Sin
e " ln 1" < p", this error is below O(" 32 ) and hen
e negligible.73



Error from longitudinal term: An upper bound IL(u; z) < 16uz is valid for 32 ln 1u <z2 , u > e� z3 . For all values of u, one has the bound IL(u; z) < uz. With �z = 3 ln 13" onehas the bound for the errorEIIIL < 2 Z �z1 dz Z 3"0 duuz + 2 Z 1"�z dz Z e� z30 duuz + 2 Z 1"�z dz Z 3"0 du16uz == 92"2 ��z2 � 1�+ 94 �e� 23 �z � e� 23"�+ 32 ��ze� 23 �z � 1"e� 23"�+ 144"2 �ln 1" � ln �z� == 812 "2 �ln 1"�2 +O�"2 ln 1"� : (D.23)This is below O(") and hen
e negligible.
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