
This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 131.169.210.43

This content was downloaded on 10/05/2016 at 14:22

Please note that terms and conditions apply.

 Vacuum energy sequestering and conformal symmetry

View the table of contents for this issue, or go to the journal homepage for more

JCAP05(2016)002

(http://iopscience.iop.org/1475-7516/2016/05/002)

Home Search Collections Journals About Contact us My IOPscience

iopscience.iop.org/page/terms
http://iopscience.iop.org/1475-7516/2016/05
http://iopscience.iop.org/1475-7516
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J
C
A
P
0
5
(
2
0
1
6
)
0
0
2

ournal of Cosmology and Astroparticle Physics
An IOP and SISSA journalJ

Vacuum energy sequestering and

conformal symmetry

Ido Ben-Dayan,a Robert Richter,b Fabian Ruehlea and
Alexander Westphala

aDeutsches Elektronen-Synchrotron DESY, Theory Group,
22603 Hamburg, Germany

bII. Institut für Theoretische Physik, Hamburg University,
Hamburg, Germany

E-mail: ido.bendayan@desy.de, robert.richter@desy.de, fabian.ruehle@desy.de,
alexander.westphal@desy.de

Received July 28, 2015
Revised March 7, 2016
Accepted April 19, 2016
Published May 3, 2016

Abstract. In a series of recent papers Kaloper and Padilla proposed a mechanism to se-
quester standard model vacuum contributions to the cosmological constant. We study the
consequences of embedding their proposal into a fully local quantum theory. In the original
work, the bare cosmological constant Λ and a scaling parameter λ are introduced as global
fields. We find that in the local case the resulting Lagrangian is that of a spontaneously broken
conformal field theory where λ plays the role of the dilaton. A vanishing or a small cosmo-
logical constant is thus a consequence of the underlying conformal field theory structure.

Keywords: dark energy theory, gravity

ArXiv ePrint: 1507.04158

Article funded by SCOAP3. Content from this work may be used
under the terms of the Creative Commons Attribution 3.0 License.

Any further distribution of this work must maintain attribution to the author(s)
and the title of the work, journal citation and DOI.

doi:10.1088/1475-7516/2016/05/002

mailto:ido.bendayan@desy.de
mailto:robert.richter@desy.de
mailto:fabian.ruehle@desy.de
mailto:alexander.westphal@desy.de
http://arxiv.org/abs/1507.04158
http://creativecommons.org/licenses/by/3.0/
http://dx.doi.org/10.1088/1475-7516/2016/05/002


J
C
A
P
0
5
(
2
0
1
6
)
0
0
2

Contents

1 Introduction 1

2 Dropping the global σ-term — dilaton effective action and spontaneously

broken scale symmetry 3

3 Conclusions 7

1 Introduction

The cosmological constant (CC) problem is one of the most severe fine tuning problems
of modern day physics [1, 2]. Even when the vacuum energy contributions from quantum
gravity are ignored, the quantum field theory (QFT) that describes the standard model of
particle physics (SM) gives contributions to the vacuum energy that are huge compared to
the observed CC.

In [3, 4] the authors propose a mechanism that cancels the SM matter sector quantum
corrections to the cosmological constant. For this mechanism to work two ingredients are
crucial: first, two auxiliary fields λ, Λ need to be added to the Lagrangian and second, the
action needs to contain a function σ which has a fixed dependence on these auxiliary fields
and, more importantly, is outside of the spacetime integral. Finally, one introduces an energy
scale µ (which is non-physical) for dimensional reasons. The modified action then reads

S =

∫

d4x
√
g

[

M2
Pl

2
R− Λ− λ4L(λ−2gµν ,Φ)

]

+ σ

(

Λ

λ4µ4

)

. (1.1)

Varying the action (1.1) w.r.t. Λ, λ one obtains two equations which force the bare CC to
be the “historic” average of the trace of the energy momentum tensor, Λ = 〈Tµ

µ 〉/4, with
Tµν = −2

√
g
δSm

δgµν where 〈X〉 is given by

〈X〉 ≡
∫

d4x
√
gX

∫

d4x
√
g
. (1.2)

Using the latter, the Einstein equations become

M2
Pl

2
Gµ

ν = Tµ
ν − 1

4
δµν 〈Tα

α 〉 . (1.3)

Thus in an old but finite universe the CC is very small and classical and quantum contribu-
tions arising from the SM are cancelled.

The decisive ingredient for this mechanism to work is that the auxiliary fields λ and Λ
are global. This is enforced by introducing the function σ containing the two auxiliary fields
outside of the spacetime integral. As a consequence, the equation of motion for λ and Λ
enforce a global rather than a local solution. This is crucial in order to ensure that the fields
do not receive any contributions from quantum corrections: they are global constants and
there is a sector (i.e. the σ-function) which only couples the two fields among themselves.
Consequently they are neither subject to their own quantum corrections nor to quantum
corrections of the other local, bona fide quantum fields in the theory.

– 1 –
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While there is in principle nothing wrong with adding such a σ term to the action, it is
rather unconventional and does not arise from any known physics.1 Naively, one may think
that such a term might arise from an instantonic sector of the theory for which the spacetime
integral can be carried out explicitly. However, in deriving the effective theory one integrates
out the instantonic configurations in the path integral and substitutes the result back into
the action. In this way, one ends up again with a local theory.

In a more recent paper [10], the authors discuss the implementation of the sequestering
mechanism in a local theory, with the σ-function under the integral, but with a different
measure. Their idea is to add an exact 4-form F4 = dA3 coupled to the cosmological constant,

S ⊃
∫

Λ ⋆1− σ

(

Λ

µ4

)

F4 . (1.4)

The equation of motion for A3 then dictates Λ to be a constant.2 Again, this mechanism
only works due to the global, auxiliary nature of A3. More precisely, the action does not
include a quadratic kinetic term F4 ∧ ⋆F4 for A3 but only the topological boundary term.
However, making A3 local by adding such a kinetic term modifies the equations of motion,
rendering Λ and λ local quantum fields. As discussed in detail in the next section in such a
scenario the sequestering mechanism fails due to quantum corrections.

Before we turn to the discussion of local versus global variables in the context of the
sequestering mechanism, let us study the scaling dependence of the fields occurring in (1.1).

Coupling to the Einstein-Hilbert term. From (1.1) one immediately determines that
the inverse metric gµν scales as λ−2gµν , implying gµν scaling as λ2gµν . Consequently, the
scaling of

√
g =

√

det(gµν) is given by λ4
√
gµν . The Riemann curvature tensor Rρ

µσν =
∂ν(g

αρ(∂σgαµ+ . . .)+ . . . as well as the Ricci tensor Rµν = Rρ
µρν do not scale, while the scalar

curvature R = gµνRµν exhibits the scaling behavior λ−2R.

Coupling to the bare CC. Since Λ is just a number, it does not involve any λ-dependence.

Coupling to the matter Lagrangian. In order to derive the λ scalings of the matter
fields we investigate the canonically normalized kinetic terms. Starting with the kinetic terms
for the gauge fields, tr(gµρgνσFµνFρσ) with F =dA+A∧A, we find that if Lm is to depend on
λ as λ−4 to cancel the contribution from the integral measure, then A does not scale with λ.

From the bosonic kinetic terms gµν∂µφ∂νφ we find that the canonically normalized field
is ϕ = λφ.

Next we look at the fermionic kinetic terms χγµ∂µχ. From the Clifford algebra
{γµ, γν} = 2gµν we find that γµ has to scale with λ as λ−1γµ and hence the canonically
normalized field is ψ = λ3/2χ.

With this combination, the trilinear Yukawa couplings φχχ reads in terms of the canon-
ically normalized fields λ−4ϕψψ, just as the other terms in L. In this way, the field λ sets
the hierarchy between the matter scale and the Planck scale,

mphys

MPl

= λ
m

MPl

, (1.5)

1See, however [5–9] for a discussion on the generation of such non-local terms in the context of globally
interacting universes.

2Analogously, globality of λ is enforced by introducing a second auxiliary 4-form field G4, which was called
F̃4 in [10].

– 2 –
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where m is the bare mass entering the Lagrangian L in (1.1) and mphys is the physical mass
of the canonically normalized field ϕ, ψ, i.e.

Sm =

∫

d4x
√
gλ4[λ−2gµν∂µφ∂νφ+ χλ−1γµ∂µχ+ tr(λ−4gµρgνσFµνFρσ) +m2φ2 +mχχ]

=

∫

d4x
√
g[gµν∂µϕ∂νϕ+ ψγµ∂µψ + tr(gµρgνσFµνFρσ) +m2

physϕϕ+mphysψψ] . (1.6)

In summary we see that the different parts exhibit different scalings with λ: the scaling
of the fields in the matter Lagrangian are such that they cancel the λ4 scaling coming from the
integral measure. In contrast, the Einstein-Hilbert term scales with λ−2, and there is no λ-
dependent prefactor in front of this term in (1.1). Consequently, the pure gravitational part of
the action will not be sequestered. Higher loop quantum corrections will not spoil the seques-
tering by choosing a UV regulator and subtraction scale that have exactly the same λ scaling,
for instance by using Pauli-Villars regulators, [4]. This means that the scaling symmetry

λ→ Ωλ , gµν → Ω−2gµν , Λ → Ω4Λ (1.7)

is exact in the matter (and the bare cosmological constant) sector, but broken by the Einstein-
Hilbert term. In this sense it is only an approximate symmetry and this serves (together
with another scaling symmetry) to explain the smallness of the cosmological constant.

2 Dropping the global σ-term — dilaton effective action and sponta-

neously broken scale symmetry

Let us start with the following action in four dimensions

S =

∫

d4x
√
g

[

M2
Pl

2
R− λ4Λ− λ4Lm(λ−2gµν ,Φ)

]

≡
∫

d4x
√
g

(

M2
Pl

2
R− λ4Λ

)

+Sm . (2.1)

This is a slight modification of (1.1): the global dynamical variable λ is coupled to the CC
Λ and we did not include a σ-function outside the integral. Lm denotes the matter sector
which scales with λ. We will see momentarily that the absence of the truly global σ-function
will lead to a contradiction concerning the assumed globality of λ. Note that in contrast to
the original mechanism proposed in [3, 4] the cosmological constant is not promoted to a
global dynamical variable.

Before studying the equations of motion (e.o.m.) let us first define the energy momentum
tensor arising from the matter part and its corresponding trace:

Tµν =
−2√
g

δSm
δgµν

= 2λ4
[

−1

2
gµν L(λ−2gµν ,Φ) + λ−2 δL(λ−2gµν ,Φ)

δ(λ−2gµν)

]

, (2.2)

where Sm indicates the matter part of the action (2.1). The resulting trace is then given by

Tµ
µ = 2λ4

[

−2L(λ−2gµν ,Φ) + λ−2 gµν
δL(λ−2gµν ,Φ)

δ(λ−2gµν)

]

. (2.3)

The e.o.m. arising from varying with respect to λ gives

δS

δλ
= 0 =

∫

d4x
√
g

[

−4λ3Λ + 2λ3
(

−2L(λ−2gµν ,Φ) + λ−2 δL(λ−2gµν ,Φ)

δ(λ−2gµν)

)]

. (2.4)

– 3 –
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Assuming that λ is a global field we have two possible e.o.m. arising from this variation. One
may choose to pull λ out of the spacetime integral and thus arrives at the global version of
the e.o.m. for λ,

λ4Λ =
1

4

∫

d4x
√
gTµ

µ
∫

d4x
√
g

=
1

4
〈Tµ

µ 〉 . (2.5)

However, since all terms are inside the spacetime integral one can cancel the variation also
locally, implying a local e.o.m. for λ,

λ4Λ =
1

4
Tµ
µ . (2.6)

Next, varying (2.1) with respect to the metric gµν one obtains

δS

δgµν
= 0 =

M2
Pl

2

√
g Gµν +

1

2

√
g gµνλ

4Λ− 1

2

√
g Tµν . (2.7)

If one chooses the global e.o.m. (2.5) for λ and substitutes it into the e.o.m. for the metric
one recovers (1.3),

M2
Pl

2
Gµν = Teff ≡ Tµν −

1

4
gµν〈Tα

α 〉 . (2.8)

Then averaging over this equation one obtains

〈Gµ
µ〉 = 〈(Teff)µµ〉 ≡ 〈Tµ

µ − 〈Tµ
µ 〉〉 = 0 (2.9)

for the pure matter sector contribution to the CC. However, we only ended up with the
result (1.3) and its sequestering of the matter sector CC due to the fact that we picked the
global e.o.m. for λ by hand.3 This result begs a question: there is no obstruction to λ being a
spacetime-dependent field that obeys all the rules of standard quantum field theory. As such,
it will generate local equations of motion and be subject to renormalization. In the absence
of an underlying symmetry there will be no control over such radiative corrections and the
sequestering will be lost.4 In the original mechanism [3, 4], the σ-function prohibited the
existence of local solutions allowing only global ones, thus avoiding the standard quantization
and renormalization procedure. As there is no truly global σ-function present in the action
here, choosing a global λ is ad-hoc and unjustified.5

For a solution to the matter sector CC, we hence desire an effective action for a dy-
namical field λ coupled to a scaling matter sector with tree-level scaling powers as in the
action (2.1), and a locally vanishing trace Tµ

µ = 0. We can infer the structure of the ac-
tion for λ by observing that we can get the scaling powers of the matter sector by starting
according to [12] with an Einstein frame effective action in a spontaneously broken CFT

3For an interesting discussion on incorporating global variables in a path integral, see [11].
4More explicitly, the sequestering cancellation in (2.9) depends on the precise prefactor 1/4 on the r.h.s.

of (2.8) which in turn arises from the particular combination of the tree-level λ-scaling powers in the matter
action. Since quantum corrections from all λ-coupled matter fields will change these scaling powers, the
coefficient 1/4 in (2.8) will get corrected, destroying the sequestering cancellation.

5At this level, imposing e.o.m. for λ is on the same footing as imposing e.o.m. for the (Planck) mass, which
is not done in conventional QFTs. To see this, absorb λ into the metric, which gives the action in Jordan
frame. The action is then S = SEH/λ

2 + Ŝm, where SEH is the Einstein-Hilbert action and Ŝm = SΛ + Sm.
Now λ can be absorbed into the Planck mass to define the physical Planck mass Mphys

Pl = MPl/λ, such that

a variation w.r.t. λ is like a variation w.r.t. Mphys
Pl in another frame.

– 4 –
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containing the dilaton Σ in the metric ĝµν ≡ e2 lnΣgµν . Under global Weyl transformations
of the original metric

gµν → λ2gµν ≡ e2σgµν , (2.10)

the metric ĝµν is invariant provided that the dilaton shifts as

lnΣ → lnΣ− σ . (2.11)

The action that is invariant under global Weyl transformations then reads

S̃ =

∫

d4x
√

ĝ

[

1

6
R̂− Lm(ĝµν ,Φ)

]

. (2.12)

For simplicity, we have absorbed a bare matter sector CC Λ into the matter Lagrangian since
they share the same tree-level λ-scaling power.

If we allow for local Weyl transformations, σ = σ(x), we can use (2.11) to shift away
the spacetime-dependent field Σ, which removes the Σ-dependence from ĝµν . So let us review
the behavior of (2.12) under local Weyl transformations (2.10). The results can be found
in textbooks, see e.g. appendix D of [13]. We use ∇ for the covariant derivative with the
Christoffel connection Γ. Under the shift gµν → λ2gµν , the Christoffel symbols shift as

Γγ
αβ → Γγ

αβλ
−2 1

2
gγδ(gβδ∂αλ

2 + gαδ∂βλ
2 − gαβ∂δλ

2) . (2.13)

As a consequence, the Ricci tensor

Rµν = Rρ
µρν = ∂ρΓ

ρ
νµ − ∂νΓ

ρ
ρµ + Γρ

ραΓ
α
νµ − Γρ

ναΓ
α
ρµ (2.14)

shifts as

Rµν → Rµν − 2∇µ∇ν lnλ− gµνg
αβ∇α∇β lnλ+ 2(∇µ lnλ)(∇ν lnλ)

− 2gµνg
αβ(∇α lnλ)(∇β lnλ) ,

(2.15)

where we used that gµνgµν = 4. Finally, the Ricci scalar R = gµνRµν shifts as

R→ λ−2[R− 6gαβ∇α∇β lnλ− 6gαβ(∇α lnλ)(∇β lnλ)] . (2.16)

We now insert this in the action (2.12) whose integral measure transforms as
√
g → λ4

√
g.

As a last step we perform an integration by parts to get rid of the ∇α∇α lnλ term in (2.16).
Using the identities

∇α lnλ = ∂α lnλ , ∇α∇α lnλ = (∂α + Γγ
γα)∂

α lnλ , ∂α
√
g =

√
g Γγ

γα , (2.17)

the Christoffel connection cancels against the derivative of the measure, such that we arrive
at the Jordan frame action

S =

∫

d4x
√
g

[

λ2

6
R+ λ2(∂ lnλ)2 − λ4Lm(λ−2gµν ,Φ)

]

=

∫

d4x
√
g

[

λ2

6
R+ (∂λ)2 − λ4Lm(λ−2gµν ,Φ)

]

.

(2.18)

– 5 –
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The appearance of λ takes the precise form of the effective action of a theory with scale invari-
ance broken at some scale f given by 〈λ〉.6 Note that the crucial difference to the theory given
by eq. (2.1) arises by demanding λ = λ(x) to be a local and dynamical quantity implying that
local Weyl transformations have to act on the metric that R depends on as well. Otherwise
λ would not acquire a kinetic term and could not become a part of a fully local QFT, i.e. of
a spontaneously broken CFT. In such a theory there is the Goldstone boson of spontaneous
scale invariance breaking, namely the dilaton Σ, and scale invariance determines its effective
action below the scale f . Indeed, we can choose a gauge where σ = lnΣ, thus absorbing the
dilaton via (2.11) into the Weyl transformation of the metric. In this gauge we can write
λ = 〈λ〉Σ = fΣ according to (2.10). The resulting effective action below the scale f then reads

S = f2
∫

d4x
√
g

[

Σ2

6
R+ (∂Σ)2 − κf2Σ4

]

. (2.19)

This action is invariant under scale transformations of the metric gµν → Ω2gµν if at the
same time mass scales like f transform as f → Ω−1f and the associated canonical dilaton
transforms as φ = fΣ → Ω−1φ. By comparing with (2.18), we see that λ is the dilaton of
spontaneously broken scale invariance.

This match is not accidental for the following reason. We started above by demanding
a local action with local invariance under λ-scalings and demanding Tµ

µ = 0. One can show
that any unitary QFT with conserved Tµν which also has vanishing trace Tµ

µ = 0 possesses a
local scale symmetry with the conserved scale transformation current jµ ∼ TµνX

ν [14, 15].
Hence, under our assumptions the theory must have at most spontaneously broken scale
invariance which forces it to take the form discussed above.

Moreover, it has been proven in recent years that any 4D Poincaré invariant unitary
QFT with scale invariance has full conformal symmetry at the perturbative level [12, 14–
16]. Therefore, under our assumptions removing the manifestly global σ-function forces the
complete matter sector of the theory to take the form of a conformal field theory (CFT) with
spontaneously broken conformal and scale invariance.

Finally, we note that in a scale invariant or conformal field theory the scaling of
f → Ω−1f or correspondingly λ→ Ω−1λ under a scale transformations of the metric forbids
any potential terms except for the quartic self-coupling and in particular a cosmological
constant term. Hence, all quantum corrections to the vacuum energy of the theory can be
absorbed into renormalizing the quartic self-coupling. In the absence of gravity, the dilaton
always runs to zero for κ > 0, restoring conformality. For κ < 0 the dilaton runs away to
infinity and the theory is ill-defined. So the spontaneously broken phase requires a tuned
κ = 0.7 This implies the well-known statement that in a spontaneously broken CFT or scale
invariant theory the full quantum-corrected CFT sector cosmological constant vanishes in

the absence of gravity [21]. In the presence of gravity (which we take to be non-conformal;
at any rate no quantum-conformal field theory of gravity is known above two dimensions)
this situation changes due to the conformal anomaly [12, 22, 23]. Coupling the CFT to
gravity causes the anomaly to dictate a finite contribution to Tµ

µ from all CFT vacuum
energy diagrams without internal graviton lines which scales like

Tµ
µ = O(R2) , (2.20)

6We have absorbed the UV mass scale M̂ implicitly present in the action eq. (2.12) into our definition of
λ here.

7Attempts to avoid or explain such a tuning exist in a non-normalizable case [17] and from a five-dimensional
perspective in [18, 19]. Furthermore, see the elaborate analysis of [20].

– 6 –
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where R2 symbolizes the various quadratic invariants built from curvature tensors. Hence,
if all contributions to the vacuum energy are controlled by the anomaly, the vacuum energy
is parametrically small for large universes.

Note that once scale invariance is broken, we expect the dilaton to acquire a mass
from quantum effects of the gravitational sector, since all quantum field theories with GR as
their low-energy limit constructed so far seem to break conformal symmetry at the quantum
level (there are no quantum conformal theories of gravity known). Moreover, the role of
Goldstone’s theorem in ensuring the massless of the dilaton is somewhat different with respect
to scale invariance, that is, a non-compact local symmetry, rather than a compact global

internal symmetry. There are mechanisms that can ensure a naturally light dilaton, see
e.g. [18, 19]. So for the dilaton to remain light, one has to apply such a mechanism or some
other, yet unknown, mechanism, that keeps the dilaton naturally light.

The cosmon scenario [24–26] is also based on ‘dilatation symmetry’ and the generation of
scales via the conformal anomaly. Let us reiterate the differences between the cosmon scenario
and our approach. In the cosmon scenario, both the Planck mass and the cosmological
constant are vevs of some scalar field in Brans-Dicke theory with a ‘dilaton/cosmon’ and
a Higgs doublet as a starting point [25]. The outcome is that particle masses are time
dependent, and the anomaly responsible for the generation of scales depends on the cosmon
and the Higgs field. This is certainly a much more advanced program than our proposal.
It also addresses many fundamental questions about the CC and even allows for a viable
quintessence model [26]. In our case, by limiting ourselves to the matter sector only, our
Planck mass is not an induced quantity, and therefore, we cannot address the full CC problem.
We therefore do not have a prediction for the dilaton mass. On the other hand, the masses
in our scenario will not be time-dependent, and the anomaly is given by the gravitational
anomaly only, i.e. schematically by terms like eq. (2.20).

Let us make a final remark on the approach discussed in [10]. There the authors use
non-dynamical auxiliary 4-form field strengths F4 and G4 to enforce the global nature of
Λ and λ. However, making the auxiliary 4-form field strengths dynamical by inclusion of
their kinetic terms F4 ∧ ⋆F4 and G4 ∧ ⋆G4, respectively, this model maps into the same class
of effective actions of spontaneously broken scale-invariant theories. To see this, it serves
to note that in four dimensions upon including the kinetic term the solution for G4 from
Poincaré invariance is G4 = φ(x)ǫµνρσdx

µdxνdxρdxσ, which introduces a dynamical field φ
that becomes effectively the dilaton of spontaneous scale symmetry breaking.

3 Conclusions

We studied a local version of the sequestering mechanism for the vacuum energy as proposed
in [3, 4, 10]. As a first approach we treated the field λ, whose e.o.m. lead to the sequestering
mechanism, as a global field but disposed of a global function σ which was included in the
original mechanism. We argue that this approach is inconsistent within the standard rules
of quantum field theories.

We then investigate the case where λ is fully local, i.e. where we take the local e.o.m.
of λ and add a kinetic term. In this case λ plays the role of a dilaton and the action
takes the form of a 4D CFT. In such theories the cosmological constant stays zero even
after spontaneously breaking the CFT (or more precisely the scaling symmetry). Hence,
any reasonable, local version of the global sequestering mechanism put forward in [3, 4] will
lead to the matter sector of such a theory taking the form of spontaneously broken CFT.

– 7 –
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The matter sector vacuum energy is then no longer fully sequestered, but can be small by
virtue of being controlled by the conformal anomaly and thus occurs at higher order in the
background curvature.

Phenomenologically, all such theories predict a massless or very light dilaton scalar
degree of freedom which we do not observe and imply a very large breaking scale f . It is
an open question whether further symmetry breaking patterns can be invoked to give the
dilaton a mass without destroying the control of the matter sector vacuum energy by the
conformal anomaly. Furthermore, it remains to be seen whether the scales of the SM can be
made consistent with the scale of the CFT breaking.
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