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ABSTRACT

While N-body simulations suggest a cuspy profile in the @npfrthe dark matter halos of galaxies, the majority of aginoical
observations favour a relatively soft cored density distibn of these regions. The routine method of testing thevemence of
N-body simulations (in particular, the negligibility of babody scatteringféect) is to find the conditions under which the shape of
the formed structures is insensitive to numerical pararaefiehe results obtained with this approach suggest a simgly minor
role of the particle collisions: the central density proféenains untouched and close to the Navarro-Frenk-Whitpesteven if the
simulation time significantly exceeds the collisional xalion timer,. In order to check the influence of the unphysical test body
collisions we use the Fokker-Planck equation. It turns bat & profileo « r whereg ~ 1 is an attractor: the Fokker-Planck
diffusion transforms any reasonable initial distribution iiita a time shorter than,, and then the cuspy profile should survive
much longer than,, since the Fokker-Planck filision is self-compensatedgf~ 1. Thus the purely numericaffect of test body
scattering may create a stable NFW-like pseudosolutiomebler, its stability may be mistaken for the simulationwegence. We
present analytical estimations for this potential bifiea and call for numerical tests. For that purpose, we suggsisnple test that
can be performed as the simulation progresses and woulchiedihe magnitude of the collisional influence and the vigrac the
simulation results.
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1. Introduction 2011; Governato et al. 2012; Tollerud etlal. 2012). The confli
between the simulations and the observations calls fotiaddi
verification of the simulation accuracy and convergence.

N-body simulations is one of the most prominent methods of

investigation of the universe structure formation: the ptaxr-

ness of the task makes any detailed analytical consideratio 1.2. N-body simulations and relaxation processes
) most hopeless. The rapid growth of computational capgjég

= well as the algorithm improvement, have made the progresstife idea of N-body simulations is to substitute real dark-mat
this field really impressive. Despite of it, there are stilffid ter particles by heavy test bodies, so that the averagetgensi

«— ‘culties to be solved: the problem of the density profile in themains the same. It allows to decrease the number of ticl
central region of formed dark matter (DM) haloes is probabhhd make the task calculable. In order to avoid unphysicakcl

« ‘the most important and intriguing among them. N-body siméncounters, the Newtonian potential of the bodies is cuhorts

- lations always suggest a very steep, cuspy profile in the cefistances: potential is set to be constant inside somesadiu

.= ter (Navarro-Frenk-White (hereafter NFW) or Einasto withth The initial conditions of the cosmological simulations asi-

>< power index (Moore et al. 1999; Neto ef al. 2007; Stadel'et ally chosen as a random Gaussian field, so that they model the

s 2009; Navarro et al. 2010)). The NFW profile, for instances haeal initial cosmological perturbations. Then the systeeelfy

o™ 1.1. The ‘cusp vs. core’ problem

4v

(T an infinite density in the center evolves forming structures, including haloes of variousses.
It is important to mention that, though the total number st te
3 : .
o= psl's ) particles exceeds 10° at present, a single formed halo rarely
r(r +rs)? contains more thar 10° simulation particles in this type of
_ _ __ simulations.
Meanwhile, observations strongly favor a cored profile, i.e ]
a respectively shallow density distribution at — 0O It was shown inl(Baushev 2014, 2013a) that the energy evo-

(de Blok et all 2001; de Blok and Bosima 2002; Marchesini et ition of the system plays the key role in the cusp formaten:
2002] Gentile et al. 2007; Baushev 2011; Chemin &t al.|2011)core inevitably occurs in the center, if the energy relaatf
The cusp disappearance might be accounted for by the inflje system is moderate; a significant part of the halo pesticl
ence of the baryon component. However, observations stiggg¥uld change their energies many ¢;r) times with respect
that the cusp is absent in dwarf satellites of the Local Grotfpthe initial values, in order to form a cusp. This requiretrie

galaxies having only a very minor fraction of baryons (Ohléet dather weak in the case of galaxy clusters with low NFW concen
trations €,i; ~ 3—6), butimplies the energy change by at least an

Send offprint requests to: baushev@gmail.com order of magnitude in the case of galactic halags & 12— 20).
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A dark matter halo has several ways of relaxation. Firstlof athe halo center. ConsequentlyAnis finite, but not equal to 0 at
the baryon matter canffact this process, though dwarf galaxf = 0. For reasons of symmetry, \ahas an extremum at= 0
ies have only a tiny fraction of the baryons and show no cusgsd so cannot cannot be a sharp function near this point in the
(Oh et all 20111). However, even a purely collision-less DNbhavery general case. In the important instance of NFW profile In
may relax very fectively via the so-called violent relaxationis quite constant, as we could see. For a halo of concentratio
(Lynden-Bell 19617). The essence of this mechanism is simptg, = 10 and a typical valug ~ 10~3R;;; we obtain InA ~ 6.
when the halo collapses, strong density inhomogeneitass{c The relaxation timer, is roughly defined by the moment
tics etc.) should appear. The inhomogeneities generateali- snwhenAv? ~ v?, and we obtain fron{{2)
scale gravitational field, that is a mediator of the energy ex
change between particles. Analytical calculations shat time . N(r) r 3)
mechanism can be veryfective in the center of the halo. How-""~ 8InA v
ever, the violent relaxation 'works’ only during the haldlapse:
the formed halo has a stationary gravitational field. Moegpv Since real DM haloes contain 10° particles, the collisional
the dficiency of the violent relaxation rapidly drops with radiugelaxation plays no role there. On the contrary, the numbigexso
(Lynden-Bell 1967). bodies in a separate halo is relatively small in simulati@msl
Here we investigate an another, quite unphysical, relamatithe unphysical relaxation may be important on the simutatio
mechanism: the pair collisions of the test bodies. In thes cdgmeto.
of real systems this process is completely absent: thectearti
mass of real dark matter is so small that their gravitaticos 1
lisions play no role, as we will see below. On the contrarg, th
test bodies are quite massive 10°° of the total halo mass) andThe main purpose of the convergence test is to find the maxi-
may efectively collide redistributing their energy and momenmum ratioty/7, whereby the density profile is still not corrupted
tum. In reality, where the dark matter particles caxryl0®° by the collisionsz; rapidly grows with radius: the influence of
halo masses, this process is irrelevant. So, do N-bodysimi the collision relaxation may still be negligible on the halat-
contribute to cusp formation in N-body simulations? skirts, but already significant in the center. So we may thire
An exact investigation of the collision influence is a veryhe convergence radiusy,, of a halo at giverty, so that the
complex task: it requires careful consideration of theipkert collisions are already significant insidgy,, but the simulated
velocity and spatial distributions. However, a simple (quite density profile is still reliable for > regn,.
reliable) and commonly-used method to estimate the cofigi Of course, this aspect of the N-body simulation convergence
relaxation time is to use 'characteristic’, averaged valokthe has been explicitly explored; we mention here only a few work
particle velocitiesv and radiir, instead of real distributions of the vast literature. Because of the lack of reliable atizy
(Binney and Tremaimne 2008, eqn. 1.32). Substituting thé&airb predictions of dark matter distribution near the halo cente
timer /v into this equation, we obtain: main method of the tests is to find the conditions under which
the structure of simulated halos is independent of numigosa
(Av) 0 (A®)  8%InA v @) rameters. Moore et al. (1998) found thgh, ~ Rir/ VN,ir (Riir
st st N(r) r andN,;; are the virial radius of the halo and the number of the
test particles in it), and so.,,, should contain thousands test
HereN(r) is the number of particles inside radiudn A is the particles! Ghigna et al. (2000) gave a similar estimatiothef
Coulomb logarithm. Generally speaking,Andepends on ra- particle nhumber, but emphasized thas,, should exceed the
dius. According to Binney and Tremaine (2008, chapter }.2.5moothing radiug by no less than a factor of three. On the
In A = byax/bmin, Wherebmax andbp,, are the characteristic max-contrary, Klypin et al.[(2001) suggested that it could beuwgyio
imum and the minimum values of the impact paramdtgy, is to have~ 200 simulative particles insideq,, if we properly
the maximum radius where the surface denbity)/nr? of the chose other simulation parameters. Klypin etlal. (2013)smbn
test bodies can be approximately considered as con$tgnts ered the density profiles of subhaloes and found that evE®0
defined by the radius where either the assumption of a dinait- test particles can be enough in this case, because of the rela
trajectory breaks, or the newtonian potential is no longgidv tively small number of crossing-times of dark matter in thb-s
Since InA depends orbmax andbmn only logarithmically, it is  haloes! Diemand et al. (2004) argued for the opposite: tioe tw
usually enough to make rough estimations of these quasititibody collisions in the subhaloes can be fieeive that it &ects
For a stellar system Binney and Tremaine (2008, chaptet)l.2he whole hierarchical structure formation.
estimatepax ~ R,ir andbmi, =~ bgg, Wwherebyg is the 90 degree However,[ Power et all (2003) remains the fundamental in-
deflection impact parameter. ThAn= R,y /bgo = R,rv?/(Gm) =  vestigation of the N-body convergence; the criteridfeed by
N, and this is the estimation of applied by Power et al. (2003).this paper is routinely used in modern simulations to deiteem
In the case of N-body simulationggy should not be smaller rq,, (See, for instance, (Navarro etlal. 2010)). In order to deter
than the smoothing radiys Second, the surface density rapidlynine ron,, [Power et al.|(2003) considered the time dependence
drops at the halo edge. Let us consider the center of NFW erofif the overdensity at some radiugi.e., the ratio of the average
(@), wherep o« r~1: then the surface density(r)/ar2 remains density inside radius from the halo center to the average uni-
constant up to = rs, andbyax = rs. SOA ~ rg/o in this im- verse density). It was found that a cuspy profile (clogedor 1)
portant instance; Klypin et al. (2013) obtain&d= 3rs/o, i.e. A forms fairly rapidly in the center, and then the density casit
in the center of an NFW halo depends almost not at all on r@mains almost constant up to, at ledagtz 1.77 (Power et al.
dius. The dependence may be more significant for other pspfilé2003) used relaxation time, based 6h (3)). So the critesfon
however, IPA cannot be a strong function of radius in the centraly,, offered by Power et al. (2003) 13 > 0.6tp. Such a large
region: it depends obmax andbyn only logarithmically. More- ratio (to/7r ~ 2) seems surprisingly high: actually, it means that
over, the gravitational friction force acting on a partjoléhich test particle collisions have littlefiect on the simulations even
is proportional to I\, is apparently neither zero nor infinite inat a time interval exceeding the relaxation time. Howevevais

.3. Convergence
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found in further convergence tests that the criterion migit The last equation defines the one-to-one relation between th

even softer: the NFW-like profile in the center survives aimocharacteristic values afandp, and we may use instead ofr.

unchanged many times longer than the analytical estim&atbn In particularpy = p/u. Considering all particles contained within

7. (Hayashi et al. 2003; Klypin et gl. 2013). If one accepts staadiusr, their momentum distribution can be calculated as

bility of the profile as a proof of convergence, it leads to ayve 6

optimistic appraisal of the central resolution of N-bodyasla- p\#

tons. NG = o ) ®
The aim of this paper is to show a potential pitfall of the »

above-mentioned numerical methods of the convergenca tesl _dN(p) (6-28)No ([ p \**

The very fact of the simulation results converging to sone-’s ) = dp ~ (2-B) lﬁ /E

tionary’ (or quasi-stationary) solution does not guaratiet the

results have converged to a physical solution. Indeed, vile wi o o

show that test body collisions may result in the persistentio 2.2. The effect of collisions on the momentum distribution

rence of the steep NFW-like central profile in numerous Nyboerhe collisions lead to a sort of filision of the test bodies in

simulations. If this is confirmed to be true, the above-n@Ted {he phase space. Since the close encounters are excludeel by t

criteria of convergence (like; > 0.6t), routinely used in liter- qtential smoothing, the evolution of distribution fureetin(p)
ature, would significantly overestimate the central resofuof  can pe described by the Fokker-Planck equation:

N-body simulations.

I

9)

on d (- 0
AP = o)+ S tenco (10
2. Calculations P P
2.1. The momentum distribution of the test bodies where
Let us consider test body collisions in the center of formaioh A — Ap) - #@ B = (Ap?) - “_2 (Av?) (11)
We suppose a power-law density distribution in the cepter ot ot 26t 2 ot

r=? (it is important thapg < 2). Then the number of the bodie - : ~
enclosed inside radiusand the halo mass depend on the radiTEUbSt'tu“ng here equatiorid (2), we obtaim: 0 and

as: _28
4p3InA 4PD3InA [ p \ %

r\¥* r\*# B= ruN - rp,No ,u_d) (12)
NG =No( ] T M =1 @

b b The difusion flux of the particles is (Landau and Lifshitz 1980)
wherey is the test body mass; is the radius where the central 3 P
profilep ~ r breaksjy, = rs in the case of NFW profile. The s = —An(p) — —[Bn(p)] (13)
gravitational potential is ap

N 28 ) 28 Since our task is one-dimensional, the number of particlesse

#(r) = G2 (L) __ 2 (L) (5) ing the surfacep = const (or, what is the same in view of one-
(2-PB)ro \p (2-p)\ro to-one relation[{7)r = const) in a unit time isdN(r)/dt = —s.
Substituting eqn[{12) foB and eqgn.[(9) fon(p) into (13), we

N .
Assumingé(0) = 0 and designating = GuNo e toriow 0PN

6 s
the simplifying method applied by Binney and Tremaine (3008 . 16(3-53)(1-8) ®InA ( p \ ** 14
to obtain equation{2): instead of exact distribution fumrts, —S= 2-p)2 o \u® (14)

we will use characteristic, averaged over time values ofi-par

cle radiusr, velocity v and momentunp = . In the frame- In order to estimate the timescatg, influence of collisional
work of this approach the task becomes one-dimensional: ghigusion on the density profile, we should consider the ratio
system state is totaly defined by a single functit(n) depend- of the number of particles flused through radiusin simula-

ing on the only coordinate (for instance). Of course, the haldtion time tp to the particle numbeN(r) inside this radius, i.e.
center is virialised. The average kinetic energy of a plerii€ 7. = N(r) /|% . Substituting herer(r) instead ofN(r) in

e = P*/(2u), the average potential org = u¢(r). Potential(B) accordance with{3), we obtain fromi{14)

is a power-law of index (2 B): according to the virial theorem

(sed A),& ande, of a particle being in finite motion in this field S (2-p)? . (15)
are bound T 2@-AIL-4"
& = 2 _ﬂep (6) Itis remarkable that the typical evolution time in unitsrofde-
2 pends only o8, and not on radius.
So Obviously,t¢q > 7, for 8 ~ 1, implying that the system
evolves very slowly on account of collisions, despite baint
P 2-B u®? (r 2-p lisional, if the profile is approximately o r~1. This result sug-
Z =5 2-5) (r_) gests that stability of a=* profile does not guarantee the absence
b of collisional efects. In fact, collisions might provide a stabfé
L , density profile. Moreover, profile « r~! is a sort of attractor:
ry 2 p \** we may see fronf(14) that thefflision flux changes its sign at
P=r® (E) r=r (E) ™ B = 1. If the profile is shallower tham o r2, the flux is pointed
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crepancy does not seem very significant. First, the conneyge
4- radiusr o, typically contains hundreds or thousands of test par-
ticles in the case of N-body simulations, and so the stedikti
noise is rather high and does not allow to reconstruct the den
34 sity profile and determing atr ~ rqy,, very precisely. Second,
the model |[(Spitzer 1987; Quinlan 1996) is also not precise: i
calculates the diusion codicients in the local approximation
< o (which is hardly suitable for an N-body halo at~ rgo,, with
only a moderate number of particles inside) and disregéuels t
potential smoothing. Finally, there is affext that shallows the
14 attractor profile, making it even closer to NFW.

t/t

0 3.2. The cusp disappearance att ~ 50r,

0,0 0,2 0,4 0,6 0,8 1,0 1,2 1,4

As was emphasized in (Evans and Callett 1997), condgierd
B (i.e., the cessation of the Fokker-PlancKaion) means the dy-

_ i i namical, but not thermodynamical equilibrium of the system
Fig. 1. The timet, the central power-law profilp o r” takes to be The fy|| Boltzmann equation has the only stationary sohutio
significantly changed by Fokker-Plancifdsion (in units of relaxation __ e jsothermal sphere. The Fokker-Planck equation is ob-
time 7, see eqgn.[(15)). As we can sgeﬁ@gmﬂcantly difers from tained b ding the full Bolt llision intearaa
1, the profile evolves towards « r=! in a time shorter than,. On aine , Yy €xpanding the Tull boftzmann collision integriaia
the contrary, profile o« r~* survives for a much longer time intervaITaylors series and qfopp'”g out all the terms beYO”d second
(to > 7). order (Landau and Lifshitz 1980). Therefore a stationafty-so

tion of the Fokker-Planck equation is not obligatory stadity

with respect to the full collision integral. Indeed, thetpde ve-
towards the center and tends to sharpen it, and vice veestiygh locity dispersion (and so the 'temperature’) drops towahds
shallows a profile withs > 1. Fig.[1 illustrates the characteristichalo center for any density profile softer thanx r=2 (see, for
time necessary for the central part of the system to conwergeinstance, the first part of equatidd (7)). So the NFW-likeusol
wards thep « r~1 profile. As we can see, # significantly diters tions, like those considered in this paper ot in (Evans ant&@o
from 1, the profile evolves in a time shorter thanOn the con- [1997), have a nonuniform temperature distribution, ancptire
trary, profilep o« r~* may survive for a much longer time intervaticle collisions should still redistribute energy, leaglito addi-

(to > 7). tional transport processes. However, the fact that we densi
stationary solution of the Fokker-Planck equation resultan
important consequence: the main terms of the collisiorgirate

3. Discussion are self-compensated in this case. So the transport pexess

ossible, but they are caused by the higher-order termseof th

Sllision integral, which are notably smaller. The attoacso-

lutions should survive for much longer than any other céntra

distribution, i.e. for much longer thaty. However, they are fi-
nally smeared out by the kinetic terms of higher orders.&the
process is caused by the collisions and by the nonunifortri-dis
bution of the system 'temperature’, thi§ect may be considered

3.1. The immanence of a NFW-like attractor solution as an 'additional thermal conductivity’.

We can estimate the lifetime of the NFW-like attractor pro-

Of course, our model was rather crude: we considg@sia con- files. According to[(Evans and Collétt 1997, eqgn. 22), thet hea

stant: so we can only ascertain the characteristic imehiicw flux Q = dE/dt towards the center in the case of the attractor
the profile will significantly change, and the direction obky  solution is

tion, being unable to follow the evolution in time. Moreovee

used 'characteristic’, averaged values of the particlecitesy 25r log A ug®?(r)

and radiir, instead of real distributions; our analysis certainl@ = 7682 r

fails if r < 0. This simplified approach allowed us to follow

exactly the collision estimation method utilized loy Poweale |n the case under consideratigr: 4/3. With the help ofl(B), we

(2003) and to make the calculations short and obwous.. can estimat@(r) ~ %ﬁ = 312 and the total kinetic energy of
However, the presence of a NFW-like attractor solutjor( p2 2 )

r#, whereg ~ 1) in the halo center seems to be an immanefite particles inside radius Eqi(r) = N(r)“-. Substituting these

result of the particle collisions, independent on the sifigak  estimations and equatiod (3) farinto C[GZ) we obtain:

tions we made. Indeed, (Spitzer 1987; Quinlan 1996) conside

a spherical star cluster with the distribution function eleging _ 25n V3 Eg(r)

only on energy and time (so the velocity distribution is ased Q= 8192 1,

to be isotropic). The diiusion codficients of the Fokker-Planck

equation are evaluated in the local approximation. Thobgh tThe ratiory, = Eit/Q gives the time scaley on which the

equations are much more complex in this case, an attractor 'salditional heat flux’ significantly fiects the system. The 'heat’

lution, very similar to that obtained in this paper, occusaeell relaxation time is much larger than the collisional ong, ~

(Evans and Colleit 1997). The onlyfiirence is that the power60r,, and this ratio does not depend on the radius. As we can see,

index isg = 4/3 instead of NFW's valug = 1. However, the dis- the attractor solutions survive much longer then However,

Thus we have come to the main conclusion of this paper: tE
very fact of the simulation results converging to some istat
ary’ (or quasi-stationary) solution does not guarante¢ the
results have converged to the physical distribution. Nicaér
effects may also create some stable pseudosolutions.

(16)

17)
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they are eventually smeared out by the higher order terntseof the halo becomes stationary, and the total energy of eaticlpar
kinetic equation at tens of relaxation times. remains more or less constant. There are several factdrsaha
Indeed| Hayashi et al. (2003) and Klypin et al. (2013) repoyet dfect the particle energy distribution of the formed halo.
that the NFW-like cusp smears out, whigmeaches several tens
of 7;. They considered thigkect as the first sign of the influence
of the test body collisions. However, our calculations ssig
that collisions become important much earliettpat 7, : it may,
in fact, be the collisions that form the cusp itself. The srimea
of the cusp atp ~ 50 may be a result of the 'additional thermq
conductivity’: the characteristic time and the sense ofiteeess
coincide. The additional heat flux, being also a result oftés¢
body collisions, is much slower than the Fokker-Plandfudion v
and becomes important approximately 50 times later. ‘
Thus the property that the particle encounters form a cusfifie first four items correspond to quite physical phenomena,
NFW-like profile in the center of the halo in a time intervalr,  while the fifth one is purely numerical and should be avoided.
seems to be quite general and model-independent. Sincis thias we could see, the collisions appear to be the most impiortan
an attractor solution, the profile will survive fty > .. How- in the halo center, so we should focus our attention on tleia.ar
ever, considering that the process is driven by the unphlysiThe central region contains few if any subhaloes, as thetypre
test-body collisions, it would be an artefact of the simiolas. ically tidally destroyed. The tidal influence of the nearlalds
The NFW profile may still be valid. If the halo concentratien iis minor because of the smallness of the region comparirtgto t
small Gir ~ 3), p o r~1 profile occurs at large radii, where cerhalo size. We can completely avoid the influence of late accre
tainly ty < 7, and the collisional relaxation has nothing to déion (item[l) and the tidal influences by considering an itada
with it. Perhaps, the violent relaxation (as we could seé&romg halo. Moreover, even in the case of more sophisticated simul
energy relaxation is mandatory to form the cusp) may form thiens containing many haloes, the fraction of matter aecrén
same profile even closer to the center, whgre 7.. However, the central area after the main relaxation and the presdiscdo
the simulation results require further verificatiortgf~ 7;: the halos are easily measurable. Thus we may estimate the ioéuen
Fokker-Planck dtusion may produce the same profile as welbf factordJFII.
Since there is no obvious way to distinguish these two ps&®s  In the end, we may wish to discriminate between the physi-
the criterionty < 7, seems to be the only reliable condition otal processTV and the unphysical prodess V. In the followieg
the negligibility of the unphysical numericaffects, while cri- propose an independent test of the absence or presenceiff sig
teriont, > 0.6ty (Power et al. 2003) significantly overestimategant test-body collisions in numerical simulations, thah be
the resolution of N-body simulations in the halo center. performed in real time as the simulations progress. Firstllpf
we should determine the total energyf each particle at the
moment, when the halo has just been formed, and its gravita-
tional field becomes stationary. A marker of this moment doul
Our suggestions could eliminate the 'cusp vs. core’ probletve the attenuation of initial density waves and causties the
which actually appears mainly on the scale of galaxies aratfdwabsence of rapid oscillations of the density profile and tiaig
satellites. First, N-body simulations results come intoftict tational potential at the halo center. Then we can extraot he
with the observational data only if soft criteria like> 0.6ty are  particle distribution over the fractional variatiaxe/e of their
true. As we saw, we probably should use a more conservatiotal energies as a function of time and the average radius of
criterionty < 7, which increases several times the convergenparticles. The fiects of processés ]V afd V on the energy evo-
radius. Then the numerical resolution can be just too loweto dution differ drastically. Proce$s ]V leads to a slow regular shift
solve cores in the centers of the galaxy haloes, that arealpi of the particle energies. The energies of the bodies witlilaim
a few percent of the virial radius. orbits evolve alike. On the contrary, procgss V leads totsec
Second, a supposition of the moderate energy relaxationtisfvariations of the particle energy. The relative energgrge
galactic haloes inevitably leads to the central profile fiigbb- Ae/e should have a near-Gaussian distribution with dispersion
servational data much better than the cuspy profiles sugiibgt o roughly proportional tovt, i.e.o ~ it/7, « Vi/N(r). The
N-body simulations: the profile has a core, an extensiveoregienergy evolution driven by the unphysical test body calhisiis
with p o r=2, and the product of the central density and the costochastic and can be distinguished from the physical pssse
radius is almost independent of the halo mass (Baushev 2018ke (V). A more sophisticated method to investigate thitu-
On the contrary, N-body simulations suggest a very strong ence of the collisions is to consider the adiabatic invdsiasso-
ergy relaxation of the system (Moore etlal. 1999; Stadellet alated with the particles. Indeed, the quanti%‘eﬁdqi (whereq;
2009). However, we could see that the residual test bodjr coind p; are a generalized coordinate and the corresponding gen-
sions might boost the energy exchange in the halo centdiniga eralized momentum of the particle) are conserved, if theigra
to disagreement with the observations. tational field changes slowly (Landau and Lifshitz 1969).t0m
Thus the criteria based on the stability of the central gepfilcontrary, particle collisions should lead to accidentalatéoons
like (Power et al. 2003), seem to be questionable. The abs#ncof the adiabatic invariants.
the collisional relaxation is guaranteed onlygf< ;. A ques- One can €er several practical ways to test the influence of
tion appears: how can we quantitatively estimate the inflaerthe unphysical particle collisions in real N-body simubats.
of the collisions and optimize the limit fdp/7.? The most di- Any method has its strong and weak points. We can consider
rect way is to consider the evolution of the total particlergly standard cosmological simulations containing many hatas a
€ depending on their average radius and time. Indeed, viol@hbose a halo of interest. Then we need to find a morgent
relaxation is &ective only during the short interval of halo col-when the halo density distribution becomes almost stationa
lapse [(Lynden-Bell 1967), after which the gravitationaldief Even the most massive halos are quite formed at 1 in the

I. An already formed halo may gravitationally capture more
substance from the surroundings (Wang €t al. 2012; Baushev
2013b). The accretion of the additional mass can lead to the
'secondary violent relaxation’

'I. Tidal influence of the nearby halos

I. The substructures

IV. A slow evolution of the formed halo, like its concentiati
growth

Unphysical test body collisions

3.3. How to test the veracity of the simulation results?
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ACDM cosmological model. We remind that 1 corresponds tivity of the density profile to the simulation parametersiat

to ~ 40% of the present Universe age, that is, a halo has a quassuficient criterion of convergence per se, and a more detailed
stationary density profile and gravitation field during thajon consideration of the phase evolution of test bodies is rsacgs
part of its physical age. Then we need to consider the enetgyudge the simulation reliability. We have proposed a samp
evolution of the test bodigg(t) — e(tin)/€(tin)l, as this was de- test that can be performed in any simulation code.

scribed above. A slow physical evolution of the halo, sucthas

concentration growth, leads to a regular energy changdasimi

for all the particles that can be easily estimated by theigra- Acknowledgements

tational potential change. A random walk of the particlerengsj, ncial support by Bundesministerium far Bildung und
gies undoubtedly reveals the influence of the unphysicai- C_Oetorschung through DESY-PT, grant 05A11IPA, is gratefutly a

sions. A possible diiculty of this method is the fact that halos in 5 ledged. BMBF assumes no responsibility for the costent
cosmological simulations are never spherically SYymmemits ¢ s pyblication. We acknowledge support by the Helnolt

significantly complicates the task making it three-dimenal.  ajjiance for Astroparticle Physics HAP funded by the Initi@
In particular, one needs to perform accurate calculatidribe 4 Networking Fund of the Helmholtz Association
gravitational potential going beyond the commonly-usdtesp '

cal approximation.
The second way to estimate the influence of the collisionsAppendix A: The virial theorem for the case of a
stationary isolated halo, such as Plummer, Hernquist, ipkOg
distributions [(Binney and Tremaihe 2008). The particlovigy Let us denote by andp; the three components of the particle
distribution and the density profile are time-independerthis radius and momentum. Then (we use the Einstein summation
case. There should be no relaxation, since the gravitdtimé convention: when an index variable appears twice in a single
is stationary. Therefore, any evolution of the distribatfonc- term it implies summation of that term over all the valueshef t
tion (in particular, the cusp formation) would be a cleansig index.)
numerical &ects.
Both above-mentioned testing methods are only applicabqw = xi% + pid_x. = —mxid—¢ +2T (A1)
for a formed halo and unsuitable for the halo collapse canmsid d dt dt dx;
ation. However, test body collisions may cause undesinaible . i d :
merical éfects during theycollapse as W)éll. Indeed, in the well1€r€ We took into account thé’a% =Fi = ~Mge and pitii—):'_ =
known case of Tolman collapse (the initial perturbatiorpises- Pivi = 2T, whereT is the particle kmetlgenerqy. We may intro-
ically symmetric and uniformp = const, the matter has no an-duce the time averaging of a quantyA = 1 fo Adt and apply
gular momentuml (Landau and Lifshitz 1975)) all the particlét to eqn[A.l.
reach the center simultaneously, and the halo density besom
infinite. In the instance of real initial perturbatigngrows to-  (piXi): — (PiXi)o d¢ —
wards the center and particle angular momentum is not gxactl t =-mX dx; +2T (A-2)
zero. However, in the very general case the initial density-c
trast is lowdsp/p < 1. The initial angular momentum is zerolf the particle motion is finite, §x;) is also finite, whilet can
(Gorbunov and Rubakv 2010), though it can be gained later g arbitrarily large. So, the left part of the equation ajpgttes
the tidal interaction. Therefore, the collapse dynamicsinisi- zero fort — oo. EQn[A2 may be significantly simplified, df is
lar in the early phase to the Tolman case, that is, any real halhomogeneous function, i.@(AXy, AX2, Ax3) = A2p(X1, X2, X3).
passes through a stage of high compression at the beginhinglwenxig_)‘z = ag. Sincemy is the potential energy of the particle
the collapse. Though the stage is fairly short, the testigart 11 we obtain
collisions may significantly redistribute the particle egg since
the collision rate is proportional §&. Thus the collisions of test 2 17 - T (A.3)
bodies make an unphysical contribution to the violent raimxa 2
in simulations. Moreover, a halo during the violent relacat
has a complex structure of the density and gravitationad.fie
The ability of simulations to model adequately the fine stru
ture of numerous caustics and other inhomogeneities bylg fai
small number of test bodies is questi_onable, while tfieiency References
of relaxation strongly depends on this. Thus the problenhef t ‘
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