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Abstract

REGAE is a small electron linear accelerator at DESY. In order to focus short and low charged electron
bunches down to a few µm permanent magnetic solenoids were designed, assembled and field measurements
were done. Due to a shortage of space close to the operation area an in-vacuum solution has been chosen.
Furthermore a two-ring design made of wedges has been preferred in terms of beam dynamic issues. To
keep the field quality of a piecewise built magnet still high a sorting algorithm for the wedge arrangement
including a simple magnetic field model has been developed and used for the construction of the magnets.
The magnetic field of these solenoids has been measured with high precision and compared to simulations.
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1. Introduction1

The Relativistic Electron Gun for Atomic Explo-2

ration (REGAE) is a small 5MeV linear accelerator3

at DESY in Hamburg, which produces short, low4

emittance electron bunches. It originally was meant5

for temporal resolving electron diffraction experi-6

ments [1, 2] only, but two further experiments are7

currently planned at REGAE. First, an external8

injection experiment for Laser Wakefield Acceler-9

ation (LWA) [3] will be performed in the frame-10

work of the LAOLA collaboration (LAboratory fOr11

Laser- and beam-driven plasma Acceleration). Sec-12

ond, as extension of the original experiment, a time13

resolved high energy Transmission Electron Micro-14

scope (TEM) will be set up.15

Both experiments require two strong focusing mag-16

nets inside a new target chamber before and af-17

ter the respective targets. Permanent magnetic18

solenoids (PMS) can provide the needed focusing19

strength due to their enormous surface current den-20

sity, while having compact dimensions at the same21

time. Since short and strong solenoids, as required,22

exhibit a distinct non-linearity, the induced emit-23

tance growth is comparatively large and has to be24

minimized as far as possible. Furthermore, the fo-25

cusing strength is not adjustable and 3D in-vacuum26
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movers are required for positioning the magnets.27

Due to the chosen movers a weight limitation for28

the magnets reveals as an additional requirement.29

Overcoming these difficulties PMS are an inter-30

esting alternative if a low energy beam has to be31

strongly focused.32

2. Design33

A strong focusing down to a few µm is needed34

for the external injection experiment as well as for35

a large magnification of the TEM. The investiga-36

tions of different designs have shown that a solenoid37

has to be as close as possible to the target position38

in order to achieve the required transverse beam39

sizes. Besides, a comparably large target chamber40

(diameter of 60 cm) for different experiments is re-41

quired. Hence we decided to go for a in-vacuum42

solution. Furthermore, taking a weight limitation43

of m < 1 kg due to the in-vacuum movers into ac-44

count a solenoid consisting of two radially magne-45

tized rings should be preferred over a single axi-46

ally magnetized ring [4]. A higher magnetic field47

and therefore a larger focus strength as well as a48

smaller induced emittance growth can be achieved49

since a two-ring design allows a larger influence on50

the field shape (adjustable distance between both51

rings d = 2 l1; see Fig. 1). In the particular case52

at REGAE, a reduction of the emittance growth by53
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Figure 1: CST magnetic field simulation of two radially mag-
netized rings (blue) and the conceptional wedge-based design
(lower right).

65% is feasible. The PMS dimensions (in mm) de-54

picted in Fig. 1 are as follows Ro = 25.4, Ri = 17,55

l1 = 7.8 and l2 = 44.8 while the weight is just56

m = 0.628 kg. The focal length of a REGAE-like57

electron beam (5MeV) is ∼ 0.2m and transverse58

beam sizes of a few µm are achievable. The two59

radially magnetized ring design fulfills all asked de-60

mands. A more detailed presentation of the design61

can be found in [4]. For technical reasons radi-62

ally magnetized rings need to be assembled from63

wedges. We decided for 12 wedges per ring as com-64

promise of field symmetry and manufacturing as-65

pects. The wedges are neodymium magnets (Nd-66

FeB). The imperfections of the wedges call for a67

sorting algorithm in order to preserve the field qual-68

ity.69

3. Field description and sorting algorithm70

3.1. Field model71

Due to the necessity of a model which describes72

the resulting field of 2× 12 wedges we go for a sim-73

ple analytical approach: each wedge is shaped by74

current loops covering the surface (Fig. 2), where75

each loop again can be divided into four straight76

parts. Each straight part can be described by Biot-77

Savart’s law with the result that the magnetic field78

of a wedge B(r) follows as79

B(r) =

N∑
i=1

4∑
j=1

(
µ0

4π

∫
lij

I
r− r′

|r− r′|3
× dl

)
, (1)

where r denotes the position of the field and r′80

the position of a wire element. I is the current and81

dl is the length of the differential element of the wire82

in the direction of the current. N is the number of83

current loops, i and j denote the specific current84

loop and a certain straight line, respectively.85

The magnetization M of a wedge is defined by86

the direction and its magnitude which were mea-87

sured by the manufacturer and can be translated88

into a tilt of the current loops or a variation of89

the current I, respectively. These transformations90

have to be introduced to Eq. 1. The mean current91

over all wedges is chosen in a way that it repro-92

duces the measured maximum longitudinal mag-93

netic field. The manufacturing errors of the mag-94

netization strength are added in proportion to this95

average current.96

The model ignores inhomogeneous magnetization97

and the relative permeability (µr ≤ 1.05) of the98

wedges.99

Figure 2: Current loops model of a flawed wedge with a tilted
magnetization.

3.2. Sorting algorithm100

Since the total magnetic field of the two-ring101

setup is simply given as the superposition of the102

individual magnetic fields of the flawed wedges an103

optimal configuration of the 24 wedges can be found104

which keeps the transverse beam quality. Due to105

the absence of a common quantity which expresses106

the field goodness of a solenoid we have introduced107

a new one which is proportional to changes of the108

beam quality due to the magnetic field quality. It109

is motivated by the normalized 4D-transverse emit-110

tance:111
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The normalized 4D-transverse emittance takes112

all kinds of correlations between the four trans-113

verse beam quantities {〈x〉, 〈y〉, 〈px〉, 〈py〉} into ac-114

count, where 〈x〉 and 〈y〉 are the transverse RMS115

beam sizes and 〈px〉 and 〈py〉 are the transverse116

RMS momentum spreads. The remaining entries117

are their correlations. To connect the transverse118

electron bunch phase space with the magnetic field119

the Lorentz force is calculated. The line integrals120

of the magnetic field of the PMS parallel to the121

longitudinal field axis are correlated to the induced122

transverse momenta:123

px ∼ −
∫ b

a

By(z) dz and py ∼
∫ b

a

Bx(z) dz,

where the distance between a and b describes the124

integration length. The line integrals imply a con-125

stant position. From the set of line integrals at126

different positions (analogous to a particle distribu-127

tion’s phase space) it is possible to calculate a 4D-128

emittance-like quantity which expresses the degra-129

dation of the beam quality in dependence of the130

field quality.131

Using the computationally simple field description132

and the 4D-emittance-like fitness quantity an evolu-133

tionary algorithm has been developed with the goal134

to find the optimal permutation for each ring given135

the measured magnetization data provided by the136

manufacturer. A direct calculation of all permuta-137

tions (1 PMS → 12! × 12! ≈ 2× 1017; excl. spare138

wedges and flipping) is not feasible. The algorithm139

is a two-step process. The first step consists of a nu-140

merical least-square algorithm, which determines a141

rough starting point for the second part. Here all142

available wedges - including spare wedges (pool) -143

are taken into account. In each iteration three ac-144

tions can be performed: Swap with pool, swap in-145

side the rings, flip around radial axis.146

The second step is based on the concept of sim-147

ulated annealing [5, 6]. Simulated annealing tries148

to find the global minimum of a fitness quantity149

Q(x) like Eq. 2 by treating the system as a ther-150

modynamical system with falling temperature T .151

For each iteration Q(x) is determined. Also T is152

lowered according to a predefined sequence. In our153

case each iteration consists of swapping wedges in-154

side the rings or flipping them. x corresponds to155

a certain permutation of both rings whereas xopt156

is the current best solution. If Q(x) ≤ Q(xopt),157

xopt = x. If Q(x) > Q(xopt), xopt = x with a158

probability159

exp

(
−Q(xopt)−Q(x))

T

)
.

Thus for low temperatures T the probability of160

choosing the permutation decreases, whereas for161

high T the algorithm tends to jump out of min-162

ima more often. This helps to avoid trapping in163

local minima.164

3.3. Results165

The best arrangement provided by the algorithm166

was used to determine emittance growth. Full 3D167

field maps were calculated for both the flawed and168

flawless wedge case using the analytical field model169

in order to do particle tracking using ASTRA [7].170

Because the emittance growth depends on the ini-171

tial beam parameters the results are only valid172

and comparable for the chosen parameters. Us-173

ing a 5MeV beam with an RMS beam size of174

610 µm two independent assemblies for two PMS175

(Fig. 3, left) were found with a relative 4D emit-176

tance growth εflawed/εflawless of 1.32 and 1.05, re-177

spectively. An arbitrary assembly reaches a rela-178

tive emittance growth of ∼ 8.71. Furthermore a179

strict correlation between the fitness quantity and180

the normalized 4D emittance could be shown. In181

Fig. 3 (right) the 4D emittance growth of 22 as-182

semblies were calculated and correlated with their183

fitness quantity.184

4. Field measurement185

4.1. 3D-Hall probe186

Measuring the magnetic field of a geometrical187

small magnet with a high precision is challenging.188

In order to compare the field simulations with a189

measurement we decided for the Metrolab Three-190

axis Hall Magnetometer THM1176-HF [8] which191

provides the required accuracy. With a sensor hous-192

ing of 5.1mm× 1.3mm the geometrical dimensions193

of the probe are small enough to measure the mag-194

netic field inside the PMS. Furthermore its small195

active volume of (150 × 150 × 10)µm3 is sufficient196

to measure the absolute field despite the high field197
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Figure 3: Left: Growth of normalized 4D emittance of different PMS assemblies. The PMS’s center is placed at z = 5.33m.
Right: Correlation between the fitness quantity used for the numerical sorting algorithm and the normalized 4D emittance.

gradients. The Hall probe was calibrated relatively198

to an NMR Teslameter. The absolute as well as the199

relative accuracy meet our requirements of 10−4.200

From a linear regression of the absolute accuracy201

measurement follows for the slope 0.999 98(9)1 and202

for the offset 1.08(3)× 10−4.203

4.2. Magnetic field measurement and post-204

processing205

Even with a high precision Hall probe the rela-206

tive alignment of the probe and the magnet is still207

crucial for a precise measurement of the field. The208

solenoidal field (Fig. 4) itself offers the possibility209

to align the used linear stage and Hall probe relative210

to the magnetic field of the PMS. In its transverse211

plane at the position of the maximum longitudi-212

nal field it has only a longitudinal field component.213

This fact can be used to align the axes of the Hall214

probe. At the longitudinal position of the zero-215

crossing of the magnetic field all field components216

are equal to zero. These two points define the sym-217

metry axis of the solenoid which can be used to218

align the PMS with respect to the longitudinal axis219

of the linear stage. Because already small devia-220

tions of the alignment can cause big deviations of221

the measured from the simulated magnetic field a222

post-processing alignment is necessary to compare223

simulations and measurements.224

In order to fit the measured and simulated field a225

simple least-square routine was chosen which ro-226

tates and shifts the simulated field with respect to227

the measured and minimizes the deviations of the228

two compared fields. The rotations and shifts were229

1The number inside the brackets denotes the uncertainty
of the last digit.

introduced to our simulation tool.230

The final result for a measured and post-processed231

on-axis field profile is shown in Fig. 4. The con-232

formity of the measured and simulated (flawless233

wedges) field is very high.234
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Figure 4: Measured (blue dots, with error bars) and simu-
lated (red dashed) on-axis magnetic field Bz,0.

5. Conclusion235

We were able to develop an analytical and fast236

magnetic field simulation tool which is very general237

and not limited to solenoidal fields. The same holds238

for the sorting algorithm. It connects the field qual-239

ity directly with the change of beam quality due to240

the deformed field. Furthermore the comparison241

between measurements and simulations was suc-242

cessful despite the challenging magnetic field mea-243

surement.244
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