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The following is meant to give an overview over our speciduwee. The first three sections
1-3 are intended to give a general overview over the physicaivaidns behind this direction
of research, and some of the developments that initiategtiject. These sections are written
for a broad audience of readers with interest in quantum fieddry, assuming only very basic
knowledge of supersymmetric gauge theories and stringyh&ais will be followed in Section

4 by a brief overview over the different chapters collectedhis volume, while Sectiorb
indicates some related developments that we were unfdgiynzot able to cover here.

Due to the large number of relevant papers the author fetefbto adopt a very restrictive
citation policy. With the exception of very few original pexg only review papers will be cited
in Sectionsl and2. More references are given in later sections, but it stéinse impossible
to list all papers on the subjects mentioned there. The aathalogises for any omission that
results from this policy. A citation of the form [¥] refers to article numbet in this volume.

1. Background, history and context

1.1 Strong coupling behavior of gauge theories

Gauge theories play a fundamental role in theoreticalg@anhysics. They describe in particu-
lar the interactions that bind the quarks into hadrons.vitg8 understood how these interactions
behave at high energies. This becomes possible due to themleaon of asymptotic freedom:
The effective strength of the interactions depends on teeggrscale, and goes to zero for large
energies. It is much less well understood how the interastlmetween quarks behave at low
energies: The experimental evidence indicates that tleeaictions become strong enough to
prevent complete separation of the quarks bound in a hadanfiGement). The theoretical
understanding of this phenomenon has remained elusive.

When the interactions are weak one may approximate theirggaffects reasonably well using
perturbation theory, as can be developed systematicalyg tise existing Lagrangian formula-
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tions. However, the calculation of higher order effects éntprbation theory gets cumbersome
very quickly. It is furthermore well-known that additioneffects exist that can not be seen
using perturbation theory. Exponentially suppressedrimritons to the effective interactions
are caused, for example, by the existence of nontrivialtewis to the Euclidean equations of
motion called instantons. The task to understand the strongling behavior of gauge theories
looks rather hopeless from this point of view: It would reguraving a complete resummation
of all perturbative and non perturbative effects. Underditag the strong coupling behaviour of
general gauge theories remains an important challengeigotgm field theory. However, there
exist examples in which substantial progress has receaty Imade on this problem: Certain
important physical quantities like expectation values olsdh loop observables can even be
calculated exactly. What makes these examples more ttagsaie existence of supersymme-
try. It describes relations between bosons and fermionsiwimay imply that most quantum
corrections from bosonic degrees of freedom cancel agsimstar contributions coming from
the fermions. Whatever remains may be exactly calculable.

Even if supersymmetry has been crucial for getting exactit®sp to now, it seems likely that
some of the lessons that can be learned by analysing supaeyim field theories will hold
in much larger generality. One may in particular hope to deegqur insights into the origin of
guantum field theoretical duality phenomena by analysipggymmetric field theories, as will
be discussed in more detail below. As another example letagion that it was expected for a
long time that instantons play a key role for the behaviouganfge theories at strong coupling.
This can now be illustrated beautifully with the help of th@manexact results to be discussed
in this volume. We believe that the study of supersymmeteicl fiheories offers a promising
path to enter into the mostly unexplored world of non-pdyative phenomena in quantum field
theory.

1.2 Electric-magnetic duality conjectures

It is a hope going back to the early studies of gauge thednigsthere may exist asymptotic
strong coupling regions in the gauge theory parameter spaghich a conventional (pertur-
bative) description is recovered using a suitable new séelf variables. This phenomenon
is called a duality. Whenever this occurs, one may get adodsighly nontrivial information
about the gauge theory at strong coupling.

For future reference let us formulate a bit more preciselghitmeans to have a duality. Let us
consider a famil{ F; = € M} of quantum theories having a moduli spake of parameters

z. The gquantum theoryF, is for each fixed value of abstractly characterised by an algebra
of observablesd, and a linear functional onl, which assigns to each observaklec A, its
vacuum expectation valu®) .. We say tha{ F.; = € M} is a quantum field theory with fields
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® and actionS, [®] depending on certain parameterélike masses and coupling constants) if
there exists a poin, in the boundary of the moduli spade(, a coordinater = 7(z) in the
vicinity of 2y, and a ma assigning to each € A, a functionalO,, . [®] such that

(0). = [Po] e 0, (8, (1.)

where~ means equality of asymptotic expansions arounand the right hand side is defined
in terms of the actiory[®] using path integral methods.

We say that a theory with field8, actionS,[®] and parameters is dual to a theory charac-
terised by similar dat&’, [®'] if there exists a family of quantum theori¢s,; = € M} with
moduli spaceM having boundary points, andz{ such that the vacuum expectation values of
F. have an asymptotic expansion of the forilj nearz,, and also an asymptotic expansion

(0). =~ / DI 5 0 (@], (1.2)

nearz,, with 0" being a map assigning to eadhe A, a functionalOy, ,.,[®'].

A class of long-standing conjectures concerning the stmouypling behavior of gauge the-
ories are referred to as the electric-magnetic duality exioyes. Some of these conjectures
concern the infrared (IR) physics as described in termswfdoergy effective actions, others
are about the full ultraviolet (UV) descriptions of certajauge theories. The main content
of the first class of such conjectures is most easily destribetheories having an effective
description at low energies involving in particular an @&elgauge fieldd and some charged
matterq. The effective actior5(A, ¢; 7r) will depend on an effective IR coupling constant
Tir- The phenomenon of an electric magnetic duality would imiplgarticular that the strong
coupling behavior of such a gauge theory can be represested a dual actiort’(A’, ¢; /)
that depends on the dual abelian gauge fi€ldelated toA simply as

1 g
F, = §ewpon : (1.3)
The relation between the dual coupling constgnandr,, is also conjectured to be very simple,
1
o= - 1.4
M= (1.4)

The relation expressingl in terms ofg and A may be very complicated, in general. In many
cases one expects thgtis the field associated to solitons, localized particle-lékcitations
associated to classical solutions of the equations of maifoS(A, ¢; 71z). Such solitons are
usually very heavy at weak coupling but may become lightraingt coupling where they may
be identified with fundamental particle excitations of thedry with actionS’(A4’, ¢'; /).

For certain theories there exist even deeper conjectussigiing dualities between different
perturbative descriptions of the fulltraviolet quantum field theories. Such conjectures, often
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referred to as S-duality conjectures originated from theeolations of Montonen and Olive
[MoOlI, GNQJ, and were subsequently refined W, Od, leading to the conjecture of a duality
between théV = 4 supersymmetric Yang-Mills theory with gauge grad@and coupling: one
the one hand, and th& = 4 supersymmetric Yang-Mills theory with gauge grou@ and
coupling—1/ns7 on the other hand“G is the Langlands dual of a group having as Cartan
matrix the transpose of the Cartan matrixfandn,, is the lacing numbe' of the Lie algebra
of G.

A given UV actionS can be used to define such expectation values perturbataselyell as
certain non-perturbative corrections like the instantdiee question is whether all perturbative
and non perturbative corrections can be resummed to getrtiss-over to the perturbation
theory defined using a different UV actiof.

A non-trivial strong-coupling check for the S-duality ceofure in theV = 4 supersymmetric
Yang-Mills theory was performed in/W].? Generalised S-duality conjectures have been for-
mulated in Ga09 (see V:1] for a review) for a large class of” = 2 supersymmetric gauge
theories which are ultraviolet finite and therefore havddefined bare UV coupling constants
7. It is of course a challenge to establish the validity of saohjectures in any nontrivial
example.

1.3 Seiberg-Witten theory

A breakthrough was initiated by the discovery of exact risdor the low energy effective action
of certain ' = 2 supersymmetric gauge theories by Seiberg and Wikl SWZ. There
are several good reviews on the subject, see &g.Le, Pe97 DPh Tad containing further
references.

The constraints o' = 2 supersymmetry restrict the low-energy physics considgraks a
typical example let us consider a gauge theory 8ith( M) gauge symmetry. The gauge field
sits in a multiplet ofA/ = 2 supersymmetry containing a scalar fieldéh the adjoint represen-
tation of SU(M). N = 2 supersymmetry allows parametric families of vacuum staldwe
vacuum states in the Coulomb branch can be parameterisdg:lwatuum expectation values

of gauge-invariant functions of the scalars liké&) := (Tr(¢*)), k = 2,... M. For generic
values of these quantities one may describe the low-energgigs in terms of a Wilsonian
effective actionS°f| A] which is a functional ofl = M — 1 vector multipletsd,, k = 1,. .., d,

having scalar components and gauge group'(1),, respectively. The effective actid#f [ A]

The lacing numben,; is equal tol is the Lie-algebra o7 is simply-laced? if it is of type B,,, C,, and Fy,
and3 if it is of type Gs.

2The result of Ber] furnishes a nontrivial check of a prediction following fnthe Montonen-Olive conjecture.

3A fairly extensive list of references to the early literatwan be found e.g. in_g].
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turns out to be completely determined by a single holomarfimction F(a) of d variables
a = (ay,...,aq) called the prepotential. It completely determines the §dfilan) low energy
effective action ag°® = 5S¢t + S¢ff where

fer?

1 1 1 -
St = o / d'z () 0uadar + ST () By Y + SRe(r)Fy, FY) . (1.5)
ﬂ‘ J )

while S¢T is the sum of all terms containing fermionic fields, uniquegtermined by\" = 2

supersymmetry. The-dependent matrix*(a) in (1.5) is the matrix of second derivatives of
the prepotential,

™ (a) 1= 0,,0,,F(a) . (1.6)

Based on physically motivated assumptions about the strtongling behavior of the gauge
theories under consideration, Seiberg and Witten propagegdcise mathematical definition of
the relevant functiong (a) for M = 2. This type of description was subsequently generalised
to large classes of/ = 2 supersymmetric gauge theories including the cases Mith 2.

The mathematics underlying the definitionBfa) is called special geometry. In many cases
including the examples discussed above one may deséifbeusing an auxilliary Riemann
surfaceX. called the Seiberg-Witten curve which in suitable localrdomates can be described
by a polynomial equatio®(z,y) = 0. The polynomialP(x,y) has coefficients determined
by the mass parameters, the gauge coupling constants, evaltres.*) parameterising the
vacua. Associated ta is the canonical one formsyw = ydxz on X. Picking a canonical basis
for the first homologyH, (X, Z) of X, represented by curves, ...« and sy, ..., 5g with
intersection indexy, o 3, = J,, one may consider the periods

A, :/ )\SW7 CLP = / )\SW- (17)

Botha, = a,(u) anda? = a?(u), r = 1,...,d, represent sets of complex coordinates for the
d-dimensional space of vacua, in our example parameteriged-b (u?, ..., «™)). It must
therefore be possible to expregsin terms ofa. It turns out that the relation can be expressed
using a functionF(a), a = (a4, ...,aq), from which the coordinates, can be obtained via
a? = 9,, F(a). It follows thatF () is up to an additive constant defined Byand the choice of

a basis forH, (3, Z).

The choice of the field coordinates is not unique. Changing the basis,...,a; and
Bi,...,Batoal,...,a,and g, ..., B3, will produce new coordinates,, a’?, k = 1,...,d
along with a new functior¥’(a’) which is the prepotential determining a dual actiig|a'].
The actionsS.¢[a] and S!;[a’] give us equivalent descriptions of the low-energy physidss
gives an example for an IR duality.



1.4 Localization calculations of SUSY observables

Having unbroken SUSY opens the possibility to compute sam@ortant quantities exactly
using a method called localizatiowB8]. This method forms the basis for much of the recent
progress in this field.

Given a supersymmetry generat@rsuch that)? = P, whereP is the generator of a bosonic
symmetry. LetS = S[®] be an action such th&S = 0. Let us furthermore introduce an
auxiliary fermionic functional’ = V'[®] that satisfied?VV = 0. We may then consider the path
integral defined by deforming the action by the tet@l/, with ¢ being a real parameter. In
many cases one can argue that expectation values of supeedsimobservable® = O[9],
QO = 0, defined by the deformed action are in fact independent a$ the following formal
calculation indicates. Let us consider

d

5 [ [DP] eV 0 = / (D] e 579V QV O

= / [DO] Qe @YV O) =0, (1.8)
if the path-integral measure is SUSY-invariafitP®] Q(...) = 0. This means that
(O) = / D] e O = lim [ [D9] e STV O, (1.9)

If V' is such that)V has positive semi-definite bosonic part, the only non-vangs contri-
butions are field configurations satisfyidg}’ = 0. There are cases where the spadeof
solutions ofQV = 0 is finite-dimensionat. The arguments above then imply that the expecta-
tion values can be expressed as an ordinary integral ovepteeM which may be calculable.

The reader should note that this argument bypasses thd defiration of the path integral in
an interesting way. For the theories at hand, the definitiofyD®] e~ represents a rather
challenging task which is not yet done. What the argumenetyieshg the localisation method
shows is the following: If there is ultimateBnydefinition of the theory that ensures unbroken
supersymmetry in the sense tHaD®| Q(...) = 0, the argument(.8) will be applicable, and
may allow us to calculateertainexpectation values exactly even if the precise definitiotmef
full theory is unknown.

1.5 Instanton calculus

The work of Seiberg and Witten was based on certain assungpdin the strong coupling be-
havior of the relevant gauge theories. It was therefore anmjogress when it was shown

4In other caseg/ may a union of infinitely many finite-dimensional componesftsicreasing dimensions, as
happens in the cases discussed in Sedtibn
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in [N, NOO3 NY, BE] that the mathematical description for the prepotentialjectured by
Seiberg and Witten can be obtained by an honest calculatitmeajuantum corrections to a
certain two-parameter deformation of the prepotentialltorders in the instanton expansion.

To this aim it turned out to be very useful to define a reguédits of certain IR divergences
called Omega-deformation by adding terms to the actionkimgd_orentz symmetry in such a
way that a part of the supersymmetry is preseriéd,[

S = Setes =S + Repey - (1.10)

One may then consider the partition functidndefined by means of the path integral defined
by the actionS,,.,. As an example let us again consider a theory With(1/) gauge group.
This partition functionZ = Z(a, m, 7; €1, €2) depends on the eigenvalues-= (a, ..., ay_1)
of the vector multiplet scalars at the infinity Bf, the collectionn of all mass parameters of
the theory, and the complexified gauge couplirfgrmed out of the gauge coupling constant
and theta-anglé as »

T = % + %. (1.11)
The unbroken supersymmetry can be used to apply the lotafigaethod briefly described in
Sectionl.4, here leading to the conclusion that the path integral dejigi can be reduced to
a sum of ordinary integrals over instanton moduli space® diimination of a long series of
works® were explicit formulae for the summands® (a, m; €,, €,) that appear in the resulting

infinite serie$ of instanton corrections

Z(CL, m,T; €, 62) = chrt(a7 m,T; €, 62) <1 + Z qk Z(k) <a7 m;e€r, 62)) ) (112)
k=1
with ¢ = ¢*™ in the ultraviolet finite cases, while it is related to the ming effective scale
A otherwise. The explicitly known prefact&®*(a, m, 7; €1, €;) is the product of the simple
tree-level contribution with a one-loop determinant. Tatdr is independent of the coupling

constantg,., and can be expressed in terms of known special functions.

In order to complete the derivation of the prepotentialppe®d by Seiberg and Witten it then
remained to argue tha(a) = F(a, m, 7) is related to the partition functio& as

Fla,m;7) = — lim e1eaZ(a,m;T;¢€1,€), (1.13)

61,62—)0

5The regularisation introduced iftN] provides a physical interpretation of a regularisationifaegrals over

instanton moduli spaces previously usedlh§, MNS1].

5The results presented itN[ NOO3 were based in particular on the previous wotNB, MNS1, MNSZ].
Similar results were presented IRHS Hol, Ho2, FP, BFMT]; for a review seeV:3].

"The infinite series¥.12 are probably convergent. This was verified explicitly floe €xample of pur€U(2)
Super-Yang-Mills theory inl[Ty], and it is expected to follow for UV finite gauge theoriesrfrthe relations with
conformal field theory to be discussed in the next section.
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and to derive the mathematical definition 8f{a) proposed by Seiberg and Witten from the
exact results oiZ (a, m; 7; €1, €2) obtained in N, NOO3 NY, BE].

2. New exact results on\V' = 2 supersymmetric field theories

2.1 Localisation on curved backgrounds

Another useful way to regularise IR-divergences is to abersihe quantum field theory on four-
dimensional Euclidean space-timgg' of finite volume. The finite-size effects encoded in the
dependence of physical quantities with respect to the velonother parameters af* contain
profound physical information. It has recently become fsgo calculate some of the these
quantities exactly. One may, for example, consider gaugeribs on a four-spheig! [Pe07,
or more generally four-dimensional ellipsoidsHi],

St = (2, | R E(@ F ) da(ri o) =1}, (2.14)

€1,€2

The spacessfm have sufficient symmetry for having an unbroken supersymymgtsuch
that Q? is the sum of a space-time symmetry plus possibly an intesy@metry. Expecta-
tion values of supersymmetric observables&ij therefore represent candidates for quan-
tities that may be calculated by the localisation methoderbsting physical quantities are
the partition function ons*, and the values of Wilson- and 't Hooft loop observables. -Wil
son loop observables can be defined as path-ordered exds@hthe general formV,.; :=
TrPexp | §,ds (ii* Al + |i[¢")]. The 't Hooft loop observables, ;, i = 1,2, can be defined
semiclassically by performing a path integral over fieldfaurations with a specific singular
behavior near a curvé describing the effect of parallel transport of a magnelycaharged
probe particle along. Choosing the support of the loop observables to be thessifglor C
defined byry = x3 = x4 = 0 orzg = 1 = x5 = 0, respectively, one gets operators commuting
with part of the supersymmetries of the theory.

However, applying the localisation method to the field tieowith ' = 2 supersymmetry is
technically challengingHe07 HH, GOH. A review of the necessary technology and of some
subsequent developments in this direction can be foundearatticles V:5, V:6]. Appropri-
ately modifying the action defining the theory under consitien onR* gives aQ-invariant
action S for the theory onSfm. A functional V' is found in [Pe07 such thatQV" is positive
definite. The field configurations solvirggl” = 0 have constant values of the scalar fields, and
vanishing values of all other fields. This means that the patigral reduces to an ordinary
integral over scalar zero modes. This phenomenon may beaseeenariant of the cancellations
between contributions from fermionic and bosonic degrééseedom that frequently occur in

supersymmetric field theories, leaving behind only contrdns from states of zero energy.



The results obtained by localisatiord07 GOPR, HH] have the following structure:

e Partition functions:
Z(m;Tier ) = (1)% = /da\Z(a,m;T; e, e2)l”, (2.15)

where Z(a, m; 7; €1, €5) are the instanton partition functions briefly discussedéuot®n
1.5. More details can be found iv[5].

e Wilson or 't Hooft loop expectation values:
(L)e: = /da (Z(a,m;T;€1,€)) Dyp-Z(a,m; T; €1, €2) (2.16)

whereZ(a, m; T; €1, €2) are the instanton partition functions described in Secti&nand
D, is a difference operator acting on the scalar zero modehblasaollectively referred
to by the notatior:. The difference operato® are pure multiplication operatof3, =
2 cosh(2ma/¢;) if L is a Wilson loop supported df). These results are reviewed W §].

The integral over in (2.15, (2.16 is the integration over the scalar zero modes. One may
interpret these results as reduction to an effective qumamechanics of these zero modes.
From this point of view one would interpret the instantortipian function Z(a, m; 7; €1, €5) as

the wave-functionl’ . (a) of a statgr), in the zero-mode sub-sector defined by the path integral
over field configurations on the lower half-ellipsa&it _, := { (zo,...,24) € SZ ., 120 < 0}.

The expectation value (16 can then be represented as

(LYo = (7] Lo|T)o, (2.17)

where L, denotes the projection of the operator representlntg the zero mode sub-sector.
This point of view is further discussed iN:[L1].

Although the dynamics of the zero mode sub-sector is preddoy supersymmetry, it captures
very important non-perturbative information about thet i@sthe theory. Dualities between
different UV-descriptions of the gauge theory must be réflgé@ the zero mode dynamics, and
can therefore be tested with the help of localisation catouhs. But the definition of the full
theory must be compatible with these results, which is @tety a consequence of unbroken
supersymmetry. One may view the zero-mode dynamics as aksieleton of the SUSY field
theory. Whatever the QFT-“flesh” may be, it must fit to the skah, and exhibit same dualities,
for example.

The localisation method has furthermore recently been ts@dbtain exact results on some
correlation functions inV' = 2 supersymmetric QCDENP].
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2.2 Relation to conformal field theory

In [AGT] is was observed that the results for partition functionsahe four-dimensional su-
persymmetric gauge theories that can be calculated by theoshef [Pe0q are in fact propor-
tional to something known, namely the correlation funcsiof the two-dimensional quantum
field theory known as Liouville theory. Such correlation ¢tions are formally defined by the
path integral using the action

Sion — 417T /dzz [(0a¢)2 +47r,u62b¢}. (2.18)

Liouville theory has been extensively studied in the pastivated by the relations to two-
dimensional quantum gravity and noncritical string thediscovered by Polyakov. It is known
to be conformally invariant, as suggested by the early inyaton [CT], and established by the
construction given inTe0]. Conformal symmetry implies that the correlation funasocan
be represented in a holomorphically factorized form. Aspadgl example let us consider

iou d
<62a4¢(°°)62a3¢(1)6202¢(q)62a1¢(0) L :/ L Co1(p)Cas(— ‘-7: [e2a2](a )2
R+

. (2.19)

b [e¥/Nei}

where the conformal blockg, [2222] (¢) can be represented by power series of the form

ago

2 o
Fpla202](q) = T men(@an-0a(@-ar) (1 +) " F® [gjgﬂ) , (2.20)
k=1
having coefﬁcientsF,Sk) [gzgf] completely defined by conformal symmet®HZ].2 Explicit
formulae for the coefficient functions;;(p) = C(ai,aj,% +1ip), @ = b+ b~!, have been
conjectured inDOt, ZZ], and nontrivial checks for this conjecture were presemgdZ]. A
derivation of all these results follows from the free-fietthstruction of Liouville theory given

in [TeO1].

In order to describe an example for the relations discovier@diGT] let us temporarily restrict
attention to the\ = 2 supersymmetric gauge theory often referred ta\gs= 4-theory.
This theory has field content consisting of &&'(2)-vector multiplet coupled to four massive
hypermultiplets in the fundamental representation of thiegg group. The relation discovered
in [AGT] can be written as

Z(a,m;T; €1, €2) X Nay(p)Nas(p)Fp [0‘30‘2} (q), (2.21)

Q401

where|N;;(p)|? = C;;(p). The factors of proportionality dropped i8.21) are explicitly known,

and turn out to be inessential. The parameters are identiésdectively, as
€1

Vo= —, h? = €€, q=er, (2.22a)
€2
_a P (2.22b)
p - ha o, = 2 h 5 = . .

8A concise description of the definition of the conformal ldecan be found in\[:11, Section 2.5].
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In order to prove Z.21) one needs to show that the coefficiedt$) (a, m; ey, e;) in (1.12 are
equal tor") [2s2] This was done in4GT] up orderg'!. A proof of this equality for all values
of k is now available AFLT].

It furthermore follows easily from2.21) that the partition functiorfZ(m; 7; €1, €2) defined in

(2.15 can be represented up to multiplication with an inesskmrtilicitly known function as

Z(m; €1, €2) <e2a4¢>(00)e2a3¢(1)€2a2¢(q)e2a1¢(0) >Ib“i°“ . (2.23)

The relations between certald = 2 supersymmetric gauge theories and Liouville theory are
most clearly formulated in terms of the normalized expéatatalues of loop-observables

(L)
(LYos = ﬁ (2.24)

To this aim let us note that the counterparts of the loop aladdes within Liouville theory will
be certain nonlocal observables of the form

L= [Py ( / )] (2.25)

where~ is a simple closed curve @i\ {0, ¢, 1}, andA is the flat connection

—%y ) 0 éa,¢ Mﬁ’bd)
A::< 2= )dz+ (2 - )dz. (2.26)
pe® 20, 0 —20:¢

Flatness ofA follows from the equation of motion. Let us furthermore defirormalized ex-
pectation values in Liouville theory schematically as

< O 62044(1)(00) 62a3¢(1)62a2¢(q) 62a1¢(0) >ll;iou

Liou .__
« o >>b T < e20u4$(00) p2a39(1) p2029(q) o201 9(0) >ll;iou ’ (227)

We then have
(Whar = (LM, (T he = (L, )™, (2.28)

where~, and~; are the simple closed curves encircling the pairs of pdingsand 1, ¢ on
C\ {0, ¢, 1}, respectively. A more detailed discussion can be foun&i6][and [V:11].

2.3 Relation to topological quantum field theory

The localisation method is also applicable in the case whemtanifold)/# has the form
M3 x S' with supersymmetric boundary conditions for the fermiomstbe S'. In this
case the partition function coincides with a quantity ahliadex [Ro, KMMR], a trace
tr(—1)F [, ue~#122"} over the Hilbert space of the theory df® x R, with F being the
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fermion number operatog) being one of the supersymmetry generators, @ntdeing opera-
tors commuting withQ. The index depends on parametgrsalled fugacities. It has originally
been used to perform nontrivial checks of existing dualdyjectures on field theories with
N = 1 supersymmetryl)Os, SpV]. We will in the following restrict attention to cases where
the field theories hava/ = 2 supersymmetry which are more closely related to the resteof t
material discussed in this special volume.

As before one may use the localisation method to expressatheriegral for such manifolds as
an integral over the zero modes of certain fields, with irdegs obtainable by simple one loop
computations. This partition function can alternativedydomputed by counting with signs and
weights certain protected operators in a given theory. oif,eéxample, one takes/® = S3,
the partition function of an\' = 2 gauge theory with gauge group and N; fundamental
hypermultiplets takes the following form,
Ny
I(b;p,q,t) = j{[da]c Iv(a;p,q,t) [ [ Iu(a,bip, 1), (2.29)
/=1

where[dals is the invariant Haar measure, we are using the notdtion, ¢, b} for the relevant
fugacities, andy and/y are contributions coming from free vector multiplets angdwynulti-
plets, respectively. The integral ovelis roughly over the zero mode of the component of the
gauge field in the5! direction. For more details see the articled]. It is important to note that
the supersymmetric partition functions afi® x S! are independent of the coupling constants
by an argument going back toV88]. Nevertheless, they are in general intricate functions of
the fugacities and encode a lot of information about thegmted spectrum of the theory.

There exists a relationship between the supersymmetriitiparfunction onA/? x S*, the su-
persymmetric index, on the one hand, and a topological fledry in two dimensions on the
other hand GPRR which is somewhat analogous to the relation of fitgpartition function to
Liouville theory discussed above. Let us consider the examigcussed abovéy = 2 super-
symmetricSU(2) gauge theory withV; = 4. The supersymmetric index of this theory can be
represented in the forn2 (29 noted above. In the particular case when the fugacitiestargen

to satisfyt = ¢, this index is equalGRRY1]] to a four point correlation function in a topo-
logical quantum field theory (TQFT) which can be regarded @seaparameter deformation of
two-dimensional Yang-Mills theory with gauge graw/(2) [AOSV],

4 o) 4
I(by,ba,bs, baip gt = q) = [ [ Kb @) D C [ [ xm(be) - (2.30)
/=1 /=1

R=0
Here xz(z) is the character of a representatiBnof SU(2). The parameterg; are fugacities
forthe[[,_, SU(2), maximal subgroup of th8O(8) flavor symmetry group of the theory. This
relation can be generalized to a large clas&/of 2 theories and to indices depending on more
general sets of fugacitie&RRY 13 GRR)].
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3. What are the exact results good for ?

In the following we will briefly describe a few application$ the results outlined above that
have deepened our insights into supersymmetric field tagconsiderably.

3.1 Quantitative verification of electric-magnetic duality conjectures

The verification of the conjectures of Seiberg and Witten iy works N, NOO3 NY, BE]
leads in particular to a verification of the electric-magmetuality conjectures about the low
energy effective theories that were underlying the apgraoaken by Seiberg and Wittén.

Verification of UV duality relations like the Montonen-Oéwuality seems hopeless in general
(see, however,\fW]). However, in the cases where exact results on expectatibres are
available, as briefly described in Subsectiol one can do better.

In the case of théV; = 4 theory, for example, one expects to find weakly coupled Liagjem
descriptions when the UV gauge coupliqags near0, 1 or infinity [SW2]. Let us denote the
actions representing the expansions around these threesvassS,, S; andS,, respectively.
A patrticularly important prediction of the S-duality coofares is the exchange of the roles of
Wilson- and 't Hooft loops,

(Whs, = (T hs»  (Ths, = (W )s, - (3.31)

In order to check3.31) we may combine the result2.@6 of the localisation computations
with the relation 2.21) discovered inAGT]. From the study of the Liouville theory one knows
that the conformal blocks satisfy relations such as

Fy 9] (g) = / dp' Fyp [22%2] Fy [2192] (1 - ), (3.32)

which had been established ifng0]]. These relations may now be re-interpreted as describing
a resummation of the instanton expansion defined by adiofthe left hand side of3.32)

into an instanton expansion defined by the dual achiofhis resummation gets represented as
an integral transformation with kernél, ,,. Using €.16), (2.21), (3.32 and certain identities
satisfied by the kerndf), [gzgf] established inTV13], one may now verify explicitly that the

S-duality relations3.31) are indeed satisfied.

9The IR duality conjectures can be used to describe the megatie of vacua as manifold covered by charts
with local coordinates,., a?. The transition functions between different charts defiRéganann-Hilbert problem.
The solution to this problem defines the functiifa). It was shown in [N, NOO3 NY, BE] that the series
expansion ofF (a) around one of the singular points on the moduli space of vaatisfies {.13. Taken together,
one obtains a highly nontrivial check of the IR-duality aaetures underlying Seiberg-Witten theory.
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In other words: Conformal field theory provides the techegnecessary to resum the instanton
expansion defined from a given action in terms of the instamxpansions defined from a
dual action. At least for the class of theories at hand, theselts confirm in particular the
long-standing expectations that the instantons play aartme for producing the cross-over
between weakly-coupled descriptions related by eleatégmetic dualities.

The electric-magnetic dualities can be also checked ubmgupersymmetric index. Although
the index does not depend on the coupling constants, irreliffeluality frames it is given by
different matrix integrals. Duality implies that these twatrix integrals evaluate to the same
expression. In the relation of the index to TQFT discussem@binvariance under duality
transformations in many cases follows from the assoctgitprioperty of the TQFT.

3.2 Precision tests of AdS-CFT duality

Another famous set of duality conjectures concerns thebetaof supersymmetric gauge
theories in the limit where the rank of the gauge group(sjsdn infinity [Ma], see AGMOQ]

for a review. In this limit one expects to find a dual descdptin terms of the perturbative
expansion of string theory on a background that is equal ympsotic to five-dimensional
Anti-de Sitter space. This duality predicts in some casprgesentations for the leading strong-
coupling behaviour of some gauge-theoretical observableesrms of geometric quantities in
supergravity theories.

Some impressive quantitative checks of these duality ctunjes are known in the case of max-
imal supersymmetn\" = 4 based on the (conjectured) integrability of tNe= 4 supersym-
metric Yang-Mills theory with infinite rank of the gauge gmjBei]. Performing similar checks
for theories with less supersymmetry is much harder. Itesdfore worth noting that the local-
isation calculations of partition functions and Wilson foexpectation values described above
have been used to carry out quantitative checks of AdS-Cp@ dyality conjectures for some
gauge theories with/ = 2 supersymmetrygRZ, BEFR.

It seems quite possible that the exact results describedeatam be used to carry out many
further precision tests of the AdS-CFT duality f&f = 2 supersymmetric field theories. The
relevant backgrounds for string theory are not always kndatwhen they are known, one may
use the results obtained by localisation to check thesegksexl AdS-CFT duality conjectures.
Another result in this direction was recently reportedMP{144.

The exact results can furthermore be used to study the plrastuse of these gauge theories
in the planar limit as function of the 't Hooft coupling. A sursingly rich structure is found
in [RZ13g RZ13H. It seems that the full physical content of most of the datavjgled by the
localisation calculations remains to be properly undexsto
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3.3 Evidence for the existence of six-dimensional theoriegith (2,0)-supersymmetry

Low-energy limits of string theory can often be identifiedmtonventional quantum field theo-
ries. The string theorist’s toolkit contains a large chaitebjects to play with, the most popular
being compactifications and branes. One sometimes exbpectsistence of a low-energy limit
with a certain amount of supersymmetry, but there is no knquamtum field theory the limit
could correspond to. Such a line of reasoning has led to #igiron that there exists a very in-
teresting class of interacting quantum field theories witkdémensional 2, 0)-superconformal
invariance W95g St, W95h. These theories have attracted a lot of attention over dke |
two decades, but not even the field content, not to speak ofjeabgian, are known for these
hypothetical theories, se8¢i, W09 for reviews of what is known.

Nevertheless, the mere existence of such theories leadghly Imon-trivial predictions, many
of which have been verified directly. One could, for examptady the six-dimensiona, 0)-
theories on manifolds of the form/* x C, whereC is a Riemann surface5a09 GMN2]
(some aspects are reviewed W], V:2]). If C' has small area, one expects that the theory has
an effective description in terms of a quantum field theoné¢h The resulting quantum field
theoryGe is expected to depend only on the choice of a hyperbolic metriC’ [ABBR], or
equivalently (via the uniformisation theorem) on the cleodd a complex structure ofi. The
Ny = 4-theory with four flavours mentioned above, for examplere&gponds ta”' = C 4,
which may be represented as Riemann sphere with four maats@ato, 1, ¢, co. One may
useq as parameter for the complex structure(f,. Wheng is near0, 1, co, respectively, it
is natural to decomposg, 4 into two pairs of pants by cutting along contours surrougdire
pairs of marked point8), ¢), (¢, 1) and(q, co), respectively. It turns out thatcan be identified
with the functione®™" of the complexified gauge coupling= % + £ of the four-dimensional
theory. The limits where approache$, 1 andoo are geometrically very similar, byt — 0
corresponds to small gauge coupling, while> 1 would correspond to a strong coupling limit.
Note, on the other hand that the marked point8 ahd 1, for example, can be exchanged by
a conformal mapping. This already suggests that there nexght a dual description having
a complexified gauge coupling such thaty = e vanishes whey — 1. The results
described above provide a rather non-trivial quantitativeck for this prediction.

Playing with the choice of’, and with the choice of the Lie algebgeone can generate a large
class of interesting four-dimensional quantum field thegriand predict many non-trivial re-
sults about their physic€5a09 GMNZ2]. The class of theories obtained in this way is often
called classS. Arguments of this type can be refined sufficiently to predmtrespondences
between four-dimensional gauge theoriesidth and two-dimensional conformal field theories
on C generalising the relations discovered A(T], see [Y12, CJ14. In the resulting gener-
alisations of the relation2(23 one will find the correlation functions of the conformal Eod
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theory associated tg on the Riemann surfac€, in general. Considering the cases where
M* = M3 x S, one may use similar arguments to predict that the partftiostions are re-
lated to correlation functions in a TQFT @, generalising the example noted in Sectib&
Such correlation function only depend on the topology'otorresponding to the fact that the
partition functions onV/* = M3 x S! are independent of exactly marginal coupling constants.
This will be discussed in more detail iN:B].

Other compactifications are also interesting, lik€ x C® or M? x C*, whereC? and C*
are compact three- and four-dimensional manifolds. Comifgang on C* or C* one gets in-
teresting quantum field theories on three- or two-dimeraiomanifolds )3 or M?, respec-
tively. The origin from the six-dimension&?, 0)-theory may again be used to predict various
nontrivial properties of the resulting quantum field thesriincluding relations between three-
dimensional field theories oh/? and complex Chern-Simons theory 61 [Y13, LY, CJ13.
Such relations are further discussed\v1[0].

The six-dimensional2, 0)-theories are fod = 2, 3, 4-dimensional quantum field theory there-
fore something like “Eierlegende Wollmilchsaue”, mytiibeasts capable of supplying us with
eggs, wool, milk and meat at the same time. The steadily grgwumber of highly nontrivial
checks that the predictions following from its existencedhgassed increase our confidence that
such six-dimensional theories actually exist. Their etist supplies us with a vantage point
from which we may get a better view on interesting parts oflmelscape of supersymmetric
guantum field theories.

3.4 Towards understanding non-Lagrangian theories

There are many cases where strong-coupling limits of sypereetric field theories are ex-
pected to exist and to have a quantum field-theoretical eagbut no Lagrangian description of
the resulting theories is know\D, APSW, AS]. The existence of non-Lagrangian theories
is an interesting phenomenon by itself. Certain non-Lagjeanquantum field theories are ex-
pected to serve as elementary building blocks for the faofiguantum field theories obtained
by compactifying(2, 0)-theories 5a09 CD].

The origin from a six-dimensional theory allows us to makamitative predictions on some
physical quantities of such non-Lagrangian theories olidlg the prepotential giving us the
low-energy effective action, and the supersymmetric ingleing us the protected spectrum of
the theory.

The results described in this special volume open the egcperspective to go much further
in the study of some non-Lagrangian theories. If the retetutth two-dimensional conformal
field theories continues to hold in the cases without knowgraagian descriptions, one may,
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for example compute the partition functions and certairtdinblume expectation values of
loop operators in such theories. First steps in this dioecttere made ingMT, GT, KMST].

3.5 Interplay between (topological) string theory and gaug theory

Superstring theory compactified on Calabi-Yau manifoldsti “topological” relatives called

the A- and the B-model respectively. The “topological” teles are much simpler than the
full superstring theories, but they capture important infation about the full theories like
the coefficients of certain terms in the corresponding spiace effective actions governing
the low-energy physics. The A- and the B-model are not inddeet but related by mirror

symmetry.

The definition of the B-model topological string theory cam éxtended to so-called local
Calabi-YauY’, defined (locally) by equations of the form

2w — P(u,v) = 0, (3.33)

with P(u,v) being a polynomial. Superstring theories on such local if&fau manifolds
are expected to have decoupling limits in which they arecéffely represented by four-
dimensional gauge theorids Describing four-dimensional gauge theory as decouplmgd
of superstring theory is called geometric engineerig\lVW , KKV, KMV ]. String-theoretic
argumentsI{l, LMN] predict that the instanton partition function (fer + ¢; = 0) coincides
with the topological string partition functiog™? of the B-model ort”, schematically

Zst — Jim Z'P (3.34)

B—0

wheref is related to one of the parameters for the complex strustm&”. This prediction has
been verified in various exampld&p2, IKO3, EK, HIV]. It opens channels for the transport of
information and insights from topological string theorygauge theory and back. Interesting
perspectives include:

e Results from topological string theory may help to underdtdd gauge theories even
better, possibly including non-Lagrangian ones. To givexample, let us note that the
topological vertex AKMV , IKV ] gives powerful tools for the calculation of topological
string partition functions. These results give us predidifor the (yet undefined) instanton
partition functions of non-Lagrangian theories, and magreby provide a starting point
for future studies of the physics of such theories. Firgiste this direction were made in
[KPW, BMPTY, HKN, MP144.

10This limit is easier to define in the A-model, but the defimitican be translated to the B-model using mirror
symmetry.
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e Exact results on supersymmetric gauge theories may feé¢ddsmpological string theory.
As an example let us mention the development of the refinedldgpal string, a one-
parameter deformation of the usual topological string thédwat appears to exist for certain
local Calabi-Yau manifolds, capturing nontrivial additad information. The proposal was
initially motivated by the observation that the instant@mtpion functions can be defined
for more general values of the parametars:; than the case; + ¢, = 0 corresponding
to the usual topological string via geometric engineerit@/[, KW, HK, HKK]. There
is growing evidence that such a deformation of the topoklgitring has a world sheet
realisation AFHNZa, AFHNZDb], and that the refinement fits well into the conjectured web
of topological string/gauge theory dualities§123 AS12kh CKK, NO14. The relation
with the holomorphic anomaly equation is reviewedWil[3].

e As another interesting direction that deserves furthezstigations let us note that the topo-
logical string partition function€™P can be interpreted as particular wave-functions in the
quantum theory obtained by the quantisation of the modalcef complex structures on
Calabi-Yau manifolds, as first pointed out Wp3], see BT] and references therein for
further developments along these lines. By using the hotpmo anomaly equation one
may construcg° as formal series in the topological string coupling constaidentified
with Planck’s constant in the quantisation of the moduli spaces of complex strestur
However, it is not known how to defing*°? non-perturbatively im.

On the other hand it was pointed out above that the instardditipn functions are nat-
urally interpreted as wave-functions in some effectiveozeode quantum mechanics to
which the gauge theories in question can be reduced by thédation method. It seems
likely that the effective zero mode quantum mechanics tatvthe gauge theories localise
simply coincide with the quantum mechanics obtained froengihantisation of the moduli
spaces of complex structures which appear in the geomeigioeering of the gauge the-
ories under considerations. These moduli spaces are gladated to the moduli spaces
of flat connections on Riemann surfaces for thetheories of class. The quantisation
of these moduli spaces is understood for some range of vafugse; [V:11]. Interpret-
ing the results obtained thereby in terms of (refined) togick string theory may give
us important insights on how to construgt’® non-perturbatively, at least for many local
Calabi-Yau-manifolds.

4. What is going to be discussed in this volume ?

Let us now give an overview of the material covered in thisimo.

The first chaptefFamilies of N = 2 field theories”[V:1] by D. Gaiotto describes how large
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families of field theories withV' = 2 supersymmetry can be described by means of Lagrangian
formulations, or by compactification from the six-dimenmsbtheory with(2, 0) supersymme-

try on spaces of the formi/* x C, with C being a Riemann surface. The class of theories that
can be obtained in this way is called classThis description allows us to relate key aspects of
the four-dimensional physics of claSsheories to geometric structures 6n

The next chapter in our volume is titléditchin systems in\' = 2 field theory” by A. Neitzke
[V:2]. The space of vacua of classtheories oriR? x S! can be identified as the moduli space
of solutions to the self-duality equations in two dimensi@m Riemann surfaces studied by
Hitchin. This fact plays a fundamental role for recent stsddf the spectrum of BPS states in
classS theories, and it is related to the integrable structure tyitg Seiberg-Witten theory of
theories of class$. This article reviews important aspects of the role of theelkln system for
the infrared physics of clas$theories.

In the following chaptef'A review on instanton counting and W-algebraby Y. Tachikawa
[V:3], it is explained how to compute the instanton partitiondiions. The results can be
written as sums over bases for the equivariant conomologgstnton moduli spaces. The
known results relating the symmetries of these spaces tgytimmetries of conformal field
theory are reviewed.

The Chapter 4 5-deformed matrix models and the 2d/4d correspondeigeK. Maruyoshi
[V:4] describes a very useful mathematical representationeofasults of the localisation com-
putations as integrals having a form familiar from the stafignatrix models. Techniques from
the study of matrix models can be employed to extract impoitdormation on the instanton
partition functions in various limits and special cases.

The Chapter 5Localization for V' = 2 Supersymmetric Gauge Theories in Four Dimensions”
by V. PestunY:5] describes the techniques necessary to apply the logahsaethod to field
theories on curved backgrounds lié, and how some of the results on partition functions
outlined in Sectior?.1 have been obtained.

In our Chapter 6Line operators in supersymmetric gauge theories and thel@delation”

by T. Okuda V:6] it is discussed how to use localisation techniques for deutation of ex-
pectation values of Wilson and 't Hooft line operators. Tésults establish direct connections
between supersymmetric line operators in gauge theorgetharVerlinde line operators known
from conformal field theory. Similar results can be used torggly support connections to the
guantum theories obtained from the quantisation of thehthtmoduli spaces.

Chapter 7*Surface Operators”by S. Gukov V:7] discusses a very interesting class of ob-
servables localised on surfaces that attracts steadilyiggoattention. In the correspondence
to conformal field theory some of these observables getelat a class of fields in two di-

mensions called degenerate fields. These fields satisireliffial equations that can be used
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to extract a lot of information on the correlation functiongnderstanding the origin of these
differential equations within gauge theory may help explag the AGT-correspondence itself.

There are further interesting quantities probing aspeth®non-perturbative physics of theo-
ries of classS. The Chapter 8The superconformal index of theories of claSs by L. Rastelli,
S. RazamatV:8] reviews the superconformal index. It is often simpler técakate than in-
stanton partition functions, but nevertheless allows @npearform many nontrivial checks of
conjectured dualities. It turns out to admit a represenitati terms of a new type of topological
field theory associated to the Riemann surfacgmrameterising the classtheories.

The correspondence between four-dimensional supersymengeduge theories and two-
dimensional conformal field theories discoveredA®[T] has a very interesting relative, a cor-
respondence between three-dimensional gauge theoriethieeddimensional Chern-Simons
theories with complex gauge group. It is related to the theespondence ofAGT], but of
interest in its own right. In order to see relations with tH@Acorrespondences one may con-
sider four-dimensional field theories of claSn half-spaces separated by three-dimensional
defects. The partition functions of the three-dimensi@zalge theories on the defect turns out
to be calculable by means of localisation, and the resulte hadeep meaning within confor-
mal field theory or within the quantum theory of Hitchin modsiphaces. How to apply the
localisation method to (some of) the three-dimensionabgaheories that appear in this cor-
respondence is explained in the ChaptéA9eview on SUSY gauge theories 6" by K.
Hosomichi V:9]. The correspondences between three-dimensional gaegedh and three-
dimensional Chern-Simons theory with complex gauge groepree subject of Chapter 18d
Superconformal Theories from Three-Manifolds/ T. Dimofte [V:10].

Chapter 1I'Supersymmetric gauge theories, quantization\df,.;, and Liouville theory”’by
the authorY:11] describes an approach to understanding the AGT-correlgmme by establish-
ing a triangle of relations between the zero mode quantunharecs obtained by localisation
of classsS theories, the quantum theory obtained by quantisation twhtti moduli spaces, and
conformal field theory. This triangle offers an explanafiornthe relations discovered iA{T].

Some aspects of the string-theoretical origin of thesdteate discussed in the final Chapters
of our volume.

Chapter 12 by M. Aganagic and S. Shakirbkppological strings and 2d/4d correspondence”
[V:12], describes one way to understand an important part of th&-égrespondence in terms
of a triality between four-dimensional gauge theory, the-tlimensional theory of its vortices,
and conformal field theory. This triality is related to, amgdpired by known largév’ dualities
of the topological string. It leads to a proof of some casethefAGT-correspondence, and
most importantly, of a generalisation of this correspomaeto certain five-dimensional gauge
theories.
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In the final Chapter 13;B-Model Approaches to Instanton CountingD. Krefl, J. Walcher
[V:13] discuss the relation between the instanton partitiontions and the partition function
of the topological string from the perspective of the B-mlodé&e instanton partition functions
provide solutions to the holomorphic anomaly equationsattarising the partition functions
of the topological string.

5. What is missing ?

This collection of articles can only review a small part af #xciting recent progress ov = 2
supersymmetric field theories. Many important developsanthis field could not be covered
here even if they are related to the material discussed ircaligction of articles in various
ways. In the following we want to indicate some of the deveiepts that appear to have
particularly close connections to the subjects discusséus volume.

5.1 BPS spectrum, moduli spaces of vacua and Hitchin systems

BPS states are states in the Hilbert space of a supersynfigttitheory which are forming dis-
tinguished "small” representations of the supersymmdgglara, a feature which excludes var-
ious ways of "mixing” with generic states of the spectrunttivauld exist otherwise. Gaiotto,
Moore and Neitzke have initiated a vast program aimed attiyof the spectrum of BPS-
states in the\ = 2 supersymmetric gauge theori@s of classS [GMN1, GMN2, GMN3],
see the article\[:2] for a review of some aspects. To this aim it has turned outtadeful to
consider at intermediate steps of the analysis a compatiific of the theorieg/- to space-
times of the formR? x S'. The moduli space of vacua of the compactified theory is "évs
large” compared to the one ¢f: onR*, and it can be identified with Hitchin’s moduli space of
solutions to the self-duality equations on Riemann suddidd.

The list of beautiful results that has been obtained alorgdtines includes:

e A new algorithm for computing the spectrum of BPS states twiias a nontrivial, but
piecewise constant dependence on the point on the Couloamnzip of the moduli space
of vacua ofG- onR*. The spectrum of BPS states may change along certain "waltee
moduli space of vacua. Knowing the spectrum on one side oivlleone may compute
how it looks like on the other side using the so-called wadissing formulae. Similar
formulae were first proposed in the work of Kontsevich andb8lohan on Donaldson-
Thomas invariants.

¢ Considering the gauge theafy: compactified ofiR? x S* one may study natural line oper-
ators including supersymmetric versions of the Wilsont étdoft loop observables. Such
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observables can be constructed using either the fields dftheagrangian, or alterna-
tively those of a Wilsonian IR effective action. The vacuwpectation values of such line
operators furnish coordinates on the moduli spa¢eof vacua ofG- onR?* x S which
turn out to coincide with natural sets of coordinates forchiib’s moduli spaces. The
coordinates associated to observables defined in the IRlréwe structure of Hitchin’s
moduli spaces as a cluster algebra, closely related to thegohenon of wall-crossing in
the spectrum of BPS-states. Considering the observabledracted from the fields in
the UV-Lagrangian one gets coordinates describing thehifitmoduli spaces as algebraic
varieties. The relation between these sets of coordinatég irenormalisation group (RG)
flow, here protected by supersymmetry, and therefore samstcalculableGMN3].

Even if the main focus of this direction of research is thecgpen of BPS-states, it turns out to
deeply related to the relations discoveredA®[T], as is briefly discussed iv[11].

5.2 Relations to integrable models

It has been observed some time ago that the description @irép®tentials characterising the
low-energy physics alV" = 2 supersymmetric field theories provided by Seiberg-Witheroty

is closely connected to the mathematics of integrable Bysfe KMMM , MW, DW]. There are
arguments indicating that such relations to integrableetware generic consequences\of=

2 supersymmetry\' = 2 supersymmetry implies that the Coulomb branch of vacuaesaar
geometric structure called special geometry. Under gentéegrality conditions related to the
guantisation of electric and magnetic charges of BPS statesnay canonically construct an
integrable system in action-angle variables from the da#aacterising the special geometry of
the Coulomb branchH].

The connections between four-dimensional field theori¢ls Wi = 2-supersymmetry and inte-
grable models have been amplified enormously in a recemissefrpapers starting witiNBsd.

It was observed thatpartial Omega-deformation of many” = 2 field theories localised only
on one of the half-planes spanniiiyf is related to the quantum integrable model obtained
by quantising the classical integrable model related toe&giWitten theory. The Omega-
deformation effectively localises the fluctuations to thigio of the half plane. This can be used
to argue that the low-energy physics can be effectivelyasgmted by a two-dimensional theory
with (2, 2)-supersymmetryNISd living on the half-plane irR* orthogonal to the support of the
Omega-deformation. The supersymmetric vacua of the fouedsional theory are determined
by the twisted superpotential of the effective two-dimensi theory which can be calculated

1This paper is part of a program initiated IN$3 NSH investigating even more general connections between
field theories with\V" = 2-supersymmetry and integrable models.
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by taking the relevant limit of the instanton partition ftions. This was used ifNNSd to ar-
gue that the supersymmetric vacua are in one-to-one camedspce with the eigenstates of the
guantum integrable model obtained by quantising the iatdgrmodel corresponding to the
Seiberg-Witten theory of the four-dimensional gauge themder consideration.

This line of thought has not only lead to many new exact resoit large families of four-
dimensional\V' = 2 gauge theories\RS, NP, NPg, it has also created a new paradigm for the
solution of algebraically integrable models. More spealfic

e For gauge theorieg- of classS an elegant description for the two-dimensional su-
perpotential characterising the low-energy physics inghesence of a partial Omega-
deformation was given inNRS) in terms of the mathematics of certain flat connections
called opers living on the Riemar specifying the gauge theogy.

¢ In [NP] the instanton calculus was generalised to a large clag¢ ef 2 gauge theories
Gr parameterised by certain diagramsalled quivers. A generalisation of the techniques
from [NOOJ allowed the authors to determine Seiberg-Witten type djgsons of the low-
energy physics for all these theories, and to identify tiegrable models whose solution
theory allows one to calculate the corresponding prepiatent

e The subsequent worlk\N[PS generalised the results oNP] to the cases where one has
a one-parametric Omega-deformation preserving two-dso@al supersymmetry. The
results of NP] imply a general correspondence between certain supersymembserv-
ables and the generating functions of conserved quargtitatéhe models obtained by
quantising the integrable models describing the geneatadiss of Seiberg-Witten-theory
relevant for the gauge theorigs.

The relations between these developments and the reldigom/ered infAGT] deserve further
studies. One of the existing relations fér-theories of class is briefly discussed in the article
[V:11]. These results suggest that the AGT-correspondence anglmalated developments can
ultimately be understood as consequences of the integsahieture in\ = 2 supersymmetric
field theories. This point of view is also supported by thatiehs between the quantisation of
Hitchin moduli spaces and conformal field theory descrilmglde1d.

5.3 Other approaches to the AGT-correspondence

In this special volume we collect some of the basic resultged to the AGT-correspondence.
The family of results on this subject is rapidly growing, amény important developments
have occurred during the preparation of this volume. Theagahes to proving or deriving the
AGT-correspondences and some generalisations include
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e Representation-theoretic proofSHLT, FL, BBFLT] that W-algebra conformal blocks can
be represented in terms of instanton partition functioniis Doils down to proving ex-
istence of a basis for W-algebra modules in which the malexments of chiral vertex
operators coincide with the so-called bifundamental ¢buations representing the main
building blocks of instanton partition functions.

e Another approach\IMS, MS] establishes relations between the series expansionsdor t
instanton partition functions and the expressions pravigiethe free field representation
for the conformal blocks developed by Feigin and Fuchs, aoidé&hko and Fateev.

e Mathematical proofsgchV, MaOk, BFN] that the cohomology of instanton moduli spaces
naturally carries a structure as a W-algebra module. Thidd¢o a proof of the versions
of the AGT-correspondence relevant for pe= 2 supersymmetric gauge theories for
all gauge groups of typd, D or E. The instanton partition functions get related to norms
of Whittaker vectors in modules of W-algebras in these caBesa physical explanation
of this fact seeTan. Some aspects of this approach are described:Bi [

e Physical arguments leading to the conclusion that the isiredsional(2, 0)-theory on
certain compact four-manifolds or on four-manifoldi* with Omega-deformation can
effectively be represented in terms of two-dimensionafaonal field theory 12, CJ14,
or as a2, 2)-supersymmetric sigma model with Hitchin target spade/|.

e Considerations of the geometric engineering of supersymengauge theories within
string theory have led to the suggestion that the instandotitipn functions of the gauge
theories from class$ should be related to the partition functions of chiral freendion
theories on suitable Riemann surfactg, [see ADKMV , DHSV, DHS] for related de-
velopment®. It was proposed inGNQ] that the relevant theory of chiral free fermions
is defined on the Riemann surfa€especifying the gauge theori€s: of classS. These
relations were called BPS-CFT correspondenceCiN@]. A mathematical link between
BPS-CFT correspondence and the AGT-correspondence wadsteghn [ILTe].

5.4 Less supersymmetry

A very interesting direction of possible future researchagyns possible generalisations of the
results discussed here to theories with le§s-€ 1) supersymmetry. Recent progress in this

2The relations between the topological vertex and free femrttieories discussed iIADKMV ] imply general
relations between topological string partition functiefitocal Calabi-Yau manifolds, integrable models and theo-
ries of free fermions on certain Riemann surfaces; possifgidications for four-dimensional gauge theories were
discussed inDHSV, DHS].
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direction includes descriptions of the moduli spaces otisa®sembling the one provided by
Seiberg-Witten theory for field theories witti = 2 supersymmetry.

The rapid growth of the number of publications on this diatibf research makes it difficult
to offer a representative yet concise list of referencesh@subject here.

Acknowledgements:The author is grateful to D. Krefl, K. Maruyoshi, E. Pomoni Rastelli,
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