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Introduction

Unpolarized Deep-Inelastic Scattering (DIS):

k //]‘/, Q2
e Q*:=—¢°, x:= 2P Bjorken—x
Z/;i a —_— Lu}/ 9
””” do
— ~ W, "

P .: — W dQ? dx H
W, (9, P, s) / d*€ expliqe) (P, s | [SS(€), Sm(0)] | P, s) =

1 Y P, +q.P, @
3 (8- 22 R+ 2 (Pp+ BR8P Dp Vi o).

Structure Functions: Fp ¢
contain light and heavy quark contributions.
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as(M2) from NNLO DIS(+) analyses

s (I¥4§§
BBG 0.1134 *9900 valence analysis, NNLO
GRS 0.112 valence analysis, NNLO
ABKM 0.1135 4+ 0.0014 HQ: FFNS Nf =3
JR 0.1128 +0.0010 dynamical approach
JR 0.1162 4 0.0006 including NLO-jets
MSTW 0.1171 +£0.0014
Thorne 0.1136 [DIS+DY-+HT*] (2014)
ABM11, 0.1134 — 0.1149 £ 0.0012 | Tevatron jets (NLO) incl.
ABM13 0.1133 +£0.0011
ABM13 0.1132 +0.0011 (without jets)
CTEQ 0.1159..0.1162
CTEQ 0.1140 (without jets)
NN21 0.1174 4+ 0.0006 + 0.0001
Gehrmann et al. | 0.1131 T %’%%22% ete™ thrust
Abbate et al. 0.1140 + 0.0015 eTe™ thrust
BBG 0.1141 *9920 valence analysis, N3LO

Argas = as(N3LO) — as(NNLO) + Agq = +0.0009 + 0.00065q

NNLO accuracy is needed to analyze the world data. = NNLO HQ

corrections needed.
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Deep—Inelastic Scattering (DIS):

cc
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o, (M,)

NNLO:
S. Alekhin, J. Blimlein, K. Daum, K. Lipka, Phys.Lett. B720 (2013) 172
[1212.2355]

+0.03

—0.02

mp(mp) = 3.97 £+ 0.14(exp) J_rggg (thy) (preliminary),

+0.00

me(mc) = 1.24 £ 0.03(exp) (scale) “ o7 (thy),

Yet approximate NNLO treatment [Kawamura et al. [1205.5227]].
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Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin

convolution
(;?2 ,772 5
(x, @?) G X, —5, ® fi(x, u
2L Z 2L(712'/1/2 J( / )
nonpert.

perturbative

into (pert.) Wilson coefficients and (nonpert.) parton distribution
functions (PDFs).
® denotes the Mellin convolution

1 1
x) ® g(x) = / dy / dz 6(x — y2)F(y)g(2)

The subsequent calculations are performed in Mellin space, where ®
reduces to a multiplication, due to the Mellin transformation

F(N) = /01 dx xN 7L (x) .
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Wilson coefficients:

Q2 m2 Q2 Q2 m2
Cj2,0) (N,?,F = G 2,1 N’/TZ + Hj 2,1 N7F7F .

At Q2 > m? the heavy flavor part

Q2 m2 Q2 m2
HJ'7(2»L) (N7 ?7 ? = Z C,'.(2.L) N, ﬂ—Q Ajj F’ N

[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]
factorizes into the light flavor Wilson coefficients C and the massive
operator matrix elements (OMEs) of local operators O; between partonic
states j

A,,.(':;N>:<j|o,|j>.

— additional Feynman rules with local operator insertions for partonic

matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].

For Fa(x, @%) : at @2 2> 10m? the asymptotic representation holds at the

1% level.
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Status of OME calculations

Leading Order: [Witten 1976, Babcock, Sivers, Wolfram 1978, Shifman, Vainshtein,
Zakharov 1978, Leveille, Weiler 1979, Gliick, Reya 1979, Gliick, Hoffmann, Reya 1982]
Next-to-Leading Order:

[Laenen, van Neerven, Riemersma, Smith 1993]

Q2 > m2: via IBP [Buza, Matiounine, Smith, Migneron, van Neerven 1996]
Compact results via pFg's [Bierenbaum, Bliimlein, Klein, 2007]

O(a2¢) (for general N) [Bierenbaum, Bliimlein, Kiein 2008, 2009]
Next-to-Next-to-Leading Order: Q2% > m?

» Moments for F: N = 2...10(14) [Bierenbaum, Bliimlein, Klein 2009]
mapping large expressions to [MATAD, Steinhauser 2000]

» Contributions to transversity: N = 1...13 [Bliimlein, Klein, Tédtli 2009]
» Two masses my # mp — Moments N = 2,4,6 [JB, WiBbrock 2011]

At 3-loop order for general values of N:

» All OMEs: terms O(nf¢ TECA/F) to F» [Ablinger et al. 2011, 2012

» First contributions to O(TZCa/r) Az 0 [Ablinger et al. 2014]
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The Wilson Coefficients at large Q?

%, (Ne+1) = d [A 2N (Np +1) 62+ C 2L)(Np)]
+ B APNS(Np 4 1) 6y + APV (N + 1)CDNS (N + 1) + CON (V)
q9,Q \WVF 2 qg,Q \VE a,(2,L) VY F a.(2,0)\7F
2010 LfS, n,(Np+1) = as[A<’> SS(Np+ 1) 6+ A (Np) NpCY, 1) (Np + 1) + NpCOS L)(Np)]
L3 iy (Ne+1) = a2A0)o(Np + DNPCS, 1) (Ne+ 1) + a2 [ 4D o (Np +1) 52

+AL) o (Np +1) NpCP) ) (Ve +1) + A (e +1) NFé;_lgm(NF +1)
+ AQ NP+ 1) NpCOLTE (N +1) + NpCP, 1 (Vp)]
S S 3),PS
HS (e +1) = a2[ AQP(Np+1) &2+ CO57 (Vi + 1)) + a2 [ AG) (Ve +1) 5
+ OO (Ne + 1) + A<2>Q(Np +1) €0 1 (Ve +1)
+ADPS (N +1) cgl(g”;(NF +1)]
Hy o r)(Ne+1) = “S[ A (Np +1) 8y + Cy  (Np + 1)] ta [ AG)(Np +1) 6
NS 1 (1
+ AGNE +1) CULE (Ve + 1)+ AL o (Np +1) C), 1 (Ve +1)
+CP, (Np+ 1)} + a? { AG)(Np +1) 6+ AG)(Np +1) CON (N +1)

,NS
+ A G (Np+1) Gy 1y (Np 4+ 1)+ AG)(NF + 1){0;?()2.L>(Np 1)

2),PS (1) ~(2)
+ e L)(Np+1)}+ AL (Np+1) C2, L (Np+1)+ CF), | (Np+1)

[Ablinger et al., 2010]
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The Wilson Coefficients at large Q?

L%y 1y(Np +1)

2010 LIPS, ) (Np +1)

2010 L3 5 1y(Nrp+1)

Hi% (N +1)

H3 1) (Np +1)

[Ablinger et al.,

2010]

a [A 2N (Np +1) 62+ C 2L)(Np)]

a2 [ A (NE + 1) 63+ ADS (N + 1)CL)

a (2 L)(NF +1)+ O (NF)]

4,(2,L)

@ [ ADES(Np 1) 83+ AL o (NF) NpCly 1 (Np +1) + NGO L)(Np)]

a2A) o (Np + DNCLY, 1) (Ne+1) + a2 [ 4D o (Np +1) 52

9,Q
2 )
+40) o (Np +1) NpCP) a1y (N +1) + AL (Np +1) NpCl,y (NP +1)

+ AQ)(Np +1) NpCPRS (Np +1) + NFC;?()z_L)(Np)} ,

a? [ ASYPS(Np +1) 63+ COF2 (N + 1)] + ag[ AGPS(Np + 1) 6
+ COUPS (Np+1) + Ag§>Q(Np +1) C, 1 (Np +1)

2),PS 1),NS
+AGPS (NP +1) O (e + 1)] ,

as[ AGQ)(Np+1) 63+ O, 1 (NF + 1)] + aﬁ[ AD(Np +1) 6

+ A (e + 1) COLE (N + 1)+ A o (Np +1) €8, 1 (Ve +1)

+ OO, (NE+ 1)] + a [ AG (N +1) 6+ AG)(Np +1) OO (N + 1)

+ A2 (Np +1) ¢

9.2 (VP+ 1) + A(1)<NF + 1){0(2) (N +1)

9,(2,L)

PS
+ COL (Np+ )} 4+ AL (NP +1) €2, L (Np+ 1)+ C, 1) (Ne+1)
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The Wilson Coefficients at large Q?

2014 LN, (Np+1) = d [A 2N (Np 4+ 1) 6+ C 2L)(Np)]

+ S [ADNSNE 4 1) by AD IS (NE + DO (N + 1)+ 0 ()|
2010 L8%, (Np+1) = [A“’ PS(Np+1) 6+ AL o (NF) NpCl, L)(NF+1)+Npc<‘(>;;(1vp)]
2010 IS, (Np+1) = ZAyg)Q(NFH)NFc“g L>(Np+1)+af[Ag (Np+1) 6

AL G(Np+1) NpCPy 1 (Ne + 1)+ A% o (Np + 1) NeCll,y (Ve +1)

A“ J(NE+1) NpCLTR (N +1) + NpCE, 1 (V)]

HS ) (Ne+1) = a2[ S (Ne +1) 2+ C5 (Ve + 1) + a2 [ AS) P (Ne +1) 6
+ OO (N + 1) + A;?Q(Np +1) O, 1 (Ve +1)

S
+AGP (Ve +1) CGE e +1)]

HS oy (Ne+1) = a[ A (Np+1) 6+ O, 1 (N + 1)] + ug[ AD(Np +1) 6

+ AG (Ne + 1) COLD (N + 1)+ AS) o (Np +1) €8, 1 (Ve +1)

+CR, L><Np+1)} + as[A (Np+1) 6+ AG)(Np+1) CUUNS (Np + 1)

+ AL G(Np +1) O, 1 (e +1) + AG) (NP + 1){C;Z(>2NL5>(NF +1)

+ OO N+ 1)} 4+ A o (Ne +1) €2, (Ve + 1)+ ), 1) (Ne + 1)

[Ablinger et al. 2010, Ablinger et al., 2014a]
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The Wilson Coefficients at large Q?

NS ~(2),NS
2014 IS, | (Nr +1) a? [Agég (Np+1) 6 + C%“L)(NF)}

3 3),NS NS NS ~(3).NS
+ [Ag;?g (Np+1) 62+ APV + OO (Ve + 1) + 6N (Np)]

4,(2,L) a.(2,L)
2010 LS, (Np+1) = ai[ AP (Np +1) 8y + AD ((NF) NoCy ) (i + 1) + NeCELT (N

2010 I3 (Ne+1) = 2400 (Np+ DONC,y 1) (NF+1) + a§[ AB) S (Np 4 1) 6

2

AN +1) NeCiZy 1) (N +1) + A o(Np 1) NpCylly 1) (N +

(1) ~(2),PS A(3)
+AGNp -+ 1) NpCES (Ve + 1) + NpC, | ()]

,PS ~(2),PS 3 3),PS
a%;[ AGPS(Np +1) 2+ COLT (Np + 1)} + ag[ AGPS(Np +1)

2014 Hg, 1y(Np +1)
A(3) PS @ A1)
+C o WNe+1) + Al o (Ne +1) Clly 1 (Np +1)

(2),PS (1),NS
+ADPS(Np 1) OO (Ve + 1)] :

HS o (Ne+1) = ao[ AQ)(Np+1) b2+ C, 1) (Np +1)] + a2 [ AG) (N +1) 62
+ AQy(Nr +1) S (N + 1)+ AR g (Nr 1) OfY0, 1) (N +1)

. . N
+CO, L (Np+ 1)} + ag[ AG)(Np +1) 6+ AG)(Np +1) CON (N +

+ A2 L (Np+1) G, 1) (Np 4+ 1)+ AG)(NF + 1){05?3;“3(NF 1)

~(2),PS 1) ~(2 ~(3)
+ COFS (N + 1)} + AL G (Np+1) 62 1 (Np+ 1)+ CF,) (e +1

[Ablinger et al. 2010, Ablinger et al., 2014a, Ablinger et al., 2014b]
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Variable Flavor Number Scheme

2
e + 1 02) + filne +1,00%) = Ags(ne£5) @ [flnr, 1) + s, 10%)|

2 2
[l %S K
+ Ao (ne, £5) @S (o 1) + Ay o(mr 5) © Glor, i)

2
2 +PS (&
fQ+Q(nf+1,lu. ) = AQq (nf,ﬁ) ®Z(n;,u )+AQg(nf7i) ®G(nf,/l ) .
2 S H2 2 2
G(ns +1,p%) = qu,Q("ﬁ?) ® X(ns, 1) + ® G(nr, p7) -
ne+l
S(ne+1,p%) = > [fk(nf+1,u2)+fz(nf+1,u2)]
k=1
w sps( W
= qq,Q("f’ 7) +nf Aqq, ("f’ ﬁ) + Aqq ("f’ ?)
®%(ny, 1)

+ [nf /aqsg,Q("fy ::TZ) +'~42g("ﬁ :;):| ® G(nr, 1%

(3)

All master integrals for Agy have just been completed (June 2015).
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Calculation of the 3-loop operator matrix elements

The OMEs are calculated using the QCD Feynman rules together with
the following operator insertion Feynman rules:

1+(=1)" sat
b pa DY gob(A N2

[ (A P2 = B+ Am)A p AN N 22

%

=

Fp(A )N N2

7’1./:.(: PS,M‘F 7”/@/,,,\,

h [(@oga = Bagun) A+ By (1B = o) (A p)¥

Pl LA [A i A P Ay A 1A g =1 A
KT A (A )Y

e R neainiy B {”’,*”r?”,“}) N 22

PARN Ry TG TN (Apa)T (Apy )V R

GUEA R SEHA P (A p)V I, N 22

=
<.

- - .
[(128)55( A1 + Apa)' 771+ (1242) 51 (Apy + Apg)' 371 e puod GG SO e (1, p2 v i)
Pata puvb Nz3 + Y Oyira (P13, P22 D) + f""f"’*O,m/x(py.p;.m»zn)) E
b pade
— - s . Opre (P12 13, 08) = Auad ~gur(D s+ A - V=2
e Py PO A SN S S (Ape) (Apy) Y2
[ ()i Apa + Aups + Apr)' 71 (Aps + Apy) ! oo = A pagao) TVTHA py+ A pa)i(A - p)V
Paid  pub PP H( ) ji(Apa + Aps + Apy) T Ay + Ay ) -
(1) i (Aps + Aps + Apy) T (Aps + Apy)m 1o — A prge] DY (A p) (A py + A py) N
bgcga . 11 A g 4+ Ay Y-l
ig,::ﬂ,;“ti% i i " i i p‘;l,],,ii " j-m;" i HA DA Pagy + 1 Pl As — A pipra Ay — A pipayd]
ii(A-ps D1 P Pa+Apr)"TT
HEREAD 4 At Ap) T s+ Ay X A A e B p) A ) }
N>4
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The diagrams are generated using QGRAF [Nogueira 1993 J. Comput. Phys].

(3).NS (3) (3),PS (3)
Aqq,Q qu,Q AQq A

No. diagrams 110 86 125 642 | 1233

A FORM [Vermaseren 2000] program was written in order to perform the

~-matrix algebra in the numerator of all diagrams, which are then
expressed as a linear combination of scalar integrals.

Ag?’gs — 7426 scalar integrals.
Ag)o — 12529 scalar integrals.
ASC),’PS — 5470 scalar integrals.

— Need to use integration by parts identities.

= The reduction for all OMEs has been completed.

—> Use special computers: 12 units with overall 3.2 TB RAM,
97 TB fast disc, hundreds of mathematica lic. ; IBP: several TB
of final relations.
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Integration by parts

We use Reduze [A. von Manteuffel, C. Studerus, 2012] to express all scalar
integrals required in the calculation in terms of a small(er) set of master

integrals.

Reduze is a C++ program based on Laporta’s algorithm.

(A- KN — ixN(A k)N

1

T1_xA -k
N=0

—> additional propagator.
Number of master integrals:

(3);NS
Aqq,Q

®3)
qu,Q

(3),PS
Adq

(3)

Agg;Q

®
AQg

—

Ll Ll

35 master integrals /.
41 master integrals /.
66 master integrals /.
205 master integrals /.

340 master integrals. (224 done by last Tuesday.)

24 integral families are required and implemented in Reduze.
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Calculation of the master integrals

For the calculation of the master integrals we use a wide variety of tools:

» Hypergeometric functions.

» Summation methods based on difference fields, implemented in the
Mathematica program Sigma [C. Schneider, 2005-].

» Reduction of the sums to a small number of key sums.

» Expansion the summands in €.

» Simplification by symbolic summation algorithms based on MNX-fields
[Karr 1981 J. ACM, Schneider 2005-].

» Harmonic sums, polylogarithms and their various generalizations are
algebraically reduced using the package HarmonicSums [Ablinger
2010, 2013, Ablinger, Bliimlein, Schneider 2011,2013].

» Mellin-Barnes representations.

» In the case of convergent massive 3-loop Feynman integrals, they
can be performed in terms of Hyperlogarithms [Generalization of a

method by F. Brown, 2008, to non-vanishing masses and local operators].
» Systems of Differential Equations.
» Almkvist-Zeilberger Theorem as Integration Method.
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V-Topology

» Emergence of a new function class : nested generalized cyclotomic
sums, weighted with binomials and inverse binomials of the type (2,')

» At the side of the iterated integrals many root-valued letters appear
(around 30).

» The scalar diagram exhibits terms growing like 8V, 4V 2N N — oo.
The growth 2V survives in the scalar case. The physical diagram is
free of this divergence.

» Asymptotic representations can be constructed analytically to
arbitrary precision.

» Various special new numbers appear, the simplest of which is m,
through which (5 is no longer and elementary constant here.
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Emergence of new nested sums :

S () Zﬂ%sl,z (5 -1:9)

i=1 j=1J\;

Lo xN_1 X
:/O dx [Hy,, —1,0(x) = 2Hy o 5 o(x)]

x—1 8+X
+2 / — [H7,(x) — 2H7,()]
X 47 1
8x)
+<:3/ dx( x) )
X+8 1—x
1 1
Wiy = ———, wiz =
2T xE—x) .

(2—x)/x(8=x)’
1 1
NCCED RIS VGRS

~ 100 associated independent nested sums. The associated iterated
integrals request root-valued alphabets with about 30 new letters.
[J. Ablinger, J. Biimlein, J. Raab, C. Schneider, F. WiBbrock 2014.]

[J. Ablinger, J. Biimlein, J. Raab, C. Schneider 2014.]

wir =
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Spill-Off:

New Mathematical Function Classes and Algebras

1998: Harmonic Sums [Vermaseren; JB]
1999: Harmonic Polylogarithms [Remiddi, Vermaseren]

2001: Generalized Harmonic Sums [Moch, Uwer, Weinzierl]

vvyyvyy

2004: Infinite harmonic (inverse) binomial sums [Davydycheyv,
Kalmykov; Weinzierl]

v

2011: (generalized) Cyclotomic Harmonic Sums, polylogarithms and
numbers [Ablinger, JB, Schneider]

» 2013: Systematic Theory of Generalized Harmonic Sums,
polylogarithms and numbers [Ablinger, JB, Schneider]

» 2014: Finite nested Generalized Cyclotomic Harmonic Sums with
(inverse) Binomial Weights [Ablinger, JB, Raab, Schneider]

Particle Physics Generates NEVW Mathematics.
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Cyclotomic S-Sums

Nested (inverse) binomial sums .

More and more onion skins to be added during theses calculations.
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- .S PS
Numerical Results : L, and L5

0.002 0.07
0(a?) contribution of LS, O(a?) contribution of L3,
0.0015 2 = 1000 GeV? —— 0.06 Q% =1000GeV? ——
Q* =100GeV? — — Q2 =100GeV? — —
0.001 Q*=20GeV? - - - 0.05 \ Q*=20GeV? - — -
0.0005
0.04
IS 0 <
0.03
-0.0005
0.02
-0.001
-0.0015 0.01
-0.002 o -
10°° 104 1073 102 107! 10°° 104 103 102 10!

x

0016
O(a?) contribution of LES,
0.014 Q% = 1000 GeV?
100GeV? — —
0.012 20GeV? - - -
0.01
£ 0008
0.006
0.004
0.002
o
107" 10-4 10-% 1072 107!
x
q,2

O(ai) Lg,g O(ag) L§1g
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0.002 F--- -

0.004 L

g

-0.006 |-

Fo@

-0.008

-0.01

-0.012 L=
1077 104 104

x

Contribution to F>(x, Q?)

R(Np +1,Np)

1.015

1.005

QF Zm?
Q2 =20 GeV?,
2 = 100 GeV?,
Q@ =m?
Q% =20GeV?,
2 =100 GeV?,

0.995

0.99
10

104 10

VFNS matching
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NS corrections to gi(2)(x, @*) and XF3W++W_

0.1 0.03
200
E‘F 0.01
=0
=
: 001
SL': 0.02
I
t 2 — g 72 3
L. 003 Q? = 20GeV2,0(a?) ——
& Q? =100GeV2,0(a?) ——
2 = 1000 GeV2, 0(a?) ——
-0.06 - -0.04 @ ( ,)
107° 107 1072 1072 107! 1 107° 107 1072 1072 107!
x T
2 Wr4+w— 2
ai(x, Q%) xF; (x, @)

The corrections to g»(x, @?) are obtained using the Wandzura-Wilczek
relation.
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zals) ()

q,2
0.05
0
0.05
4000 -
7 &
T 5 01
2000 - . S
ol - =
0 _ P
> 015
—2000 o
~4000 02|
exact
L O 'na)
—6000 I O@) + Oz~ Inz) ———--
T Oz )+ O Inz)+ Y, O(ln'z) ----- -0.25 -
Ol —a)+ Y1, 0((1 — 2) In(1 — 2)") -—— 107" 107 1074 1
8000 L= _ .
107> 1074 1073 1072 107! 1
(3)aPS 1 1 2
gy Contribution to F(x, Q%)

The leading small x approximation corresponding to CCH, 1991, departs
from the physical result everywhere except for x = 1.
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3-Loop OME: Ag o

2iy [~ #s16-1)
! Pt LT 73
®) 1+(—1)"’{C2 [16(N2+N+2) f: ) <j:1 <2jj>j2 3) 4Pgg 2
a = - _
88,Q 2 FF N2(N+1)2 = 4 (i +1)2 3(N — 1)NH(N + 1)4(N + 2)

4(5N2 + 5N — 22)575,

128 (S_4 — S_35; +S5_31 +25_
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Also, with this calculation we were able to rederive the three loop anomalous dimension ’Yég

agreement with the literature.
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3) for the terms oc T, and obtained
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Moments for graphs with two massive lines (my # my)
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Analytic general N results are available for Aqq Q A
integrals of Agg o.

m2/ m2
/m2
and the scalar

3
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Conclusions
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2009: 10-14 Mellin Moments for all massive 3-loop OMEs, WC.
2010: Wilson Coefficients LS5 (), 155 ( ).
2013: Ladder, V-Graph and Benz-topologies for graphs, with no

singularities in € can be systematically calculated for general N.

Here new functions occur (including a larger number of root-letters
in iterated integrals).

2014 Lg% AT ARSI 175 and A were completed.

A method for the calculation of graphs with two massive lines of

equal masses and operator insertions has been developed and applied
Ao

The method can be generalized to the case of unequal masses. Here
the moments for N =2, 4,6 for all graphs with two quark lines of
unequal masses are now known [— extended renormalization]; for
some OMEs the complete 2-mass structure has been computed.

The O(a?2) charged current Wilson coefficients have been completed.
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Conclusions

» The corresponding 3-loop anomalous dimensions were computed,
those for transversity for the first time ab initio; those for the
PS-case independently for the first time.

» All master integrals for Agg)Q have been computed and A(3

underway. Here all the topologies, including the ladder- and
V-topologies have been solved.

» Different new computer-algebra and mathematical technologies were
developed.
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