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Evolution equation for the higher twist B-meson distribution amplitude
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We find that the evolution equation for the three-particle quark-gluon B-meson light-cone distribution
amplitude (DA) of subleading twist is completely integrable in the large N, limit and can be solved exactly.
The lowest anomalous dimension is separated from the remaining, continuous spectrum by a finite gap. The
corresponding eigenfunction coincides with the contribution of quark-gluon states to the two-particle DA
¢_(w) so that the evolution equation for the latter is the same as for the leading-twist DA ¢_. () up to a
constant shift in the anomalous dimension. Thus, “genuine” three-particle states that belong to the
continuous spectrum effectively decouple from ¢_(w) to the leading-order accuracy. In turn, the scale
dependence of the full three-particle DA turns out to be nontrivial so that the contribution with the lowest
anomalous dimension does not become leading at any scale. The results are illustrated on a simple model
that can be used in studies of 1/m, corrections to heavy-meson decays in the framework of QCD

factorization or light-cone sum rules.
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I. INTRODUCTION

B-meson light-cone distribution amplitudes (DAs) are
the main nonperturbative input to the QCD description
of weak decays involving light hadrons in the final state
[1,2]. In particular, the leading-twist DA gives a dominant
contribution in the heavy quark expansion and has already
received considerable attention [3-9]. Utility of the QCD
factorization techniques depends, however, on the possibil-
ity to control, or at least estimate, the corrections sup-
pressed by powers of the b-quark mass that involve
higher-twist DAs. This task is attracting increasing atten-
tion, and in recent years there have been several efforts to
combine light-cone sum rules with the expansion in terms
of B-meson DAs [10-13]. This technique allows one to
tame infrared divergences which appear as power-
suppressed contributions in the purely perturbative frame-
work and to calculate the so-called soft or end-point
nonfactorizable contributions in terms of the DAs of
increasing twist. One of the problems of this is that
higher-twist B-meson DAs involve contributions of multi-
parton states and are practically unknown.

In this paper we point out that the structure of sublead-
ing-twist DAs is simpler than what one may assume from
their general partonic decomposition [14,15]. This structure
is revealed by considering the scale dependence of the DAs
in the limit of a large number of colors, N. — o0, i.e.,
neglecting the 1/N? corrections to the renormalization
group equations. It turns out that the evolution equation for
the three-particle DA in this approximation is completely
integrable and can be solved exactly. The lowest anomalous
dimension is separated from the remaining continuous
spectrum by a finite gap. The corresponding eigenfunction
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defines what can be called the “asymptotic” three-particle
B-meson DA and has a relatively simple form. Most
remarkably, it turns out that the higher-twist contribution
to the two-particle B-meson DA ¢_(w) that is related to the
three-particle DA by QCD equations of motion (EOM) is
expressed entirely in terms of this “asymptotic” state—the
states that belong to the continuous spectrum do not
contribute. As a result the DA ¢_(w) evolves autono-
mously and does not mix with “genuine” three-particle
contributions. The evolution equation for ¢_(w) is the
same as for the leading-twist DA ¢, (@) up to a constant
shift in the anomalous dimension. Finally, we discuss the
evolution of the three-particle DA itself and its asymptotic
behavior at small and large quark/gluon momenta which
turns out to be nontrivial. This behavior is illustrated by the
example of a simple model that can be used in phenom-
enological applications.

II. EVOLUTION EQUATIONS

Following the established conventions [3] we define the
B-meson DAs as matrix elements of the renormalized
nonlocal operators built of an effective heavy quark field
h,(0), a light (anti)quark, and gluons at a lightlike
separation:

iF (u)®, (z,u) = (0|g(nz)nysh,(0)
iF (u)®_(z, 1) = (0|g(nz)nysh,(0)

and
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=2iF () ®3(z1, 22, 1)
= (01g(nz1)9G,, (nz2)n* 6" n,ysh,(0)|B(v)). (2)

Here v, is the heavy quark velocity, n, is the lightlike
vector, n?> = 0 such that n - v = 1, I stands for an arbitrary
Dirac structure, |B(v)) is the B-meson state, u is the
factorization scale, and F'(u) is the B-meson decay constant
in the heavy quark effective theory (HQET). Wilson lines
connecting the fields are not shown for brevity; they are
always implied.

The functions ¢, and ®_ are the leading- and sublead-
ing-twist two-particle B-meson DAs [2], and ®; is the
(lowest twist) three-particle DA that is the only one relevant
for the present study. In notations of [14], &3 = ¥, — U,,.
These three DAs are related by an EOM [2,14],

(1+20.)8_(z) = B, (2) +2 / “wdwds(zw). (3)

that can be solved to obtain ®_ as a sum of the so-called
Wandzura-Wilczek (WW) term expressed in terms of &
[2], and a certain integral of the quark-gluon DA ®;. The
latter contribution is nontrivial because it involves a
function of two variables. We will demonstrate, however,
that this complication is to a large extent illusory as the
integral appearing in the EOM essentially decouples from
“genuine” quark-gluon correlations. This simplification
is exactly analogous to what has been observed before
[16-19] for the structure function g,(x, Q%) in polarized
deep-inelastic lepton-proton scattering.

The following discussion is based on properties of the
renormalization group equations for heavy-light operators
under collinear conformal transformations. The corre-
sponding generators read

S+:Z28z+2jzv S0228z+j’ S—:_az’ (4)
where j is the conformal spin, j, = 1 for the light quark, and
Jg = 3/2 for the gluon. The generators satisfy the standard
SL(2) commutation relations [S,,S_] =28y,  [Sy, S| =
+S.. We distinguish the generators acting on quark and
gluon coordinates by the subscript S, and S, respectively.

The starting observation is that both the one-loop
renormalization group equations (RGE) for the DAs and
the EOM relations are invariant under special conformal
transformations [8,20]. It is, therefore, natural to expand the
DAs in terms of the eigenfunctions of the corresponding

generator [8]:

—inj

ng)(Z) _ Z2j ets/z’ lSS:)Qy) _ ngj)‘ (5)

They form a complete orthonormal set,
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(10,)); =T (2))s' 85 = 5.
1 e~

© L 2j-1.0) G
7 )T a0l = . 6)

with respect to the SL(2) invariant scalar product [21],

(@1]dy), = / D<}(0)B1(2). 7)

where the integration goes over the complex coordinates z
in the lower half-plane C_: Imz < 0, and the integration
measure is defined as

Djz = 2jﬂ— ! d*z[i(z — 2)]% %

Going over from quark and gluon coordinates to the
corresponding momenta,

B(z) = /0 ® dwe (), (8)

can be done easily making use of the following expres-
sions [8]:

<e—ikz|e—ik’z> I F(Zj)kl‘zjé(k _ k’),

(e‘ikZ!Qﬁj)>j T(2j)(ks)" /705, (2Vks).  (9)

Staying in coordinate space, we write the two-particle
DAs as

P, (z) = _12/Do dsse™. (s),

Z7Jo

O _(z) = —é/)oo dse/*_(s), (10)

and the three-particle DA as

—1 L] 1 H u iy ~
D3(z1,20) :2—13/ dss4/ duuﬁzel‘f(fri)qg(s, u).
Z1Z2 0 0
(11)

Here and below, it = 1 — u. Inserting these expressions
in the EOM relation (3), one derives the following relation
for the expansion coefficients:

B (s.1) = (5. p) - 252 /  duuids(s.up). (12)

Invariance under special conformal transformations implies
that terms with different values of s cannot get mixed by the
RGE. Thus, the leading-twist contributions ¢ + (s, ) must
have autonomous scale dependence:
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0 0  a ~ B

(g0 3+ 5500 0 (50 = O,

where [7,8]
€, (s.4) = 2C,[In(us) (1) =5/4].  (13)

The RGE for the three-particle DA ®5 is more complicated,

0 J «

— —+—H|F(u)® = 14
<ﬂaﬂ+ﬂ(9)ag+2”7i) (W) ®3(z1.22.4) =0, (14)

where the “Hamiltonian” H to the one-loop accuracy is
given by a sum of two-particle kernels

H:qu+th+th‘ (15)
Explicit expressions for the kernels are known
[8,20,22,23]:
1 lda _
e =-5-{ [ S 15t - artaz)
c 0o @

+ [tz -3 e}
fle) =N [ 2 15(e) - i)
+ {ln(i,u@) - %] f(Zz)}v
Hyol(er2) = Nef [ % 20602 - a0 22
- @¢(21.25)] _§(P(Z1’ZZ)}

——/ da/ dppe 212’121) (16)
where

7§, = azy + azp, a=1-a. (17)

Note that in contrast to [8,20,23], we include the QCD
coupling in the definition of the quark-antiquark-gluon
operator, G,, > gG,,. This redefinition affects the con-
stant terms in the kernels.

For our present purposes it is convenient to write these
integral operators in terms of the generators of SL(2)
transformations [8,22],
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HquNC[l//(qu+3/2)+l//< qg_3/2>_2W(1)_3/4]
2 TUL=3/2)
N, VTR )
Hyy = N [In(iuS}) —w(1) - 1/2).
Hyp = = In(inS) = (1) = 574, (19)
where J,, is defined in terms of the corresponding

quadratic Ca51m1r operator J,,(J,,—1)= (S‘q—i—gg)z. This
representation makes manifest that the Hamiltonian H
commutes with the generator of special conformal trans-
formations,

Q = i(S; +51), (19)

and therefore the RGE (14) is “diagonal” in s. This
symmetry alone is not sufficient, however, to find the
solution since the problem has two degrees of freedom—
the light-cone coordinates of the light quark and the gluon.
It turns out, however, that for the leading contribution for a
large number of colors,

H = N,H + N7'6H, (20)

there is an additional “hidden” symmetry. Namely, it is
possible to construct one more “conserved charge,” Q,, that
commutes both with @, and the large-N, Hamiltonian H:
(@, Q] = [Q;. H] = [@,. H] = 0. (21)
Having two conserved charges for a problem with two
degrees of freedom allows one to diagonalize the
Hamiltonian, i.e., in our case find the multiplicatively
renormalizable operators, without the need to solve the
RGE equation (14) explicitly. This property is known as
complete integrability.
The explicit expression for @, can be found using the
formalism of the quantum inverse scattering method
(QISM) [24]:

9.
@221153_—

— iS9(S9S

iS5 (S§Sq + 5559)
— 0S). (22)

In this approach the charges Q, Q, appear in the expansion
of the element C(u) of the monodromy matrix for an open
spin chain, C(u) « u*Q; + Q,. The commutation relation
[C(u),H] = 0 can be verified by a direct calculation using
the coordinate-space representation for the kernels as given
in Eq. (16) or, more elegantly, with the help of the QISM
techniques. This derivation will be given elsewhere [25].

The “conserved charges” Q;, @, and the “Hamiltonian”
H are self-adjoint operators with respect to the SL(2) scalar
product (7):
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<\I/|q>>=/c DIZIA D%ZZ\IJ*(ZI,ZQ)@(Zl.Zz).

It follows that they have real eigenvalues and can be
diagonalized simultaneously:

@ly.y.x(zl’ ZZ) = sys.x(ZhZZ)?
QZY‘Y.x(ZI’ ZZ) = _SXZYA\‘,JC(ZI’ZZ)’

lH]Ys,x(Zla ZZ) = [E(S’X)Ys,x(zl’z2)' (23)
Note that we write the eigenvalues of @, as a product —sx>
where s > 0 is an eigenvalue of @, and x? is a real number
(but not necessarily positive), x> € R. This structure is
motivated by QISM [25]. The eigenfunctions Y (z;,z5)
are labeled by two “quantum numbers,” s and x, and
provide the basis of the so-called Sklyanin’s representation
of separated variables [26]. They can be found using the
method developed in [27],

Y, (21.22) = %23/1 duuiies/a+i/z)
21325 Jo

1_ 1y ;
—5—IX,—5+1Ix
X2F1 2 2
2

- %) . (24)

The functions Y, are symmetric under reflection x — —x.
Since the eigenvalue x2 has to be real, x can take real or
imaginary values. It is possible to show that for imaginary
x, there exists only one normalizable solution correspond-
ing to the particular value x = i/2. For this special solution,
the hypergeometric function disappears and the eigenfunc-
tion becomes very simple:
(0) iS2 1 . _
Y5/ (z1,20) = ﬁ/ duuiie’/atu/z) - (25)
2122 Jo

This solution has the lowest energy,
Eo=E(s,x =i/2) =1In(us) —y(1)—1/4, (26)

and can be interpreted as the ground state of the large-N,
Hamiltonian. It describes the “asymptotic” quark-gluon DA
with the lowest anomalous dimension. The state is nor-
malized as

YOOy = (s - ). (27)

The eigenfunctions corresponding to real values of x
belong to the continuous spectrum. They are orthogonal

to the ground state, (Y |Y £9)> = 0 and normalized as

coth wx

(VoalYy.e) = 8(s = )6(x =) Tragas

(28)
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The corresponding eigenvalue (energy) is

E(s,x) = In(us) +w(3/2 + ix) + w(3/2 — ix)
—3y(1) - 5/4. (29)

The gap between the ground state and the continuous
spectrum,

AE = E(s5,0) = Eo = 2w(3/2) —w(2) —y(1),  (30)

coincides with the gap in the spectrum of anomalous
dimensions of twist-three light quark—antiquark—gluon
operators with large number of derivatives (see Ref. [28]).
The 1/N? corrections to the ground state energy £y (s) =
N.Eqy + 1/N_SE, can be calculated in a standard quantum-
mechanical perturbation theory, evaluating the matrix
element (Y(©|6H|Y(?). The answer can be written as

Eo(s) = E.(s) + A+ O(1/NY), (31)

where £, (s) is the anomalous dimension for the leading-
twist DA @, Eq. (13), and A is a constant that does not
depend on s:

A =N.+N;'(z*/3-3). (32)

The value of A coincides exactly with the gap between
the spectrum of anomalous dimensions of twist-three
light quark—antiquark—gluon operators and the leading-
twist quark-antiquark operators for a large number of
derivatives [18].

A generic three-particle DA ®5(z,z,,4) can be
expanded in the -eigenfunctions of the large-N,
Hamiltonian,

®3(z1. 22, 1) :A ds [770(57/")Y§0)(Z1vZ2)

1 ©
by [T amts Ytz 63)

(s

where the coefficient functions 7(s, #) and 7 (s, x, 4) can
be calculated using the SL(2) scalar product as

mo(s, 1) = (Y] @5),

n(s,x, ) = x tanh zx <x2 + Z) (Yo |®3).  (34)

They have autonomous scale dependence up to 1/N?
corrections:

no(s,p) = LNPoR (5 . ao)no (s o)
n(s,x, u) = LIPoR (s . po)n(s. x. po), (35)
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where L = as(/")/as(ﬂ0>’ ﬂ() = %Nc _%nf’

7x =N [w(3/2 +ix) +y(3/2 = ix) + 2rg]. (36)
and

wdrt
R(ss) = exp |~ [T (0) n(es/o)
Ho

2C -
_ (ﬁ) T <,4_M)/,—:m [ e (37)
H So

Here sy = e /475, Tp(a,) =% Cp+ -+ is the cusp
anomalous dimension [29,30], and we used that [31]

F(u) = L7 F (up). (38)

The explicit solution of the evolution equation for the DA
®3(zy, 20, p) in the large-N,. limit presents our main result.

The two-particle DA ®_(z,u) can now be recovered
from the EOM relation (3). Using the expressions for the
eigenfunctions in Egs. (24) and (25), one obtains for the
relevant integral:

4 1 o0 . 1
/Z wdw®s(z, w, u) = ——2/ sdse”/z/ duu [no(s,,u)
0 = Jo 0
1 o0
L s

(S
1_ 1y
—5—IX,—5+ X
X2F1 2 >2
2

(39)

Remarkably, all terms involving the hypergeometric func-
tion vanish thanks to the identity,

1 —1—ix, -1+ ix
/ duu, F| ( 2 2 - g) =0, (40)
0 2 u
which is related to the orthogonality condition

<Y.9,x|Y£9)> = 0. Thus, only the ground state (with the
lowest anomalous dimension) contributes to the EOM
relation (3). One finds

1 [ 4
/Z wdw®s(z,w, u) = — = sdse™/“ (s, p),
0 227 Jo
or, equivalently,
1 _~ 1
/ duuis(s, u, u) = —FHO(S,M), (41)
0 S

leading to the following very simple relation in the s space:
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G_(s.1) = by (s.p0) + o(s. ). (42)

Going over from quark and gluon coordinates to the
corresponding momenta,

P.(z) = /°° dwe™ ¢ (w),

0

¢3(Z1,22):A do,dw,e™ O3t 02) (@), w,),  (43)

can be done easily making use of Eq. (9). The SL(2) scalar
product in momentum space reads

dw, d
(fog) =2 | Z2E2 pe(wy, mn) g, @2),  (44)

(] a)2

and the eigenfunctions of the evolution equation take the
form

Ysyx(a)l,a)z):—Aldu\/aTlJl(Z\/W)wsz(%/a)zﬁs)
1) )

u

Lo 1y
—5—IX,—5+Ix
x su2F1< 2 ’22

In this way one obtains the following expressions for the
two-particle DAs in momentum space [8,9]:

blon) = [ ds () s, (24/a5).

b (o) = / ® dsls (5. 1) + mols. W) o(2/ars).  (46)

The scale-dependence of the coefficients ¢. (s,u) and
1o(s, ) differs by a simple overall factor,

b (s.p) = R(s3 0. pto) b (5. o).
no(s.p) = LA//}OR(SW,MO)WU(&#O)v (47)

where R(s;u,pg) is defined in Eq. (37) and A =N, +
O(1/N,) is a constant [see Eq. (31)]. In other words, the
subleading-twist contribution to ¢_(w, ) is suppressed at
large scales as compared to the WW contribution by the
universal factor L2/% that does not depend on the light
quark momentum. To the O(1/N?) accuracy, there is no
mixing with “genuine” quark-gluon degrees of freedom.

It is tempting to define the “asymptotic” quark-gluon DA
D% (zy, 22, p) as the contribution with the lowest anomalous
dimension (for a given s):

B (2. 29 ) = / dsno(s. )0 (21 22). (48)

The corresponding expression in momentum space reads
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Py (w1, 0y, 1) = —wz\/aTlAm ds/sn (s, u) Al du/ud | (2\/sw u)J,(2\/sw,it)

w10,
(] + ()

Felw) = / ™ dsn'® (s.1) (Vaos) T (2v/as).  (50)

0

III. ASYMPTOTIC BEHAVIOR AT SMALL
AND LARGE MOMENTA

One of the reasons why the renormalization group
evolution is interesting is that it gives insight into the
expected behavior of the DAs at large and small momenta,
which is important for the status of factorization theorems.
Although one cannot make any rigorous statements on the
shape of the DAs at low scales, it is usually assumed that
the “true” DAs have the same asymptotic behavior as in
perturbation theory. This assumption proved successful for
the modeling of parton distributions and DAs of light
hadrons, so it is natural to use the same logic for heavy-light
systems.

For small momenta there are no surprises. Using explicit
expressions we find

=0
45%8(501,(027#) ~ 0(“’1)’
w,—0
45%8(601’6027#) ~ O(w%), (51)

respectively. This behavior is in agreement with arguments
based on quark-gluon duality [10]. If both quark and gluon
momenta are small, one obtains

2 [}
P53 (w1, w3, 1) e _w;;)z/) dss™n ) (s, ).

The large-momentum asymptotics is much more interest-
ing. An inspection of the asymptotic DA (49) reveals that
it does not decrease for large gluon momenta @, — oo
(because of the last term that is @, independent). As a
consequence, the integral over all momenta is ill defined,
and the normalization of the asymptotic DA to a matrix
element of a local operator even at a single scale is not
possible. This problem is seen even better in coordinate
space. Using the definition in (48) and the explicit

. 0 .
expression for y! )(zl,zz), one obtains

1 2122
q)gs(zh ) = Z_zazlazz

i1 — 22

[f1(@1 + @2) = folo) + )] + @ [f1 (@) + @) = f1(@))], (49)

where

[1]

@ = [Tl (53)

The behavior of Z(z) at z — 0 is determined by the small-s
asymptotics of 7o(s). Assuming a power-law behavior

s—=0 .
1no(s) "~ s%, one obtains

1 74 —2z5
®3(ZI’ZZ)NZ_281|8ZZZIZZ L =3 (54)

71 — 2o

This function is not analytic at the origin {z;,z,} = 0: the
limit z; - 0 depends on the way the variables approach
zero and exists only if a > 2. For a = 2 one gets

D3(z1,22) ~ 2[1 + 21/22] + O((21/22)*. 22). (55)

If the gluon coordinate z, — 0 and at the same time the
quark position z; is kept constant, the singularity ~1/z,
cannot be avoided. It translates to the constant behavior at
large gluon momentum, as seen explicitly from the
momentum space representation.

The singular behavior ~1/z,, corresponding in physics
terms to the instability due to the gluon falling to the center
of the color-Coulomb field, is not a special pathology of the
asymptotic DA: the contributions of the continuum spec-
trum are even more singular, ~(1/z,)%?*, so that the
corresponding momentum space DAs are increasing (and
oscillating) functions of the gluon momentum. We are able
to show that all such singularities are, however, spurious
and cancel in the sum of contributions of the asymptotic
DA and the corrections. Most importantly, this cancellation
is not spoiled by the evolution: The ~1/z, singularity is
not generated at higher scales provided it is not present
already in the nonperturbative ansatz at a reference low
scale. This result implies that for small z,, alias large
@, 2 U, the hierarchy of contributions with increasing
anomalous dimensions is lost; the leading large-w, asymp-
totics of the “asymptotic” DA is exactly canceled by the
contributions with larger anomalous dimensions. This
pattern appears to be unconventional; we are not aware
of examples of similar behavior for light quark systems.

To this end we rewrite the expansion (33) as the integral
over the imaginary axis x — —ix,
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%@Jﬁ—lthMWm@m@¢ﬁ+z/

—i00

1 ) —1+ioco 9
= —_/ ds/ dxxtan wx <x2 - =
2i Jo —l—ico

where
Ys,x(zl’ ZZ) = YS.—ix(Zlv ZZ)' (57)

Note that the contribution of the asymptotic DA is taken
into account in the second line of Eq. (56) by moving the
integration contour to the left of the singularity at x = 1/2,
due to tanzx. This representation remains valid after the
scale dependence (35) of the coefficients is taken into
account: The anomalous dimension y_;, (36) is an analytic
function in the strip —3/2 < Rex < 3/2, and y(+i/2) gives
the anomalous dimension of the asymptotic DA.
In order to study the limit z, — 0, we write

Ys,)c(zl’ Z2) = Ts,x(zlv ZZ) + TS,—X(Zl’ Z2>7 (58)

where

is> [1 L _
T, (21 20) = s / duui=r s u/a+i/z)
ZIZZ 0
I'(2 —l-x3-x
% 1( x) - 2F1< 2 2
C(x = 3)C(x +3) 1—2x

"
(59)
and use that the coefficient (Y, |®3) in (56) is symmetric
under x — —x so that one can replace Y, (zy,2,) —

27, (z1,z,) without changing the value of the integral.
For small z,,

i (s\' L T(x)T(3/2-x)
Taalzr 22) ~ 2 <Z_2> el F(=3+x)0G+x)
x [+ O(z2)], (60)

so that the asymptotic behavior of the DA ®5(z;,z,) at
Z, — 0 is determined by the position closest to the origin
singularity of the integrand on the real negative x axis, to
the left of the integration contour at Rex = —1. In this way
the pole at x = —1/2, corresponding to the ~1/z, behavior,
is always avoided and the closest singularity appears to be
at x = —3/2, corresponding to P;(z;,z, — 0) ~ const,
unless the matrix element (Y, |®;) is more singular.
Taking into account the scale dependence amounts
to the insertion of the RG factors (35) under the integral.
In this way additional singularities appear corresponding
to the poles of the anomalous dimension (36), y_;, =
N w(3/2+ x) +w(3/2 — x) + 2yg]. The singularity clos-
est to the origin is at x = —3/2 so that if the initial
condition for the evolution ®5(z;,z,,4) corresponds to

PHYSICAL REVIEW D 92, 074044 (2015)

o 9
dxx tan rx (xz - Z) V(215 22) (Vs | P3)

)Ys,x<zlv Z2)<Ys,x|®3>’ (56)

|
a constant behavior at z, — 0, it will be modified to
®3(z1,2, = 0) ~In(uz,), corresponding to a “tail” 1/w,
in momentum space. The same behavior was found
previously for the leading-twist DA [4-6]. It is easy to
see that in the other limit ®3(z; — 0, z,) ~ In(uz;) as well,
so that our final conclusion is that gluon emission generates
a radiative tail ~1/w; and/or ~1/w, of the three-particle
DA ¢3(wy, w,, u) for both large light quark and large gluon
momenta. This is natural as the corresponding terms are
present in the evolution kernels. The reason for and
consequences of such a behavior have been discussed at
length in the literature, e.g. [5], so we do not repeat the
discussion here.

IV. A SIMPLE MODEL

For the simplest phenomenologically acceptable model
of the leading-twist B-meson DA at a low scale y = y, one
usually takes [3]

mwb%wmwﬁwwﬂz (61)

where Ap is defined as

o dw
g:A-gmwy (62)

The value of Az is the most important nonperturbative
parameter in the QCD factorization approach [1,2], with
current estimates in the range Az = 300 — 600 MeV [5,15].

In the same spirit, we consider a simple model for the
three-particle DA at a reference scale,

3 -
b3 (0)17 0)27/40) = —Swlw%e (ml+wz)/mo’
[0
0

= s(s,u, pg) = pze™™, (63)

where @5 is a constant that can be related to the matrix
elements of local quark-gluon operators [3,15]:

1

<12 - 7] (64)

¢3 =
The recent QCD sum rule calculation [15] gives 2 — A%, =
—0.03 4 0.03 GeV?. The corresponding DA in coordinate
space is

2¢3
1+ inZ])2(1 + ia)oZz)3 ’

‘1)3(21,221,“0) = ( (65)

074044-7



V.M. BRAUN, A.N. MANASHOV, AND N. OFFEN
2 T T T T T T

_//wle
1. -

#5° (w1, w2)

¢3(w1’w2)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
w2/w0

FIG. 1. The ratio ¢%'/¢; as a function of w,/w, for several
values of w;/w, for the model in Eq. (63).

and the two-particle DA ¢_(w, p1o) for this model can be
obtained directly from the EOM:

e—w//lg la)2

2¢5 @
_=P3 —w/w,y 1-2—+-——], 66
A'B 3 a)g e |: @0 + 20)(%:| ( )

45—(607,“0) =

where the first term is the WW contribution related to the
leading-twist DA. The higher-twist contribution ~¢;5 in the
s space reads

1
no(s. o) = —§(P352€_w°s7 (67)

and the DA at higher scales can easily be calculated
from Eqgs. (46) and (47). The higher-twist contribution
is suppressed at large scales by an overall factor (o, (u)/
ay(19))2Po (35) as compared to the leading twist.
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1 W(u, p)
08}

2.5
0.6

02F

0.0L . . . . M
0.0 0.2 0.4 0.6 0.8 1.0
u

FIG.2. The function W(u, ), Eq. (74), on three different scales
u=po=1,pu=25,and g =10 GeV.

Let us now have a closer look at the three-particle
DA (63) itself. The asymptotic DA corresponding to this
model is

(o), 0;) = ¢3a:1 3_% |:(wl —2wy) (1 - ez_(z’)
3wy

(0]
+ 2

—(w, + w; — 2600):| . (68)
2

The shape of ¢%(w;,w,) is qualitatively different from

¢3(wy, @,): it is not factorizable as a product of the

distributions depending on @; and w,, does not decrease

at w, — oo, and becomes negative for large w;. This is

illustrated in Fig. 1 where we show the ratio ¢%°/¢; as a

function of w,/w, for several different values of w;/w.
The quark-gluon DA at higher scales is given by

1 [ 9
P (w1, 0y, 1) = 2_1A dsR(s; p, uo) dextan X <x2 _Z> Y (0, @) % L}’*ix//’0<Vs,x|‘I’3>, (69)

where the x integration goes along the imaginary axis with Re(x) = —1. For numerical evaluation it is convenient to
consider first the corresponding function in the (s, u) representation (11),

a$3(s7 u, /’t) 2iS2

and calculate the DA in momentum space as

:——R(s;,u,,uo)/dxxtanﬂx<x _Z>2F1( 2 2
c

u
— — ) Lr-lBo (Y | D), 70
) iy, e, (10)

M) = [ dss [ dutw,su) 2 r51) 3 25012 503 s 5.0, ()
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EVOLUTION EQUATION FOR THE HIGHER TWIST B- ...
For our model (63),

<Ys,x | q>3> =393 S2e—w0s

1 n , 1
—— 72
3 COS X <x 4) - (72)

and the function ¢(s, u, ) has a factorized form,

ihs (s, u, 1) = 3R (s3 s o) e ™ W (u, p),  (73)

where

i X Sin X 2_2 2_1
Wi ) _6/Cdx cos’zx (x 4) (x 4)

1 1
—5—X,—5+X
X2F1< 2 5 2

The function W(u,u)  iighs(s, u,u) at three different
scales p=puy=1, =25, and u = 10 GeV is shown
in Fig. 2. Note that # and # = 1 — u have the meaning of
the momentum fractions carried by the quark and the gluon,
respectively,

W = W + ;, (75)

W = Uw, W, = UW,

0.0030
0.0025
0.0020
0.0015
0.0010
0.0005

0.0000

0.20

0.15

0.10

0.05

0.00

FIG. 3.

PHYSICAL REVIEW D 92, 074044 (2015)

so that the scale dependence visualized in Fig. 2 corre-
sponds to a redistribution of the total momentum of the
light degrees of freedom such that at large scales the gluon
carries a larger fraction. Note also that W(u, u) becomes
slightly curved at u — 1 but still vanishes or, equivalently,

the DA ¢5(s, u, i) diverges in the same limit, but the
divergence is softer than a power 1/i.

Finally, we show in Fig. 3 the (normalized) DA in
momentum space,

2

b3 (u, 0,p) = %gbs(uw, i, p), (76)

as a function of the quark momentum fraction after the
evolution to 4 = 2.5 GeV (solid curves) and at the initial
scale u = py = 1 GeV (dashed curves) for four different
values of the total momentum w/w, = {0.3,1,3,9}.

One sees that for small total momentum, the DA is rather
strongly suppressed by the evolution whereas the shape is
only weakly affected. On the contrary, for large momentum
there is no suppression and the DA is strongly tilted
towards small values of u, corresponding to small quark
and large gluon momenta. It would be interesting to analyze
the large-momentum behavior using the expansion of the

0.06 T T T T T

0.05¢ / AN
0.04 | / N ]
0.03

0.02

The three-particle B-meson DA (76) as a function of the quark momentum fraction u after the evolution to 4 = 2.5 GeV

(solid curves) and at the initial scale 4 = yg = 1 GeV (dashed curves) for the model in Eq. (63) for several values of the total

momentum w = @; + @,.
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type suggested in [6] (see also [9]). Such a study goes,
however, beyond the tasks of this paper.

V. CONCLUSIONS

To summarize, we have shown that the evolution
equation for the three-particle quark-gluon B-meson
light-cone DA of subleading twist is completely integrable
in the large N, limit and can be solved exactly in analytic
form. The most important result for phenomenology is that
“genuine” three-particle contributions of quark-gluon states
essentially decouple from the subleading-twist two-particle
DA ¢_(w) [2] so that its properties are similar to the
leading-twist DA. A similar simplification has been found
before for the structure function g,(x, Q%) in polarized
deep-inelastic lepton-hadron scattering [16—19]. Based on
this experience, we expect that “genuine” three-particle
contributions do not contribute directly to many physical
observables in B decays at tree level because three-particle
and two-particle twist-three contributions to the products of

PHYSICAL REVIEW D 92, 074044 (2015)

currents are typically related by Ward identities; hence,
they cannot have a different scale dependence. We also
expect that a similar simplification of the renormalization-
group dependence holds for twist-four distributions as well.
This study is in progress [25]. In this way we hope to be
able to identify important degrees of freedom in multi-
particle quark-gluon distributions in heavy mesons that can
be parametrized by a minimum number of nonperturbative
parameters. This would present a step forward in the
understanding of subleading corrections in powers of the
heavy quark mass and ultimately allow one to increase
significantly the accuracy of QCD predictions for heavy
meson (and baryon) decays based on the heavy-quark
expansion and/or light-cone sum rules.
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