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A B ST R A C T

The computer code URMEL-J calculates the im pedance o f cylindri- 
cally sym metric obstacles o f arbitrary shape with open side tubes. 
This code is specifically designed for the im pedance calculation above 
cut-off wrhere existing resonator codes cannot be used. The numeric 
solution is based on the FIT-m ethod, a finite difference m ethod. It re­
quires the solution o f a large, inhomogeneous, com plex m atrix equation 
for a given frequency. A inultigrid algorithm  has been set up to solve 
the linear system, which is non-hermit ian and indefinite. This special 
solver is described in this paper and results for different resonators are 
presented.

IN TRO D U C TIO N
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where dA  stands for the boundary o f area A and E'  and I I 1 are nor­
malized com plex phasors (com pare [5]). At present only m onopole 
fields are treated (d/d*p =  0).

They are discretized on a staggered rectangular grid by a spe­
cial finite difference m ethod, the FIT-m ethod [7]. This implies many 
analogies with URMEL [1].

The magnetic held II'  can be decom posed into an inhomogeneous 
part

h ; ( ui, t. z ) ^  ^ - c ~ iks, (4)* Z7rr
that is caused by the current, and a hom ogeneous part H £.

A  numerical m ethod is presented for calculating the longitudinal im pe­
dance o f a cylindrically symmetric structure, e.g. a cavity with beam  
ports in an accelerator.

For a cavity with open side tubes made from  perfectly conduct­
ing material the spectrum of the impedance differs qualitatively in the 
frequency range below and above the lowest cu t-o ff frequency for trav­
elling waves in the tube. The spectrum  o f the real part is discrete 
below cut-off and continuous above. A bove the cut-off frequency no 
ideal resonance can exist because energy is lost as fields travel out o f 
the cavity. A peak in the spectrum above cut-off can be considered a 
resonance with finite quality factor.

There are a number of computer codes for evaluating the lowest 
resonant frequencies and quality factors for cavities which are needed 
for the im pedance calculation below cut-off, e.g. [l], [2]. U R M E L -I 
is based on U RM EL [1] but calculates the im pedance as a function 
o f frequency (including the region above cu t-off). For this calculation 
the cavity is excited by a current, on the axis. An ’'open boundary 
condition5' is implemet.ed in U R M E L -I. A  different approach for the 
treatment o f  the boundary conditions is used by Gluckstern and Neri, 
who adapted the resonator code SUPERFISH [3] for im pedance cal­
culations above cut-off [4].

THE LONGITUD INAL IM PE D A N C E

The longitudinal impedance o f a structure that, has been excited by a 
current on the axis is given by:

Z(u>) = -  /  E z(r  =  0, ip =  0, r,u>) c ,lr: dz, (1 )
<] ./- oo

with the charge g, the wave number k =  “  and wdiere E z is the Fourier 
transformation o f the longitudinal electric field E z. ([5] gives more 
details.)
In [6] it is shown that the integral can be taken at any radius r for a 
cylindrically symmetric structure. Thus integrating at the tube radius 
gives the same result as the integral on the axis. The advantage o f 
integrating at the tube radius is that the integrand vanishes in the 
tube region. Consequently one need only perform  the integral over 
the gap o f the cavity.

N U M ER IC A L FORM U LATION  OF TH E  PROBLEM

M axwell’ s equations for the problem read as

H ' - d s  = ? — • [  er È ' - d Â -f
dA c Ja

( 2)

Figure 1: Longitudinal dépendance o f  exciting current and magnetic 
field components.

For the numerical calculation the (infinitely long) tubes have to be 
cut at. some convenient distance from  the cavity. At these boundaries 
the reality o f an infinitely long tube has to be simulated.
From ( 4) it follows for if*

I I ' ^ , r , z -  A ) =  H ;( u > ,r , z ) c ikA =(1 +  ik A )  I Q u i ,  r, : )  (5)

For frequencies above cut-off the fields excited can propagate in the 
tube with propagation constant k'. (com pare figure 1). For the ho­
m ogeneous azimuthal magnetic held the relation

K ( u , r , z -  A ) -  7 / ° ( c u , r , r ) f A  (1 -  ik 'A)  7/°(u>, r. z)  (6) 

i / “ (o 7 ,r , i+  A ) = i / " ( u , r , r ) c - ’V A  7 (1 -  ik 'A ) 1 1 ° ^ ,  r, z) (7)

is valid in the left resp. right tube, k' is exactly evaluated in the 
frequency range just above cut-off where only one type o f wave can 
propagate, for the higher frequencies the approximat ion k' = k is used. 
These first, order equations are used to set up the difference equations 
for grid points at. the right, and left boundaries.

For the equations for E r at. the left and right boundaries o f the grid 
the open boundary simulation is used (com pare ( 5), ( G). ( 7)). The 
difference equations for E z use (for r > 0) the relation r l lU iv .r ,  z)  = 
(r  -  A )//* (u .', r -  A , r) which holds because o f ( 4); on the axis (r  =  0) 
the current does not vanish but can be expressed in terms o f 7/*. In 
the difference equation for II£ the other components are each replaced 
by their difference equations.
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T h is yields a svMrm o f lunar equations with the homogeneous 
azimuthal field com ponents as unknowns, and the inhomogeneous ones 
on the right hand sides.

The FIT-m ethod uses the area o f a grid cell and the lengths of 
the sides for the discret izat ion. An ext ension o f the FIT-m ethod was 
adopted in connection with the solution o f  the resulting linear algebraic 
problem : W hen a cell is in any way partially filled with m etal, only 
the area o f  the remaining vacuum and the lengths o f  the sides not 
bordering metal are used.

SOLUTION OF TH E N U M ERICAL P R O B LE M  
BY A M ULTIGRID A L G O R ITH M

The discretization o f M axw ell’s equations leads to a com plex linear 
system o f equations

L u  = f  (8)

with l  =  a  +  î* 'd  -  * 2i ,  u  = ( H i , , . . . , f  =  P  ( h ; , ,  ..., i i ; n )t .

L is a (N x N )-m atrix and has a band structure with only four off- 
diagonals. L is non-hernutian and not even positive definite. Near 
(quasi-)resonances L even becomes nearly singular. A t resonances be­
low cut-off L is exactly singular. Because o f  round-off errors this is 
also true near these resonances.

The large, sparse linear system ( 8) has to be solved for each given 
frequency. As the usual iterative m ethods either do not work for inde­
finite, non-hermitian systems or have a poor perform ance, a multigrid 
algorithm  has been developed to solve the linear system.

Multigrid m ethods [8] have been very successful in the fast solution 
o f partial differential equations. The main idea o f the multigrid method 
lies in the com bination o f an iteration m ethod 7, which smoothes the 
high frequency part s o f the error in a few steps, with another iteration 
I I ,  that, reduces the low frequency parts in the error. I is just a 
classical iteration m ethod like the Gauss-Seidel m ethod. One iteration 
step o f 7 /  consists o f a correction evaluated on a coarser grid. Even 
though 77 is not convergent the com bination o f  7 and 77 converges 
very fast. The iteration steps o f 77 are relatively fast because the 
problems on the coarser grids have fewer unknowns.

In U R M E L -I a so called Full-M ulti-Grid-M ethod (F M G ) with V- 
cycles is used. A V -cycle  is a special kind o f  single iteration step of 
77. Figure 2 shows schematically on two grids how this works. In 
practice at least three grids are usually taken.

The multigrid algorithm  in U R M E L -I consists o f the following 
component s:

• The coarser grids are given by standard coarsening o f  the grid 
on the next higher level, i.e. hcoar, ( — 2 /i / ,nc for regular grids.

• On each grid level the matrix 7 , has to be set. The compatible 
coarsening is chosen: i.e. 7, is set up by the FIT-m ethod like L 
on the finest grid. In this process it is very important to solve 
the same physical problem, i.e. to treat the same geometry. 
Therefore the extension o f the usual discretization by the FIT- 
m ethod on a rectangular grid, which is described above, was 
introduced.

Since discret ization shifts the eigenvalues o f the Laplace-operator 
the eigenvalues o f the indefinite operator A — P i  may change 
their sign on the coarser grids. An appropriate shift-factor for k 
and k' was introduced to correct the discrete eigenvalues.

• As grid transfer the bilinear interpolation arid the corresponding 
restriction are chosen. Rather than a pure bilinear interpolation, 
an undcr-inlerpolalion with the squared shift factor is used.

• As relaxation method the Gauss-Seidel m ethod is taken as long 
as a V -cycle reduces the ||.|j2-Norm  o f the residuum well enough. 
From then on the Kaczmarz m ethod [9] is used.

• The number o f  V-cycles  has not been fixed a priori but is set by 
a convergence critérium. Also the number o f  relaxation sweeps 
depends on a convergence critérium.

• The solution on the coarsest grid is done by LU-factorization 
with a LINFACK-routine [ 10].

Figure 2: FM G -m ethod on t wo grids.

Figure 3: FM G method with three grids and two V-cycles on each 
grid. Grid 1 is the coarsest grid.

Except, in the vicinity o f  frequencies for which L becomes (nearly-) 
singular, the convergence o f the multigrid algorithm in URM EL-1 is 
good. Comparisons with a direct solution m ethod were only possible 
for small problems but there good agreement, was obtained between 
results from the direct solution m ethod and the multigrid solver. In 
conclusion it can be said that the results are satisfying and show a 
reasonable agreement with quasi analytical results and results obtained 
from wakepotential calculations with TBC1 [6].

E XA M PLE S

The longitudinal impedance and quality factors for several cavities are 
shown. The reader interested in studies o f  the convergence properties 
o f the multigrid algorithm  is referred to [l 1 ] where the whole subject 
o f URM EL-1 and the multigrid algorithm  is treated in detail.

As first exam ple a pill-box with 65 nun gap, 100 nun radius and 50 
nun tube radius is chosen.

For pill-boxes with side tubes the impedance can be analytically 
calculated by Fourier series. H.Henke [12] used this to compute, the 
impedance for pill-boxes numerically. Figure 4 shows the impedance 
calculated with the LU-factorization as solver for A ; = 4.06 nun, 8.12 
nun and 16.25 nun giving 640, 160 and 40 vacuum cells (respectively) 
and the results by Henke’s semi-analytical m ethod. G ood convergence 
is observable for A - — 0. The use o f  the. shift-factor prevents a com ­
pression o f the im pedance curve in the frequency direction which o c ­
curs without, this eigenvalue correction (com pare [l 1 ]).

In the following the effectiveness o f  the special measures under­
taken to handle the eigenvalue shift is demonstrated using the pill-box 
as an example. As mentioned, the eigenvalue shift due to discretization 
is estimated and a shift-factor is used so that the problem L s u =  f s 
with L s =  A  -f ik 'D  -  s ■ P I and f s = s • f  is solved instead o f 
L u -  f .
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Figure 4: Real part, o f  the impedance above cut-off ( =  2295 M Hz) cal­
culated for the pill-box by U R M EL-I with direct solution m ethod and 
stepsizes A :  = 4 .06 , 8.12, 16.25 nun and impedance by sem i-analytical 
solution with Henke’s code.

Figures 5 and 6 show the ten lowest eigenvalues o f L resp. L s for 
/  =  h • ^  =  3500 MHz on the grids G 2 and G i- The grid G’ i has the 
stepsizes A r = 25 nun, A^ =  16.25 nun, G 2 has stepsizes A r =  12.5 
nun, A ; = 8.12 mm. The shift-factors are sj =  0.89, s2 =  0.97. W ith­
out shift the eigenvalues A2 and A3 have positive real parts on G 2 and 
negative real parts on G j . This constellation would cause grave con­
vergence problems in multigrid iteration. W ith shift they have positive 
real parts on both grids.
The second measure to improve convergence is the under-interpolation. 
Figure 7 compares the relative defect, over the number o f  V-cycles on 
grid G 2 for 3500 MHz. The advantage o f the under-interpolation with 
w =  0.9425 is obvious.
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Figure 5: Lowest ten eigenvalues o f L (without shift-factor) on the 
grids G\ and G'2 for the pill-box and 3500 MHz.

iii

'1000. 0

3000.0

2000.0 
1 0 0 0 .0

0.0

- 1 0 0 0 .0

- 2000.0

A, on G 2 

A, on G'i

3000.0
-6000.0 -4000.0 -2000.0

A -  o  4- if)

2000.0 4000.0

Figure 6: Lowest ten eigenvalues o f L s (with shift-factor) on the grids 
6 ’ ] and 6 '2 for the pill-box and 3500 MHz.

Figure 7: Relative defect ||/ -  iu||2/||u||2 on the fine grid 6 '2 o f a 
2-level-iteration in depcndance on the number o f V -cycles for 3500 
MIIz.

Another typical characteristic o f the indefiniteness o f the problem  
is the dependance o f the convergence on the chosen frequency: W hile 
sweeping through the frequencies the problem  becomes ill-conditioned 
several times due to singularity o f the m atrix.

cond fL ) L m

4h 
2 h

f / M H ;

Figure 8: Condition number o f L 2/,, L^h, L»h .

Figure 8 shows the condition number o f L on three different grids. 
Three intervals with ill-condition can be observed. On grid G’s/, com ­
putation only makes sense up to 3600 MHz.
In Figure 9 the dependance o f the relative defect on grid G'/, on the 
frequency is compared for the multigrid iteration on two, three and 
four levels. G'/, is always the finest grid level. As long as the step- 
size is fine enough for the frequency range, the multigrid characteristic 
that, the result only depends on the finest grid but not on the number 
o f grid levels could be verified. This was also obtained by comparing 
results from  LF-factorization and the multigrid algorithm. These com ­
parisons were possible in the frequency range where a big r-stepsize is 
possible, i.e. A  is relatively small.

4-grid-iterat.ion 
.....  3-grid-itcration

||f-LÜ||/||ü||

Figure 9: Relative defcct ||/ -  L m||2/||û ||2 on G'̂  in dependance on 
the frequcncy for a 2-, 3- and 4 -grid-iteralion .
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The following examples show the superconducting HERA cavity 
[13]. The fine grid has about 2000 points, the coarse grid o f a 2-grid- 
iteration has about 500 points.

Finally the quality factor o f a quasi-resonance above cut-off is com ­
pared for a cavity made up from one. two and three pill-boxes with the 
dimensions given in the first example. The following approxim ate re­
sults were obtained:

Figure 10: Superconducting HER A cavity

Below cut-off the results for the imaginary im pedance have been 
verified with URM EL-T (see figure 11).

Figure 12 shows the real part o f the impedance above cut-off. 
A typical attribute o f the numerical problem  is shown there: As the 
frequency increases a finer and finer mesh is required, otherwise con­
vergence problems may arise near a quasi-resonance. Gomparision o f 
the direct solution on the finer grid with results from TBC1 -f EFT 
show a very good agreement.

Im(Z)/0hm

Figure 11: Gomparision o f imaginary part o f  the impedance be­
low cut-ofr o f the HERA-cavit.y by solution with U RM EL-1 and 
U R M E L -T .

Re(Z)/Ohm

f/M H z A f/M H z 0
one cell 2640 200 13
two cells 2590 11 240
three cells 2580 C 506

SUMMARY

The code URMEL-I presents a new tool to calculate the impedance 
of obstacles o f arbitrary but cylindrical]}' symmetric shape with side 
tubes. The present version gives good results, indicating the validity 
of the method. URMEL-I is especially characterized by the use of 
the FIT-method which guarantees physical solutions and by the new 
multigrid algorithm for the fast oscillating, indefinite algebraic prob­
lem.
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