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ABSTRACT

A bunch of charged particles passing an accelerating cavity -or any 
other structure of varying shape- excites electromagnetic fields that act 
back on the particles. These wake fields are functions of space and time 
coordinates. The net change in momentum due to such fields is obtained 
by an integration over all times during that the fields interact with the 
particles, i.e. normally from t = *-oo to t — + oo > For ultrarelativistic particles 
passing structures of cylindrical symmetry this infinte range for the inte­
gration -which is very inconvinient for all practical computations- can be 
replaced by a finite range over the section where the scattered fields 
originate from.

1. INTRODUCTION

When a bunch of charged particles traverses an accelerating cavity 
electromagnetic fields are excited that lead to decelerating and deflecting 
forces acting back on the exciting particles. These fields are usually 
called wake fields and are functions of space and time. Since many 
accelerators and storage rings suffer significantly from such forces 
computational means have been developed for solving Maxwell's equations 
in time domain including the presence of free moving 
charges/l/2/3/4/5/6/.

A typical situation is shown in figure 1: An accelerating cavity with side 
tubes of radius a. The actual shape of the cavity in the region r>a is of no 
importance for the following considerations. Particles traversing the 
cavity from region A to C excite electromagnetic fields near region B. The­
se fields will in general remain only partly in region B. For the PETRA 
cavity it was found/7/ that a significant amount of electromagnetic 
energy is radiated into the side tubes i.e. regions A and C. This fact 
implies that the interaction between the exciting particles and the fields is 
not limited to region B. Generally one has to take into account all the 
interactions taking place in the side tubes A and C (i.e. for v=c particles 
only the exiting side tube region C). The amount of interaction taking 
place in the side tubes increases the shorter the bunches are since
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bunches shorter than the tube radius contain many Fourier components 
above the cut off frequency of the side tubes. In linear accelerators and 
storage rings bunches can be in fact much shorter than the cavity hole 
radius. Even if they were not one would still be interested in the wake 
fields of very short bunches for instability studies since these short bunch 
wakes can serve as Green's function in tracking codes/8/. These facts 
represent a strong limitation to BCI type of computer codes since for short 
bunches one has to extend the mesh for the exiting side tube further and 
further the shorter the bunches are. Thus the mesh size increases 
roughly linearly with l/bunch length and the computation time 
quadratically. Due to the finite frequency resolution of a finite grid the 
ratio of r.m.s. bunch length over mesh step size must be at least of the 
order of five/l/2/3/4/. This condition leads to an additional increase of 
mesh size and computation time. Both effects seem to limit quite severly 
the applicability of BCI-like programs to very short bunches in open 
structures/9/.

Since particle motion is considered to be describable by functions that 
vary slowly compared to the structure length of regions such as cavity 
gaps one uses in beam stability considerations (so far) only the integrated 
net change in momentum due to the self fields. The integrated wake fields 
are then called wake potentials. The formalism of impedances as used in 
accelerator theory is also connected (by simple Fourier transformations) 
with these integrated forces. These wake potentials can also be computed 
in frequency domain by means of eigenmode expansion/10/ although only 
for the special case of an infinitely repeating chain of pill box cavities with 
connecting beam tubes/11/12/.

There exist two different solutions to the problem of short bunches in 
time domain computations of integrated forces that will be discussed in 
the following sections.

2. WAVEGUIDE MODE EXPANSION

Recently a solution has been deseribed/6/13/ that solves for the 
exiting side tube fields by means of waveguide mode expansion. At some 
location in the downstream beam pipe the fields computed with BCI are 
matched to eigensolutions of the empty waveguide. These eigensolutions 
can then be integrated separately and the BCI calculation can stop at the 
matching location.

The disadvantage of this method is that additional computations and 
matching integrals over Bessel functions have to be invoked, for details 
see /6/13/. Furthermore this method is restricted to "normal" cavities 
with the beam hole at the center, i.e. cavities where the beam path area
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includes the symmetry axis r=0. Structures of coaxial type (e.g. wake field 
transformers/14/) where the beam offset rx is restricted by 0<Rx^rx^R2 
would invoke Bessel and Neumann functions including numerical 
procedures for searching the zeros of the nonlinear eigenvalue equations 
given by the boundary condition at two different radii. The waveguide 
mode expansion method has also not been applied to fields with higher 
azimuthal dependence, i.e. quadrupole sextupole and higher order fields, 
since DBCI/6/ solves only for dipole fields of bunches on axis having a 
dipole moment. Although monopole and dipole fields seem to suffice for 
beam stability considerations in storage rings it has been found that 
quadrupole wake fields represent a fundamental limitation to linear 
accelerators even if they were perfectly aligned/15/. A solution that is 
valid for any azimuthal mode number m and general structures is 
described next.

3. INTEGRATION AT THE BEAM TUBE SURFACE

Another solution to the exiting side tube problem/16/ has been 
implemented into TBCI/5/. This method is not restricted to monopole and 
dipole fields and also not to cavities with an on-axis beam hole. The 
method does not invoke any additional effort in the computation but 
makes use only of the knowledge about the explicitly and analytically 
known dependencies of the integrated forces as a function of radius and 
azimuth.

Consider a particle at radius rx passing a structure from left to right at 
the speed of light and at r2 a second particle at the distance s as shown in 
figure 1. The net change in momentum experienced by the second particle 
due to the fields generated by the leading particle can be generally written
as:
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This relation is known for infinitely repeating structures/17/18/ and for 
single cavities in the case of fields with no azimuthal dependence/19/ (i.e.
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rn=0). It is shown briefly in the Appendix that this relation holds for single 
cavities and any azimuthal dependence as well. It obviously does not 
matter where the forces are integrated since the forces at any radial and 
azimuthal position can be expressed by the forces at any other 
position r,<p. The wake functions wm(s) are characteristic functions of the 
structure and have to be calculated by solving Maxwell's equations for the 
given geometry and initial conditions. They are essentially given by the 
net change in longitudinal momentum as:

oo
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It is interesting to notice that for each m the transverse force and the 
longitudinal force are simply related and given by a single function wm(s). 
This reflects the well known relation between transverse and longitudinal 
force in frequency domain/20/:
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The second integral extends only over the cavity opening (region B) since 
the longitudinal force vanishes at the tube surface. As a consequence the 
field computation can stop as soon as the last test particle reaches the 
exiting side tube. Furthermore the fields have to be computed only in the 
region B where they are generated. As a consequence there is no need to 
extend the mesh and the time range of computation to a long exiting side 
tube.
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There are two more useful consequences from the above considerations 
that help to ease the wake potential computation in time domain.

It can be seen that for r^rg^a fields are excited first when the 
particles leave the left end of the opening. From this moment on 
scattered fields can travel towards the outermost ends of the mesh. If the 
way forth and back from the opening to the ends of the mesh is longer 
than the total range in s for which wm(s) is computed, fields scattered at 
the end of the mesh cannot reach the test particles before they enter the 
right end of the opening. This implies that under these conditions the 
boundary conditions at the mesh ends in the field computation do not 
influence the wake potential wm(s). This follows directly from causality 
principle.

For bunches near the axis it was observed/l/3/4/ that a numerical 
noise is coming into the wake calculation even in a smooth pipe -which 
does not produce any wake force in theory-. This tube contribution has to 
be computed separately and subtracted from the original wake/8/. When 
test particles travel along a pipe at the surface there can be no force in 
the computations either since the forces parallel to the pipe surface are 
set zero in the mesh. Thus the problem of numerical pipe wake fields is 
solved too by integrating the force at r2=a.

For coaxial structures similiar expressions can be derived for the wake 
functions but details are left to the Appendix and a later paper.

4. CONCLUSION

The explicit knowledge of the forces experienced by particles at 
different radial positions passing a cavity at the speed of light enables to 
transform the infinte time range of the electromagnetic interaction to a 
finite interval. For field computations in the time domain this implies 
that there is no need to evaluate the downstream fields travelling with the 
particles away from a cavity. Although these fields interact with particles 
near the axis somewhere in the downstream beam pipe the net change in 
momentum can be computed from fields experienced by test particles at 
the beam tube surface. The interaction for these test particles is limited 
to the cavity opening since no forces exists parallel to the surface of the 
beam tubes.
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6. APPENDIX

Considering a cavity as shown in figure 1 or 2 one can write for the 
electric field in the region R^r^R;? -independant of the actual shape of the 
disturbence for r>R2-

-foo
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with:

(A2) k(cj) propagation constant in z direction
m azimuthal mode number

The net change in longitudinal momentum of a particle at r=r2 at the 
speed v=jSc and at z=/3et-s is obtained from:
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The fields in the region above R2 have to be matched to the fields in the 
region below such that the total field fulfills the boundary conditions and 
such that the two fields have continuous tangential components at the 
interface at r=R2 inside the gap, i.e. the fourier coefficients gm(cj,r) have 
to be chosen properly. Boundary conditions also define the dispersion 
relation for the propagation constant k(w). With:
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the expression for the longitudinal change in momentum becomes
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We now recall the relation between the transverse and longitudinal 
component of the force F in frequency domain/20/:
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which follows directly from Maxwell's equation in complex notation 
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for those frequencies that contribute to the interaction, i.e. if one uses:
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i.e. only those Fourier components are considered that contribute to the 
force.

Since it is possible to obtain the transverse forces from the 
longitudinal one we investigate the wave equation for the longitudinal 
component of the electric field:
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Using the above relation between the propagation constant and the 
frequency (A9) yields:
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For ultrarelativistic particles we find from this (y-><*>) that Gm(s,r) must 
be a solution of:
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Although this conclusion is strictly valid only for finite «  it still can be 
made bearing in mind that the result will be applied only to smooth 
partcile densities with a decaying frequency spectrum at very high 
frequencies.

In the general case of coaxial structures we have to use throughout the 
calculation both solutions of (A13) and all m's in (A14), We will restrict 
here -for simplicity- our considerations to "normal" cavities with Ri=0. 
This implies that the logarithmic term in (A13) must vanish as well as all 
terms with a negative m in (A14). Now that we now explicitly the radial 
functions we see from (A7) that in time domain the net change in 
momentum can be written as:
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The integral comes from the division by icu in the relation between
transverse and longitudinal forces in (A7).

The above relation describes the momentum change in energy due to 
fields that are present before the particle enters. From conservation of 
energy it follows that that the fields generated by the particles get the 
energy out of the longitudional momentum -since lq and r2 were defined to 
be constant-. Thus it follows for the general case of a particle §1 at r=ri 
generating the fields that act on a second particle §2 at r=r2 that the net 
change in momentum is given by equn (1).
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Figure 1 Cylindrically symmetric cavity with side tubes of radius a

Figure 2: Coaxial cavity structure
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