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Abstract A generalisation of the narrow-width approxima-

tion (NWA) is formulated which allows for a consistent treat-

ment of interference effects between nearly mass-degenerate

particles in the factorisation of a more complicated process

into production and decay parts. It is demonstrated that inter-

ference effects of this kind arising in BSM models can be very

large, leading to drastic modifications of predictions based on

the standard NWA. The application of the generalised NWA

is demonstrated both at tree level and at one-loop order for an

example process where the neutral Higgs bosons h and H of

the MSSM are produced in the decay of a heavy neutralino

and subsequently decay into a fermion pair. The generalised

NWA, based on on-shell matrix elements or their approxi-

mations leading to simple weight factors, is shown to pro-

duce UV- and IR-finite results which are numerically close

to the result of the full process at tree level and at one-loop

order, where an agreement of better than 1 % is found for

the considered process. The most accurate prediction for this

process based on the generalised NWA, taking into account

also corrections that are formally of higher orders, is briefly

discussed.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . .

2 Standard narrow-width approximation . . . . . . . .

3 Formulation of a generalised narrow-width approx-

imation . . . . . . . . . . . . . . . . . . . . . . . .

4 Particle content and mixing in the MSSM . . . . . .

5 Generalised narrow-width approximation at leading

order: example process χ̃0
4 → χ̃0

1 h/H → χ̃0
1 τ+τ− .

6 Numerical evaluation at lowest order . . . . . . . . .

7 Application of the gNWA to the loop level . . . . . .

8 Full 3-body decay at the one-loop level . . . . . . . .

a e-mail: elina.fuchs@desy.de

b e-mail: georg.weiglein@desy.de

9 Numerical validation of the gNWA at the loop level .

10 Conclusions . . . . . . . . . . . . . . . . . . . . . .

References . . . . . . . . . . . . . . . . . . . . . . . . .

1 Introduction

The description of the fundamental interactions of nature in

terms of quantum field theories that are evaluated pertur-

batively has been extraordinarily successful in the context

of elementary particle physics. Nevertheless, this theoreti-

cal formulation is plagued by a long-standing problem [1–3],

since the asymptotic in- and outgoing states of quantum field

theories are defined at infinite times corresponding to stable

incoming and outgoing particles, while collider physics pro-

cesses usually involve numerous unstable particles, see e.g.

Refs. [4–7]. While in principle it would be possible to per-

form calculations of the theoretical predictions for the full

process of stable incoming and outgoing particles, this is in

many cases not feasible in practice (and still leaves the prob-

lem of the treatment of intermediate particles that can become

resonant). Instead, one often seeks to simplify the task of cal-

culating a more complicated process by separately treating

the production of on-shell particles and their decays, where

the latter can happen in several separate steps, each resulting

in on-shell outgoing particles. Such an approach of simpli-

fying the task of computing a complicated process involving

many particles in the final state is in particular crucial in the

context of incorporating higher-order corrections.

The separation of a more complicated process into several

sub-processes involving on-shell particles as incoming and

outgoing states is achieved with the help of the “narrow-

width approximation” (NWA) for particles having a total

width that is much smaller than their mass. The application

of the NWA is beneficial since the sub-processes can often

be calculated at a higher loop order than it would be the case

for the full process, and it is also useful in terms of compu-
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tational speed. Indeed, many Monte-Carlo generators make

use of the NWA. An important condition limiting the appli-

cability of this approximation, however, is the requirement

that there should be no interference of the contribution of the

intermediate particle for which the NWA is applied with any

other close-by resonance, see e.g. Refs. [8–10]. While within

the Standard Model (SM) of particle physics this condition is

usually valid for relevant processes at high-energy colliders

such as the LHC or a future Linear Collider, many models of

physics beyond the SM (BSM) have mass spectra where two

or more states can be nearly mass-degenerate. If the mass

gap between two intermediate particles is smaller than the

sum of their total widths, the interference term between the

contributions from the two nearly mass-degenerate particles

may become large.

For instance, mass degeneracies can be encountered in the

Minimal Supersymmetric extension of the Standard Model

(MSSM) [11–13]. In particular, the MSSM may contain

approximately mass-degenerate first and second generation

squarks and sleptons. In the decoupling limit [14], the MSSM

predicts a SM-like light Higgs boson, which can be compati-

ble with the signal discovered by ATLAS [15] and CMS [16]

at a mass of about Mh ≃ 125 GeV, and two further neutral

Higgs bosons and a charged Higgs boson H±, which are sig-

nificantly heavier and nearly mass-degenerate. While in the

CP-conserving case the heavy neutral Higgs bosons H and

A are CP-eigenstates and therefore do not mix with each

other, CP-violating loop contributions can induce sizable

interference effects, see e.g. Ref. [10]. The compatibility of

degenerate NMSSM Higgs masses with the observed Higgs

decay rate into two photons was recently pointed out e.g.

in Ref. [17]. Another example are degenerate Higgs bosons

in (non-supersymmetric) two-Higgs doublet models, see e.g.

Refs. [18,19]. Furthermore, degeneracies can also occur in

models of (universal) extra dimensions where the masses at

one Kaluza–Klein level are degenerate up to their SM masses

and loop corrections, see for example Refs. [20–22]. Small

mass differences of sequential Z ′ and W ′ bosons are anal-

ysed in an extension of the SM as an effective field theory in

Ref. [23]. On the other hand, models with new particles on

various mass levels often exhibit long cascade decays, so that

there is a particular need in these cases for an approximation

with which the complicated full process can be simplified

into smaller pieces that can be treated more easily. However,

several cases have been identified in the literature in which

the NWA is insufficient due to sizeable interference effects,

e.g. in the context of the MSSM in Refs. [8,9,24–26] and in

the context of two- and multiple-Higgs models and in Hig-

gsless models in Ref. [27].

In the following we present a generalised NWA (gNWA),

which extends the standard NWA (sNWA) by providing a

factorisation into on-shell production and decay while taking

into account interference effects. In Ref. [10] such a method

was introduced at the tree level and applied to interference

effects in the MSSM Higgs sector. This method was fur-

ther extended in Ref. [28], in particular by incorporating

partial loop contributions into an interference weight fac-

tor. A similar coupling-based estimation of an interference

between new heavy quarks at lowest order was suggested in

Ref. [29]. Interfering new, nearly degenerate vector bosons

were considered in Ref. [23] in an approach of the product of

involved couplings and on-shell parton luminosities. In the

present paper we formulate a gNWA based on an on-shell

evaluation of the interference contributions which is appli-

cable at the loop level, incorporating factorisable virtual and

real corrections. We validate the method for an example pro-

cess by confronting the one-loop result within the gNWA

with the result of the full process at the one-loop level. We

furthermore investigate different levels of approximations,

where we compare the on-shell matrix elements in the inter-

ference term with possible further simplifications based on

interference weight factors. In the considered example pro-

cess we study interference effects between the two neutral

CP-even MSSM Higgs bosons h and H in the decay of a

heavy neutralino and the subsequent decay into a fermion

pair. Besides the validation against the full result for this pro-

cess we also discuss additional improvements by the incor-

poration of corrections that are formally of higher orders.

The discussed cases are meant to illustrate that the proposed

method is applicable to a wide range of possible processes

in different models.

The paper is structured as follows. Section 2 reviews the

standard NWA before introducing the interference-improved

extension in two different versions in Sect. 3. The notation of

the parts of the MSSM that are needed for the phenomenolog-

ical discussion in the following sections is defined in Sect. 4,

with particular emphasis on the mixing of Higgs bosons. In

Sect. 5, the gNWA is applied at the tree level to the exam-

ple process of Higgs production from the decay of a heavier

neutralino and its subsequent decay into a pair of τ -leptons.

The numerical results for those contributions are discussed

in Sect. 6. In Sect. 7 the application of the gNWA at the

loop level is demonstrated. For comparison, the full one-loop

calculation of the example process is performed in Sect. 8,

including vertex, propagator, box and bremsstrahlung correc-

tions. The numerical comparison and accordingly the vali-

dation of the gNWA at NLO is discussed in Sect. 9, where

also the accuracy of the gNWA is investigated. Section 10

contains our conclusions.

2 Standard narrow-width approximation

The narrow-width approximation is a useful way to simplify

the calculation of complicated processes involving the reso-

nant contribution of an unstable particle. The basic idea is to
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Fig. 1 The resonant process ab → ce f is split into the production ab → cd and decay d → e f with particle d on-shell

factorise the whole process into the on-shell production and

the subsequent decay of the resonant particle. The following

picture in Fig. 1 visualises this splitting using the example of

an arbitrary process ab → ce f with an intermediate particle

d.

In the following, we focus on scalar propagators. Nonethe-

less, although the production and decay are calculated inde-

pendently, the spin of an intermediate particle can be taken

into account by means of spin correlations [30,31] giving

rise to spin–density matrices. While we do not consider the

non-zero spin case explicitly, the formalism of spin–density

matrices should be applicable to the gNWA discussed below

in the same way as for the sNWA.

2.1 Unstable particles and the total decay width

Since the total width Ŵ plays a crucial role in resonant pro-

duction and decay, we will briefly discuss resonances and

unstable particles, see e.g. Refs. [32,33]. While stable parti-

cles are associated with a real pole of the S-matrix, for unsta-

ble particles the associated self-energy develops an imagi-

nary part, so that the pole of the propagator is located off the

real axis within the complex plane. For a single pole Mc, the

scattering matrix as a function of the squared centre-of-mass

energy s can be written in the vicinity of the complex pole

in a gauge-invariant way as

M(s) = R

s − M2
c

+ F(s), (1)

where R denotes the residue and F represents non-resonant

contributions. Writing the complex pole as M2
c = M2 −

i MŴ, the mass M of an unstable particle is obtained from the

real part of the complex pole, while the total width is obtained

from the imaginary part. Accordingly, the expansion around

the complex pole leads to a Breit–Wigner propagator with a

constant width,

�W(q2) := 1

q2 − M2 + i MŴ
. (2)

In the following, we will use a Breit–Wigner propagator of

this form to express the contribution of the unstable scalar

d with mass M and total width Ŵ in the resonance region

(a Breit–Wigner propagator with a running width can be

obtained from a simple reparametrisation of the mass and

width appearing in Eq. (2)).

The NWA is based on the observation that the on-shell

contribution in Eq. (2) is strongly enhanced if the total width

is much smaller than the mass of the particle, Ŵ ≪ M . Within

its range of validity (see the discussion in the following sec-

tion) the NWA provides an approximation of the cross section

for the full process in terms of the product of the production

cross section (or the previous step in a decay cascade) times

the respective branching ratio:

σab→ce f ≃ σab→cd × BRd→e f . (3)

2.2 Conditions for the narrow-width approximation

The NWA can only be expected to hold reliably if the fol-

lowing prerequisites are fulfilled (see e.g. Refs. [8,34]):

• A narrow mass peak is required in order to justify the

on-shell approximation. Otherwise off-shell effects may

become large, cf. e.g. [24,35,36].

• Furthermore, the propagator needs to be separable from

the matrix element. However, loop contributions involv-

ing a particle exchange between the initial and the final

state give rise to non-factorisable corrections. Hence,

the application of the NWA beyond lowest order relies

on the assumption that the non-factorisable and non-

resonant contributions are sufficiently suppressed com-

pared to the dominant contribution where the unstable

particle is on resonance. Concerning the incorporation of

non-factorisable but resonant contributions from photon

exchange, see e.g. Ref. [37].

• Both sub-processes have to be kinematically allowed. For

the production of the intermediate particle, this means

that the centre of mass energy
√

s must be well above

the production threshold of the intermediate particle with

mass M and the other particles in the final state of the

production process, i.e.
√

s ≫ M + mc for the pro-

cess shown in Fig. 1. Otherwise, threshold effects must

be considered [38].

• On the other hand, the decay channel must be kinemati-

cally open and sufficiently far above the decay threshold,

i.e. M ≫ ∑

m f , where m f are the masses of the parti-

cles in the final state of the decay process, here me + m f .

Off-shell effects can be enhanced if intermediate thresh-

olds are present. This is the case for instance for the decay

of a Higgs boson with a mass of about 125 GeV into four

leptons. Since for an on-shell Higgs boson of this mass
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this process is far below the threshold for on-shell W W

and Z Z production, it suffers from a significant phase-

space suppression. Off-shell Higgs contributions above

the threshold for on-shell W W and Z Z production are

therefore numerically more important than one would

expect just from a consideration of Ŵ/M [39].

• As another crucial condition, interferences with other res-

onant or non-resonant diagrams have to be small because

the mixed term would be neglected in the NWA. The

major part of the following chapters is dedicated to a

generalisation of the NWA for the inclusion of interfer-

ence effects of nearly mass degenerate states, see also

Refs. [10,28].

2.3 Factorisation of the phase space and cross section

In order to fix the notation used for the formulation of the

gNWA in Sect. 3, we review some kinematic relations.

The phase space The phase space � is a Lorentz invariant

quantity. Its differential is denoted as differential Lorentz

invariant phase space (dlips) or d�n . It is characterised by

the number n of particles in the final state [40]

d�n ≡ dlips (P; p1, . . . , pn)

= (2π)4δ(4)



P −
n

∑

f =1

p f





n
∏

f =1

d3 p f

(2π)32E f

. (4)

Factorisation Equation (3) is based on the property of the

phase space and the matrix element to be factorisable into

sub-processes. The phase space element d�n with n particles

in the final state as in Eq. (4) will now be expressed as a

product of the k-particle phase space �k with k < n and the

remaining �n−k+1 [40,41],

d�n = d�k

dq2

2π
d�n−k+1, (5)

where q denotes the momentum of the resonant particle.

Now �k(q) can be interpreted as the production phase space

P → {p1, . . . , pk−1, q} and �n−k+1(q) as the decay phase

space q → {pk, . . . , pn}. The factorisation of d�n is exact,

no approximation has been made so far. Next, we rewrite the

amplitude with a scalar propagator as a product of the produc-

tion (P) and decay (D) part. Beyond the tree level, this is only

possible if non-factorisable loop-contributions are absent or

negligible,

M = MP

1

q2 − M2 + i MŴ
MD

⇒ |M|2 = |MP |2 1

(q2 − M2)2 + (MŴ)2
|MD|2. (6)

One can distinguish two categories of processes. On the one

hand, for a scattering process a, b → X to any final state

X (in particular a, b → c, e, f for the example in Fig. 1),

the flux factor is given by F = 2λ1/2(s, m2
a, m2

b) with the

kinematic function [41]

λ(x, y, z) := x2 + y2 + z2 − 2(xy + yz + zx). (7)

On the other hand, for a decay process a → X (for example

a → c, e, f ), the flux factor is determined by the mass of the

decaying particle, F = 2ma . Then the full cross section is

given as (the sum/average over spin states where appropriate

is implicitly understood)

σ = 1

F

∫

d�|M|2. (8)

For the decomposition into production and decay, we do not

only factorise the matrix elements as in Eq. (6). Based on

Eq. (5), also the phase space of the full process is factorised

into the production phase space �P and the decay phase

space �D (here defined for the example process in Fig. 1, but

they can be generalised to other external momenta), which

depend on the momentum of the resonant particle:

d� = dlips(
√

s; pc, pe, p f )

d�P = dlips(
√

s; pc, q)

d�D = dlips(q; pe, p f ). (9)

Under the assumption of negligible non-factorisable loop

contributions, one can then express the cross section in (8)

as

σ = 1

F

∫

dq2

2π

(∫

d�P |MP |2
)

× 1

(q2 − M2)2 + (MŴ)2

(∫

d�D|MD|2
)

. (10)

In this analytical formula of the cross section, the production

and decay matrix elements and the sub-phase spaces are sep-

arated from the Breit–Wigner propagator. However, the full

q2-dependence of the matrix elements and the phase space

is retained. The off-shell production cross section of a scat-

tering process with particles a, b in the initial state and the

production flux factor F reads

σP (q2) = 1

F

∫

d�P |MP (q2)|2. (11)

The decay rate of the unstable particle, d → e f , with energy
√

q2 is obtained from the integrated squared decay matrix

element divided by the decay flux factor FD = 2
√

q2,

ŴD(q2) = 1

FD

∫

d�D|MD(q2)|2. (12)
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Hence one can rewrite the full cross section from Eq. (10) as

σ =
∫

dq2

2π
σP (q2)

2
√

q2

(q2 − M2)2 + (MŴ)2
ŴD(q2). (13)

In the limit where (ŴM) → 0 the Dirac δ-distribution

emerges from the Cauchy distribution,

lim
(MŴ)→0

1

(q2 − M2)2 + (MŴ)2
= δ(q2 − M2)

π

MŴ
. (14)

For the integration of the δ-distribution, the integral bound-

aries are shifted from q2
max, q2

min, i.e. the upper and lower

bound on q2, respectively, to ±∞ because the contributions

outside the narrow resonance region are expected to be small.

So this extension of the integral should not considerably alter

the result. The zero-width limit implies that the production

cross section, decay width and the factor
√

q2 are evaluated

on-shell at q2 = M2. This applies both to the matrix ele-

ments and the phase space elements. The described approx-

imation leads to the well-known factorisation into the pro-

duction cross section times the decay branching ratio,

σ
(MŴ)→0→

+∞
∫

−∞

dq2

2π
σP (q2) 2

√

q2 δ(q2 − M2)
π

MŴ
ŴD(q2)

= σP (M2) · ŴD(M2)

Ŵ
≡ σP · BR, (15)

with the branching ratio BR = ŴD/Ŵ, where ŴD denotes

the partial decay width into the particles in the final state of

the considered process, and Ŵ is the total decay width of the

unstable particle. While Eq. (15) has been obtained in the

limit (MŴ) → 0, it is expected to approximate the result for

non-zero Ŵ up to terms of O( Ŵ
M

).

Going beyond the approximation of Eq. (15) for the treat-

ment of finite width effects, the on-shell approximation can

be applied just to the matrix elements for production and

decay (if both subprocesses are kinematically allowed, as

mentioned in Sect. 2.2) while keeping a finite width in the

integration over the Breit–Wigner propagator in the form of

Eq. (13). This is gauge invariant and motivated by the con-

sideration that the Breit–Wigner function is rapidly falling

causing that only matrix elements close to the mass shell

q2 = M2 contribute significantly. It results in a modified

NWA improved for off-shell effects, see e.g. Refs. [39,42],

σ (ofs) =σP (M2)

[∫

dq2

2π

2M

(q2−M2)2+(MŴ)2

]

ŴD(M2).

(16)

3 Formulation of a generalised narrow-width

approximation

3.1 Cross section with interference term

If all conditions in Sect. 2.2 are met, the NWA is expected to

work reliably up to terms of O( Ŵ
M

). This section addresses the

issue of how to extend the NWA such that interference effects

can be included, leading to a generalised NWA [10,28]. Inter-

ference effects can be large if there are several resonant dia-

grams whose intermediate particles are close in mass com-

pared to their total decay widths:

|M1 − M2| � Ŵ1 + Ŵ2. (17)

In these nearly mass-degenerate cases, the Breit–Wigner

functions �BW
1 (q2), �BW

2 (q2) overlap significantly, and an

integral of the form

q2
max

∫

q2
min

dq2�BW
1 (q2)�∗BW

2 (q2) · f (M, pi , . . .) (18)

is not negligible. The boundaries q2
min, q2

max are the lower and

upper limits of the kinematically allowed region of q2, and

f summarises a possible dependence on matrix elements

M and momenta pi in the phase space. Such interference

effects might especially be relevant in models of new physics

where an enlarged particle spectrum allows for more possi-

bilities of mass degeneracies in some parts of the parameter

space.

Let h1, h2 be two resonant intermediate particles, for

example two Higgs bosons, with similar masses occurring

in a process ab → ce f , i.e. ab → chi , hi → e f (cf.

Fig. 1 with d = h1, h2). If non-factorisable loop correc-

tions can be neglected, the full matrix element (dropping

the q2-dependence of the matrix elements to simplify the

notation) is given by (as mentioned above, see Sect. 2,

we explicitly treat the case of scalar resonant particles;

spin correlations of intermediate particles with non-zero

spin can be taken into account using spin–density matri-

ces)

M = Mab→ch1

1

q2 − M2
1 + i M1Ŵ1

Mh1→e f

+ Mab→ch2

1

q2 − M2
2 + i M2Ŵ2

Mh2→e f . (19)

The squared matrix element contains the two separate con-

tributions of h1, h2 and in the second line of Eq. (20) the

interference term,
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|M|2 = |Mab→ch1 |2|Mh1→e f |2
(q2−M2

1 )2+M2
1 Ŵ2

1

+ |Mab→ch2 |2|Mh2→e f |2
(q2−M2

2 )2+M2
2 Ŵ2

2

+ 2Re

{

Mab→ch1M
∗
ab→ch2

Mh1→e f M
∗
h2→e f

(q2 − M2
1 + i M1Ŵ1)(q2 − M2

2 − i M2Ŵ2)

}

.

(20)

So the full cross section from Eq. (13) with the matrix ele-

ment from Eq. (20) can be written as

σab→ce f =
∫

dq2

2π

[

σab→ch1
(q2) 2

√

q2 Ŵh1→e f (q
2)

(q2 − M2
h1

)2 + (Mh1
Ŵh1

)2

+ σab→ch2
(q2) 2

√

q2 Ŵh2→e f (q
2)

(q2 − M2
h2

)2 + (Mh2
Ŵh2

)2

]

+
∫

dlips(s; pc, q)dq2dlips(q; pe, p f )

2π · 2λ1/2(s, m2
a, m2

b
)

× 2Re

{

Mab→ch1
M∗

ab→ch2
Mh1→e f M

∗
h2→e f

(q2 − M2
1 + i M1Ŵ1)(q2 − M2

2 − i M2Ŵ2)

}

.

(21)

We will use Eq. (21) as a starting point for approximations of

the full cross section. The first two terms can again be approx-

imated by the finite-narrow-width approximation according

to Eq. (16), or by the usual narrow-width approximation in

the limit of a vanishing width from Eq. (15) as σ × BR.

The interference term still consists of an integral over the

q2-dependent matrix elements, the product of Breit–Wigner

propagators and the phase space.

3.2 On-shell matrix elements

Our approach is to evaluate the production (P) and decay

(D) matrix elements

Pi (q
2) ≡ Mab→chi

(q2), Di (q
2) ≡ Mhi →e f (q

2) (22)

on the mass shell of the intermediate particle hi [28]. This is

motivated by the assumption of a narrow resonance region

[Mhi
− Ŵhi

, Mhi
+ Ŵhi

] so that off-shell contributions of the

matrix elements in the integral are suppressed by the non-

resonant tail of the Breit–Wigner propagator if P and D vary

only mildly1 with q2. Then the interference term from the

last line of Eq. (21) is approximated by

σint =
∫

d�P dq2d�D

2π F

× 2Re
P1(q

2)P∗
2 (q2)D1(q

2)D∗
2(q2)

(q2 − M2
1 + i M1Ŵ1)(q2 − M2

2 − i M2Ŵ2)

(23)

1 We refer to partonic cross sections, but the overall q2-dependence can

be affected by folding with pdfs.

= 2

F
Re

∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

×
[∫

d�P (q2)P1(q
2)P∗

2 (q2)

]

×
[∫

d�D(q2)D1(q
2)D∗

2(q2)

]

≃ 2

F
Re

∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

×
[∫

d�P (q2)P1(M2
1 )P∗

2 (M2
2 )

]

×
[∫

d�D(q2)D1(M2
1 )D∗

2(M2
2 )

]

. (24)

Equation (24) represents our master formula for the inter-

ference contribution. At this stage, we have only evaluated

the matrix elements on the mass shell of the particular Higgs

boson by setting q2 = M2
hi

(this is also important for ensuring

the gauge invariance of the considered contributions). So the

on-shell matrix elements can be taken out of the q2-integral.

But the dependence of the matrix elements on further invari-

ants and momenta is kept. For 2-body decays, it is possible to

carry out the phase space integration without referring to the

specific form of the matrix elements. In general, however, the

matrix elements are functions of the phase space integration

variables.

The approximation in Eq. (24) is a simplification of the full

expression in Eq. (23) since the integrand of the q2-integral is

simplified. We will use Eq. (24) in the numerical calculation

of an example process in Sect. 5.

We will furthermore investigate additional approxima-

tions of the integral structure in Eq. (24), which would sim-

plify the application of the gNWA. This issue is discussed at

the tree level in the following section.

3.3 On-shell phase space and tree level interference weight

factors

The following discussion, which focuses on the tree-level

case, concerns a technical simplification of the master for-

mula in Eq. (24). It will be numerically applied in Fig. 5 below

and extended to the 1-loop level in Sect. 7. As a possible fur-

ther simplification on top of the on-shell approximation for

matrix elements, one can also evaluate the production and

decay phase spaces on-shell. This is based on the same argu-

ment as for the on-shell evaluation of the matrix elements

because off-shell phase space elements are multiplied with

the non-resonant tail of Breit–Wigner functions. Now the q2-

independent matrix elements and phase space integrals can

be taken out of the q2-integral,
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σint ≃ 2

F
Re

{[∫

d�PP1(M2
1 )P∗

2 (M2
2 )

]

×
[∫

d�DD1(M2
1 )D∗

2(M2
2 )

]

×
∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

}

. (25)

The choice at which mass, M1 or M2, to evaluate the produc-

tion and decay phase space regions is not unique. We thus

introduce a weighting factor between the two possible pro-

cesses, as an ansatz based on their production cross sections

and branching ratios:

wi := σPi
BRi

σP1 BR1 + σP2 BR2
. (26)

Then we define the on-shell phase space regions as

d�P/D := w1 d�P/D(q2 = M2
1 ) + w2 d�P/D(q2 = M2

2 ).

(27)

In Eq. (25), a universal integral over the Breit–Wigner prop-

agators emerges:

I :=
q2

max
∫

q2
min

dq2

2π
�BW

1 (q2)�∗BW
2 (q2), (28)

which is analytically solvable,

I =









arctan

[

Ŵ1 M1

M2
1 −q2

]

+ arctan

[

Ŵ2 M2

M2
2 −q2

]

+ i
2
(ln[Ŵ2

1 M2
1 + (M2

1 − q2)2] − ln[Ŵ2
2 M2

2 + (M2
2 − q2)2])

2π i(M2
1 − M2

2 − i(M1Ŵ1 + M2Ŵ2))









q2
max

q2
min

. (29)

In the limit of equal masses and widths, M = M1 = M2

and Ŵ = Ŵ1 = Ŵ2, the product of Breit–Wigner propagators

would become the absolute square, and the integral is reduced

to

I (M, Ŵ) =
q2

max
∫

q2
min

dq2 1

(q2 − M2)2 + (MŴ)2

=
[

− 1

MŴ
arctan

[

M2 − q2

MŴ

]]q2
max

q2
min

. (30)

This absolute square of the Breit–Wigner function is also

present in the usual NWA in Eq. (14), and for vanishing Ŵ

it can be approximated by a δ-distribution. Here, however,

we allow for different masses and widths from the two reso-

nant propagators. We evaluate only the matrix elements and

differential phase space on-shell, but we do not perform a

zero-width approximation. This approach is analogous to the

finite-narrow-width approximation without the interference

term in Eq. (16).

Under the additional assumption of equal masses, the

interference part can be approximated in terms of cross sec-

tions, branching ratios and couplings in order to avoid the

explicit calculation of the product of unsquared amplitudes

and their conjugates. This will also avoid the phase space

integrals in the interference term as in Eq. (25).

For this purpose, each matrix element is written as the

coupling of the particular production or decay process, CPi

or CDi
, times the helicity part p(M2

i ) or d(M2
i ), respectively,

Pi (M2
i ) = CPi

p(M2
i ), Di (M2

i ) = CDi
d(M2

i ). (31)

The on-shell calculation of helicity matrix elements is

demonstrated in Sect. 5.3 where also left- and right-handed

couplings are distinguished. Here we use the schematic nota-

tion of Eq. (31), but it could directly be replaced by the L/R-

sum as in Eq. (75) below.

If we then make the additional assumption M1 ≃ M2,

the helicity matrix elements coincide, p(M2
1 ) ≃ p(M2

2 ),

d(M2
1 ) ≃ d(M2

2 ), thus the matrix elements differ just by

fractions of their couplings,

P2(M2
2 ) ≃ CP2

CP1

P1(M2
1 ), D2(M2

2 ) ≃ CD2

CD1

D1(M2
1 ). (32)

This enables us to replace the products of an amplitude

involving the resonant particle 1 with a conjugate amplitude

of resonant particle 2 by absolute squares of amplitudes as

follows, where i, j ∈ {1, 2}, i 
= j , and no summation over

indices is implied:

σint

(25)≃ 2Re

{[

1

F

∫

d�PP1P
∗
2

] [

1

2Mi

∫

d�DD1D
∗
2

]

× 2Mi

∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

}

(33)

(31)≃ 2Re

{[

1

F

∫

d�P |Pi |2
C∗

Pj

C∗
Pi

][

1

2Mi

∫

d�D|Di |2
C∗

D j

C∗
Di

]

× 2Mi

∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

}

(34)
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(11,12)= σPi
ŴDi

· 2Mi · 2Re

×
{

C∗
Pj

C∗
D j

C∗
Pi

C∗
Di

∫

dq2

2π
�BW

1 (q2)�∗BW
2 (q2)

}

(35)

= σPi
BRi · 2MiŴi · 2Re {xi · I } . (36)

In the last step, we divided and multiplied by the total

width Ŵi to obtain the branching ratio BRi = ŴDi

Ŵi
. The uni-

versal integral I over the overlapping Breit–Wigner propa-

gators is given in Eq. (28). Furthermore, we defined a scaling

factor as the ratio of couplings [10,28,29],

xi :=
C∗

Pj
C∗

D j

C∗
Pi

C∗
Di

=
CPi

C∗
Pj

CDi
C∗

D j

|CPi
|2|CDi

|2 . (37)

Using Eq. (36) and the scaling factor xi with i = 1, j = 2

or vice versa allows to express σint alternatively in terms of

the cross section, branching ratio, mass and width of either

of the resonant particle 1 or 2. Since no summation over i or

j is implied in Eq. (36), both contributions are accounted for

by the weighting factor wi ∈ [0, 1] from Eq. (26).

Next, we summarise the components of σint apart from

σPi
and BRi , which also occur in the usual NWA, in an inter-

ference weight factor

Ri := 2MiŴiwi · 2Re {xi I } . (38)

Hence, in this approximation of on-shell matrix elements

and production and decay phase spaces with the additional

condition of equal masses, the interference contribution can

be written as the weighted sum

σint ≃ σP1 BR1 · R1 + σP2 BR2 · R2, (39)

or in terms of only one of the resonant particles,

σint ≃ σPi
BRi · 2R̃i , (40)

R̃i := 2MiŴi · Re {xi I } ≡ Ri

2wi

. (41)

Finally, we are able to express the cross section of the com-

plete process in this R-factor approximation, comprising the

exchange of the resonant particles 1 and 2 as well as their

interference, in the following compact form

σ ≃ σP1 BR1 · (1 + R1) + σP2 BR2 · (1 + R2) (42)

≃ σPi
BRi · (1 + 2R̃i ) + σPj

BR j (43)

Furthermore, it is possible to replace the term σi BRi in the

two separate processes without the interference term by the

finite-width integral from Eq. (16).

3.4 Discussion of the steps of approximations

In the previous sections, we presented two levels of approx-

imations for the interference term with two resonant par-

ticles. The first approximation in Sect. 3.2 represents our

main result. It relies only on the on-shell evaluation of the

matrix elements, justified by a narrow resonance region, but

no further assumptions (beyond those already used in the

sNWA) are implied. Different masses and finite widths are

taken into account. This version requires the explicit calcu-

lation of unsquared on-shell amplitudes, preventing the use

of e.g. convenient spinor trace rules. Furthermore, the phase

space integration depends on q2 so that the universal, process-

independent Breit–Wigner integral I from Eq. (28) does not

appear here.

The second approximation in Sect. 3.3 has been formu-

lated only at tree level so far. It is based on the additional

approximation, motivated by the same argument as for the

matrix elements, of setting the differential Lorentz invariant

phase spaces on-shell at either mass, scaled by a weighting

factor. This makes the q2-integration easier because only the

universal integral I is left. Furthermore, it avoids the unusual

calculation of on-shell amplitudes in an explicit representa-

tion by expressing the interference part as an interference

weight factor R in terms of cross sections, branching ratios,

masses and widths, which are already needed in the simple

NWA, plus the universal integral I and a scaling factor x

which consists of the process-specific couplings. Yet, this

approximation holds only for equal masses. As discussed in

the context of Eq. (18), the interference term is largest if the

Breit–Wigner shapes overlap significantly due to the relation

�M � Ŵ1+Ŵ2. Nevertheless, the masses are not necessarily

equal in the interference region. Instead, the overlap criterion

in Eq. (17) can as well be satisfied if one of the widths is rela-

tively large. In this respect, the equal-mass condition is more

restrictive than the overlap criterion. However, the equal-

mass constraint is just applied on the matrix elements and

phase space, whereas different masses and widths are distin-

guished in the Breit–Wigner integral. The R-factor method

is technically easier to handle because the constituents of R

can be obtained by standard routines in the program packages

such as FormCalc [43–47] and FeynHiggs [48–51] that

we use in the numerical computation. For one example pro-

cess, this is done in Sect. 5. An extension of the generalised

narrow-width approximation to the 1-loop level is discussed

in Sect. 7.

4 Particle content and mixing in the MSSM

Before we discuss the application of the gNWA to an example

process within the MSSM, we briefly summarise here the

different particle sectors of the MSSM in order to clarify the

notation and conventions.
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4.1 Propagator mixing in the Higgs sector

Higgs sector at tree level The MSSM contains two Higgs

doublets,

H1 =
(

H11

H12

)

=
(

v1 + 1√
2
(φ0

1 − iχ0
1 )

−φ−
1

)

,

H2 =
(

H21

H22

)

=
(

φ+
2

v2 + 1√
2
(φ0

2 + iχ0
2 )

)

, (44)

with the vacuum expectation values v1, v2, respectively,

whose ratio tan β ≡ v2
v1

determines together with MH± (or

MA) the MSSM Higgs sector at tree level. In principle, com-

plex parameters can enter through loops, but in this method-

ical study we consider the MSSM with real parameters. The

neutral fields φ0
1 , φ0

2 , χ0
1 , χ0

2 are rotated into the mass eigen-

states h, H, A, G, where h and H are neutral CP-even Higgs

bosons (rotated from φ0
1 , φ0

2 by the mixing angle α), A is

the neutral CP-odd Higgs boson and G denotes the neutral

Goldstone boson. Besides, there are the charged Higgs and

Goldstone bosons, H±, G±.

Mixing in the MSSM Higgs sector Higher-order corrections

have a crucial impact on the phenomenology in the Higgs sec-

tor. We adopt the renormalisation scheme in the Higgs sec-

tor from Refs. [52,53], where MA (or MH±) is renormalised

on-shell while a DR-renormalisation is used for the Higgs

fields and tan β. For the prediction of the considered pro-

cess we incorporate important higher-order corrections from

the Higgs sector already at the Born level by using for the

Higgs-boson masses and total decay widths the predictions

from FeynHiggs [48–51], which contain the full one-loop

and dominant two-loop contributions.

Furthermore, because of the presence of off-diagonal self-

energies like �̂i j with i, j = h, H, A, the propagators of the

neutral Higgs bosons mix with each other and in general also

with contributions from the gauge and Goldstone bosons, see

e.g. Refs. [52,53]. The Higgs-boson masses therefore have to

be determined from the complex poles of the Higgs propa-

gator matrix.

For correct on-shell properties of external Higgs bosons

the residues of the propagators have to be normalised to one.

This is achieved by finite wave function normalisation fac-

tors, which can be collected in a matrix Ẑ, such that for a one-

particle irreducible vertex Ŵ̂i with an external Higgs boson i

the effect of Higgs mixing amounts to

Ŵ̂i → ẐihŴ̂h + Ẑi H Ŵ̂H + Ẑi AŴ̂A + · · · , (45)

where the ellipsis indicates the mixing with the Goldstone

and Z -bosons, which are not comprised in the Ẑ-factors, but

have to be calculated explicitly. The (non-unitary) matrix Ẑ

can be written as (see Ref. [53])

Ẑ =











√

Ẑh

√

Ẑh Ẑh H

√

Ẑh Ẑh A
√

Ẑ H Ẑ Hh

√

Ẑ H

√

Ẑ H Ẑ H A
√

Ẑ A Ẑ Ah

√

Ẑ A Ẑ AH

√

Ẑ A











, (46)

with

Ẑi = 1
∂

∂p2
i

�i i

∣

∣

∣

∣

p2=M2
ca

, Ẑi j = �i j (p2)

�i i (p2)

∣

∣

∣

∣

p2=M2
ca

, (47)

where the wave function normalisation factors are evaluated

at the complex poles

M2
ca

= M2
ha

− i Mha Ŵha (48)

for a = 1, 2, 3. We choose a = 1 for i = h, a = 2 for

i = H and a = 3 for i = A. Mha is the loop-corrected mass

and Ŵha the total width of ha . In the CP-conserving case, the

Ẑ-matrix is reduced to the 2 × 2 mixing between h and H .

An amplitude involving resonant Higgs-boson propaga-

tors therefore needs to incorporate in general the full loop-

corrected propagator matrix (and also the mixing contri-

butions with the gauge and Goldstone bosons). It can be

shown [10,54] that in the vicinity of the resonance the full

propagator matrix contribution can be approximated by

∑

i, j

Ŵ̂A
i �i j (p2)Ŵ̂B

j ≃
∑

α,i, j

Ŵ̂A
i Ẑαi�

BW
α (p2)Ẑα j Ŵ̂

B
j , (49)

involving the Breit–Wigner propagator �BW
α (p2) as given

in Eq. (2), where Ŵ̂A
i , Ŵ̂B

j are the one-particle irreducible

vertices A, B of the Higgs bosons i, j , and i, j, α = h, H, A

are summed over.

4.2 The neutralino and chargino sector

The superpartners of the neutral gauge and Higgs bosons mix

into the four neutralinos χ̃0
i , i = 1, 2, 3, 4, as mass eigen-

states whose mass matrix is determined by the bino, wino

and higgsino mass parameters M1, M2, µ and the parameter

tan β,

Mχ̃0 =









M1 0 −MZ cβsW MZ sβsW

0 M2 MZ cβcW −MZ sβcW

−MZ cβsW MZ cβcW 0 −µ

MZ sβsW −MZ sβcW −µ 0









.

(50)

The admixture of gauginos and higgsinos in each neutralino

can be determined from the components of the matrix N

which diagonalises Mχ̃0 by N∗Mχ̃0 N−1.
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The charginos χ̃±
i , i = 1, 2, as mass eigenstates are super-

positions of the charged wino and higgsino,

Mχ̃± =
(

M2

√
2MW sβ√

2MW cβ µ

)

. (51)

The chosen example process requires the couplings at

the Higgs–neutralino–neutralino and the Higgs–fermion–

fermion vertices. For the neutralinos χ̃0
i , χ̃0

j with i, j =
1, 2, 3, 4 and the neutral Higgs bosons hk = {h, H, A, G}
for k = 1, 2, 3, 4, the right-handed C R and left-handed C L

neutralino-Higgs couplings are given by

C
i jk
R = −C

i jk
L∗ = ie

2cW sW

ci jk, with

ci jk =















































(−sα Ni3 − cα Ni4)(sW N j1 − cW N j2)

+ (i ↔ j), k = 1,

(+cα Ni3 − sα Ni4)(sW N j1 − cW N j2)

+ (i ↔ j), k = 2,

(+isβ Ni3 − icβ Ni4)(sW N j1 − cW N j2)

+ (i ↔ j), k = 3,

(−icβ Ni3 − isβ Ni4)(sW N j1 − cW N j2)

+ (i ↔ j), k = 4,

(52)

where sα ≡ sin α, cα ≡ cos α and likewise for β. With the

left-/right-handed projection operators ωR/L ≡ 1
2
(1 ± γ 5),

the 3-point function of the neutralino-Higgs vertex is at tree

level composed of

Ŵtree

χ̃0
1 ,χ j ,hk

= ωRC
i jk
R ± ωLC

i jk
L , (53)

where the + applies to the CP-even Higgs bosons h and H,

whilst the − appears for the CP-odd Higgs boson A and

the Goldstone boson G. Mixing of Higgs bosons is taken

into account by a linear combination of the couplings and Z-

factors (see Sect. 4.1). In the following, the couplings Chk XY

always mean the mixed couplings (for k, l, m = 1, 2, 3; no

summation over indices implied),

Chk XY → Ẑhk hk
Chk XY + Ẑhk hl

Chl XY + Ẑhk hm Chm XY .

(54)

For the calculation of higher-order corrections to the

neutralino-chargino sector, it is essential to identify a sta-

ble renormalisation scheme according to the gaugino param-

eter hierarchy of M1, M2 and µ as it was pointed out

in Refs. [10,55,56]. Choosing the external neutralinos and

charginos in the considered process to be on-shell does not

necessarily lead to the most stable renormalisation scheme.

Among the four neutralinos and two charginos, three can be

renormalised on-shell in relation to the three gaugino parame-

ters M1, M2 and µ. The most bino-, wino- and higgsino-like

states should be chosen on-shell so that the three parame-

ters are sufficiently constrained by the renormalisation con-

ditions. Otherwise, an unstable choice of the input states

can lead to unphysically large values for the parameter

counterterms and mass corrections. On-shell renormalisa-

tion conditions were derived in Refs. [55,57–63] for the

MSSM with real parameters and in Refs. [56,64,65] for the

complex case. Schemes with two charginos and one neu-

tralino on-shell are referred to as NCC, with one chargino

and two neutralinos as NNC and with three neutralinos

input states as NNN. In view of our example process (see

Sect. 5) and the gaugino hierarchy of the scenario, we will

comment on our choice of a renormalisation scheme in

Sect. (8.1.1).

4.3 The sfermion and the gluino sectors

The mixing of sfermions f̃L , f̃R within one generation into

mass eigenstates f̃1, f̃2 is parametrised by the matrix

M
f̃

=
(

M2

f̃L
+m2

f +M2
Z cos 2β(I

f
3 −Q f s2

W ) m f X∗
f

m f X f M2

f̃R
+m2

f +M2
Z cos 2βQ f s2

W

)

, (55)

X f := A f − µ∗ ·
{

cot β, f = up-type

tan β, f = down-type.
(56)

The trilinear couplings A f as well as µ can be complex.

Their phases enter the Higgs sector via sfermion loops, but

as mentioned above here we only take real parameters into

account. The sfermion masses at tree level are the eigenvalues

of M
f̃
. In the considered example process with h, H decay-

ing into τ+τ−, the couplings of Higgs bosons to τ -leptons

are involved,

C tree
hττ = + igmτ sα

2MW cβ

, C tree
Hττ = − igmτ cα

2MW cβ

. (57)

The mass of the gluino g̃ is given by |M3|.
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χ̃0
4

χ̃0
1

τ+

τ−
h

χ̃0
4

χ̃0
1

τ+

τ−
H

(a) 3-body decay

χ̃0
4

χ̃0
1

τ+

τ−

×

h, H h, H

(b) 2-body decays

Fig. 2 χ̃0
4 → χ̃0

1 τ+τ− with h or H as intermediate particle in the two interfering diagrams. The decay process is either considered as a one 3-body

decay or b decomposed in two 2-body decays

5 Generalised narrow-width approximation at leading

order: example process χ̃0
4

→ χ̃0
1

h/H → χ̃0
1

τ+τ−

The gNWA will be validated for a simple example process.

The focus lies on providing a test case for the method rather

than on the phenomenology of the process itself. For a com-

parison with the gNWA, we choose a process which can

be calculated also at the 1-loop level without the on-shell

approximation.

In the following, we will consider Higgs production from

the decay of the heaviest neutralino and its subsequent decay

into a pair of τ -leptons, χ̃0
4 → χ̃0

1 h/H → χ̃0
1 τ+τ−, which

is a useful example process because it is computable as a

full 3-body decay and it can be decomposed into two simple

2-body decays, see Fig. 2.

Moreover, the intermediate particles are scalars. Thus, for

this process the treatment of interference effects can be triv-

ially disentangled from any spin correlations between pro-

duction and decay. Due to the neutralinos in the initial state

and in the first decay step, soft bremsstrahlung only appears

in the final state, and there is no photon exchange between

the initial and final state. Restricting this test case to the

MSSM with real parameters, only the two CP-even states

h, H mix due to CP-conservation, instead of the 3×3 mixing

of h, H, A in the complex case. We neglect non-resonant dia-

grams from sleptons, which is a good approximation for the

case of heavy sleptons. Slepton contributions to neutralino

3-body decays have been analysed in Ref. [63]. As a first

step, we also neglect the exchange of an intermediate pseu-

doscalar A, Goldstone boson G and Z -boson for the purpose

of a pure comparison of the factorised and the full Higgs con-

tribution. For the most accurate prediction within the gNWA,

which will be discussed in Sect. 9.4, we will add the tree-level

A, G- and Z -exchange, but they do not interfere with h and

H in the case of real parameters.

The decay width will be calculated usingFeynArts [66–

70] andFormCalc [43–47]2 both as a 3-body decay with the

full matrix element and in the narrow-width approximation

as a combination of two 2-body decays – with and without

the interference term. In this and the following section, the

gNWA will be applied at the tree level. The application at the

2 We used FeynArts-3.7, FormCalc-7.4, LoopTools

-2.8 and FeynHiggs-2.9.3.

loop level will follow conceptually in Sect. 8 and numerically

in Sect. 9.

5.1 3-body decays: leading order matrix element

In order to compare the gNWA to the unfactorised LO result,

we calculate the amplitude Mhk
of the 3-body decay via

hk = h, H . From the matrix element of the form

Mhk
= iChk χ̃

0
i χ̃0

j
Chkττ ū(p4, s4)v(p3, s3)

× 1

q2 − M2
hk

+ i Mhk
Ŵhk

ū(p2, s2)u(p1, s1) (58)

we obtain the spin-averaged, squared amplitude consisting

of the separate h, H contributions and the interference con-

tribution,

|M|2 = (p1 · p2 + mχ̃0
1
mχ̃0

4
)(p3 · p4 − m2

τ )

×
( |Chχ̃0

1 χ̃0
4
|2|Chττ |2

(q2 − m2
h)2 + m2

hŴ2
h

+
|CH χ̃0

1 χ̃0
4
|2|CHττ |2

(q2 − m2
H )2 + m2

H Ŵ2
H

+ 2Re
[

Chχ̃0
1 χ̃0

4
C∗

H χ̃0
1 χ̃0

4

Chττ C∗
Hττ ·�BW

h (q2)�∗BW
H (q2)

]

)

,

(59)

where the momenta and masses are labelled as p1 →
p2, p3, p4 with m1 ≡ mχ̃0

4
, m2 ≡ mχ̃0

1
, m3 = m4 ≡ mτ .

In order to calculate the decay width in one of the Gottfried-

Jackson frames [30], the products of momenta are rewritten in

terms of two combined invariant masses, here e.g. m23, m24:

p1 · p2 = 1

2
(m2

23 + m2
24) − m2

τ ,

p3 · p4 = 1

2
(m2

1 + m2
2 − m2

23 − m2
24),

q2 = (p1 − p2)
2 = m2

1 + m2
2 − m2

23 − m2
24. (60)

This yields the partial decay width for the 3-body decay [40],

Ŵ = 1

(2π)3

1

32m3

χ̃0
4

∫

|M|2dm2
23dm2

24 (61)

which we will use for a comparison with the gNWA.
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5.2 Decomposition into 2-body decays

In this section, we calculate the 2-body decay widths of the

subprocesses needed in the NWA. The matrix element for the

production of hk = h, H is

Mχ̃0
4 χ̃0

1 hk
= i ū2Chk χ̃

0
4 χ̃0

1
u1, (62)

|Mχ̃0
4 χ̃0

1 hk
|2 = |Chk χ̃

0
4 χ̃0

1
|2 2 (p1 · p2 + mχ̃0

4
mχ̃0

1
). (63)

In the rest frame of χ̃0
4 we have p1 · p2 = m1 E2 with

E2 =
m2

1 + m2
2 − M2

hk

2m1
. (64)

Then the decay width of χ̃0
4 → χ̃0

1 hk for the production of

hk = {h, H} equals

Ŵ(χ̃0
4 → χ̃0

1 hk) =
|Chk χ̃

0
4 χ̃0

1
|2

16πm3

χ̃0
4

((mχ̃0
4

+ mχ̃0
1
)2 − M2

hk
)

×
√

(m2

χ̃0
4

− m2

χ̃0
1

− M2
hk

)2 − 4m2

χ̃0
1

M2
hk

.

(65)

Summing over spins in the final states, the partial decay

widths of h and H into a pair of τ -leptons and the branching

ratios are at tree level, improved by 2-loop Higgs masses and

total widths from FeynHiggs [48–51],

Ŵ(hk → ττ) = 1

π
|Chkττ |2

[

M2
hk

4
− m2

τ

]3/2

M2
hk

,

BRk = Ŵ(hk → τ+τ−)

Ŵtot
hk

, (66)

where Ŵtot
hk

is the total width. Loop-corrections to the par-

tial decay widths of these subprocesses are calculated with

FormCalc [43–47] in Sect. 9.1.

5.3 Unsquared matrix elements

For the calculation of the interference term according to

Eq. (24), we need the on-shell matrix elements of the pro-

duction and decay part. Instead of evaluating absolute val-

ues of squared, spin-averaged matrix elements by applying

spinor traces, we now aim at expressing the unsquared matrix

elements explicitly in order to evaluate them on the appro-

priate mass shell. Therefore, we need to represent spin wave

functions in terms of energy and mass. Following Ref. [71],

a Dirac spinor with an arbitrary helicity can be written as

u(p) =
( √

E + m χ√
E − m �σ · p̂ χ

)

, (67)

where χ is a two-component spinor. The eigenstates χ of the

helicity operator σ · p̂ with eigenvalues λ = ± 1
2

satisfy

[

1

2
σ · p̂

]

χλ = λχλ. (68)

For the unit vector p̂ in the direction parametrised by the

polar angle θ and azimuthal angle φ relative to the z-axis,

the two-component spinors are expressed as

χ+1/2( p̂) =
(

cos θ
2

eiφ sin θ
2

)

, χ−1/2( p̂) =
(−e−iφ sin θ

2

cos θ
2

)

.

(69)

For the specific choice of p ∝ ez we have θ = 0 and φ is

arbitrary so that it can be set to 0. Thus, the 2-spinors take

the simpler form

χ1/2( p̂ = ez) = e1 ≡
(

1

0

)

, χ−1/2( p̂ = ez) = e2 ≡
(

0

1

)

.

(70)

We label the unit vectors in space as
{

ex , ey, ez

}

whereas

the basis of the 2-spinors is denoted by {e1, e2}. The two-

component spinors in the opposite momentum direction p̂ =
−ez are constructed using

χ−λ(− p̂) = ξλχλ( p̂) (71)

from Ref. [71] with ξλ = 1 in the Jacob-Wick convention for

a second particle spinor [72], resulting in

χ+1/2(−ez) = e2, χ−1/2(−ez) = e1. (72)

Defining ǫ+ :=
√

E + m and ǫ− :=
√

E − m for a simpler

notation, we can rewrite the particle and antiparticle four-

component spinors as

uλ(p) =
(

ǫ+χλ( p̂)

2λ ǫ−χλ( p̂)

)

=
(

ρλ

ψλ

)

,

vλ(p) =
(

ǫ−χ−λ( p̂)

−2λ ǫ+χ−λ( p̂)

)

=
(

σ λ

ϕλ

)

. (73)

Here we introduced the nomenclatureρ/ψ for the upper/lower

2-spinor within a particle 4-spinor u and likewise σ/ϕ for an

antiparticle v. For later use, we now list the combinations of

λ = ± 1
2

and p̂ = ±ez explicitly:
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u+(ez) =
(

ǫ+e1

ǫ−e1

)

, u−(ez) =
(

ǫ+e2

−ǫ−e2

)

,

u+(−ez) =
(

ǫ+e2

ǫ−e2

)

, u−(−ez) =
(

ǫ+e1

−ǫ−e1

)

,

v+(ez) =
(

ǫ−e2

−ǫ+e2

)

, v−(ez) =
(

ǫ−e1

ǫ+e1

)

,

v+(−ez) =
(

ǫ−e1

−ǫ+e1

)

, v−(−ez) =
(

ǫ−e2

ǫ+e2

)

. (74)

In the following, we will apply this formalism to Higgs pro-

duction and decay within our example process.

Higgs production As illustrated in Fig. 2b, the incoming

spinor u1 (in the example case χ̃0
4 ) decays into u2 (χ̃0

1 ) and

a scalar (h/H ). The matrix element P of this production

process is decomposed into a right- and left-handed part,

P = ū2CRωRu1 + ū2CLωLu1, (75)

where CR/L are form factors. Using γ 0, γ 5 in the Dirac rep-

resentation, and the 2-spinor notation introduced in Eq. (73),

we calculate the spinor chains with arbitrary helicity of

λ1, λ2 = ± 1
2

,

pR := ū2ωRu1 = 1

2
(ρ∗

2 − ψ∗
2 )(ρ1 + ψ1), (76)

pL := ū2ωLu1 = 1

2
(ρ∗

2 + ψ∗
2 )(ρ1 − ψ1). (77)

Given the 2-body decay in the rest frame of particle 1, it

follows that E1 = m1 and consequently ǫ− = 0, ψ1 = 0. In

order to obtain the helicity matrix elements p
λ2λ1

R/L , we insert

the explicit spinors from Eq. (74) into the generic Eq. (77):

p++
R = ū2+ωRu1+ = 1

2
(ǫ2+ − ǫ2−)ǫ1+ e1 · e1

= 1

2

(

√

E2 + m2 −
√

E2 − m2

)

√

2m1,

p++
L = 1

2

(

√

E2 + m2 +
√

E2 − m2

)

√

2m1,

p−−
R = p++

L , p−−
L = p++

R ,

p+−
R/L = p−+

R/L ∝ e1 · e2 ≡ 0. (78)

Since the helicity matrix elements are real, their complex

conjugates p∗
R/L = ū1ωL/Ru2 are equal to the results in

Eq. (78). The products of matrix elements are summed over

all helicity combinations (but no averaging is done yet), with

i, j ∈ {R, L}, leading to3

Ai j :=
∑

λ1,λ2=±1/2

pi · p∗
j , (79)

3 These helicity matrix elements correspond to the

FormCalc-HelicityMEs via Ai j = 4 · MatF(i, j). The fac-

tor of 4 arises because the FormCalc expressions are multiplied later

on by 2 for each external fermion.

AR R = A++
R R + A−−

R R = 2m1 E2 = m2
1 + m2

2 − M2,

AL L = A++
L L + A−−

L L = AR R,

ARL = A++
RL + A−−

RL = 2m1m2,

AL R = A++
L R + A−−

L R = ARL , (80)

where the energy relation of a 2-body decay with m1 →
{m2, M} was applied:

E2 = m2
1 + m2

2 − M2

2m1
. (81)

Finally, the squared production matrix element is constructed

as

PP
∗ =

∑

i, j=R,L

Ci C
∗
j Ai j =(|CR |2 + |CL |2)(m2

1 + m2
2 − M2)

+ (CRC∗
L + CLC∗

R) 2m1m2. (82)

If the left- and right-handed form factors coincide (CL =
CR ≡ C), Eq. (82) is reduced to

(PP
∗)C = 2|C |2((m1 + m2)

2 − M2). (83)

However, in the interference term we need the product PhP∗
H

with different Higgs masses in E2 from Eq. (81). This dis-

tinction leads to

Ai j =
∑

λ1,λ2=±1/2

ph
i pH∗

j , (84)

AR R = AL L = m1(ǫ
h
2+ ǫH

2+ + ǫh
2−ǫH

2−), (85)

ARL = AL R = m1(ǫ
h
2+ ǫH

2+ − ǫh
2−ǫH

2−). (86)

As before, we give the resulting product of matrix elements

for the independent CR/L and for simpler use in the special

case of CR/L ≡ C ,

PhP
∗
H = (Ch

RC H∗
R + Ch

LC H∗
L )m1(ǫ

h
2+ ǫH

2+ + ǫh
2−ǫH

2−)

+ (Ch
RC H∗

L + Ch
LC H∗

R )m1(ǫ
h
2+ ǫH

2+ − ǫh
2−ǫH

2−)

(87)

C−→ 4ChC H∗m1ǫ
h
2+ǫH

2+ = 2ChC H∗

×
√

(m1 + m2)2 − M2
h

√

(m1 + m2)2 − M2
H .

(88)

Eq. (87) shows that the method of on-shell matrix elements

enables us to distinguish between different masses of the

intermediate particles, in this example Mh and MH .

Higgs decay In the decay of a Higgs boson into a pair

of fermions, the representation of antiparticle spinors from

Eq. (74) is also needed. Furthermore, the fermions are gen-

erated back to back in the rest frame of the decaying Higgs
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boson. So if we align the momentum direction of the particle

spinor u4 with the z-axis, p̂4 = ez , the momentum of the

antiparticle spinor v3 points into the direction of p̂3 = −ez .

Analogously to Eq. (75), the decay matrix element is in

general composed of a left- and right-handed part,

D = ū4CRωRv3 + ū4CLωLv3, (89)

dR := ū4(ez)ωRv3(−ez) = 1

2
(ρ∗

4 − ψ∗
4 )(σ3 + ϕ3), (90)

dL := ū4(ez)ωRv3(−ez) = 1

2
(ρ∗

4 + ψ∗
4 )(σ3 − ϕ3). (91)

With the mass M of the decaying Higgs boson, the fermion

masses m3 = m4 ≡ m and the resulting energies E3 =
E4 ≡ M

2
, the spinor chains dR, dL are now calculated for all

helicity configurations of λ3, λ4 = ± 1
2

,

d++
R = d−−

L =
√

E2 − m2 − E,

d++
L = d−−

R =
√

E2 − m2 + E, d+−
R/L = d−+

R/L = 0. (92)

Summing over all helicity combinations, we obtain

AR R = AL L = M2 − 2m2, ARL = AL R = −2m2. (93)

So the product of on-shell decay matrix elements results in

DD
∗ = (|CR |2+|CL |2)(M2−2m2)−(CRC∗

L +CLC∗
R)2m2.

(94)

In case of identical left- and right-handed couplings C of the

decay vertex, Eq. (94) simplifies to

DD
∗ = 2|C |2(M2 − 4m2). (95)

As in the production case, we are interested in the contri-

bution to the on-shell interference term, so we distinguish

between Eh = Mh

2
and EH = MH

2
,

AR R = AL L = 2

(

√

(E2
h − m2)(E2

H − m2) + Eh EH

)

,

ARL = AL R = 2

(

√

(E2
h − m2)(E2

H − m2) − Eh EH

)

.

(96)

Finally, the product of decay matrix elements with different

masses reads

DhD
∗
H = 2(Ch

RC H∗
R + Ch

LC H∗
L )

×
(

√

(E2
h − m2)(E2

H − m2) + Eh EH

)

+ 2(Ch
RC H∗

L + Ch
LC H∗

R )

×
(

√

(E2
h − m2)(E2

H − m2) − Eh EH

)

(97)

C−→ 8ChC H∗

√

√

√

√

(

M2
h

4
− m2

) (

M2
H

4
− m2

)

,

(98)

where the last line applies for identical L/R form factors.

The outcome of the explicit spinor representations in

the context of factorising a longer process into production

and decay is the possibility to express the interference term

with on-shell matrix elements depending on the mass of the

intermediate particle. The method was here introduced in a

generic way and then applied to the example of Higgs produc-

tion and decay with two external fermions in each subprocess

in the rest frames of the decaying particles.

6 Numerical evaluation at lowest order

6.1 Modified Mmax
h scenario

In order to apply the gNWA to the example process of

χ̃0
4 → χ̃0

1 h/H → χ̃0
1 τ+τ− numerically, we specify a sce-

nario. In this study, we restrict the MSSM parameters to be

real so that there is no new source of CP-violation compared

to the SM and only the two CP-even neutral Higgs bosons, h

and H , mix and interfere with each other. The aim here is not

to determine the parameters which are currently preferred by

recent limits from experiments, but to provide a setting in

which interference effects between h and H become large

in order to investigate the performance of the generalised

narrow-width approximation for this simple example pro-

cess.

The Mmax
h scenario [73,74] is defined such that the loop

corrections to the mass Mh reach their maximum for fixed

tan β, MA and MSUSY. This requires a large stop mixing, i.e.

a large off-diagonal element X t of the stop mixing matrix in

Eq. (55). A small mass difference �M ≡ MH − Mh requires

Table 1 Parameter settings of the modified Mmax
h scenario in the numerical analysis. A value in brackets indicates that the parameter is varied

around this central value

M1 M2 M3 MSUSY X t µ tβ MH±

100 GeV 200 GeV 800 GeV 1 TeV 2.5 TeV 200 GeV 50 (153 GeV)
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Mh

MH

151 152 153 154 155
120

122

124

126

128

130

MH GeV

M
G

eV

(a) Higgs masses.

h

H

M

151 152 153 154 155
0

1

2

3

4

MH GeV

M
,

G
eV

(b) Mass difference and total widths.

M hM H

M h H

151 152 153 154 155
0.0

0.5

1.0

1.5

2.0

MH GeV

M
i

(c) Ratio of mass difference and total widths.

h

H

151 152 153 154 155
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

MH GeV

M

(d) Ratio of total widths and masses.

Fig. 3 Higgs masses and widths from FeynHiggs [48–51] including

dominant 2-loop corrections in the modified Mmax
h scenario. a Higgs

masses Mh (blue, dotted) and MH (green, dashed). b Mass difference

�M ≡ MH − Mh (red) compared to total widths Ŵh (blue, dotted) and

ŴH (green, dashed). c Mass difference �M divided by total width of

h (blue, dotted), H (green, dashed) and sum of both widths (orange).

d Ratio Ŵi /Mi for h (blue, dotted) and H (green, dashed)

a rather low value of MA, or equivalently MH± , and a high

value of tan β. On the other hand, tan β must not be chosen too

large because otherwise the bottom Yukawa coupling would

be enhanced to an non-perturbative value. We modify the

Mmax
h scenario such that Mh is not maximised, but the mass

difference �M is reduced by raising X t . As one of the Higgs

sector input parameters, we choose M±
H for a later extension

to CP-violating mixings instead of MA, which is more com-

monly used in the MSSM with real parameters. The charged

Higgs mass is scanned over the range MH± ∈[151 GeV,

155 GeV]. The other parameters are defined in Table 1, and

we assume universal trilinear couplings A f = At .

Under variation of the input Higgs mass MH± , the result-

ing masses and widths of the interfering neutral Higgs

bosons h, H change as shown in Fig. 3 with results from

FeynHiggs [48–51] including dominant 2-loop correc-

tions. Figure 3(a) displays the dependence of the masses of

h (blue, dotted) and H (green, dashed) on MH± . Within the

analysed parameter range of MH± = 151 · · · 155 GeV, their

mass difference �M (red) in Fig. 3b is around its minimum

at MH± ≃ 153 GeV smaller than both total widths Ŵh (blue,

dotted) and ŴH (green, dashed). While Ŵh decreases, ŴH

increases with increasing MH± . This is caused by a change

of the predominantly diagonal or off-diagonal structure of the

Ẑ-matrix which has a cross-over around MH± ≃ 153 GeV in

this scenario. Since both widths contribute to the overlap of

the two resonances, the ratio RMŴ = �M/(Ŵh + ŴH ) gives

a good indication of the parameter region of most signifi-

cant interference. This is visualised (in orange) in Fig. 3c and

compared to the ratios �M/Ŵh (blue, dotted) and �M/ŴH

(green, dashed), which only take one of the widths into

account and are therefore a less suitable criterion for the

importance of the interference term. Figure 3d presents the

ratio Ŵi/Mi for i = h (blue, dotted) and H (green, dashed)

as a criterion for a narrow width. Both ratios lie in the range

of about 0.5–3.5 %, and this represents the expected order of

the NWA uncertainty.

6.2 Results for tree level process

χ̃0
4 → χ̃0

1 h/H → χ̃0
1 τ+τ−

In order to understand the possible impact of interference

terms, we confront the prediction of the standard NWA with

the 3-body decay width of our example process χ̃0
4 →

χ̃0
1 τ+τ− at the tree level (improved by 2-loop predictions

for the masses, widths and Ẑ-factors) in the modified Mmax
h

scenario.
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Fig. 4 The 1→3 decay width (solid) of χ̃0
4 → χ̃0

1 τ+τ− at tree level

with separate contributions from h (blue), H (green) and their incoher-

ent sum (grey) confronted with the sNWA (dotted)

First of all, we verify that the other conditions from

Sect. 2.2 for the NWA are met. The widths of the involved

Higgs bosons do not exceed 3.5 % of their masses, hence they

can be considered narrow (see Fig. 3). At tree level, there

are no unfactorisable contributions so that the scalar prop-

agator is separable from the matrix elements. Besides, our

scenario is far away from the production and decay thresh-

olds since Mhk
≫ 2mτ holds independently of the parame-

ters, and with neutralino masses of mχ̃0
4

≃ 264.9 GeV and

mχ̃0
1

≃ 92.6 GeV, also mχ̃0
4

− (mχ̃0
1

+ Mhk
) > 32 GeV does

not violate the threshold condition. The neutralino masses

are independent of MH± . Thus, the NWA is applicable for

the individual contributions of h and H , so the factorised

versions

Ŵi
NWA := ŴPi

(χ̃0
4 → χ̃0

1 hi ) BRi (hi → τ+τ−) (99)

should agree with the separate terms of the 3-body decays

via the exchange of only one of the Higgs bosons, hi ,

Ŵi
1→3 := Ŵ(χ̃0

4

hi→ χ̃0
1 τ+τ−) (100)

within the uncertainty of O

(

Ŵhi

Mhi

)

. This is tested in Fig. 4.

The blue lines compare Ŵh
1→3 (solid) with the factorised pro-

cess Ŵh
NWA (dotted), the green lines represent the correspond-

ing expressions for H . The standard narrow-width approxi-

mation is composed of the incoherent sum of both factorised

processes, i.e.,

ŴsNWA = ŴPh
BRh + ŴPH

BRH . (101)

This is confronted with the incoherent sum of the 3-body

decays which are only h-mediated or H -mediated. For a

direct comparison with the sNWA, the interference term is

not included,

Fig. 5 The 1→3 decay width of χ̃0
4 → χ̃0

1 τ+τ− at tree level with

contributions from h, H including their interference (black) confronted

with the NWA: sNWA without the interference term (grey, dotted),

gNWA including the interference term based on on-shell matrix ele-

ments denoted by M (red, dashed) and on the R-factor approximation

denoted by R (blue, dash-dotted)

Ŵincoh
1→3 = Ŵh

1→3 + ŴH
1→3. (102)

The sNWA (dotted) and the incoherent sum of the 3-body

decay widths are both shown in grey. Their relative deviation

of 0.8–3.3 % is of the order of the ratio Ŵ/M from Fig. 3d.

Consequently, the NWA is applicable to the terms of the

separate h/H -exchange within the expected uncertainty.

However, the fifth condition in Sect. 2.2 concerns the

absence of a large interference with other diagrams. But

with �M < Ŵh + ŴH throughout the analysed parameter

range (see Fig. 3c), we expect a sizeable interference effect

in this scenario owing to a considerable overlap of the Breit–

Wigner propagators and a sizeable mixing between h and H .

Since the masses and widths of the interfering Higgs bosons

depend on MH± , the size of the interference term varies with

the input charged Higgs mass. Based on the minimum of

the ratio RŴM = �M/(Ŵh + ŴH ) and a significant mixing

between h and H , we expect the most significant interference

contribution near MH± = 153 GeV.

Figure 5 presents the partial decay width Ŵ(χ̃0
4 →

χ̃0
1 τ+τ−) in dependence of the input Higgs mass MH± . In

the sNWA (grey), the interference term is absent. In contrast,

the full 3-body decay4 (black) takes the h and H propagators

and their interference into account.

Comparing the prediction of the sNWA with the full 3-

body decay width reveals an enormous discrepancy between

both results, especially in the region of the smallest ratio

4 In this section, the full tree level refers to the sum of h- and H -

mediated 3-body decays including the interference term (but without A-

and Z -boson exchange or non-resonant propagators) at the improved

Born level, i.e. including Higgs masses, total widths and Ẑ-factors at

the leading 2-loop level from FeynHiggs [48–51].
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RŴM around MH± ≃ 153 GeV, due to a large negative inter-

ference term. Consequently, the NWA in its standard version

is insufficient in this parameter scenario.

In the generalised narrow-width approximation, on the

other hand, the sNWA is extended by incorporating the on-

shell interference term. The red line indicates the predic-

tion of the complete process in the gNWA using the on-shell

evaluation of unsquared matrix elements in the interference

term as derived conceptually in Eq. (24) and explicitly in

Sect. 5.3. Furthermore, the blue line demonstrates the result

of the gNWA using the additional approximation of interfer-

ence weight factors R defined in Eq. (38). While the sNWA

overestimates the full result by a factor of up to 5.5 on account

of the neglected destructive interference, both variants of the

gNWA result in a good approximation of the full 3-body

decay width.

The slight relative deviation between either form of

the gNWA and the full result amounts to (ŴgNWA −
Ŵ1→3)/ŴsNWA ≃ 0.4−1.7 % if normalised to the sNWA and

to (ŴgNWA−Ŵ1→3)/Ŵ1→3 ≃ 0.5−9.2 % if normalised to the

3-body decay width. The largest relative deviation between

ŴgNWA and Ŵ1→3 arises in the region where the reference

value Ŵ1→3 itself is very small so that a small deviation

has a pronounced relative effect. This uncertainty, however,

is not intrinsically introduced by the approximated inter-

ference term, but it stems from the factorised constituents

Ŵh
NWA, ŴH

NWA already present in the sNWA, see Fig. 4.

7 Application of the gNWA to the loop level

Motivated by the good performance of the gNWA at the tree

level, in this section we investigate the application of the

generalised narrow-width approximation at the loop level by

incorporating 1-loop corrections of the production and decay

part into the predictions. Before treating the full 3-body decay

width at the next-to leading order (NLO) in Sect. 8, we will

start with the method of on-shell matrix elements in Sect. 7.1

and turn to the R-factor approximation in Sect. 7.2.

At the 1-loop level we write the product of the production

cross-section times partial decay width in the standard NWA

as

σP · BR �−→ σ 1
PŴ0

D + σ 0
PŴ1

D

Ŵtot
, (103)

where the total width is obtained from FeynHiggs [48–

51] incorporating corrections up to the 2-loop level as in

the definition of the branching ratio and in the Breit–Wigner

propagator. While restricting the numerator of Eq. (103) for-

mally to one-loop order to enable a consistent comparison

with the full process, at the end (in Sect. 9.4) all constituents

of the NWA will be used at the highest available precision,

i.e. σ best
P · BRbest for the most advanced prediction with the

branching ratio obtained from FeynHiggs.

7.1 On-shell matrix elements at 1-loop order

In analogy to the procedure in Sect. 3.2 at the tree level,

on-shell matrix elements are used here in the 1-loop expan-

sion. Special attention must be paid to the cancellation of

infrared (IR) divergences from virtual photons (or gluons) in

1-loop matrix elements and real photon (gluon) emission off

charged external legs. In preparation for the example process

χ̃0
4 → χ̃0

1 h/H → χ̃0
1 τ+τ− (see Sect. 5), we focus on IR-

divergences from photons in loops of the decay part and soft

final state photon radiation.

The aim is to approximate only the 1-loop contribution,

but to keep the full momentum dependent expression at the

Born level with M0
i = M0

i (q
2),

|M0|2 = |M0
h |2 + |M0

H |2 + 2Re[M0
hM

0∗
H ]. (104)

In contrast, the 1-loop matrix elements are factorised into

the on-shell production and decay parts times the momen-

tum dependent Breit–Wigner propagator �BW
i ≡ �BW

i (q2).

The squared matrix elements are expanded up to the 1-loop

order. Since the emission of soft real photons is propor-

tional to the Born contribution, the virtual contribution is

supplemented by the absolute value squared of the tree-level

matrix element, multiplied by the QED-factor δSB of soft

bremsstrahlung [75,76],

2Re[M0
M

1∗] + δSB|M0|2

≃ 2Re[(P1
hD

0
h + P

0
h D

1
h + δSBP

0
h D

0
h)P0∗

h D
0∗
h · |�BW

h |2]
+ 2Re[(P1

H D
0
H +P

0
H D

1
H +δSBP

0
H D

0
H )P0∗

H D
0∗
H · |�BW

H |2]
+ 2Re[{(P1

hD
0
h + P

0
h D

1
h)P0∗

H D
0∗
H + P

0
h D

0
h(P1∗

H D
0∗
H

+ P
0∗
H D

1∗
H ) + δSB P

0
h D

0
hP

0∗
H D

0∗
H } · �BW

h �BW∗
H ]. (105)

The first line of Eq. (105) represents the pure contribution

from h, factorised into production and decay, the second line

accordingly for H . The third and fourth lines constitute the

1-loop and bremsstrahlung interference term as the product

of h- and H -matrix elements and Breit–Wigner propagators.

For a consistent comparison with the full 1-loop result, each

term is restricted to 1-loop corrections in only one of the

matrix elements.

The 1-loop prediction of the full process in the approxima-

tion of on-shell matrix elements consists – besides the Born

cross section without an approximation5 – of the squared

5 If the full Born cross section cannot be calculated, this term can be

replaced by the gNWA at the Born level.
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contribution of h and H and the interference term σ int1
M

at the

strict 1-loop level,6

σ 1
M

= σ 0
full +

σ 1
Ph

Ŵ0
Dh

+ σ 0
Ph

Ŵ1
Dh

Ŵtot
h

+
σ 1

PH
Ŵ0

DH
+ σ 0

PH
Ŵ1

DH

Ŵtot
H

+ σ int1
M

, (106)

σ int1
M = 2

F
Re

{∫

dq2

2π
�BW

h (q2)�∗BW
H (q2)

×
([∫

d�P (q2)(P1
h P

0∗
H + P

0
h P

1∗
H )

]

×
[∫

d�D(q2)D0
hD

0∗
H

]

+
[∫

d�P (q2)P0
h P

0∗
H

]

×
[∫

d�D(q2)(D1
hD

0∗
H + D

0
hD

1∗
H + δSBD

0
hD

0∗
H )

])}

.

(107)

For the prediction with the most precise constituents, we use

2-loop branching ratios, BRbest
i . We include also the products

of 1-loop matrix elements. Their contribution to the interfer-

ence term is denoted by σ int+
M

,

σ int+
M

= 2

F
Re

{∫

dq2

2π
�BW

h (q2)�∗BW
H (q2)

×
[∫

d�P (q2)(P1
hP

0∗
H + P

0
h P

1∗
H )

]

×
[∫

d�D(q2)(D1
hD

0∗
H +D

0
hD

1∗
H +δSBD

0
hD

0∗
H )

]}

.

(108)

The approximation of the whole process based on on-shell

matrix elements and incorporating higher-order corrections

wherever possible is denoted by σ best
M

, which reads then

σ best
M

= σ 0
full +

∑

i=h,H

(σ best
Pi

BRbest
i − σ 0

Pi
BR0

i )

+ σ int1
M

+ σ int+
M

. (109)

The best production cross section σ best
Pi

and branching ratios

BRbest
i mean the sum of the tree level, strict 1-loop and all

available higher-order contribution to the respective quan-

tity. Therefore, the products of tree level production cross

sections and branching ratios are subtracted because their

unfactorised counterparts are already contained in the full

tree level term σ 0
full. If a more precise result of the produc-

tion cross sections is available, it can be used instead of the

6 With strict 1-loop we refer to the expansion of the products of matrix

elements whereas 2-loop Higgs masses, total widths and wave function

renormalisation factors are employed.

explicit 1-loop calculation that was performed in our example

process.

7.1.1 IR-finiteness of the factorised matrix elements

On-shell evaluation The UV-divergences of the virtual cor-

rections are cancelled by the same counterterms as in the full

process at 1-loop order. Although it would be technically pos-

sible in most processes to compute the full bremsstrahlung

term without the NWA, i.e. δSB |M0
full|2, the IR-divergences

from the on-shell decays need to be exactly cancelled by

those from the real photon emission. But the IR-singularities

in the sum of the factorised (on-shell) virtual corrections and

the momentum-dependent real ones would not match each

other. Consequently, the tree level matrix elements are also

factorised, and the IR-divergent parts of the 1-loop decay

matrix elements D1
h(M2

h , M
2
),D1

H (M2
H , M

2
) and the soft

QED-factor δSB(M
2
) have to be calculated at the same mass

M = Mh or MH . The LO matrix elements are evaluated at

their mass-shell, i.e. D0
i (M2

hi
). The NLO matrix elements are

split into the part containing loop integrals on the one hand

and the helicity matrix elements on the other hand. While the

individual Higgs masses can be inserted into the finite helic-

ity matrix elements (see Sect. 5.3 ), the loop integrals have to

be evaluated at the same mass M
2

as in δSB to preserve the

IR-cancellations. Hence, a choice must be made whether to

define M = Mh or MH . We evaluate the numerical difference

in Sect. 9.3.

The production matrix elements are completely evaluated

on their respective mass-shells, P0
i (M2

hi
) and P1

i (M2
hi

). This

is possible because the initial state in this example contains

only neutral particles. But the calculation can be directly gen-

eralised to charged initial states according to the procedure

described for the decay matrix elements. The IR-singularities

in the product of initial and final state radiation are then can-

celled by those from a virtual photon connecting charged

legs of the initial and final state. Such non-factorisable con-

tributions can be treated in a pole approximation in analogy

to the double-pole approximation (DPA) that has been used

for instance for the process e+e− → W +W − → 4 leptons,

see Ref. [77]. An alternative approach for the treatment of

IR-singularities is formulated in Refs. [4,37]. There, the sin-

gular parts from the real photon contribution are extracted,

and the DPA is only applied for those terms which exactly

match the singularities from the virtual photons. In our calcu-

lation, we do not split up the real corrections in this way, but

employ instead the procedure described above. We discuss a

possibility of splitting the diagrams with virtual photons into

an IR-singular and a finite subgroup in Sect. 7.1.2.

Cancellation of IR-divergences According to the

Kinoshita–Lee–Nauenberg (KLN) theorem [78,79], the IR-

divergence from a virtual photon is cancelled by the emis-

123



Eur. Phys. J. C   (2015) 75:254 Page 19 of 30  254 

sion of a real photon off a charged particle from the initial or

final state, i.e., in our example process as soft bremsstrahlung

in the final state of a Higgs decay. We will derive the IR-

finiteness of the on-shell matrix elements in analogy to the

cancellation of the IR divergencies for the full 3-body decay.

Writing the momentum-dependent 3-body matrix elements

with the resonant particle either hi = h or H as the sum of

the tree level (M0
hi

) and virtual (Mv
hi

) contributions,

Mhi
(q2) = M

0
hi

(q2) + M
v
hi

(q2), (110)

and adding to the squared matrix element the corresponding

contribution from real soft photon (MBr
hi

) radiation, we find

|Mh + MH |2 + |MBr
h + M

Br
H |2

=
∑

hi =h,H

(|Mhi
|2 + |MBr

hi
|2)

+ 2Re[MhM
∗
H + M

Br
h M

Br∗
H ]. (111)

Because the complete sum in Eq. (111) and the individual h-

and H -terms are IR-finite, the interference term must be IR-

finite by itself. With the proportionality of the bremsstrahlung

contribution to the tree level term,

M
Br
h (q2)MBr∗

H (q2) = δSB(q2)M0
h(q2)M0∗

H (q2), (112)

and keeping only the terms of O(α) relative to the lowest

order, the interference term Intα(q2) results in

Intα(q2) = 2Re[Mh(q2)M∗
H (q2)|α+M

Br
h (q2)MBr∗

H (q2)]
(113)

= 2Re[Mv
h(q2)M0∗

H (q2) + M
0
h(q2)Mv∗

H (q2)

+ δSB(q2)M0
h(q2)M0∗

H (q2)]. (114)

As described above, the on-shell evaluation is performed at

the individual mass Mhi
in all production and tree level matrix

elements and the helicity elements, whereas the soft photon

factor δSB and the 1-loop form factors of the decay are eval-

uated at the same mass M in the on-shell interference term

Intαos of O(α) relative to the lowest order,

Intαos = 2Re[Mv
h(M2

h , M
2
)M0∗

H (M2
H )

+ M
0
h(M2

h )Mv∗
H (M2

H , M
2
)

+ δSB(M
2
)M0

h(M2
h )M0∗

H (M2
H )] (115)

= 2Re[{(Pv
h (M2

h )D0
h(M2

h ) + P
0
h (M2

h )Dv
h(M2

h , M
2
))

· P
0∗
H (M2

H )D0∗
H (M2

H ) + P
0
h (M2

h )D0
h(M2

h )

· (Pv∗
H (M2

H )D0∗
H (M2

H ) + P
0∗
H (M2

H )Dv∗
H (M2

H , M
2
))

+ δSB(M
2
)P

0
h (M2

h )D0
h(M2

h )P
0∗
H (M2

H )D0∗
H (M2

H )}
× �h(q2)�∗

H (q2)]. (116)

Since the virtual production matrix elements are IR-finite in

our example process, we can drop the first term in each of the

brackets in the first and second line of Eq. (116) for the dis-

cussion of IR-singularities, which are contained in Intαos|IR,

Intαos|IR = 2Re[P0
h (M2

h)P
0∗
H (M2

H) · �h(q
2)�∗

H(q2)

· (Dv
h(M2

h , M
2
)D0∗

H (M2
H ) + D

0
h(M2

h )Dv∗
H (M2

H , M
2
)

+ δSB(M
2
)D0

h(M2
h )D0∗

H (M2
H ))]. (117)

Moreover, the M2
hi

-dependent helicity matrix elements

dhi
(M2

hi
) from Sect. (5.3) can be factored out by Dhi

=
Chi

dhi
so that the IR-singularities from Intαos

∣

∣

IR
can be fur-

ther extracted:

Intαos|IR = 2Re[P0
h (M2

h )P0∗
H (M2

H )

· �h(q2)�∗
H (q2) · dh(M2

h ) d∗
H (M2

H )(Cv
h (M

2
)C0∗

H

+ C0
hCv∗

H (M
2
) + δSB(M

2
)C0

hC0∗
H )]. (118)

Compared to Eq. (114) which can also be factorised into

q2-dependent form factors and helicity matrix elements, the

structure of the IR-singularities is the same. In Eq. (118), all

of those contributions are just evaluated at M
2

instead of q2.

Hence the cancellation works analogously so that Eq. (115)

is an IR-finite formulation of the factorised interference term.

Because the Ẑ-factors can be factored out in the same way for

the on-shell approximation as for the full matrix elements,

their inclusion preserves the cancellations of IR-divergences.

7.1.2 Separate calculation of photon diagrams

As an alternative to the method described above, it is possible

to reduce the number of diagrams whose loop integrals need

to be evaluated at the common mass M instead of their on-

shell mass Mi by splitting the 1-loop decay matrix elements

into an IR-finite and an IR-divergent part,

D
1
i = D

1,noγ

i + D
1,γ

i . (119)

Both subgroups of diagrams are rendered UV-finite by the

corresponding counterterms. Since the diagrams without any

photon are already IR-finite, their loop integrals can safely

be calculated on-shell, D
1,noγ

i (M2
hi

). Hence, only the loop-

integrals of the photon contribution need to be evaluated at a

fixed mass M , resulting in D
1,γ

i (M2
hi

, M
2
) and δSB(M

2
).

If the fixed Higgs mass were inserted into both the loop

integrals and the helicity matrix elements, the IR-cancellation
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would work in the same way as for the unfactorised process,

just with the special choice of q2 = M
2
. In our approach, the

helicity matrix elements are determined at the specific masses

Mhi
as it is demonstrated in Eqs. (87) and (97). Furthermore,

those mass values are equal in the matrix elements at lowest

and higher orders as loop-corrected masses are used also at

the improved Born level. Because the Mhi
-dependent helic-

ity matrix elements can be factored out, the IR-singularities

cancel in the decay contribution to the interference term of

O(α) relative to the lowest order, with D0
i at M2

hi
,

(

DhD
∗
H

)α = D
1,γ

h (M2
h , M

2
)D0∗

H + D
0
hD

1,γ ∗
H (M2

H , M
2
)

+ δSB(M
2
)D0

hD
0∗
H . (120)

On the one hand, this approach requires the separate calcula-

tion of purely photonic and non-photonic contributions. On

the other hand, it enables the on-shell evaluation of IR-finite

integrals and is thus closer to the full result. However, in case

of a virtual photino contribution one needs to be careful not

to break supersymmetry by treating the photon differently

than its superpartner. Thus, the possibility of such a separate

treatment of the photon diagrams, whose numerical impact is

small in the studied example process, should be considered

in view of the investigated model and its particle content.

7.2 Interference weight factors at 1-loop order

In the previous section, we derived how to include virtual and

real contributions in the product of factorised matrix elements

in a UV- and IR-finite way. However, special attention is

needed to ensure the correct treatment of the on-shell matrix

elements of the interference contribution.

We now discuss additional approximations with which

the R-factor method introduced in Sect. 3.3 can be extended

beyond the tree level. We develop a method that facilitates an

approximation of the interference term based on higher-order

cross sections and decay widths, but only tree level couplings.

This technically simpler treatment comes at the price of the

further assumption, as in the tree level version of the interfer-

ence weight factor, that both Higgs masses be equal. Thus,

the method presented in this section is an optional, additional

approximation with respect to Eq. (105).

Under the assumption of equal masses, the product of

unsquared matrix elements for the production and decay of h

and H can be re-expressed at the tree level in terms of either h

or H with the help of Eq. (37). Hence, one can choose to keep

the 1-loop matrix elements and to replace only the tree level

ones so that only lowest-order couplings will be present in

the x-factor. We will now apply this prescription to the third

term in Eq. (105) containing the 1-loop virtual corrections to

the interference term Intv:

Intv = 2Re[{(P1
hD

0
h + P

0
h D

1
h)P0∗

H D
0∗
H

+ P
0
h D

0
h(P1∗

H D
0∗
H + P

0∗
H D

1∗
H )}�BW

h �BW∗
H ]

≃ 2Re[(P1
hD

0
h + P

0
h D

1
h)P0∗

h D
0∗
h ·

C0∗
PH

C0∗
Ph

C0∗
DH

C0∗
Dh

· �BW
h �BW∗

H ] + 2Re[{P0
H D

0
H ·

C0
Ph

C0
PH

C0
Dh

Cc0
DH

(P1∗
H D

0∗
H

+ P
0∗
H D

1∗
H )�BW

h �BW∗
H }∗]

= 2Re[(P1
hP

0∗
h |D0

h |2 + |P0
h |2D1

hD
0∗
h )x0

h · �BW
h �BW∗

H ]
+ 2Re[(P1

H P
0∗
H |D0

H |2 + |P0
H |2D1

H D
0∗
H )x0

H

· �BW
H �BW∗

h ]. (121)

Hence we exploited the choice of expressing the product of

h- and H -matrix elements either in a weighted sum of both

or in terms of one of them. The latter choice, as selected in

Eq. (121), has the advantage that the matrix elements contain-

ing loop contributions of h and only tree level contributions of

H are transformed in terms of h and vice versa. Including the

flux factor and the phase space integrals as in Eq. (35), adding

soft bremsstrahlung according to the last line of Eq. (105) and

keeping in mind that

1

F

∫

d�P 2Re[P1
i P

0∗
i ] = σ 1

Pi
,

1

2Mi

∫

d�D(2Re[D1
i D

0∗
i ] + δSB|D0

i |2) = Ŵ1
Di

, (122)

the expressions from Eq. (121) lead to

σ
1,R
int =

σ 1
Ph

Ŵ0
Dh

+ σ 0
Ph

Ŵ1
Dh

Ŵtot
h

R̃h +
σ 1

PH
Ŵ0

DH
+ σ 0

PH
Ŵ1

DH

Ŵtot
H

R̃H ,

(123)

where R̃i has been defined in Eq. (41). Equation (123) is

meant for the consistent comparison with the full result in

the strict one-loop expansion. Using the most precise predic-

tions of all components and the unfactorised tree level result

leads to the final prediction:

σ best
R = σ 0

full+
∑

i=h,H

(σ best
Pi

BRbest
i −σ 0

Pi
BR0

i )+σ int1
R + σ int+

R ,

(124)

σ int1
R = (σ 1

Ph
BR0

h + σ 0
Ph

BR1
h)R̃h + (σ 1

PH
BR0

H + σ 0
PH

BR1
H )R̃H ,

(125)

σ int+
R = 1

2
σ 1

Ph
(BR1

h R̃h + BR1
H R̃h H )

+1

2
σ 1

PH
(BR1

H R̃H + BR1
h R̃Hh), (126)

where σ int1
R denotes the contribution to the interference term

for which the product of production cross sections and partial
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Fig. 6 Example triangle diagrams of the 3-body decay χ̃0
4 → χ̃0

1 τ+τ−

with 1-loop corrections at the χ̃0
4 χ̃0

1 Ĥe-vertex, where Ĥe denotes a

Higgs boson mixed by Ẑ-factors, H f an internal Higgs boson(see text)

and H ≡ H±. u and ũ represent the up-type (s)quarks, χ̃0 are the

neutralinos and χ̃ the charginos

decay widths is restricted to the 1-loop level, but the branch-

ing ratios are at all levels normalised to the 2-loop total width

from FeynHiggs [48–51]. In addition, σ int+
R contains terms

beyond the 1-loop level. In Eq. (126), we introduced the gen-

eralised interference weight factors R̃i j ,

R̃i j = 2M jŴ j Re{xi j I }, (127)

involving the scaling factors xi j ,

xi j =
CPh

C∗
PH

CDh
C∗

DH

|CPi
|2|CD j

|2 , (128)

to account for the product of 1-loop production and decay

matrix elements in Eq. (108). For the most precise prediction,

the 1-loop branching ratios in Eqs. (125, 126) can addition-

ally be replaced by BRbest
i − BR0

i which is beyond the M-

method in Eq. (108). As in Eq. (109) for the M-method, the

products of tree level production cross section and branch-

ing ratios have to be subtracted because their contribution is

already accounted for by σ 0
full. The most precise branching

ratios can be obtained from FeynHiggs [48–51] including

full 1-loop and leading 2-loop corrections.

8 Full 3-body decay at the one-loop level

The numerical validation of the gNWA at the next-to-leading

order requires the calculation of the process χ̃0
4 → χ̃0

1 τ+τ−

with intermediate h and H as the full 3-body decay including

virtual and real corrections.

Reference [63] provides a 1-loop calculation of the decay

of the next-to-lightest neutralino χ̃0
2 into χ̃0

1 and a pair of

leptons, thus a similar process, but with a dominant contribu-

tion from an on-shell slepton, while the Higgs propagators are

treated as non-resonant. In the following, we focus on the dia-

grams contributing to resonant intermediate Higgs bosons, as

well as box-diagrams with and without Higgs bosons. The

1-loop integrals are computed with LoopTools [43,80].

8.1 Contributing diagrams

8.1.1 Virtual corrections at the neutralino-Higgs vertex

Virtual SM and MSSM particles contribute to the correction

of the χ̃0
i χ̃0

j hk-vertex. A selection of diagrams is displayed

in Fig. 6. We treat here the intermediate Higgs bosons Ĥe

appearing outside of the vertex loop contribution as “exter-

nal”, while H f denotes an internal Higgs boson within the

loop (e, f = 1, 2, 3). Furthermore, H ≡ H± denotes

the charged Higgs bosons. The neutralinos are labelled by

χ̃0
n , n = 1, 2, 3, 4 and the charginos by χ̃m, m = 1, 2. The

first example diagram contains up-type quarks and a squark

of generation m = 1, 2, 3.

For Ĥe the mixing with Ẑ-factors is taken into account,

i.e., Eq. (45) is applied for both vertices of Ĥe. This treatment

has been applied in order to enable a comparison with the

factorised production and decay contributions in the gNWA.

The appearance of Ẑ-factors in external Higgs boson lines

is related to the fact that we use a renormalisation scheme

without on-shell conditions for the Higgs-boson fields. In

such a case, like the DR renormalisation of the Higgs fields

employed here, the Ẑ-factors are introduced to ensure correct

on-shell properties of external Higgs bosons [81,82]. In the

NWA, the Higgs bosons appear as external particles in the

on-shell production and decay, and we therefore treat the

intermediate Higgs bosons of resonant propagators in the

full 3-body decay in the same way for comparison purposes.

The triangle corrections appearing at the χ̃0
i χ̃0

j hk-vertex

are renormalised by the counterterm

δC
R/L
i jk

= e

2cW sW
δc

(∗)
i jk

+
(

δZe − δsW

sW
− δcW

cW

)

C
R/L
i jk

+ 1

2

4
∑

l=1

(δZ
R/L
li

C
R/L
l jk

+ δ Z̄
L/R
jl

C
R/L
ilk

+ δZhk hl
C

R/L
i jk

)

(129)

in the on-shell scheme, see Ref. [64] and references therein.

In Eq. (129), hl = {h, H, A, G} for l = 1, 2, 3, 4, denote

the neutral Higgs and Goldstone bosons. The parameters

M1, M2, µ are related to the choice of the three elec-
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Fig. 7 Example triangle diagrams of the 3-body decay χ̃0
4 → χ̃0

1 τ+τ− with 1-loop corrections at the Ĥeτ
+τ−-vertex, where the particles are

labelled as is Fig. 6

troweakinos which are renormalised on-shell and thus define

the choice for the on-shell renormalisation scheme for the

neutralino-chargino sector, as mentioned in Sect. 4.2. In our

scenario, we identify χ̃0
1 as the most bino-like, χ̃0

3 as the

most higgsino-like and χ̃0
4 as the most wino-like state and

hence renormalise these three neutralinos on-shell. By this

choice of an NNN scheme, we avoid large mass corrections to

the remaining neutralino and the charginos. Alternatively, χ̃0
2

instead of χ̃0
4 could be identified as the most wino-like state

because the two corresponding elements in the matrix N ,

which diagonalises the neutralino mass matrix (see Sect. 4.2),

have nearly the same magnitude. Thus, this alternative choice

would lead to a comparable sensitivity to the three parame-

ters of this sector and thereby also to a stable renormalisation

scheme. But since χ̃0
4 is involved in our process as an external

particle, we prefer to set it on-shell. The 1-loop effect on the

2-body decay widths Ŵ(χ̃0
4 → χ̃0

1 h/H) is shown in Fig. 12.

8.1.2 Virtual corrections at the Higgs- τ+τ− vertex

and real photon emission

Furthermore, the hkτ
+τ−-vertex diagrams shown in Fig. 7

are UV-divergent, and the last diagram is also IR-divergent

due to the virtual photon. The UV-divergences are can-

celled by the counterterm, analogous to the SM, δChkτ
+τ− =

δC L
hkττωL + δC R

hkττωR , with [75,83]

δC
L/R

hkτ
+τ− = C tree

hkτ
+τ− ·

(

δZe + 1

2
δZhk hk

+ 1

2
δZh H

C tree
hlττ

C tree
hkττ

− δM2
W

2M2
W

− δsW

sW

+ sβ
2δtβ

+ δmτ

mτ

+ 1

2
{δZ L/R

τ + δZ R/L†
τ }

)

, (130)

where k, l = h, H and δZ
L/R
τ are the left-/right-handed

field renormalisation constants of the τ -lepton. The tree-level

couplings C tree
hkτ

+τ− are given in Eq. (57). The IR-divergent

terms vanish for squared matrix elements in the combina-

tion of virtual corrections containing a photon in the loop

with real photons emitted as soft bremsstrahlung off one of

the τ -leptons. Soft photons are defined by the energy cut-

off Emax
soft . As a prescription for the energy cut-off we use

here a fraction of the mass of the decaying particle, namely

Eγ ≤ Emax
soft = 0.1mχ̃0

4
. All photons below this energy are

considered as soft so that they are described by the soft pho-

ton factor δSB multiplying the tree level result,

ŴSB = δSB Ŵtree. (131)

We use the result for δSB of Ref. [75] implemented in

FormCalc [43–47]. More details on the separation of soft

and hard, collinear and non-collinear QED corrections for

this process can be found in Ref. [63].

8.1.3 Self-energies involving mixing of neutral bosons

The diagrams with self-energy corrections of the intermedi-

ate (“external”) Higgs boson Ĥe are classified in two cat-

egories. On the one hand, there are the mixing contribu-

tions between the three neutral Higgs bosons (reduced to

2 × 2 mixing in case of real MSSM parameters). They are

approximated by the Ẑ-factors, which were checked to accu-

rately reproduce the full Higgs propagator mixing close to the

complex pole (see Sect. 4.1; Refs. [10,54]). Consequently,

no explicit propagator corrections with Higgs self-energies

are included. With the Ẑ-factors, the strict one-loop order is

extended to take more precise mixing effects in the Higgs

sector into account. On the other hand, the Ẑ-factors do not

contain mixing with other neutral particles. Hence, the propa-

gator corrections of a Higgs with the neutral Goldstone boson

G and the Z -boson are calculated explicitly. Some exam-

ple diagrams are shown in Fig. 8. However, in case of CP-

conservation, the mixing between h/H and G/Z vanishes.

8.1.4 Box diagrams

Finally, the χ̃0
4 cannot only decay into χ̃0

1 τ+τ− via a resonant

Higgs boson, but also through box diagrams. Figure 9 depicts

some example diagrams with and without Higgs bosons.

No counterterms are necessary because the boxes are UV-

finite by themselves. The box diagrams are explicitly calcu-

lated including the full MSSM spectrum in the loops, but, as

expected, those non-resonant contributions are found to be

numerically suppressed. This is important for the compari-
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Fig. 8 Example self-energy diagrams contributing to the 3-body decay

χ̃0
4 → χ̃0

1 τ+τ− with 1-loop corrections to the Higgs propagator which

mixes with the neutral Goldstone boson G and the Z -boson. As in Fig. 6,

Ĥe denotes a Ẑ-mixed neutral Higgs boson and H f an internal Higgs

boson

Fig. 9 Example box diagrams of the 3-body decay χ̃0
4 → χ̃0

1 τ+τ− (with and without Higgs bosons), where the particles are labelled as is Fig. 6.

Only internal Higgs bosons H f appear in the loop

Fig. 10 The 1→3 decay width Ŵ(χ̃0
4 → χ̃0

1 τ+τ−). Upper panel Tree-

level mediated by resonant h, H including their interference (dashed)

and full 1-loop result with vertex, soft photon and propagator corrections

to the resonant h, H -exchange and, in addition, non-resonant box con-

tributions (solid), both supplemented by higher-order Higgs masses,

total widths and Ẑ-factors. Lower panel Relative loop contribution

r = (Ŵloop − Ŵtree)/Ŵtree in percent

son with the gNWA at the 1-loop level in Sect. 9.2 since the

boxes cannot be factorised.

8.2 Comparison of the tree level and 1-loop result

Figure 10 shows the resulting decay width of χ̃0
4 into χ̃0

1

and a τ+τ−-pair as the full 3-body decay. As mentioned in

Sect. 6.2, the Z -, A-, G- and slepton-exchange is not included

in this section, but the interference between all other contribu-

tions to the 3-body decay is taken into account. The tree-level

and 1-loop results are based on the product of Ẑ-factors and

Breit–Wigner propagators with higher-order Higgs masses,

total widths and Ẑ-factors. Despite being an approximation

of the complete Higgs propagator mixing, see Eq. (49), it is

here referred to as the full result that will consistently serve

as a reference for the validation of the gNWA at the 1-loop

level.

The full 1-loop decay width includes the vertex correc-

tions at the production and the decay vertex and box contri-

butions as well as self-energy corrections to the propagator

and bremsstrahlung off the τ -leptons in the final state.

The NLO decay width (solid) is enhanced relative to the

LO result (dashed) in most of the analysed parameter interval,

up to 11 %, as the plot of the ratio r = (Ŵloop − Ŵtree)/Ŵtree

shows. However, around MH± ≃ 152 GeV, the 1-loop cor-

rections vanish.

9 Numerical validation of the gNWA at the loop level

In this example, the calculation of the full process at the

1-loop level is still manageable, where full here means the 3-

body decays with Breit–Wigner propagators and Ẑ-factors,

though without the Z -, A- and G-boson exchange. But we

aim at validating the generalised narrow-width approxima-

tion at the 1-loop level so that it can be applied on kinemati-

cally more complicated processes for which the factorisation

into production and decay is essential to enable the compu-

tation of higher order corrections.

Our strategy is to combine the NLO corrections for the

production and decay subprocesses in such a way that the

123



 254 Page 24 of 30 Eur. Phys. J. C   (2015) 75:254 

Fig. 11 Example diagrams of the 2-body decays for a Higgs production in χ̃0
4 → χ̃0

1 h/H at NLO and b Higgs decay in h/H → τ+τ− at NLO

with virtual and real corrections

(a) (b)

(d)(c)

Fig. 12 2-body decay widths of a χ̃0
4 → χ̃0

1 hi and c hi → τ+τ− with hi = h (blue) and H (green) at the tree level (dashed) or at the 1-loop

level (solid), and the relative effect of the loop contributions (b), (d)

gNWA prediction can be consistently compared to the full

1-loop calculation. Only the box diagrams are left out in the

gNWA compared to the 3-body decays.

9.1 2-body decays

The gNWA at NLO requires the 1-loop contributions to the

2-body decays as subprocesses. For the production, we cal-

culate the full 1-loop corrections to Ŵ(χ̃0
4 → χ̃0

1 h/H) in the

NNN on-shell renormalisation scheme, see Refs. [56,64,65],

with the same choice of on-shell states as in the 3-body-decay

described in Sect. 8.1.1. Higgs mixing is taken into account

by Ẑ-factors, but mixing with G-/Z -bosons is generated

explicitly, which, however, vanishes in this CP-conserving

scenario. Some example diagrams for vertex corrections are

shown in Fig. 11a. Figure 12a presents the resulting 2-body

decay widths for the production of h (blue) and H (green)

at the tree level (dashed) and the 1-loop level (solid). While

the 1-loop corrections increase Ŵ(χ̃0
4 → χ̃0

1 h), they decrease

the production of H from the decay of χ̃0
4 . The substantial

relative effect can be seen in Fig. 12c.

For the decay, the full vertex corrections to hi → τ+τ−

are included. Furthermore, real soft photon emission off the

τ -leptons in the final state is included. In order to allow for

a meaningful comparison between the gNWA and the full

calculation, the energy cut-off is defined by the same value

Emax
soft = 0.1mχ̃0

4
as in the 3-body decay. Example diagrams

are displayed in Fig. 11b, where the first diagram belongs

to the IR-finite ones, but the second and third diagrams are

IR-divergent. The emission of a real photon is not directly

calculated as a 3-body decay, but still with the 2-body phase

space in the soft-photon approximation. The numerical influ-

ence of the corrections of O(α) on Ŵ(hi → τ+τ−) is shown

in Fig. 12c. The 1-loop and real corrections slightly decrease

both decay rates (for hi = h, H ) by 1.2–1.5 % as displayed

in Fig. 12d.

9.2 On-shell matrix elements and R-factor approximation

The on-shell factorisation of the interference term has already

been applied at the leading order in Sect. 6.2. In this section,
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Fig. 13 Upper panel The decay width χ̃0
4 → χ̃0

1 τ+τ− at the 1-loop

level with resonant h, H -exchange and, for the full 3-body decay (black,

solid), with box contributions. The gNWA with on-shell matrix ele-

ments is denoted by M (red, dashed), and the gNWA with interference

weight factors is denoted by R̃ (blue, dash-dotted). Lower panel The

relative deviation of the gNWA (matrix element and R-factor approxi-

mation) from the full 1-loop result in percent

we will investigate its accuracy at the next-to-leading order.

Since a wide range of processes even with many external par-

ticles can be computed at lowest order without applying the

NWA, we use the full leading order result of the three-body

decay (i.e., without NWA) and add the 1-loop contribution for

which we use the gNWA. With this procedure, we apply the

on-shell approximation only when necessary without intro-

ducing an avoidable uncertainty at the tree level.7

In Fig. 13, we compare the numerical results of the method

of on-shell matrix elements using Eqs. (106) and (107),

denoted by M, and of the interference weight factor approx-

imation from Eq. (123), denoted by R̃, with the full 1-loop

result as calculated in Sect. 9. The upper panel shows the pre-

diction of the partial width Ŵ(χ̃0
4 → χ̃0

1 τ+τ−). The lines of

the gNWA based on matrix elements (red, dashed) and the

full 1-loop calculation (black, solid) lie nearly on top of one

another. Also the additional R̃-factor approximation (blue,

dash-dotted) yields a good qualitative agreement with the full

result, but less accurate than achieved by the on-shell matrix

elements. The lower panel visualises the relative deviation of

the decay width predicted by the two versions of the gNWA

from the full result. As expected, the R-factor method repro-

duces the full result best where the difference between Mh

and MH is smallest, i.e., in the centre of the analysed param-

eter interval. But the assumption of equal masses becomes

7 As a further step, one could split the real photon contribution into

IR-singular and finite terms and apply the NWA only on the singular

ones according to Refs. [4,37].
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Fig. 14 Pure loop contributions in the full calculation (black, solid) and

approximated by the gNWA using the matrix element method denoted

by M (red, dashed) and using the R-factor approximation denoted by

R̃ (blue, dash-dotted)
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Fig. 15 Precision of the gNWA at the 1-loop level using the matrix

element method denoted by M (red, dashed) and using the R-factor

approximation denoted by R̃ (blue, dash-dotted) compared to the rel-

ative size of the loop contribution in the full calculation (black). The

±1 % region is indicated in grey

worse away from the centre of the analysed interval, lead-

ing to a deviation from the full 1-loop result of up to 4.5 %.

Thus, for those parameters the matrix element method per-

forms clearly better within an accuracy of better than 1 %.

In order to further investigate how well the gNWA predicts

the interference term at the 1-loop level, we take a closer look

in Fig. 14 at the pure loop contribution Ŵloop,pure = Ŵloop −
Ŵtree of the full three-body decay (black, solid), the gNWA

using on-shell matrix elements (red, dashed, denoted by M)

and the R̃-factor approximation (blue, dash-dotted, denoted

by R̃). While at the tree level we found that both versions of

the gNWA work comparably well (see Fig. 5), the M-method

provides a significantly better prediction of the interference

term at the 1-loop level.

When the gNWA is used to approximate one-loop effects,

we need to compare the accuracy of the approximation with

the overall size of the loop correction. Figure 15 provides a
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Fig. 16 Impact of the dependence of the gNWA on the choice of the

mass M (see text). The relative deviation between ŴMh
and ŴMH

, where

ŴMi
≡ ŴM

gNWA(M
2 = M2

i ), is shown for the universal treatment of all

one-loop matrix elements for the decay and for the case where the

photonic contribution is treated separately

comparison between the precision of the gNWA with respect

to the full calculation (for on-shell matrix elements denoted

by M in red and the R-factor approximation denoted by R̃ in

blue) and the relative size of the 1-loop correction to the 3-

body decay width in black. While the loop correction ranges

from −1 to 11 % in this example case, the deviation of the

matrix element method from the full result remains below

1 %. The uncertainty of this approximation is therefore sig-

nificantly smaller than the typical size of the loop correction

in this case. The deviation of the R-factor approximation from

the full result is found to be larger, within −3–4.5 % in this

case, but it is still about a factor of two smaller than the size

of the loop correction in the region where the latter is sizable.

The plot shows that the overall performance of the gNWA

with the M-method is good except for the region around

MH± ≃ 152– 152.5 GeV where the M-method uncertainty

exceeds the relative size of the full loop correction slightly.

But here the full loop correction is in fact very small. Keep-

ing in mind that the full calculation is subject to uncertain-

ties itself (e.g. from missing higher-order corrections) which

might reach the level of 1 % (for illustration, the ±1 % range

is indicated in the plot), the M-method can be regarded as

adequate to approximate loop corrections to the interference

term within the expected uncertainty of the full result (as

long as non-factorisable corrections remain numerically sup-

pressed). On the other hand, the R-factor method gives rise to

larger deviations and should therefore be regarded as a sim-

ple estimate of the higher-order result including interference

effects.

9.3 Separate treatment of photon contributions

As discussed in Sect. 7.1.2, the factor δSB, which multiplies

the squared tree level matrix element to account for the con-

tribution of soft bremsstrahlung, and the IR-divergent loop

integrals must be evaluated at the same mass to enable the

cancellation of IR-singularities between real and virtual pho-

ton contributions. In order to reduce the ambiguity whether

to choose the common mass M = Mh or MH , the IR-finite

diagrams can be evaluated at their correct mass shell. Fig-

ure 16 compares the dependence of the gNWA result on the

ambiguous mass choice, i.e., the relative deviation between

ŴgNWA(M = Mh) and ŴgNWA(M = MH ), for the matrix

element method. The dashed green line represents the univer-

sal treatment where the loop integrals in all decay one-loop

matrix elements are evaluated at M
2

whereas the solid red

line shows the separate calculation of the photonic contribu-

tion as described in Sect. 7.1.2. The impact of the dependence

of the gNWA on the choice of the mass M is found to be

rather small, giving rise to a maximum deviation of 0.23 %

for the universal treatment of all one-loop matrix elements

for the decay. Restricting this approximation just to the pho-

tonic contribution is seen to have an insignificant effect in

this example, reducing the deviation to 0.2 %.

9.4 gNWA prediction with most precise input values

As a first step, we defined the gNWA at the 1-loop order

for a consistent comparison between the gNWA and the

full 1-loop calculation. As an exception, the Higgs masses,

total widths and wave function normalisation factors Ẑ

have been obtained from FeynHiggs [48–51] at the 2-

loop order and used both in the gNWA and the full cal-

culation. In this section we want to exploit the factori-

sation and include all components at the highest avail-

able precision. This means for the gNWA with the on-

shell matrix element method and the R-factor approxima-

tion that we use the calculated 1-loop production part and

the FeynHiggs branching ratios in ŴP (χ̃0
4 → χ̃0

1 hi ) ·
BRD(hi → τ+τ−). Furthermore, the product of on-shell

matrix elements from Eq. (105) is expanded up to the prod-

uct of 1-loop matrix elements in Eq. (109). The higher-

order extension of the R-factor approximation is defined in

Eq. (124).

So far we have neglected additional contributions that

do not play a role in the discussion of the interference

effects between contributions with h and H exchange in

the decay of χ̃0
4 → χ̃0

1 τ+τ− for the considered CP-

conserving scenario. In order to obtain a more phenomeno-

logical prediction of Ŵ(χ̃0
4 → χ̃0

1 τ+τ−) we now take

into account also the resonant exchange of the CP-odd

Higgs boson A, the neutral Goldstone boson G and the

Z -boson, as well as the non-resonant 3-body decay via

a τ̃ . We include the contributions from A, G, Z and τ̃ -

exchange at the tree-level, while at the loop level we incor-

porate the most precise gNWA result (where those addi-
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(a) (b)

Fig. 17 a The gNWA using the most accurate predictions for all parts

of the process, supplemented with a tree-level result with (solid) and

without (dashed) the additional A, G, Z and τ̃ -exchange contributions,

for the M-method (red) and the R̃-approximation (blue). b The rela-

tive effect of the most precise branching ratios and the product of 1-loop

terms on the prediction of the gNWA with on-shell matrix elements (red,

denoted by M) and the R-factor approximation (blue, denoted by R̃)

tional contributions are neglected). Figure 17a shows the pre-

diction of the higher-order improved gNWA, supplemented

by the full tree-level contribution including A, G, Z and

τ̃ -exchange diagrams, as solid lines using on-shell matrix

elements (red) and the R-factor approximation (blue). The

corresponding results where the A, G, Z and τ̃ -exchange

contributions have been neglected are indicated by the

dashed lines. The contributions from A, G, Z and τ̃ are

found to yield a non-negligible upward shift in this exam-

ple.

Figure 17b shows the impact of including the most precise

branching ratios and the product of 1-loop matrix elements

in the gNWA, denoted by Ŵbest
gNWA. For the matrix element

method (in red, denoted by M), this amounts to up to 1.2 %

relative to the 1-loop formulation used above for the com-

parison with the result for the 3-body decay. For the R-factor

approximation (in blue, denoted by R̃), the effect of up to

0.4 % is smaller because the effect on the interference term

beyond the 1-loop order turns out to be negative. With refer-

ence to the gNWA including only h and H , the relative impact

of the higher-order corrections is slightly higher (1.6 % for

the matrix element method and 0.6 % for the R-factor approx-

imation).

The numerical size of the contributions beyond the 1-loop

order depends on the process and scenario, but the gNWA

allows for their inclusion also in the interference term.

10 Conclusions

In this paper, we have developed a generalisation of the stan-

dard narrow-width approximation that extends the applica-

bility of this important tool to scenarios where interference

effects between nearly mass-degenerate particles are impor-

tant. This can be the case in many extensions of the SM where

the spectrum of the new particles is such that the mass dif-

ference between two or more particles is smaller than one

of their total decay widths. In such a case, their resonances

overlap so that the interference cannot be neglected if the

two states mix. In order to still enable the convenient fac-

torisation of a more complicated process into production and

decay of an intermediate particle, we have demonstrated how

to factorise also the interference term. This is achieved by

evaluating the production and decay matrix elements on the

mass-shells of the resonant particles in analogy to the terms

present in the standard NWA. If one additionally assumes

equal masses of the intermediate particles, it is possible to

further approximate the interference contribution by an inter-

ference weight factor, R, in terms of production cross sec-

tions, decay branching fractions, ratios of couplings and a

universal, process independent integral over Breit–Wigner

propagators.

We have developed this generalised narrow-width approx-

imation both at the tree-level and at one-loop order. Follow-

ing the analytic derivations, we have discussed the appli-

cation to a simple example process in the context of the

MSSM with real parameters. We have considered the three-

body decay of the heaviest neutralino via a resonant neutral,

CP-even Higgs boson, h or H , into the lightest neutralino

and a pair of τ -leptons. This process is well-suited for a

test of the gNWA since it is sufficiently simple so that the

full process can be calculated at the loop level and com-

pared with the predictions of the gNWA. Within the gNWA

this process can be decomposed into basic kinematic build-

ing blocks, namely two subsequent 2-body decays, and the

interference contributions involve only scalar particles. The

discussion of interference effects can therefore be disentan-

gled from spin-correlation issues. Furthermore, the process

involves charged external particles, so that the issue of the

cancellation of IR divergencies between virtual loop correc-

tions and bremsstrahlung contributions is relevant, while the

fact that only the final state particles are charged makes the

treatment of the IR-divergent contributions very transpar-

ent.
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We have validated the gNWA at the Born level (supple-

mented by higher-order Higgs masses, widths and mixing

factors) and at the 1-loop level including corrections of O(α)

with respect to the lowest order. Within the considered param-

eter region, the chosen modified Mmax
h -scenario leads to a

small difference between the loop-corrected masses of Mh

and MH below their total widths. This configuration results

in a large negative interference term so that in the standard

NWA, where the interference contribution is not taken into

account, the 3-body decay width is overestimated by a fac-

tor of up to five in this example. Hence, the standard NWA

is clearly insufficient in this scenario. The inclusion of the

factorised interference term, however, leads to an agreement

with the unfactorised decay width within few percent. At the

tree level, the method of on-shell matrix elements and the

R-factor approximation lead to very similar results.

However, at the Born level the methods for calculating

multi-leg processes without further approximations are very

advanced. Accordingly, a particular interest in the NWA con-

cerns its application to the loop level, where the difficulty in

computing processes involving a variety of different mass

scales grows very significantly with the number of exter-

nal legs of the process. In many cases the factorisation into

different sub-processes provided by the NWA is essential

to enable the computation of higher-order contributions. In

cases where a full tree level calculation is feasible, the NWA

can therefore be applied just at the loop level in order to facil-

itate the computation of the higher-order corrections, while

the lowest order contributions are evaluated without further

approximations in order to avoid an unnecessary theoretical

uncertainty.

For a validation of the gNWA beyond the LO we have per-

formed the 1-loop calculation of Ŵ(χ̃0
4 → χ̃0

1 τ+τ−) includ-

ing all vertex corrections, self-energies involving Higgs-

Goldstone/Z mixing, Higgs-Higgs mixing contributions via

finite wave function normalisation factors, box diagrams, as

well as soft photon radiation. All higher order corrections

except for the box diagrams factorise, which makes a sep-

arate calculation of the 1-loop production and decay part

possible as long as the non-factorisable contributions remain

sufficiently small. We have shown that within the gNWA the

factorised interference term at the next-to-leading order is

both UV- and IR-finite. In order to preserve the cancellations

of IR-singularities between virtual and real photon contribu-

tions also in the on-shell matrix elements, all IR-divergent

integrals in matrix elements and the soft-photon factor were

evaluated at the same mass value. This prescription could

be further improved by extracting the singular parts from the

real photon contribution and applying the NWA only to those

terms which match the singularities from the virtual photons.

Furthermore, we have extended the interference weight fac-

tor to the 1-loop level. In the numerical comparison to the

3-body decay width, the gNWA based on 1-loop on-shell

matrix elements agrees with the full 1-loop result within an

accuracy of better than 1 %, which is much below the typi-

cal size of the loop corrections in this case. The gNWA with

interference weight factors, on the other hand, deviates from

the full result by up to 4 %, which is still about a factor of

two smaller than the size of the loop correction in the region

where the latter is sizable. Therefore the method of on-shell

matrix elements appears to be a well-suited approach for pre-

dicting the interference term at 1-loop order within roughly

the remaining theoretical uncertainty of the full result, while

the additional R-factor approximation may be of interest as a

technically simpler rough estimate of the higher-order result

including interference effects.

In our discussion we have first focussed on the strict O(α)

contribution relative to the lowest order within the gNWA

(except for masses, total widths and wave function normali-

sation factors, for which we have incorporated dominant 2-

loop contributions throughout this work) for the purpose of

a consistent comparison with the 3-body decay width. In the

most accurate final result the factorisation into subprocesses

for production and decay has the virtue that higher-order

corrections can naturally be implemented into each of the

subprocesses, which formally corresponds to a higher-order

effect for the full process. This applies also to the interference

term, where we have discussed the incorporation of higher-

order contributions for the two considered versions of the

gNWA.

While much of our discussion has been directed to the

specific example process that we have investigated, we have

provided a generic formulation of the gNWA and we have

commented on various features that are relevant for more

complicated processes. The method presented here should

therefore be transferable to processes with more external legs,

with a more complicated structure of IR divergencies, and to

cases where the interference arises between particles of non-

zero spin.

Based on the methodical study presented here, a next step

will be a more detailed investigation of phenomenological

applications of the gNWA. This will be addressed in a forth-

coming publication.
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