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Abstract. Motivated by UV realisations of Starobinsky-like inflation models, we study
generic exponential plateau-like potentials to understand whether an exact f(R)-formulation
may still be obtained when the asymptotic shift-symmetry of the potential is broken for larger
field values. Potentials which break the shift symmetry with rising exponentials at large field
values only allow for corresponding f(R)-descriptions with a leading order term R™ with
1 < n < 2, regardless of whether the duality is exact or approximate. The R2-term survives
as part of a series expansion of the function f(R) and thus cannot maintain a plateau for all
field values. We further find a lean and instructive way to obtain a function f(R) describing
m2¢?-inflation which breaks the shift symmetry with a monomial, and corresponds to effec-
tively logarithmic corrections to an R + R? model. These examples emphasise that higher
order terms in f(R)-theory may not be neglected if they are present at all. Additionally, we
relate the function f(R) corresponding to chaotic inflation to a more general Jordan frame
set-up. In addition, we consider f(R)-duals of two given UV examples, both from supergrav-
ity and string theory. Finally, we outline the CMB phenomenology of these models which
show effects of power suppression at low-£.
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1 Introduction

Observational evidence provides increasingly strong support for a very early phase of cosmo-
logical inflation. Experiments measuring the cosmic microwave background (CMB) [1-3] as
well as Large Scale Structure (LSS) begin to restrict inflation to be driven predominantly by
a single scalar field and start to constrain a wide class of potentials.

Inflation takes quantum fluctuations of light degrees of freedom and stretches them
rapidly into super-horizon classical field profiles [4]. This way, the nearly scale-invariant
power spectrum of fluctuations of the inflaton drive variations of the gravitational potential
which seed all current large-scale structure and the CMB temperature anisotropy. Moreover,
graviton fluctuations produce a nearly scale-invariant spectrum of gravitational waves during
inflation which cause B-mode polarization in the CMB. The amplitude of this primordial
B-mode spectrum is directly tied to the energy scale of inflation.

With the nature of the degree-scale B-mode signal from BICEP2 [5] unclear (see e.g. [6—
8]), the current constraints on the fractional gravitational wave power, the tensor-to-scalar
ratio, 7 < 0.1 allow inflation models with a wide range of energy scales. High-scale models
of inflation with tensor mode production at r > 1072 include both large-field monomial
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potentials V' ~ ¢P pioneered by Linde [9] as well as exponentially flattening-out potentials
such as the R + R? model by Starobinsky [10].

The supergravity embedding of Starobinksy-like inflation models has seen tremendous
progress during recent years. Based on studies of non-minimally coupled ‘Jordan frame’
supergravity [11-13], recent works have established various super-conformal realizations of
the Starobinsky model in F- and D-term superconformal supergravity models, as discussed
in e.g. [14-19]. Subsequently this led to the discovery of several rather universal attractor
regimes of non-minimally coupled inflation (see e.g. [20-23]). Models based on no-scale super-
gravity (see e.g. [24-27]) can realize the Starobinsky model in standard F-term supergravity
as well.

The Starobinsky [10] model is appealing both observationally and theoretically, as it
may be written in terms of a theory of modified gravity as well as in terms of Einstein
gravity with a scalar field [28-30]. Starting from the scalar field description, we will look at
the behaviour of this duality between the formulation in terms of a scalar field and the one
in terms of an f(R) theory of modified gravity when corrections to the scalar field potential
are considered. We will find how different types of corrections to the scalar field potential
lead to corrections of logarithmic and power-law type to the f(R)-formulation.

Following a quick review of f(R)-theory, we show in section 2 that scalar potentials
which display an exponentially good restoration of a shift symmetry a large field values
V ~ 14> texp(—cpre) are always dual to an f(R) theory with an asymptotic limit
f(R) — R2

In section 3 we demonstrate how potentials with exponentials exp(—yk¢) with 0 < v < 2
(i.e. effectively rescaling the exponential’s exponents x — «') induce corrections of type R?~Y
or equivalently (at leading order if v < 1) log R corrections to the corresponding f(R)-dual.
This is in line with the observations made in [31], and then [32-36] that adding a term
R?>~¢ 5 R?log R can enhance the tensor mode signal significantly over the pure R + R?
case. We show that these models can provide for chaotic inflationary dynamics within the
observable range of e-folds. Hence, they yield f(R) duals to chaotic inflation models from
logarithmically broken scale invariance in the Jordan frame discussed in [37, 38].

In section 4 we study what happens when we add rising exponential terms to the Ein-
stein frame potential breaking the shift symmetry at large field values. We show that this
corresponds to f(R)-duals that are to leading order R™ with 1 < n < 2. For certain setups,
we can give a closed form expression. Hence, in these cases we can understand the rising
exponentials in the Einstein frame as an infinite series of higher scalar-curvature corrections
>_p cpl? to the Einstein-Hilbert action.

Section 5 discusses toy models of UV completion both in the context of supergravity
and type IIB string theory for setups of the previous section. We derive approximate and
exact f(R)-duals for the exemplary low energy effective potentials.

Finally, in section 6 we apply our models with rising exponential terms to some of the
aspects of the suppression of CMB power at large angular scales. Exponential terms rising
out of the R?-dominated plateau provide a source of rapid steepening of the scalar potential
in the Einstein frame. Hence, they limit the total amount of slow-roll e-folds and the built-in
steepening is a mechanism for the suppression of CMB power at large angular scales studied
in recent literature [39-45]. Moreover, we find that the corrections to the scalar field potential
required to have a strong suppression effect on large-angle CMB power no longer have an
exact but only an asymptotic f(R)-dual. We discuss our results in section 7.



2 f(R) —» R? — Exponential restoration of the shift symmetry

We start this section with a brief review of the essentials of f(R)-theory (we refer the reader
looking for a more thorough review to e.g. [46]). Consider a modified Einstein-Hilbert La-
grangian of the form

L= Vi(R), (21)

(&7

with the Ricci scalar and tensor given by R = ¢"”R,, and R, = Rj,,, respectively. By
performing a conformal transformation on the metric g, with conformal factor €2

guy =0 Guv, V —g= Qz V=9, (22)
one can show that the Ricci scalar transforms as
R=0Q (R 460w — 6§‘“’8Mw(9yw> : (2.3)

with w = (1/2)InQ and O = V#V,. The behaviour of the Ricci scalar under this Weyl
transformation makes apparent the additional degree of freedom, w, present in eq. (2.1). Let
us now rewrite the Jordan frame Lagrangian (2.1) as

ﬁ—vig<;ﬂR—U), (2.4)

where the prime denotes differentiation with respect to R and we have introduced U =
(1/2)(f'R — f). Substituting (2.3) into (2.4) and applying (2.2) yields

L=1\—3 BQ‘lf’ (R - 6§””8Hw8yw> - Q_QU} , (2.5)

where we have omitted the Cw term as its contribution to the action vanishes due to Gauss’
theorem. Defining ¢ = /3/2In normalises the kinetic term.! Choosing the conformal
factor Q = f’ for f' > 0 brings the action to the Einstein frame where the Lagrangian takes
the form

_|R 1_,
L=\ |5 — 37"0:00,6 - V(6)|, (2.6
with the potential for the scalar degree of freedom given by
V(¢) = (f'R—f)/(2f"). (2.7)

The relation between the Jordan frame scalar curvature and the canonically normalised scalar
field, R(¢), can be found by inverting ¢ = \/372111 f' for a given f(R). Thus an f(R)-theory
may be recast in terms of gravity with a scalar field, provided f’ is invertible to allow for a
relation between the Ricci scalar and the canonically normalised field ¢.

"We could also have chosen ¢ = —+/3/2In . This essentially mirrors the resulting potential with V(¢) —
V(=9).



Examples. In this work we will make extensive use of the mapping between the Jordan
frame f(R) and the Einstein frame scalar potential V' (¢). With that in mind we now demon-
strate how to obtain a potential V(¢) from a given f(R) and vice-versa for the well known
Starobinsky model [30]

f(R) = R+ aR*. (2.8)

Choosing f' = €"*, we find R(¢) = (2a)~(e"® — 1). Evaluating the expression for V(¢)
of (2.6) then yields
2
V(9) =V (1-e7) (2.9)

where K = /2/3 and Vj = 1/8a. This is the well know Starobinsky potential that provides
a model for cosmic inflation along the plateau of the potential, where V ~ V.

Let us consider a small deformation of the theory (2.9) and contemplate a potential of
the form

Vi) =Vy <1 — Che5% + Cle—2“¢’) , (2.10)

with Cy — C1 = 1 to ensure V(0) = 0. The difference to potential (2.9) is that the second
exponential is no longer the square of the first. Even though this does not significantly affect
the inflationary phenomenology, the nature of the duality changes as we will show in the
following. Identifying f’ = e"®, we recall the relation between Einstein frame’s V(¢) and
Jordan frame’s f(R), eq. (2.7), and thus consider the differential equation

'R — C C

By solving this equation one may find the f(R) theory that is dual to the potential of
eq. (2.10). Multiplying the above with 2f"2 and differentiating with respect to either R, f,
or f/ gives

/_§ /_i _
=GV F i E=0 (2.12)

provided f” # 0. This can be solved as

b3\ . L .3 3.\, 1
f —2<8CO> +4%Rﬂ:400 8Co +4V0R. (2.13)

2

Considering (2.11) as a boundary condition,
corresponding f(R)-theory to be

we can then integrate the above to find the

R sVy/1 R\*? R
A (L LI 2.14
im=5+5 (G4 m) e w (2.14)

where we have chosen Cyp = 4/3 and C; = 1/3 such that V(0) = 0 and the positive sign
in (2.13) so that f(R) > 0 and f(0) = 0. Note that the above is ~ R? in the large R
regime but has a modified behaviour for intermediate R. This comes as no surprise since
potential (2.10) also has an approximate shift-symmetry for large field values but, as opposed
0 (2.9), does not display the quadratic relation among the potential’s exponentials which in
turn influences the behaviour of the theory at intermediate R and ¢.

?I.e. the integration constant is chosen such that the resulting function f(R) satisfies (2.11) when plugged
back in. Thus the information which has been lost upon differentiating (2.11) is regained.



In principle, any potential V' = Vj(1 — 2 n? + e~259) with n > 1, which hence breaks
the square relation of the two exponentials, has an approximate dual f(R) ~ R? for large
R. Similarly, breaking the square relation with the second exponential such that V' = V(1 —
27 4 e~ ®) with n > 2 also has f(R) ~ R? as the large R dual when the corresponding
differential equation may not be solved explicitly any more.> Both results are expected as
the corresponding potentials maintain an approximate shift-symmetry at large field values.
This can further be demonstrated by simply considering f(R) = aR? which reduces to a
pure cosmological constant A = (8a)~! in the Einstein frame.

3 Restoration at large fields — Logarithmic corrections to f(R)

3.1 Changing the coefficient s

The line of argument given above requires® the potential to contain exponentials with a
coefficient K = \/% in the exponent. However, in the same spirit that led us to deviate
from the square relation between the exponentials in V', we may now consider potential (2.9)
with a change of the exponent’s coefficient, i.e. with k — k' # &:

Vi(e) = Vo (1 —2e W0 4 e*z"“"ﬁ) : (3.1)

and try to understand to what extent this deformation of the original model alters the
gravitational f(R) description.

To apply the previous method, we have to recast potential (3.1) with coefficient &’ in
terms of Kk = \/% When we choose e.g. k' = 2/v/3 = 1/2k, we write (3.1) in terms of x as

V(e) = Vi (1 — eV 4 6—2@’”4’) . (3.2)

Rather than attempting to analytically solve a differential equation with irrational powers in
f’, we now integrate implicitly to find

f(R) = f;o +a / V2R - B / F12V24R, (3.3)

where «, 8 depend on V and the ¢ — coefficients of the exponentials in (3.1). Considering

the inflationary regime, i.e. imposing the regime of large R, we approximate f’ ~ R and write
1

f(R)= —R>+c R>*V2 4 . (3.4)

8o

where c is a rescaled « due to the integration. Hence a given inflaton potential with a rescaled

exponent such as
2
Vi) =t (1-e7VE) (35)

where 0 < v < 2, has an approximate f(R) dual given by
1
= &

up to sub-leading terms during slow-roll inflation (see appendix B for an explicit argument).

f(R) R?> 4+ cR*™ + ... (3.6)

3We would like to refer the reader to appendix A for a concise demonstration of these statements.

4 Applying the above procedure with f' = e'ilqb7 where ' # 1/2/3, introduces a non-canonical kinetic term
in (2.6).
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Figure 1. The plot depicts the observable tensor to scalar ratio r for potential (3.5) or equivalently
its dual (3.6) as a function of the parameter v in the range 0 < v < 1. For sufficiently small 7, the
value of r converges to the prediction of m2¢? inflation. The tensor to scalar ratio has been calculated
55 e-folds before the end of inflation.

3.2 Chaotic inflation from f(R)-theory

Observable inflation in the Starobinsky model proceeds in the transition region between the
flat plateau and the minimum of the potential, ending at ¢ ~ 1 Mp;. Observationally, it yields
a spectral index compatible with observations and very low primordial tensor fluctuations.
The phenomenologist may ask if there is a deformation of the standard Starobinsky model
that significantly changes the observational signatures, making them more in line with those
of chaotic inflation and if so what is its corresponding gravitational dual.

Note that potential (3.5) may well approximate chaotic inflation for intermediate field
values provided v < 1. To see this, consider the series expansion of (3.5) around the
point ¢ =0

V(§) ~ 290" — k°7°¢% + O(v'¢™). (3.7)

Hence for v <« 1, inflation occurs in the concave region of the potential, i.e. before the
nearly shift-symmetric plateau. Thus (3.6) can be an f(R) dual for a potential that has
a chaotic regime before approaching the shift-symmetric plateau. Hence adding a term of
type B>~ with v < 1 to a Starobinsky f(R) can induce a chaotic regime and hence change
the predictions for the spectral index ng and tensor-to-scalar ratio r to those of ¢”* models,
depending on the specific value of v as depicted in figure 1. This confirms the findings
of [31, 33, 34, 36, 47] but without omitting the R2-term in the first place. The R2-induced
plateau can simply be pushed beyond the last 60 e-foldings of inflation and hence does not
influence the inflationary predictions, yet it still determines the behaviour at large field values
or e-foldings corresponding to super-horizon scales.
Now consider v < 1 and expand (3.6) as

f(R) " R2+R> +...

~ R? [1+e*71“5’} .

o > (—yInR)"
~R Hn;”!
2
~R?—~vR’InR + %RQIHQR—O(V?)IH?’R) +... (3.8)



The first two terms of (3.8) resemble the ansatz of [32]. Revisiting Starobinsky’s original
idea, it was investigated whether or not logarithmic corrections to R2-inflation change the
inflationary observables, specifically whether a larger amount of tensor modes is produced. It
was found that even though a first-order logarithmic correction lifts the potential’s plateau,
a significant enhancement of tensor modes does not occur.

We hence realise that although higher order terms seem to be sub-leading at first sight,
they change the inflationary dynamics drastically. Whereas a linear logarithmic correction
only causes a slight deviation in the inflationary observables, higher-order terms can indeed
make the inflationary dynamics chaotic within the accessible range of inflationary e-folds.
Thus if one assumes higher-order terms to exist, they have to be considered. This confirms the
findings of [35], where parametric methods are used to obtain an f(R)-theory corresponding
to m2¢?-inflation and it is found that a linear logarithmic correction is not sufficient but a
squared term is necessary.

3.3 Another Jordan frame

We have seen above how to obtain a function f(R) describing the dynamics of chaotic infla-
tion. However, one may also ask how a corresponding scalar field theory being non-minimally
coupled to gravity looks like, hoping to learn something more general regarding the mapping
between some Jordan and the Einstein frame.

One can always go from the Starobinsky frame to the Einstein frame and then try to
find another Jordan frame again. We now propose how to go from the Starobinsky frame
to a specific Jordan frame directly, namely the Jordan frame with a non-minimal coupling
function

Qo) =1+ 62, (3.9)

For the remainder of this section we will use R to denote the Starobinsky frame’s curvature
scalar, while R denotes scalar curvature in the new Jordan frame. We start by first recalling
a slightly rewritten Lagrangian (2.5), i.e. the Weyl-transformed Lagrangian of some f (R)—
theory, )

-

L R 3
——=Q7'f |5 — = (0logQ)?
Ve frlg — 4 (0log)
where we have rescaled the metric with the function 2. For (3.10) to simply reduce to the
Einstein frame, we would just choose = f.

However, now we seek a Jordan frame given by (3.9), hence in (3.10) we require

(3.10)

Q=1+ €% (3.11)

We then have to normalise the kinetic term accordingly in order to obtain a relation between
Q and ¢. We thus write

3 1

5 (1+80%) (010g ) = £ (99)°, (3.12)

which, in the regime of strong coupling, i.e. £ > 1, may be solved to yield

Q¢) = o7, (3.13)

where A = r/+/€ with k = 1/2/3. Thus for strong coupling, £ > 1A < 1. Combining the
above with (3.11) gives

=0 (1+€6%). (3.14)



The resulting Jordan frame potential can then be written as

Vi) = S (FR— 1), (3.15)

where R denotes the Starobinsky frame’s curvature scalar. Then R = R(¢) as well as f (R(¢))
can be obtained from specifying a certain f(R) and obtaining the relation between R and ¢
from (3.14). The resulting Jordan frame Lagrangian is then given as

Ly
Vg

In case of the Starobinsky model R+ aR2, one indeed recovers a non-minimally coupled
scalar field theory with a ¢* potential. One finds

= (14E6) T 5 (907

¢—2A 5 5 5

5 |/ (RO)HR(9) - f(R(9))]- (3.16)

R(¢) ~ ¢*T4 (3.17)

and therefore
R(9)* = ¢*, (3.18)

which is the leading-order potential of the well-known non-minimally coupled ¢*-inflation
model [48, 49]

Let us now investigate, whether we can directly find a corresponding non-minimally
coupled scalar field theory that is dual to an inflationary period driven by a term R2~7 with
v < 1. To that end, consider

FI(R) = (2— )R (3.19)

as the derivative of the function f(R) for the range of observable e-folds. The potential (3.15)
then is
¢—2A

where the second term in the brackets is sub-leading as v < 1. We further have from (3.14)
at large &

R(¢)*7 —yR(¢)* 7], (3.20)

f/ ~ ¢2+A (3_21)

and thus

R(g) ~ p2+2/(1=7), (3.22)

Plugging the above back into (3.20) gives, upon expansion of the exponent

Vi(9) ~ g9, (3.:23)
This can then be rewritten as
Vi(¢) ~ ¢* [1 + crylog ¢ + eay’log? 6 + O(%)] (3.24)
and hence may be understood as a quantum corrected non-minimally coupled model of ¢*
inflation.®

SThese results may easily be extended to models in which the non-minimal coupling scales as £2(¢) ~
V(¢) such as [20], given the frame function is to leading order of power law type.



This demonstrates how logarithmic corrections to some function f(R) can be directly
related to logarithmic corrections to the potential in another Jordan frame. Hence our results
here close the f(R) — V5 — Vg — f(R) circle started by the analysis in [38] where such
logarithmic corrections to a ¢* Jordan frame potential were found to produce Einstein frame
quadratic large-field inflation® for arbitrary frame function Q(¢).

4 Exponential shift symmetry breaking — Power-law corrections to f(R)

4.1 Rising exponentials

Returning to Starobinsky-esque potentials, we now want to determine functions f(R) corre-
sponding to a class of potentials which break the shift-symmetry of the inflationary plateau
by a rising exponential at large field values. Hence consider e.g.

V(9) = Vo (Cs — Coe ™50+ Cre > 4 Cye™) (4.1)

where Cy < Cp, C1,C5 and the sum over all C; is unity. We recall the expression for V(¢)
in terms of f(R) and its derivative, eq. (2.7) and obtain the differential equation

20 c 1
2 3“0 ;7 — 4.2
3 gV w0 (4.2)

As in the previous section one would like to solve this equation to determine the exact f(R)
dual to the potential of eq. (4.1), however (4.2) above is not easily solvable. We hence learn
that adding a rising exponential to the potential (2.10) prevents us from finding a dual f(R)
description for the entire field range. Nevertheless asymptotic results are still within reach.
Focusing just on the rising exponential, we may now want to find the approximate f(R)-dual
for potentials that are generically

V(g) ~ Vo ™, (4.3)

at large field values, with n > 1. Recalling (2.7), we write

n f,R - f
Vof™ = o (4.4)
which we rearrange as
2Wo ™2 — f'/R+ f =0. (4.5)
Differentiating with respect to R and solving for f’ then yields
1
r_ RY/(n+1) 4.6
P am 0
Integrating, we find the leading order solution
F(R) ~ RO/ (1), (4.7)

SThis can nicely be demonstrated by considering a Jordan frame Lagrangian L£; = /—g[Q(¢)R/2
—1/2(8¢)* — V3] with Vy o [Q(¢)log Q(¢)]>. This is an immediate generalization of the observation made
in [38]. In the Einstein frame, this theory has a purely quadratic potential for a canonically normalised
inflaton.



Thus even though the full analytic expression cannot always be found, it is still possible to
give the approximate form for a high-energy f(R)-theory, where the resulting f(R) is always
R™ with n < 2 to leading order.

Considering a correction with very large n, we see that the resulting f(R) corresponds
to a theory where the exponent of the non-linear term may effectively be understood as a
perturbation around unity. Similarly, we saw above that a term B>~ with v < 1 produces a
chaotic regime, with the specific inflationary signatures depending on the tuning of . This
can be understood, as has already been pointed out in [31, 33, 34, 50|, as a correction of
an R? term around its exponent. Thus we see that small deviations from integer powers
in a polynomial function f(R) have a major effect on the resulting potential and hence the
inflationary observables.

4.2 Maintaining a plateau

The fact that a R™ term with n > 2 cannot steepen the corresponding potential could also
have been foreseen from the following argument. Consider a function f(R) of the form

N
f(R)=> anR" (4.8)
n=1

where all a, > 0. In the limit of large R, f(R) — anxR" and hence f' ~ RN~1. We now
seek the behaviour of the potential for very large ¢ and thus very large R. Considering
expression (2.7) for V(¢), we obtain

V(6(R)) — R*Y. (4.9)

Hence it appears that only N = 2 produces a plateau in the potential at large ¢, any power
N < 2 curves the potential upwards whereas powers of N > 2 have it asymptote the axis.
This is in line with the early work of [51].

4.3 Finite order corrections

We now consider whether there is a way to steepen the potential by considering finite higher
order corrections to an R + R? theory, where the coefficients of higher order terms may be
negative. As we established above, terms with positive coefficients and power n > 2 curve
the potential downwards towards the axis. Thus consider a function f(R) such that

f(R) = R+ aR?+ BR?, (4.10)
but with 8 < 0. We then find
¢ =+/3/2In (1 +2aR — 3|B|R?), (4.11)
or equivalently
o' 1 1
R(¢) = + + — erd, 4.12
= 315 \/ TEEET 2

Thus the field ¢ is only defined as long as f’ > 0, in other words, the field space is limited.”
Equivalently, the Ricci scalar R becomes complex when f’ changes sign. For f' — 0, ¢ —

"This modification has already been investigated in [52]. Importantly, it was argued that a universe with
f' = 0 for some R consists of two causally disconnected regions, one in which f’ < 0 and one with f’ > 0.
Hence a universe with f’ < 0 can never evolve into Minkowski space.

~10 -



—o00o. This demonstrates that the spacetime region where f’ < 0 is disconnected from the
f' > 0 region as it is pushed infinitely far away in field space. Further, it is known (see
e.g. [46]) that ghosts appear once f' < 0. However, a negative coefficient 8 will introduce
some steepening over a finite range.

We further note that higher powers in R with negative coefficients do not increase
the steepening of the potential but simply shorten the field range over which the field ¢ is
defined, as depicted in the first plot of figure 2. Again, higher powers are only tractable as
long as (4.11) remains analytically soluble for R.

4.4 A full f(R)-toy model

Having established result (4.7), we may now however ask if there exists a function f(R) that
is not dominated by a quadratic term at large R, but — in its series expansion — has a
quadratic term that dominates in an intermediate regime.

In the Einstein frame language this corresponds to having a scalar field potential that
has a plateau separating the minimum at the origin from a growing exponential at large field
values (see the right plot of figure 2). Consider

V(o) = Ve (1 — 27O gm0 4 56"”¢) — 5V, (4.13)

with 6 < 1 and n» = 1. The subtraction of § Vj ensures V(0) = 0. Following the usual
method we find the differential equation

2 R

2
/2 /
—(1-6)f ———-———==0 4.14
ot g5(=0)f = 55— &5 7 =0 (4.14)
from which we obtain an equation for R, namely
R =6Vpdf? +4Vp(1 — 6)f' — 4Vj. (4.15)

Substituting f’ = e%® then yields R(¢) for the potential of eq. (4.13). The solution to (4.14)
reads 3/2
§—1 (1-6)2% 2 R
R)=——R+40Vp |—=— + — K 4.16
pry =" tR o[ P ik, (4.16)
where K is a constant of integration determined by a boundary condition as in (2.11). This
constitutes one of the main results of this work. Explicitly, the integration constant K has
to be chosen such that the function f(R) satisfies the boundary condition (2.11)

f/R*f —K — 2K nK
2]07,2:%(1—26 ¢ 4 e72M0 4 e ¢>_6'%7 (4.17)

where again ¢ = f’. Satisfying (2.11) also ensures that f(0) = 0 and hence a Taylor
expansion of (4.16) recovers the Starobinsky model to leading order. Thus adding a rising
exponential to the Starobinsky potential (2.9) yields a dual f(R) description (4.16) that is
not dominated by a quadratic term at large R. Note that the above holds for n = 1 in the
rising exponential. A higher n increases the leading power in (4.14) and induces logarithmic
and inverse trigonometric terms in the f(R) description. Analytic solutions of (4.14) in terms
of f" only exist up to some n. We hence focus on the case n = 1.
Further note that for the above, we find from (4.15)

Rlgmo = 20V, (4.18)
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¢/ Mp; ¢/ Mp;

Figure 2. Left: The blue line depicts the potential dual to (4.10). The black dashed line is the real
continuation of the potential once R has become complex. The red dashed line displays the potential
dual to a finite f(R)-theory, where the highest order term is ~ R® and has a positive coefficient.
Right: The Einstein frame potential dual to the f(R)-theory (4.16). Contrary to (4.10), the field
range is not limited, but the potential is lifted infinitely after the cy R2-term induced and intermediate
plateau. In both cases, we have normalised the potential such that Vy ~ 10710 in Planck units.

which is < O(1071°) in Planck units. Thus there is a lower bound on R when ¢ = 0. We
further find that

f(Rlg=0) = 26V4, (4.19)

and, as expected, f(0) = 0. Hence when the field ¢ has reached its minimum at V' (0) = 0,
the corresponding f(R)-description displays a cosmological constant type term. This is also
indicated by the fact that f’|r—o < 1 but f'|g—2sy, = 1. Importantly, switching off the
perturbation by sending § — 0 restores R|y—op = 0 and thus the Starobinsky model. We
may further demonstrate this limiting behaviour by Taylor expanding (4.16) to find the
coefficient of the linear and the quadratic term in R to approach the value of the coefficients
of the Starobinsky model when § — 0.

Let us stress that (4.16) is an f(R) theory with an infinite number of terms in its series
expansion where the term coR? induces the inflationary plateau. The infinite number of
higher power terms does not curve the potential down but sums to an contribution that is to
leading order R3/? and hence steepens the potential. In an EFT sense, (4.16) gives the full
theory and determines the coefficients of every power.

5 UV examples of exponential shift symmetry breaking

We now turn our attention to examples of inflationary potentials with intermediate shift-
symmetry that can be embedded into a candidate UV theory.

5.1 No-scale supergravity

Let us start by considering the scenario of [24], where the inflaton superfield is described by
a Wess-Zumino model. The potential for the real part of the inflaton superfield reads

V(¢) = psinh? (\%) {cosh (\%) - ?;j sinh <\</[’6>]2 (5.1)
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with ¢ driving inflation and u, A being parameters of the model. By expanding the hyperbolic
functions the potential (5.1) can be written in terms of exponentials as

V(¢) = Coe*™® + C1e™ + Coe " + Cye > + Cy, (5.2)

where the C; are dependent on p, A\, the sum over all C; is zero and k = 1/2/3. Judiciously
choosing the coefficients of the quadratic and cubic terms in the Wess-Zumino superpotential
such that A/u = 1/3, the coefficients Cy, C; vanish and the above reduces to

V(9) = uPe V23 sinn? (\%) : (5.3)

which is the Starobinsky potential and hence has R + aR? as an exact dual formulation.

Contrary to (4.13), the above (5.2) does not allow for a simple analytic solution for a
corresponding function f(R) in the general case \/u # 1/3. However, just considering the
leading term at large field values gives the differential equation

/
R—
Cof/2 — fo/f (54)
which is easily solved to yield
f(R) ~ R*3. (5.5)

This is an example for (4.7) and shows that even though the explicit function f(R) is hard
to find over the entire range of R, it must asymptote R*/3 for large values.

Let us now investigate the limit of (5.1) when the ratio A/u is perturbed around the
value of 1/3 such that

1
Ap— §—5, (5.6)
where ¢ is infinitesimally small. From (5.1) we can infer the coefficients in (5.2) to be
1[1 3x . /32)?
“=1 4_2u+<2u>] >0
1A ()
Ci=-13—- <3> , 5.8
i 69

where the other C; are not of interest for reasons to become clear in a moment. Plugging (5.6)
into the above, we find that®
Cy/C1 ~ 0. (5.9)

In other words, if A\/u is perturbed with an infinitesimally small §, the squared rising ex-
ponential in (5.2) is drastically suppressed with respect to the Cj-term. Thus one can well
approximate (5.2) by a scalar potential such as (4.13) for which the corresponding f(R)-
dual (4.16) is exactly known.

This scenario [24] is not only a supergravity realisation of the vanilla R%-inflation model,
but also maintains the duality for an infinitesimal perturbation of the parameters of the model
as in (5.6).

8For A/u = 1/3, we have Cp, C1 = 0. Tt is the fact that Cyp ~ 6% and C; ~ §, in other words, Co approaches
zero faster than C1 which has (5.9) scale as ¢ even though C1(1/3) = 0.
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5.2 Fibre inflation

The authors of [53] develop a closed string inflation model where the inflaton field is a Kéhler
modulus with a string loop generated potential of the form

V(gb) — VYO, <Coeﬁ/¢ _ Cle—l{/d)/Q + 626_2RI¢ + Cup) , (5.10)

with & = 2/4/3. This potential maintains an approximately shift-symmetric plateau before
a rising exponential starts to dominate. As the first negative exponential is the fourth root
of the second and the coefficient in the exponent is larger than the Starobinsky «, this model
features an enhanced gravitational wave signal compared to the Starobinsky model, without
reaching a tensor signal of comparable order of magnitude to that of chaotic inflation. In
this section we are interested in investigating whether the fibre inflation potential has an
approximate f(R)-description.

As before it is useful to recast (5.10) in terms of k = 1/2/3. In the low ¢ regime, where
the rising exponential is negligible, one obtains

V(9) = Vo (1= Cre™ V2% 4 Cpe™2V20). (5.11)
We thus have )
fR) = R+ a [ R =g [ 1R, (512)
0

which, upon enforcing the large R regime,? yields

_ b

STAEs o/ RV L gIR2VE (5.13)
0

f(R)
where o/, 3’ are rescaled coefficients due to the integration. We hence find an approximate
f(R)-dual for the inflationary regime of the fibre inflation potential.

Considering now the regime in which the rising exponential dominates, we have the
approximate potential

V() = Vo CoeY>?. (5.14)
Using eq. (2.7) we obtain
FHVE LR (5.15)
and therefore
F(R) ~ RV2. (5.16)

This is in accordance with our previous findings and demonstrates that the leading order
term in an f(R)-theory corresponding to a rising exponential has to be of type R™ with
l1<n<2

5.3 Modified fibre inflation?

One can ask whether it is possible to modify the above set-up such that the coefficients in the
exponents are the ones required to have integer powers of f’ in the differential equation one
has to solve to find a corresponding f(R) theory. We would then effectively have a situation
such as (4.2) which though not fully soluble, has separate analytic solutions for both the

9Here, we require large R, yet still small such the rising exponential has no effect.

— 14 —



regime in which the rising exponential dominates as well as the inflationary regime. These
two solutions would be exact and the point of matching could in principle be determined.
To answer that question, we have to take a closer look at the string construction of fibre
inflation and see how it may be modified.

The reader looking for a review Fibre inflation is pointed towards the original work [53]
or the summary in [42] as we will only recall here the bare minimum required for the present
work. The crucial ingredient in the determination of the coefficient in the exponent is the
normalisation of the kinetic term of the fibre modulus that drives inflation.'® The kinetic term
itself derives from the volume of the compactification which, in the case of Fibre inflation, is
given as

V=a ( Ty — w;j/?) . (5.17)

This choice leads to ' = 2/v/3, corresponding to the following relation between the fibre
modulus 71 and the canonically normalised field ¢: 71 = €**. Equation (5.17) when combined
with the conjectured form of the Kahler potential generated by string loops on Calabi-Yau
manifolds [54, 55] determines the potential (5.10) for the lightest K&hler modulus, 7. As we
have seen above this does not allow us to find an exact f(R) formulation for the model.

One may however consider a slightly modified volume form, where the would be inflaton
is still called 7 but now corresponds to the volume of the base manifold rather that of the
fibre as in the original setting. This amounts to considering

Y =a (\/ETl - 77’5’/2) , (5.18)

which yields x' = 1/4/3 and so once again one ends up with irrational powers of f’ and is
therefore unable to solve the associated differential equation.
Alternatively one may compactify on a torus, such that

V=q« (\/7'17'27' — 775/2) , (5.19)

yielding k' = 1. This exhausts the set of more obvious choices for V which has to be a
polynomial of degree 3/2 in the four-cycle volumes 7;. Whether or not Fibre inflation or
a variation thereof can hence be modified in such a way as to maintain the Starobinsky
K= \/2/73 is inconclusive as of now and thus more work seems to be required.

6 Power suppression at low-£

So far we have considered theoretical implications for a dual f(R)-description once a rising
exponential has been added to the potential V(¢). We found that we either have to give up
the dominating quadratic term, or that we have to limit the field range of ¢. We now turn
our attention to a phenomenological fingerprint of a steepened potential V'(¢).

As discussed in various contexts [39-45], a steepening of the inflaton potential in the
vicinity of the point of 55 e-foldings can suppress power in the CMB temperature spectrum
at large angular scales, i.e. low-/.

10We are excluding the possibility of manipulating the form of the string loop generated Kahler potential.
Though this is possible in principle we consider it to be less well motivated than the modification of the
volume form scrutinised here.

~15 —



At low multipoles, the power spectrum of the primordial curvature perturbation is given
by [56]
114+ 1)CTT o< A2(k) o< (k/k )™, (6.1)

where ng = 1+ 21y — 6¢ey is the spectral index, 1y, €y, are the potential slow-roll parameters
and k, is a pivot scale. Power loss is generated when the spectral index increases with de-
creasing wavenumber k. In order to obtain power suppression within the first few observable
e-folds, we require ng to fall off sufficiently fast. Thus what remains is to investigate whether
the corrected potentials mentioned above provide enough running of the spectral index. To
do so, we evaluate A2(k) at the onset of observable e-folds for the models (4.13) and (4.10)
and compare the predictions with those of a spectrum with no running of ng.

Considering potential (4.13) or equivalently its f(R) dual (4.16), we find ng(55) = 0.970
and ng(62) = 0.975 and the power suppression is 1.7% to 3.2% where we have chosen § ~
O(107%) to allow for a sufficient amount of e-folds and a red ns.

Considering scenario (4.10), we choose a ~ 10%, |3 ~ 2 - 10" to satisfy the boundary
conditions for the number of e-folds and a red ngs. The spectral index takes similar values as
for (4.13) and the power suppression is 1.8% to 3.3%. Lowering the amount of observable e-
folds to Nyps ~ 50 by assuming intermediate reheating temperatures and adjusting |3] — 101°
yields ns(45) = 0.978 and ns(50) = 0.985 and thus gives a suppression of about 5%.

7 Discussion

In this letter, we investigated the duality between scalar field theories being coupled minimally
and non-minimally to gravity and f(R)-Lagrangians.

We showed that any potential with an infinitely long plateau may be recast as an
f(R)-theory which is ~ R? to leading order. We further demonstrated how to obtain an
expression for an f(R)-Lagrangian driving chaotic inflation within the accessible range of
inflationary e-folds. Weyl-rescaling from the f(R)-frame to another Jordan frame, we found
a general expression relating an arbitrary f(R)-theory to a scalar field theory non-minimally
coupled to gravity and consequently established that a series of logarithmic corrections in
any Jordan frame leads to chaotic inflationary dynamics as becomes apparent when analysing
the resulting Einstein frame inflaton potential. Having noted the different dynamics of the
inflationary spacetime regarding the cut-off of the series of logarithmic corrections, we learn
that higher order terms of the Ricci scalar are of crucial importance and may not be neglected
if they exist.

Turning to modifications of plateau-like potentials at higher field values, we gave the
example of potential (2.10) which looses its closed form dual f(R) description once a ris-
ing correction is added. We showed that any scalar potential which is dominated by ris-
ing exponentials at higher field values at least allows for an f(R)-dual that is ~ R"™ with
1 < n < 2 to leading order. The Starobinsky potential (2.9) maintains a closed form dual
formulation (4.16) when a rising exponential is considered (4.13). The important implica-
tion however is that the leading R?-term is removed from the f(R)-dual, as expected. The
resulting f(R) theory is an infinite series which sums to an expression which is to leading
order R3/2. Furthermore, the correction may not come with arbitrary powers of exponential
functions as (4.14) has to remain soluble to find an analytic expression for the function f(R).
Thus the form of correction to the Starobinsky potential is strongly limited if the duality
shall be given by explicit expressions obtainable in closed form by known methods over the
entire range. Only considering the limit of large field values, approximate f(R) duals may
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easily be found explicitly. It is important to note that the inability to find closed form f(R)
duals does not exclude the existence of a dual description in terms of a theory of modified
gravity. It merely demonstrates that the dual description is out of our reach with current
methods.

Concluding, the inflationary behaviour and predictions can be substantially changed by
considering slight corrections to the first two powers in a polynomial f(R)-theory. Investi-
gating only finite order corrections, we pay the price of either having to place the inflaton on
the right side of a hilltop or having a finite field range for the inflaton ¢, depending on the
sign of the higher power’s coefficient.

Therefore, corrections to the Einstein frame potential with rising exponentials — pro-
vided an f(R) dual may be found — remove the leading R?-term whereas higher powers in R
with negative coefficients limit the field range. Both are interesting theoretical consequences.

Considering concrete UV examples, we find that scenario (5.1) can maintain an f(R)-
dual (4.16) given a certain choice of model parameters. The string inflation scenario (5.10)
does not allow for an exact f(R)-dual. Modifications of the string theory set-up, i.e. consid-
ering different Calabi-Yau compactifications, did not prove to be successful at a first attempt.

Phenomenologically, rising exponentials coming to dominate the potential at higher field
values induce some running of the spectral index ns. However, considering (4.16) the running
is small and the consequent effect of power suppression at low-£ is up to ~ 3%. Hence if the
observational significance of power suppression increases and the effect is found to be = 3%,
one requires corrections to an Einstein frame potential of higher order than those that can
be provided by an exact dual f(R) description. Thus in case of no significant detection of
inflationary tensor modes, a significant power-loss at low-£ would present another route to
the disfavouring of R2-type inflation models.
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A  The f(R) dual for V ~ Vj

Recall the potentials V = V(1 — 2e”#? + e~ 269) with n > 1 and V = V(1 — 2e 4 ¢ "9)
with n > 2. Both potentials have the exponentials departing from their square relation
characteristic of the R? dual Starobinsky potential. The aim of this appendix is to prove
the claim made in section 2, namely that regardless of the specific values chosen for n, both
potentials will always admit at least an approximate f(R) dual which is to leading order R?.
Essentially, one may argue that the potential mimics a cosmological constant for large field
values and hence all one has to do is finding the f(R) dual to general relativity with a free
scalar and a cosmological constant. To that extent, consider that both potentials display a
shift symmetry in the inflationary region, i.e. one may well approximate both of the above as

V(g) ~ Vo (A1)
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during inflation. We recall equation (2.7) and hence write

w=L112d, (A.2)

which, upon rearranging, may be recast as
Wof?—f R+ f=0. (A.3)

Differentiating the above with respect to R gives, for f” # 0,

aVof' — R =0, (A4)
which may then simply be integrated to yield

f(R) = ) (A.5)

8Vo

The integration constant has been set to zero by considering the boundary condition (A.2).
We thus see that any potential which approximates a cosmological constant, i.e. V ~ Vj |
may be recast in terms of a leading order R? f(R) formulation. The same argument also
applies vice-versa, i.e. the scale invariant theory f(R) = aR? may readily be recast in terms
of an Einstein-Hilbert Lagrangian with a cosmological constant A = (8a)~!.

When considering e.g. the full potential V(¢) = Vo(1 — 2e™=? + e~25¢) with n > 1, one
has, according to expression (2.7),

FR—J ff; I _v, (1 —2f" 7w + f/‘Q) : (A.6)

where we have identified f’ = €. Rearranging and differentiating with respect to R gives

. 45‘;0 (2_ 1) =3 (A7)

n

For large values of R, we hence approximate f’ ~ O(R). Therefore, we plug f' ~ R back

into (A.7) to obtain
2

R 91
f(R)—8VO+R ot (A.8)
where the dots denote sub-leading terms during inflation and indicate that the above was
obtained iteratively. We thus find that the leading order behaviour is indeed R?. Applying
the same procedure to the potential V = Vp(1 — 2e™"¢ 4 ¢~"%9) with n > 2 yields as a first
iterative step

Fr) = T2 Lgen (A.9)

=3 T2 .

where again the dots denote sub-leading terms. For the above, one might wonder whether
or not the function f(R) becomes singular for small R. However, the above was explicitly
obtained with a method relying on limiting the range of validity of the solution to the large
R regime. Thus it is found that the enhanced R? term dominates, as was foreseen from
expressions (A.1) to (A.5).
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B An explicit serivation

Recall the potential
2

V(9) = Vo (1-e) (B.1)
with k = 1/2/3 and 0 < v < 2. By considering (2.7), we write
Vo (1 — 2770 4 e—QV“‘f’) = fIQRf; I (B.2)
which, upon identifying f’ = *® and multiplying by 2’2, can be rewritten as
2o (f? =2f* 7+ ")+ f-fR=0. (B.3)
Differentiating with respect to R yields
2Vy [2f =22 =) "7+ 2 -29) "] - R =0, (B.4)

where, as always, we are taking f” # 0. Having reduced the rank of the differential equation,
we may now rearrange terms and integrate to write

1

F(R) = g

R* 4+ (2 — 7)/f’1%m —(1- 7)/]0’127 dR. (B.5)

This establishes that for large R, f’(R) may be approximated as being of order ~ R. We
hence state the approximate f(R) dual to potential (B.1) as

1 1
f(R) = mR2 + R — §R2_27 +... (B.6)

up to sub-leading terms where the above solution may be understood as the first result of an
iterative approach. Connecting to the expressions in the text, we thus identify

a=2-7, B=~v—-1, c=1. (B.7)
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