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We consider finite iterated generalized harmonic sums weighted by the binomial
(zkk) in numerators and denominators. A large class of these functions emerges in
the calculation of massive Feynman diagrams with local operator insertions starting
at 3-loop order in the coupling constant and extends the classes of the nested har-
monic, generalized harmonic, and cyclotomic sums. The binomially weighted sums
are associated by the Mellin transform to iterated integrals over square-root valued
alphabets. The values of the sums for N — oo and the iterated integrals at x = 1 lead
to new constants, extending the set of special numbers given by the multiple zeta
values, the cyclotomic zeta values and special constants which emerge in the limit
N — o0 of generalized harmonic sums. We develop algorithms to obtain the Mellin
representations of these sums in a systematic way. They are of importance for the
derivation of the asymptotic expansion of these sums and their analytic continuation
to N € C. The associated convolution relations are derived for real parameters and
can therefore be used in a wider context, as, e.g., for multi-scale processes. We also
derive algorithms to transform iterated integrals over root-valued alphabets into bi-
nomial sums. Using generating functions we study a few aspects of infinite (inverse)
binomial sums. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4900836]

Il. INTRODUCTION

In loop calculations of the different observables in renormalizable quantum field theories'™' a

sequence of number and function spaces arises, growing with the complexity of the process, which
is measured by its loop order, the number of Lorentz invariants involved, and the number of legs,
cf. Refs. 13 and 14. In the simplest cases the observables can be expressed by special constants, the
multiple zeta values,'>'® cf., e.g., Refs. 17-19, and 20. In case of single differential distributions
harmonic sums?'+?? or harmonic polylogarithms?® arise. They are generalized by the cyclotomic
harmonic sums, polylogarithms and special numbers>* on the one hand and the generalized harmonic
sums, polylogarithms, and special numbers®>?° on the other hand. Both classes can be united into the
generalized cyclotomic harmonic sums, their polylogarithms and special numbers.?® These function
spaces form quasi shuffle or shuffle algebras,>’~2° for which basis representations can be derived.
Furthermore, they obey structural relations>*2%3%3! Jeading to a further reduction of the bases. These
function spaces apply to massless 3-loop calculations such as the massless Wilson coefficients in
deep-inelastic scattering®? and a wider class of the single mass 3-loop graphs such as heavy flavor
Wilson coefficients in deep-inelastic scattering at large virtualities.*>® Up to 2-loop order only
harmonic sums and polylogarithms appear in the representation.*8

In the massive case at 3-loop order new structures arise. These are the finite nested binomial
sums. They occur for some of the graphs with two fermion line of equal mass,* but also in case of
a single massive fermion line carrying 4-leg local operators.”® Furthermore, they are known from
massive 2-loop calculations of 2 — 2 scattering, as the Bhabha-process®' and from Ref. 52. These
functions extend the above classes. It is worthwhile to mention that this type of sums also arises in
number theory and combinatorics as illustrated, e.g., in Refs. 53-55.

0022-2488/2014/55(11)/112301/57/$30.00 55, 112301-1 ©2014 AIP Publishing LLC



112301-2 Ablinger et al. J. Math. Phys. 55, 112301 (2014)

We consider finite sums of the form

ik—1

N i
D@ axi) - Y aiv), (1.1)

i1=1 ir=1 i=1

where the summands are of the form

2N\’
aj(N;b,c,m) = (N) N (1.2)
with
be{-1,0,1},c e R\ {0},m € N. (1.3)
Later, in concrete examples, we will consider values
ce{£2 | ken). (1.4)
We also treat some examples with a slightly more general structure, e.g.,
N
2N + l)<2N> | o
N

Infinite binomial sums have been studied in Refs. 52-62.

The weighted binomial sums considered in the present paper can be expressed by a Mellin
transform®%* of iterated integrals®>%® containing root-valued letters. The analytic Mellin-inversion
of these sums is important to know since for a wide range of physical applications the corresponding
observables are measured in x-space. Moreover, one may also perform the Mellin inversion by a
numerical contour integral around the singularities of the given problem in the complex plane, which
requires the analytic continuation of the sums considered from the even or the odd integer values N
to the complex plane. This is usually obtained by considering the asymptotic expansion of theses
sums for |[N| — oo outside the singularities of the problem together with the shift relations of the
corresponding sums.>*31:67:68 Ag will be shown below, the asymptotic expansion is derived easiest
referring to the Mellin-representation of the sums.

The paper is organized as follows. In Sec. I we summarize the main properties of the Mellin
transform, as it is extensively used subsequently. The building blocks of the iterated integrals
associated to the nested binomial sums, Eq. (1.1), are summarized in Sec. III. There we give an
outline on the structure of the alphabet of the iterated integrals and representations of the weight
w = 1 integrals. The Mellin representations can be built using convolution integrals. In Sec. IV
we prove a series of lemmata and theorems allowing to express the corresponding convolutions
in terms of iterated integrals. In Sec. V the Mellin representations for nested finite binomial sums
are presented. The Mellin transform of D-finite functions is discussed in Sec. VI. Here we present
different algorithms to transform root-valued iterated integrals into the corresponding nested sums.
In Sec. VII some aspects of infinite (inverse) binomial sums are dealt with using the framework
of generating functions and Sec. VIII contains the conclusions. In the Appendix we summarize
special constants related to the sums and iterated integrals studied. In a series of cases only a suitable
integral representation over special functions could be derived, which allow for a precise numerical
representation.

Il. THE MELLIN TRANSFORM

We briefly recall the definition and basic properties of the Mellin transform as it will play a
crucial role in the integral representations which will be derived for the nested (inverse) binomial
sums. Subsequently, we denote the Mellin transform by

1
ML/ ()I(N) :/0 dxx" f(x). 2.1)
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Obviously it inherits the linearity from the integral and shifts in N correspond to multiplication by
powers of x, i.e.,

ML f ()N + k) = MLx* f(0)I(N). (2.2)
As a consequence we have the following summation formula
N
> MIFIG) = ' M L = f(x)] (N)— M L = f(x)] (0). 23)
i=1 c c
Furthermore, the following properties are immediate, where a > 0:
M [In(x)" f ()] (N) = N M[f(OIN), 2.4
1
M[f(ax)I(N) = —— M[f(x)0(a — ©)](N),a = 1, (2.5)
1 N+1-—
ML/ G)IN) = — M/ ) (%) , (2.6)
(p) (_ ) )i (p—1-i)
M[FPO]N) = 55 M @IN = p) + Z f ),
with f(x) e C”[0, 1], .7
where 6(x) denotes the Heaviside function
1forx >0
O(x) = {0 forx <0° (2.8)

The Mellin-convolution of two real functions with support [0, 1] is defined by

1 1

fx)*g(x) = / dx / dx28(x — x1x2) f(x1)g(x2). (2.9)
0 0
The Mellin transform obeys the relation

M[f(x) * g()I(N) = M[f()IN) - M[g(x)I(N). (2.10)

We define the Mellin transformation for functions with + prescription by

1
MI[f ()] 1(N) = / dx(x™ = 1) f(x). (2.11)
0

Depending on the regularity of fand g we have the following formulae:

Udy X
fx)*g(x) = / 7.)‘()’)8 (;) ; (2.12)

1 1 X
LF GO * g(x) = / dyf <f> [—g(y —%g(x)] — ) f dyf ()
x y y y 0

1 1 X
_ / dyf(y) [—g <5> - g(x)} g / dyf(y). 2.13)
X y y 0

In the presence of singularities or branch cuts in the interval from O to 1 we define the Mellin
transform by
f+ie)+ f(x —ie)

1
M[ £(x)I(N) := lim / dxx™ . (2.14)
e—=>0 Jo 2
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We conclude this section by one of the main applications of the results worked out in this article.
In recent 3-loop calculations we have to derive the asymptotic expansion of a special class of the
binomial sums, cf. Refs. 35 and 50. Here it is instrumental to obtain first the analytic continuation
of the nested sums from even or odd integer values N to N € C. Suppose we are given such a
representation (in form of integral representations of the occurring sums) by the toolbox presented
in this article. Then we follow Refs. 69 and 70 and obtain the asymptotic expansion using factorial
series as follows. By the change of the variable x = ¢ ~* we have

MLf()I(N) = f dze N fe=e 2.15)
0

Now, we expand fle "%)e ~ at z = 0 and integrate term-wise to obtain the asymptotic expansion for
N — oo using

o ok T 1 In(N)
'/(; dze™ Nz Cln( )k ” — 5:,:;] ) Z( 1)1< )F(k t)( )2/((-.;? , (216)

forc > — 1 and k € N. In particular, assume that f(x) is regular at x = 1 and has the expansion
f =7 el —xy (2.17)

as x approaches 1 from the left. Then the asymptotic expansion of its Mellin transform only involves
integer powers of N and a formula for the coefficients in the expansion can be given in terms of
Stirling numbers of second kind S,:%7!

0o ﬁ:(—l)k+ii!82(k +1,i + e
MIf(IN) =Y =2

k=0

e (2.18)

In addition, using also the shift relations of the nested sums for N — N + 1 one may cover the
whole analyticity range of the sums for N € C. For the harmonic, cyclotomic, and generalized
harmonic(cyclotomic) sums this has been shown in Refs. 24,26, and 30.

lll. ITERATED INTEGRALS OVER ROOT-VALUED ALPHABETS

The general aim is to represent our nested sums (1.1), (1.2), (1.3), (1.4) and (1.5) in terms of
Mellin transforms in the form

k
co+ Y el MLF)IN), 3.1

Jj=1

where the constants ¢; and functions f;(x) do not depend on N. This is achieved by virtue of the
properties of the Mellin transform listed above. Due to the use of the summation property (2.3) the
constant ¢y needs not be made explicit and it will be convenient to write (3.1) as

Z / (C’x) ST At ey (32)

As starting point we only need the following basic integral representations:

! MlN 33
== H() (3.3)

2N _4NM[ 1 }N 34
(N)‘? 4/x(1—x)()’ ©h
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1 1 1
— = —-M| ———| (N). 3.5
<2N) N [x l—x:|( ) (3.5)
N
N
From these we can obtain integral representations for sums and nested sums step by step. In
general the computation proceeds as follows. Starting from the innermost sum we move outwards

maintaining an integral representation of the sub-expressions visited so far. For each intermediate
sum

ik—1

N ij
D aii)) Y apalij) Y aio (3.6)

ij=1 ij+1=1 ir=1

this first involves setting up an integral representation for the building block a;(N) of the form (3.1).
This may require the computation of Mellin convolutions, which we will describe in more detail
below. Next we obtain an integral representation of the same form of

ik—1

N
aj(N) D ajpi(ije)- ) ais) 3.7)

ij=1 =1

by Mellin convolution with the result for the inner sums computed so far. Then by the summation
property (2.3) we obtain an integral representation for the sum (3.6). These steps are repeated until
the outermost sum has been processed. For a detailed example of this construction process we refer
to Example 1 below.

Letx € [0, 1] and the functions a;(x) € R be integrable on ]0, 1]. They are called letters forming

the words {a;,, . .., a;,}. In analogy to harmonic polylogarithms we define the Poincaré-type iterated
integral
Hj(x) =1, (3.8)
1
Hp z(x) = / dtb(t)HE(1). 3.9

Note that the integration is over the interval [x, 1] in contrast to the harmonic polylogarithms Hz(x)
and related iterated integrals Refs. 23,24, and 26, where the integration is over [0, x]. We use the
star to make the notation unambiguous. Following this convention we obtain the identity

1
M[H;. ;(0)](N) = —— Mlxa(x)H;(x)I(N). (3.10)
’ N+1
By partial integration one shows validity of the relations:

H(OHE() = HE 5 (0) + Hy, o, o, (0 + .+ HE L (2). @3.11)

Proof. For two letters one obtains

1 |
H; p(x) =/ dya(y)/ dzb(z)
X y

1
= Hz(x)Hp(x) — / dyHZ(»)b(y)
= Hz(x)Hp(x) — Hp 4(x) (3.12)
and

H, (OH, (x) = HE . (x) + HE, 5 (%) (3.13)

az,a4
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For induction consider

1
HZ,b,é(x)=/ dya(y)Hp ¢(y)

1
=HZ(X)HE§,6(X)—f dyb(y)Hz(»)Hg(y). (3.14)
O

It is known, see Ref. 72, that iterated integrals satisfy the shuffle relations regardless of the
specific form of the integrands. For the iterated integrals H;(x) they are defined by

Hj(x) - HE (x) = Hy(x) LUHE(x) = Y HE, (x), (3.15)
k

where the sum runs over all shuffles of the words a and 5, i.e., sequences Cx out of the letters of
& and b which preserve the order of the latter sets. Carefully choosing which specific integrands
are included in the alphabet, one can ensure that there are no additional algebraic relations among
the iterated integrals over this alphabet apart from the shuffle relations. We define an alphabet
containing letters with root-singularities which has exactly this property: all algebraic relations
among the iterated integrals over this alphabet are induced by the shuffle relations. This relies on a
theorem proven in Ref. 73, which gives a criterion on the linear independence of iterated integrals
over a given alphabet. Since any polynomial expression in terms of iterated integrals can be reduced
to a linear combination of iterated integrals over the same alphabet by shuffling, establishing linear
independence implies that all algebraic relations among the iterated integrals are due to shuffling.
Using results from Refs. 74 and 75 the iterated integrals over the alphabet we define below can be
proven to be linearly independent over the algebraic functions

sign(l —a —¢)

fa(x) == lim ————, (3.16)
e—>0% X —a
farmad®) = fu V2 fu 0 k=2, (3.17)
fiao taraid®) 7= fa) )2 fo (0 k=1, (3.18)
farear.n®) =3 flayap@,j el k=2 (3.19)
Restricting to at most two root-singularities we are left with the following cases:
fon(l — g —
fuw) o= tim 2L (3.20)
e—0F X —a
Japp@) == fa()V/ fp(x), (3.21)

Fiany @) 1= v/ faCOY/ fo(x), (3.22)
Sap.en@) := faCO fy(X)y/ fe(x). (3.23)

Already in 2004 the following six letters with root-singularities were considered in the context of
2-loop integrals with massive propagators,’! see also Ref. 76:

1 1
NEICE=ES) and (1+x)/x@Ex)

For a more compact notation we define the following letters, where we use the standard definition of

|/~ with the branch cut on the negative real axis. Note that expressions like W have extra branch

1 1 1 /1
N N and \/; T35 have
the same domain of analyticity and agree on that domain, they differ only in their values on the cuts.

(3.24)

cuts compared to so we use the latter. However, the expressions
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In the following we consider an alphabet given by the 37 letters

Sox) =

Silx) =

f-1x) =

fo(x) =

foa(x) =

Ju (X)) = ——F—

1
x b

1

S (X) = ——F——,

fwa(x) =

S (x) =

fw5(x) =

fws(x) =

S, (X) =

fws(x) =

fWg(x) =

Jwio(X) =

fW11(x) =

Swip(x) =

fW13(-x) =

fw14(x) =

fW15(x) =

Jwie(x) =

xm = _fW3(_x)7

1
V1T +Hxv2+x
1

V1 —=x4/2—x
1

\/1—x«/2+x’
1

X4/ X —

1
m = fwa(1 —X),

1

=
W)
|
—_ =

x/T—xv/2—=x'
1
VX8 —x’

—

2 —x)J/x/8—x’
1

X /x +

[

xNT+xV/2+x

2+ x

= fwz(x + 1),

= sz(l - )C),

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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1
W17 = 3.46
Swiz (X) NI (3.46)
1
w- - s 47
1
w =7 4
Swie(X) \/}\/4T (3.48)
1
fWgo(x) = m, (349)
1
Wa1 =, 3.50
Jon ) = = R (3:50
1
Sy () = ————F——, (3.51)
Q+x)/x— 3
1
W. = s 52
Fozs () (4 x)V/xJ/d+x (5-52)
1
S () = ————, (3.53)
2—x),/x+ le
1
Jwas(X) = m, (3.54)
1
Wag = ’ 355
T = S A x (359
1
Sz (X) = EER (3.56)
1
szs(x) = (357)
X, /X + %
1
g (X)) = ————, (3.58)
(1—x)/x—1
1
W30 = , 3.59
Foo () (14 x)/x/8—x (3-59)
1
g (X) = —————, (3.60)
(I +x)/x+ 3
1
fWaz(-x) = (361)

(1 —x)/xv/8Fx

Their choice is motivated by a class of functions which emerged in calculating massive 3-loop
Feynman diagrams with local operator insertions in Ref. 50. Many iterated integrals formed out
of them can be divided into classes exhibiting special convolution properties. Those classes are
parameterized by general parameters, which in course generalizes the above alphabet in other
applications. These relations are proven in Sec. I'V.

Since some letters have a non-integrable singularity at the base point x = 1 we consistently
define

1
H (x) = / dt <fw(t) - 1L—z> +cIn(l — x), (3.62)
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where c takes the unique value such that the integrand on the right hand side is integrable at r = 1. It
is important to note that this definition preserves the derlvatlve ~H (x) = — fw(x). In general, for
any word W we set

k

1 oo .
Hy, 5 (x) == / (fw(t)H - c “ﬁ—_ﬁ) +Zii - In(1 —x)t, (3.63)

i=0 i=0

where k and cy, ..., ¢; are chosen to remove any non-integrable singularity. This corresponds to
Hadamard’s finite part.””-’® Again the result is unique and retains %H:v,w(x) = — fw()HL(x).

With this convention, functions of depth 1 can be expressed in terms of elementary functions as
follows:

Hj(x) = — In(x), (3.64)
H (x) 1= In(1 — x), (3.65)
H3(x) = In(2 — x) (3.66)
H' 4 (x) = In(2) — In(1 + x), (3.67)
H' 5(x) = In(3) — In(2 + x), (3.68)
HY,, (x) = arccos(2x — 1), (3.69)
Hj, (x) = —arccosh(2x + 1) — 2In(v/2 — 1), (3.70)
H;, (x)=—1In [i :/\/;] = 2arctanh(v/T — x)
= 2arcsech(y/x) = arccosh <§ = 1) , 3.71)
H;, (x) = 2arccoth(v/T + %) + 2In(v/2 — 1), (3.72)
Hj, (x) = — arccosh(2x + 3) — 2In(v/3 — v/2), (3.73)
HY, (x) = arccosh(3 — 2x), (3.74)
HZ, (x) = arccos <2x3+ 1) , (3.75)
Hy, (1) = 4 (5 — arctan(vAx = 1), (3.76)
HZ, (x) = 21n(2) — 2 arctanh(v/x), (3.77)
HE, (1) = V2 (arctanh (\/;) (V2 — 1)) , (3.78)
HY, (x) = % arccosh <4 ;3’“) : (3.79)
H;,, (x) = arccos <i) — arceos (1- 7). (3.80)

1 x+4 5-421
W13(x) —m (arccosh (2(2 — x)) + In (T)) , (3.81)
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Hy,,(x) = (arccoth(v4x +1)+1In (ﬁz_ 1)) , (3.82)
Hj, (x) = % arccosh <4 + 3x) +21In(2 — V/3), (3.83)

Hy, (0) = V2 (arccoth (/143 ) +In(+/3 = v2), (3.84)
H;, (x) = In(2) — arccosh (1 4 %C) , (3.85)
B (0 = —— (T — arctan [ |2 3.86

Wm(x)—ﬁ 3 arctan 81 x , (3.860)
H*_(x) = arccos ()—C _ 1) T (3.87)

W19 2 3 ) .

X ﬁ -1
W20()c) — arccosh (5 1) —2In ( 3 ) , (3.88)

W21 (x) = — arccosh (% + 3) —41In ( (3.89)

4 2 1 3.00

W22(x) 5 73 arctan 3 X — 1) (3.90)

2 (aret \/§ — arctan [ /> 3.91

W23(x) \/§ arctan 3 arctan i x , 3.91)
4 2 [ x Vi1

W24(x) —3 (arctanh <§ 1+ Z) +2In ( 3 )) , (3.92)

V51
— |

5-21

. .(x) = arccosh (3 - 5) +ln ( > ) , (3.93)
HY,, (x) 1= % (ln(3) — arccosh (2(21 +_);)>> : (3.94)
4 3. /-2 il 3.95
W27(x) 5 (arctan( 1 — 5) s (3.95)
HY, (x) = 4v/2 (arccoth («/8x T 1) - ln;2)> : (3.96)
HY,, (x) 1= = (ln(3) — arccosh (22()16 ji))) : (3.97)
4 — 5x 3.08
Hy, (x) = (arccos ( > — arccos (4(1 ~|—x)>) , (3.98)
1 1 —2x 3.99
H;, (x) = 7 <arccos < 4) — arccos <2(1 +x)>> , (3.99)
HE (x) = o (2111(3) —In(2) — arccosh( x+4 )) (3.100)

e 41— x)

Already at weight w = 1 a series of new constants as

In(+v/3 — «/5), In(2 — +/3), arccos <—%> , arccos (—%) , arccos (%) (3.101)
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appears beyond the multiple zeta values'® and the special numbers in the case of cyclotomic
and generalized harmonic sums.’*?% In the following calculations we made frequent use of the
computer algebra packages Sigma,”*” HarmonicSums,**?%80-8! EvaluateMul tiSums,? %
HolonomicFunctions,® Integrator,’® and Singular.® In different representations we
will also need the value of the iterated integrals at x = 0. Many of these special constants have
been calculated analytically and will be given in the Appendix. In a series of cases only integral-
representations over special functions could be derived, which are well suited to derive numerical
representations.

IV. CONVOLUTION INTEGRALS

Now we take a closer look at how we calculate Mellin convolutions, which is the most chal-
lenging part of the computation. Formally, we rely on the convolution formula (2.12), which gives
us a definite integral depending on a continuous parameter and can be written in the form

1
F(x) = / dyf(x,y). 4.1

In order to obtain a closed form for this integral, we first set up a differential equation satisfied
by F(x) and then obtain a solution of this equation satisfying appropriate initial conditions. In the
first step we exploit the principle of differentiation under the integral. If we have a relation for the
integrand f{x, y) of the form

m

" f g
cm(x) —(x, ¥+ +C0(x)f(x»y)=£(xsy) 4.2)

for some coefficients c;(x) independent of y and some function g(x, y), then by applying fxl dy this
gives rise to a linear ordinary differential equation for the integral F(x)

Em(X)F™(x) + -+ + co(x)F(x) = g(x, 1) — g(x, x) + additional boundary terms. 4.3)

The additional boundary terms in the above equation come from the dependence of the lower
integration bound on x. They are combinations of the partial derivatives f/)(x, x) and the coefficients
cx(x) in order to compensate the differences F®(x) — fxl dy f®&9(x, y). Proper care has to be taken
for evaluating the right-hand side of this relation in the presence of singularities.

There are several computer algebra algorithms for various types of integrands f(x, y) which,
given f(x, y), compute relations of the form (4.2). They either utilize differential fields’*%6:3% or
holonomic systems and Ore algebras.?? Corresponding algorithms are implemented in the pack-
ages Integrator®® and HolonomicFunctions, respectively. For obtaining solutions to the
generated differential equations the following two observations are crucial. All differential equations
obtained during our computations factor completely into first-order equations with rational function
coefficients (the resulting solutions are also called d’ Alembertian solutions®?) and, moreover, these
factors all have algebraic functions of degree at most two as their solutions. These two observations
imply that solutions are of the form

ri(x) r2(x) / / 7(x) (4.4)
A/ P1(x) «/Pz(x Vo) ’

where r;(x) are rational functions and p;(x) are square-free polynomials. Using a dedicated rewrite
procedure based on integration by parts we can write a basis of the solution space in terms of the
functions H* over the alphabet defined earlier, which is then used to match initial conditions. Already
Hermite considered a reduction procedure for simple integrals of the form

gy 4.5)

p(x)

similar to ours, see Ref. 94.
As will be shown later, in the concrete examples we computed, some patterns emerge. Before
proving those patterns we give a few general identities, which enable us to recursively rewrite many
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of the convolution integrals we encountered in terms of nested integrals in a rather direct way.
These identities are at the core of what is going on in the calculations. They can also serve as
an alternative way of generating the differential equations mentioned above, explaining their nice
factorization properties. Already in Refs. 95,96, and 97 the respective authors proposed algorithms
which for certain types of integrands compute the differential operators in partially factored form.
Our identities below follow a similar spirit.

Lemma 1. Let ¢ < 1 and let fix) be a differentiable function on lc, 1[ with locally bounded
derivative. Then for sufficiently small € > 0 and all x € Jc, 1 — e[ we have

1—¢ 1—¢ 1—¢ ’
f@ _ 1 1 fd—-e f(w)
/x dt(t—c)«/t—x_«/x—c . dt\/t—c<\/l—t—s f du«/u—t>' (4.6)

Proof. We prove (4.6) by verifying that both sides of the equation satisfy the following initial
value problem for y(x):

dt

1 (f(l—e) o f/(t)>
J1I—x—¢ x JE—Xx

! 1 —
y(X)+—2(x_C)y(X) R

vyl —¢)=0.

To this end, we first plug y(x) = fx';; dt (,,Z;(&%’ where § > 0 is small, into the left-hand side of

the differential equation to obtain

: ! ___fat) Lo @

YOt Gt E (x+5—c)«/§+x_C/x+a "2 =P
__Vfe+y o fa-e ] /'_sd, £
x—0)x+8—¢) @x—ol—e—x x—clis J1—x

we can now send § — 0 to arrive at the right-hand side of the differential equation. By the
. .. _ 1—¢ f(t) . . . .

assumptions we conclude that the limit y(x) = fx dt o= satisfies the differential equation

above. It is also continuous at x = 1 — ¢ and satisfies the initial condition y(1 — &) = 0. Next, we

set y(x) = «/x;Tc f;fg dt— ( fa-e) _ fH du f’(”)) and straightforwardly verify that it satisfies

Vi—e \V1-1—¢  Ji Vu—t
the initial value problem as well. By uniqueness of the solution of the initial value problem on the
interval Jc, 1 — & ] we infer (4.6). O

Similarly, we get the following lemmas.

Lemma 2. Fore > 0,x <1 — g,a < x,

/Hd; f() _ '—Sdt 1 (VT—a—ef(l—¢) l_sdu«/_u—af’(u)
x V(i —a)t —x) x t—a J1—1t—¢ s Ju—t '

Lemma 3. Fore >0, x <1 — g,a<x,c <x,
/l—sdt 0 _ /l_gdt I <mf<1—e>_
p t—o/t—a)t—x) Jx—cls (t—aWt—c Vi—-i—¢
”du_v"—aﬂ"))_
‘ Vu—t

From Lemma 1, using Lemma 2, we also obtain

/Hd Vi) -e 1(~/1—8f(1—8) I-e «/ﬁf’(u))
t Y. A 7 duY—=t "

(t =)/t —x - Y d[? J1—t—¢ ' Ju—t “.7)

L /I_Edt 1 Vi—efl—e) [ Juf'w)
Vx —c Jx it — ¢ J1—t—¢ ¢ u»,/u—t '
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We may combine Lemmas 1 and 3 into one formula using e € {0, 1}. This gives

/”dr f@) _ 1 /” 1 (v(l—a—b“)ef(l—s)_

(t—c)\/(t—a)e(t—x)_\/x—c . dt(t—a)e«/t—c JI—t—¢
o N —ar fiw)

Lemma 4. Fore >0,0<x<1 — g,a<x,c>1,ac < x,

l1—e t l1—e
/; dt(x - ct)\/{t(—) a)(t — x) - Vx(x —ac) /x di t—ac
_((t2 —ac(l —eNJ/T—a—cef(l—e¢) B
t(t —a)t—c(l—eNJ/1—t—¢
_ mf (u) a e du«/mf’(u))
‘ (t—cu)«/m tit—a) s u—t

Lemma 5. Fore >0,0<x<1 — g,a<x,c>1,ac <ux,

/1 Edt Hf@o /‘ it 1 .
x (x — ct) /1t — a) N Jx(x —ac) Jx 1t —ac)
.(C«/(l — o)l —a—eHy, (75)f(1 —¢) 3

t—c(l—¢)
T YO O f )
‘ t—cu P w—au—10))

Lemma 6. Fore > 0,0 <x<1 — g,a<x,c>1,ac <x,

fl—fd tHy, () f (1) [x /l_sdt 1
x (x — ct)/t(t —a) X —ac J1({t —ac) .

(\/(1 —e)I —a—oHy ({5)f(1 —e)

t—c(l—¢)
B «/u(u — a)Hy, () f'(u) L1 I-e I f) )
P t—cu cJ; W —a)u—1t)

_l/]_sdtl l—sd f(Lt)
o ) M ou—n

Note that the previous formula may also be written as

/1—8 DO x e HL GO

(x—ctit—a) cJ, t(x — )1t — a)

—I/Hdtl LW 49
e Tl YSu—aou-n @9

For later use we also note that the following identities hold:

/ldt (1) S ]dz ! 4.10
. (=i =1  JSxlc—x) ),  Jilc—1) (4.10)

1d thVS(%) H / 4.11
,/x t(x—ct)«/t(l —t) c ( o)+ / t(c—t ) “-11)

The previous identities are most relevant in the limit ¢ — 0, which is how we will make use of them
below.
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The following theorem allows us to set up Mellin representations of expressions of the form

2N S N 4.12
(N) k] ..... k,,,(-xlv"'v-xm)( ) ( . )

in a direct way, thereby removing the need to carry out the calculations for individual Mellin
convolutions in such cases.

Theorem 7. Let ay, . . ., ar < 0 and define fp,(x) :=

mforie {0,...,k — 1} and
So (x) = m Then we have
/] d[ H;1 ..... ak(t) — H;o 44444 bk(x) (4.13)
v (t—agVt—x VX —ag
and
2N H; (x) 4nN HE ()
M| Sh=B [(N) = — M| —2=22— [(N). 4.14
(s o= n el e
Proof. We prove (4.13) by induction on k. For k = 0 we easily obtain

e (t—aVi—x  Jrx—ao), JA—00 —a) x—ao

from Lemma 1. For k£ > 0 we assume that (4.13) holds for all values smaller than k. Lemma 1 now
yields

R I (O N U S U N «
/xdt(t—ao)Jt—x Jx—ao/ \/f—ao./ (u_al)\/”_

Applying the induction hypothesis to the inner integral we obtain

/ ! d H* ..... ag (u) H* ..... bk (t)

(u—al)\/u—t Jt—al ’
which concludes the proof of (4.13). Finally, by (3.4) and (2.11) we get

([t e S
N X —ay

VX J. t—ao)«/t —X

O

Similarly, the next theorem provides formulae which facilitate the computation of Mellin rep-
resentations of expressions of the form

2i _
WZ%( )Skl ..... ke (X15 ++ oy Xn)(0) (4.15)
or having similar pre-factors.

Theorem 8 Let ag, ..

, ai, ¢ < 0 and define fp,(x) :=
Jo(x) =

Miese=nl o) = 7= and fulx) =

f T fooOH, 0

1 .
mforze {O,...,k — 1}’
1
G—avri=c' Then we have

= mHy, () (4.16)
t —X

! Hy 6@ T ! H: ()
""" K dt AEURL S 4.17
/x (t—C)\/(t—ao)(t—X) «/x—c/x (t —ag)/t —c¢ @17
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and
Lo m[Ten® J, M[Hw """ akm}(m (4.18)
eN+ D) Lo —ovx—ap] " 24Y Ni=r: N
1 [ xHp ()] w [HW e
M = N)= — M| A&7
(N + D) _(x—cwx_(x—a_o)_() 4N Jx—c
1
2H\7wa1 ak(x)](N), 4.19)

1 ) M|: XH;() ..... bk(x) i|(N) = lM[M

N(zly (x — o)/x(x —ag) 4N x
Htvqahm«ak(x) N 4 20
remne R ) 420

Proof. We have , hence (3.5) implies

1 _ 2
eN+0(y) T W+DCYED

1 1 1
=M
QN+ DY) 24V [m}

(N).

Then, (2.11) yields

1 M[ S }(N)—#M[/ldt Toy...0 ) }(N)
eN+ D) L —ovxlr —ag) 24N . (t—c)«/it—ao)(t—x)

implying (4.18) by (4.17). In addition, the identity Nil = (2 - N-H) INET
from (4.18) and (2.11). Furthermore, (3.5) and (2.11) imply

allows us to infer (4.19)

N

1 M|: xHp () ](N)— LM[/I ZH* ..... o, (1) ] -
N L — o —ag) TN M C)«/(t — a0t —x)
1 1 l H;O ..... bk(t)
47 - t

NVt —ap)t — x)

.
x Jy (t—c)m

By (4.16) and (4.17) this implies (4.20). Next, we apply Lemma 3 to obtain

/ld Hy, b (D) 1 /ldt 1 /ld Vi = ao fo HE b, ()
T odi e e ) Y= ) ™ Ji—1 ’

which reduces (4.17) to (4.16). Finally, it remains to prove (4.16). We proceed by induction on k.
For k = 0 we directly obtain

/ Ju —aofbo(u) f 1
«/(1 —u)(u—t)
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For k > 0 we assume (4.16) holds for values smaller than k. Then, Lemma 2 implies

1
dy————— =
t v(u—al)(u—t)

H* bk( u) 1 f VU — a fo, (U)H ,bk(v)
t u —ai ’

v—t

where we just apply the induction hypothesis to the inner integral now. |

The pattern shown in the next theorem emerges in Mellin representations of expressions of the
form

N i
S5 (M) s e V). (4.21)
i(7) \N

Note that expressions of this type are not strictly nested sums, but rather the product of two nested
sums. The same will be true for the variation considered afterwards.

Theorem 9. Let ay, ..., ax < 0 and ¢ > 1. Define fp(x) := —L _ and So(x) =

) Vx—ai)(x—ait1) |
Wf()rl S {0 k - 1} as well as fbk(x) = W and fck(x) = m.
Define further fg,(x) :=

(xfa,-)«/l)m fori € {0, ..., k}. Then we have

k

: Hi,. b ® HE, o)
/x (x — ct)«/(t — ap)(t — x) x/x(x — apc) (Z et a0 ?)

0

k
* 1 *
Z aiHC0~~~~,C\—1»di~,ai+1 »»»»» ak(x) - \/c—lHCO ~~~~~ Ck(x)

Moy L () w v
Z (%) M[ i| (V) = C_NM Jx(x — ape) (V)

& Hp, . bk(x):|
+ E — . M o N). 4.23
— i(z.‘) |:«/x(x —ap) (V) 4.23)

Proof. We prove (4.22) by induction on k. For k = 0 Lemma 4 yields

/1 dt (t) / < \/ aOfbo(u) +
. (x= ct)J(t —ap)(t — x) Jx(x — apc) t —apc (t —cu)Ju —

/ AVu aOfbo(u))
t(l‘ — a())

t

1 [t T
 Vax —aoc)/; a t—aoc<_ Ve —1/tlc—1) +
apm
+t(t—a0)>

b g % CO( )
T (a0~ 255):
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For k > 0 we assume that (4.22) holds for values smaller than k. Using Lemma 4, the induction
hypothesis, and (4.16) we obtain

a0
/x e G Jx(x —vy / f—ac

( / Hy, b, ()
1 (t - cu)«/(u —ap)(u—1)

/ ..... by (1) )
t(t—ao) (M—al)(u—t)

«/x(x — apc) / Vit —agc < V1t — aic) alc

k *

=L Zain c1da a(x)—c"—
TG —ao\ 2 Heoon g a0 = 25
+aoH§0’a1Mak(x)).

This establishes (4.22). Next, from (3.5) and (2.3) we obtain

>t

Hence by (2.11) we have

é_li 004
C

v (R

Z ) . [H;0 YYYY by ( )](N)zc—NM[/l Hy () ] ™
2oy Ve —a N = =)

1

& )’ E) }
+ ) M| == N).
Z ; [v x(x — ap) )
Finally, this implies (4.23) by virtue of (4.22). O

Note that we can write the infinite sum above in terms of H* again:

7 —H, ()

Z( ) Hw, ()
— l S Je—1 -1

(4.24)

As a variation of the previous type of expressions we also deal with expressions of the form

N i
x$
Y5 2, - ( )Skl ..... ko (X1, <o X )(N). (4.25)
i=1 l (1
Theorem 10. Let ap, ..., ax < 0 and ¢ > 1. Define fp,(x) = —L  and Joa(x) =

V(x—ai)(x—ait1) |

s fori€ {0,....k — 1} aswell as fp (x) = «/ﬁﬂ and fo (X) ‘= F=rmas-

V(x— a,c)(x aj1+1C)
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Define further fq(x) := mfori €{0,...,k} and fy(x) = m Then we have

W3(7)Hbo,w,bk(t) . T - *
/x a (x — eIt —ag)  /x(x — aoc) (Z(; Heororon-a) 0

""" == dr D L T (), (427)

/1 dt tH‘*;Vs(f)Hgo bk(t) x ! H®3(§)H;o bk(t) s
x (x — ct)/t(t — ap) cJ, (x —ct)Jt(t —ay) ¢

k
*

NG (x) 7 1
Y b _ T _
re M| gt o = Fom| s D

i % [H """ U}(N) (4.28)
P ! Jx(x — ag) '

Proof. Equation (4.27) immediately follows from (4.9) and (4.16). We prove (4.26) by induction
on k. If k = 0, then applying Lemma 5 and (4.16) yields

‘d ws GHp (1) : uHy, (L)
[x (X—Cf)«/t(f—ao) «/X(x—aoc)/ «/t(t—agc) (C/, (t—cu)«/u(l —u)

+HY, (r)) :

from which, by (4.11), we obtain the right-hand side of (4.26)

T

\/ﬁ (_Hzo’O(X) - Hzo*w(x) + Hzo-,ao(x)) .
— Qo

If k > 0, then by Lemma 5 and (4.16) we rewrite the left-hand side of (4.26) as

U uHg, (u)H ..... b, (1) .
vx(x—aoc / vt(t—aoc) (C/z du (t—cu)«/u(u—al it ak(t))’

which in turn, by (4.27), equals

: (u)H ..... bk(u) * %
s ] m(’/ M utu—an o F . ak“)‘
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Altogether, using the induction hypothesis we obtain

[ P [ (—
N (x — ct)/t(t — ag) \/x(x — apc) «/t(t — apc) t—ac

k
k
(ZHCLM,Cipdi,a. ak(t) C1 ..... Ck, W(t) -
i=1

k

o Z H:L---,Ciq,diyoyam ~~~~~ ak(t)> - Ha'ch ~~~~~ ak(t) + H ,,,,, ak(t)>

i=1

k

T * *
= ﬁ ( ; Hco,...,cH,di,ai,...,ak(x) - HCQ,...,Ck,W(‘x) -

1

This concludes the proof of (4.26). Finally, from (3.3) and (3.5) by (2.11) and (2.3) we obtain

(%)
c

Hence by (2.11) we have

SR I SACON P (DHp.00 7]
Zﬂ(zf). I:«/x(x—ao)i|( )=c |:/x t(x—ct)x/t(t—a0:|( )

i ( )l |:H;0 """ bk( ) ] (N)
P Vx(x —ap) '
which implies (4.28) by virtue of (4.26). 0O
Note that we can write the infinite sum above in terms of H* again.

i 12 —_y* (1
Z ¢ ) CH P -y w2o)
2 2

The following theorem allows to set up Mellin representations of expressions of the form

1
Sk ek (X1 -, X)) (V). (4.30)
2NN, Okt
N(y)
Theorem 11. Lez ay, . . ., ar < 0 and with ey, e, € {0, 1} define fb?o~e1 (x) := m
forie{0,....k — 1} and fbi"(x) = NWTM Then we have
' H: . (1) : a’
dt — 28 - [lizo i — =0 _HYo e erep o (X 431
/; (t—ai—x e Z (x —ag)® b b o) @30
and
1 HE: (%) 1 - T, a"
M 1Bk N = —M - —l—O ! H*e e eq.e e N .
N(ZN) [ x —ap :|( ) 4N X Z (x — ag)® (O LI bkk(x) (N)
N ep,...,ep=0
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Proof. We prove (4.31) by induction on k. For kK = 0 we easily obtain

/‘d,sz‘dt L@ /@é
x (t —ap)/t — x x tv1—1t  Jx —ao Jx t/(1 = 1)t — agp)
HE, (x)

_Hbo(x)+aoﬁ

using (4.7). For k > 0 we assume (4.31) holds for all values smaller than k. Now (4.7) and the
induction hypothesis yield

f d \/—H ..... ak(t) / dt / ..... ak(u)
x (t—ao)vt—x (M—dl)vu—

m/ ] e

.....

which completes the proof of (4.31). Finally, by (3.5) and (2.11) we obtain

1 H; () 1 ViHE (1)
v }<N>—4—NM[;£ il |on

N

from which we infer (4.32) by virtue of (4.31). O

The next theorem deals with formulae arising in expressions of the form

2N N x!
0 .
( N ) Z ﬁskl ..... o (12 - X)(0). (4.33)
i=1 i
Theorem 12. Let ay, . . . , ax, ¢ < 0 and with ey, e; € {0, 1} define fb?°'e1 x):= NWTI)I
: . 1 . 1
forz (S] {0, ey k — 1} as well as fbi:o(x) = WWTU% and fweo(x) = Wm. Then
with ey, ..., e € {0, 1} we have

! b=, bek(t) ej)aj+2ij_ej "
R e = Fiox(m aj Hier i) (439

i1=0 ir=0 \ j=1

and
k e
(2]\]) M i <l_[i=0 a; ) H;:t)ﬁ 512 bR (x) V) = 4 M|:H\TV8,61,M,ak(x) 435)
A I N G I e R
H (x)
W ,A1,..., ag
+ag—=———— |(N).
0 oo i|( )
Proof. For the left-hand side of (4.35), using (3.4) and (2.11), we obtain
4N 1 k ei 1 H* 001 peres ek(t)
_M Z ]_[l:O al d bO b b (N)
vx oLk 0—@«0—%W0—x
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Applying (4.8) to the integral yields

4N N (w—ap)® fb30'91 (M)H;? 2 bk (u)

a;’
—M 1licoar / """ N),
T Z «/x(x c) (t—ao)eoa/t— u—t (V)
which equals
! ; S (L —ej)aj +2i; —e;
4NM —0 i —C% J ¢ H* ( ) (N)
RO = VD (I P

by virtue of (4.34). Noting that Ze —0a° Y i o % f@) = f(1), we can simplify this expres-
sion to obtain the right-hand side of (4.35). Flnally, we prove (4.34) by induction on k. For k = 1 we
obtain

1 H* o (t) 1 1 1
/x t/(t —aper(t — x) f (t — al)elf u«/(l —u)(u —1)

from (4.8) and we compute

1 1 T
/ﬂ”m=ﬁ'

Altogether, for the two cases e; = 0 and e; = 1 this yields

vooHp) g ! Hy (1) — *
/,; dt T TH o(x) and /x dt[ e adi (Ha1(x) — Ho(x)),

which can be written unlformly as

1 e )
i (1 —epay +2i; —
/x t/(t —al)el(l‘ —X) f;) a |1a1(x)

1 _ e (1—e)a+2i—e
based on = = Dico a(i—ia)

induction hypothesis results in

, where e € {0, 1}. Similarly, for k > 1 applying (4.8) and the

/1 Hb? e ek (t) Z Z 1_[ —e; )aj + 211 —e; /1 " H;i;az ..... i (l)
x W/t —a)(t —x) =0 \ j=2 aj x (t —a)t
which can be identified with (4.34). O

Example 1. In order to illustrate the use of the previous theorems we will now, step by step, set
up an integral representation for the binomial sum

N

(—1y i<2j)52(j)
Z(2i+1)(2,.i)j2=:‘ il i

i=1 J
Starting from an integral representation of S>(N), see (5.6), we immediately obtain

SN _ o [H:,(,(x)
X

N }(N)Jrs“zM[ }(N)

by (3.3) and (2.12). Multiplying this by (2131 ) we arrive at two terms matching the structure of the
left-hand side of (4.14). Although the condition ay, . . ., ax < 0 of Theorem 7 is not satisfied, we still
can derive the relevant formulae from it. For k = 0 the limit ap — 0 yields

<2N) [ 1 } 4N [H;‘V1 (x)]
M|[-|(N)=—M|——|(N).
N X T X
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Similarly, sending ay — 0 and a, — 0, for k = 2 we obtain

ON\ [ (' Hi0) 5 )
(N)M[E/xdt }(N) [/‘”/ w(r—al)ww—al)](m

and analytic continuation of both integrands, avoiding a; > 0, in the limit a; — 1 gives — f1(t)Hg (1)
and — fuw, (1) fw, (WHY, (), respectively. Altogether, we have

N  x

N *
(2;]V>S2<N>_4 M[ e, () + 0HE, (’“)}w)

X

and by (2.3) we immediately arrive at

b X — = T

1

N . . N —H* H H—w Wy W (0) ;Hiw (0)
Z(%’)SZ,(’):“—M[ W1W1W1(x)?r§2 ()}(N)Jr e Lk

see also (5.24). We compute the constants HY 0) = —2?”53 and HY w, (0) = 0 as Cauchy
1

32 W1, W, Wy

rincipal values. Next, we multiply by ———— and use (5.3) to obtain
princip ply y(zNH)(zNN) (53)

1 Sa(i) 4V 1 Hy, wyw, (0) + OHG, (x)
AN = M 1,W1,W1 N
N+ D) ;( ) i 7 N+ D) [ x—1 ]( )

1
_4NB !
4 [ 1_x](N).

The first term matches the structure of the left-hand side of (4.18), but again the relevant condition
ag, ..., ar, ¢ < 0 of Theorem 8 is not satisfied. As above, the relevant formulae can be derived by
analytic continuation. Taking the limits ay — 0, a; — 1, and a; — 0 as described above we obtain

1 |: H\T\u Wi, w1(x)+§2H\>/kv1(x)j| (N)= |: / _H: 0( )+ §2j|(N)
(2N+1)(2]C]) x—c 24N Jx —c it —c¢ '

In view of (2.14) we do the analytic continuation to ¢ = }1 on both sides of the real line, avoiding ¢
> 0. In order to arrive at

1 |:_Htv1,W1,W1 (x) + é‘ZH\TW (X)] ( )_ / _H1 0( ) + §2 ( )
2N+ D) x—1 24N [ i
we also rely on the following identities for x € (0, 1).
. —Hy, wyw, () + LHG, () . —Hy W, () + HE ()
lim = lim 1
c—)%:l:iO X —C y—=xFi0 y— 3
P -Hij M)+ . —H o(f) + &
11m \/_ dt ; = N .
c— 7 izO X —C Jx —C y—>x:Fl /
Altogether, we have
N
1 S 1 o) + &HG, (x) 1
Sy NN -0 PR T
2N + l) - i 2 1 3 1—x

Y3
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Finally we apply (2.3) once more in order to obtain

N i *
(—=1) ( )52(]) L M x(—H;, o1 o)+ HHy, (x)) N
;<21+1)(2z)2 ST = ()

x+1) x—— ]
1 x(—Hy, 1.0 + LH, (x) N M |: x i
—-—-M 0) — =(— N
2 (x4 Dyx -1 © ( VM =Y
{3 x ]
M -
3 [(x+4)¢_1—x_(0)’
cf. (5.51). We may also express the constants as
X 8 V5-1
M =2
[(x+4)\/1—x}(0) 5" ( 2 )
x(=Hy, 4 o(x) + &Hj, (1)) ©) (1 ( 5-1))
(x+ Dyfx— 1 2
3—2x\ Hi o) — &
+\/§/o dxarccos<2+2x) I
4

V. MELLIN REPRESENTATIONS OF NESTED FINITE BINOMIAL SUMS

In the following we will present a larger class of binomial and inverse binomial sums weighted
by (generalized) harmonic sums up to depth d = 2 and present their Mellin representations based
on iterated integrals over the letters of the alphabet given in Sec. III.

Starting from (3.4) and (3.5) it is immediate from (2.11) and (3.3) to determine the Mellin
representation of binomial coefficients with an arbitrary power of N in the denominator:

1 /2N 4N 1
W(N)ZFM Ho, . ow @) [N, keN. k=1, (5.1)
L k—1 i
e e N), keN,k>2 52
2N\ 4| X 0.... 0w, | (V) keN k=2 (5.2)
N _
N L k-1 i
i i i i : 1 1 .
Based on the propertles of the binomial coefficient we can write CTESTE)) and ETe) in terms of
shifts of vy (zzv) and —7vy (ZN) Thereby we obtain the following integral representations:
: ), e (53)
= xx .
2N . 4N —
(2N+1)(N> 2-4% Jo T—x

1 (A 1,
N
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For the harmonic?!?? and S-sums?>>2° appearing in the subsequent representations we explicitly give

the integral representations in terms of H*, cf. also Ref. 38. One obtains?!2%>26:35

1 N _ 1
S1(N) :[0 dx—. (5.5)
1 H*
Sy(N) = /0 dxxNx‘fxl)Hz, (5.6)
1 H*(X) {2
—_ (_1\N N~70 _ 2=
S_5(N) = (=1) /0 dux 2 — 2, (5.7)
1 )CN -1
Sii(N) = —/0 dx———Hj(x). (5.8)
1 1 ' ye—Higx) 5
Sl,2 (E, 1,N> = 2_N‘/0 dxx T + g{}, (59)

1 Ny r! H* o) o b XN 13
Siol=.—LN)=(—-—= dxxV — — d - —z, (5.10
”(2 ) < 2) /0 BT 2N+1/0 oo Tt G0

1 N\ ! —Hj ,(x)
Sia(==1:N) = (== /dxxNu
2\ 72 2) ), x+2

1
+3 In* () +In(3) Lip (—3) — Lis (—3) — 2Li5 (3) . (5.11)
Here Li,(x) denotes the polylogarithm”®
Li,(x) = Hy 04 (5.12)
1
n—

In the following we will list the integral representations of different type of (inverse) binomial sums.
We start with some very simple examples, which do not involve harmonic or S-sums.

1 N C L |
— = | dx-+Y—— , 5.13
/(; x—4 1 —x ( )

1 X\N __
> 1. =/ deH\’;,B(x), (5.14)
i2<2t> 0 x—4

= (2 Lt (40N -1 [x
Z( (—1)’=—/ dx 1 : (5.15)
i=1 l T Jo X+Z 1—x
S VAV R L G o L
ZT<~>(_1) = —/ dx —H;, (%), (5.16)
io1 L\ T Jo X+
N . 1 AN
Zé<2.1>(_1)l:l/ dwaéw1(x)’ (5.17)
i=1 l ! T Jo )C+Z ’
Ny 21 1 (=40N —1
25l (—1)’=—/ dx ————Hj g, (%), (5.18)
i1 DN T Jo X+ g h
N . | oW
Z(z.l)(—z)"zl/ PR Ay B (5.19)
! 7 Jo X+3 1—x
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e (e
i=1 ,'(2.1) j=1 J 0 x+3 62 x+3
i
2 M EN-1 1
= | dxt—n : 5.20
3 /0 . x—4 J1—x ( )
N i . 1 N
1 2 . -2 —1 x
> 5 ( 7)(—2)1 —/ dx%( n(x) + P )>
i=1 ,‘2< .l) j=1 N/ 0 X+3 6v/2
i
2 1 (%)N -1 .
The following single sums have summands that fit the pattern (4.12), so Theorem 7 applies.
Moy 1 [1 4NN .
2\ S1(0) = —;/ dx — (H0 wy.1(*) +2In(2)Hg ,, (x)),  (5.22)
i=1 0 1
N . i NN
2i 455N —1 X
Si)=——| d 2 5.23
;(l.)z(l) /0 Tl Vi GH 6 =), (5.23)
N ) 1 NN
1/2i ) 4V x
Zl—.(i)szo):—— dx — (LH, (x) — oH, () (5.24)
i=1 0 1
Y =1y 2 L (4NN —
> C)Sai)=—— [ ax —— [$H;, (x)* — &, ()] (5.25)
i i 0 x+3
i=1 4
Y120y 1h 4N N i
Z,-_z L )s0=—— /O dxxT(HOqW1‘W1,W1(x)—§2H0’W1(x)), (5.26)
i=1 4
ﬁ:ZiS()_I/ YV -1 -
o\ e 0 x+— I+x Hu,w, (¥
1 4N N _ 1
_%/ dx /lx } (5.27)
0 X — 3 —X
N ;
1/2i 1 (—HNxN —1
Z;( ) 2(1)——[/(; T wa,wz,wy (5
i=1
L 4NN
_& / ax 2y (x)} (5.28)
2 Jo — !
4
N i n 1 NN
(1) (2i : 1 4%xN —1
Z ; <Z)S_2(l)=;|:/(; dxxT W2W2W1(x)
i=1 4
1 —4 N N __ 1
_& / ax TV Tl (x)i|, (5.29)
2 Jo 1 !
4
1 (2i ( HNXN — 1
i=1
{2 1 4N)CN
—= dx ; 0W1(x) (5.30)
0 B
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N 1 21- ’ 1 1 4NxN _1 . .
Z A S110) = ;/ dx————|Hy, 11(x) +2In(2)Hy, 4(x)
= 0 1

i=1 X =3
+H21n2(2) — ¢ ]HE, (x):|. (5.31)

We also include some examples with S-sums that are not harmonic sums, Theorem 7 applies here
as well.

Zzz g 11,_1/ (=N —1 [x (H; () — HG (0]
i_]( )( ) 1,2 ) i - ; ) x+4 72— x We, W1, W4 X §2 We(x)
1 _ QW N _
+§§_3‘/ dx( 8) x1 1 [ x }7 (5.32)
8 0 )C+§ 1—x
Y (2 . I L[ 4N -1 [x
ol O ) B = Y =
VN — 1 13 NN 1
+9/ a2 J H;;G(x>——;3/ SJAL il ] (533)
2 0 x+— 2—x x+§ 1—x
N 2i ,. 1 LY avxV—1 [x ., .
;(l.>(—2) S1.2 <—§,1,z) = —;{/0 AR ,/2+x[HW7,W1,W1(x>—;zHW7(x>]

L o SO
4 [2Lis(Y) + Lis(—) — n(3)Lin(— 1) — Lin(3Y] f ) e
0 : =

Next, we list the two inverse binomial sums which occurred in Ref. 49. Their summands obey the
pattern (4.30):

i=1
1

N i 1 N
4 1 xV =1
2 () - [ 539

Y4 oV -1 \ \
> PN S0 = | dx [Hg y, (¥) — Hyy o) — Hy, (1) — 2In()H, ()] (5.36)
i=1
()
The following more involved variants of the above also fit the pattern (4.30):
ﬁ: 1
T
=)
J

§2HW11 ('x) + HW10 0, Wa('x) - H¢V11’W3’W3(x):| 5; / ( )N 1
-3 _
2—x

1 ! (%)N * * *
S] 2 ( ) (]) / dXﬁ |: (CZHWS(X) + HO,O,ws(x) - HW3,W3,W3(~X))
0 _

, 5.37
i T (5.37)

j=17j

! (%)N -1 * * *
Z (2J) " ( ) U= /0 dx x—38 [QHO’WS(X) + Ho,0.0.5(¥) = Ho,wg wg.ws ()

5, @Y1
(§2HW10 W11 (x) + HW10 W10,0 Ws(x) W1o W11,W3, Wa(x)) ] + §§3 /0 dx“xTH\’,“%(x),

(5.38)
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i=1j

> s (h) o = [ e o )~ Bon )
, ( J) A2’ o x+8 S tx
J

x » o (1 N =11 _H,, x) .
13 @V —1 1

—5a 0 | At » 539
2453/0 =4 JToa (5.39)

N 1 1 1 _%C)N -1
jgl '2(2j) e (E’ _1> W = /.5 dx x+8 [2HW‘G'W15*W4*W3(X) o 2HW16«W16,0,W3(x)
J

o (1 N -1
1 00100 ~ s 0)] + 5 [ e T (21,00 = 1,00

~

13 L@V -1
_ﬁa 0 dx 4x—4 Huy (). (5.40)

From here on we list double sums for which the inner sums already have been listed before. We start
with a multitude of instances to which Theorem 8 applies.

N i . .
1 (2J>(—1)’ 1 /1 0N -1 x .
P gy ) (ST oo
i=1 (2i+1)<2il> =1 \J 7 2 Jo x+1 m

(5.41)

N i . . 1 N

1 2\ (=1 (—x)V —1 X i X
> X ()G = [ T 0 - Saonto
— (l> \/E

=l ({+1) j=1
H* 1 (O) 1 X\N _
,Z,O,O,W1 (4) 1 X X .
T —oH ’ 5.42
T /0 ! x—4 1—x 2 W3(x) ( )
N i i . . 1 N
(=2) 2\ (1Y 1 )V -1 «x
Z BNZHN (]j) IE = 5/ dx L1 1 H\);<V14,0,O(x)
i=1 (2i+1)<.)j=1 0 3 x+1
i
Hil 0) 1 _XN _q
_$/ e = (5.43)
2 0 x+2 I—x
N i i . . | N
(=2 27\ (=1 Qx)N -1 x . x..,
Z—ZZZ (] j3 - / dx X — 1 1 HW1470v0(x)_EHW14,W14,0,0(X)
i

HY, ©) r1(Cxyw g
_ 7-0,0,wq 3 X B f .
T ‘/0' d)C X +2 (m ZHWS(X)) ’ (544)
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XN: i(zj)lsm 1/1 XN — “
. -1 = —= W81
1_1(21+1)<>11 J J 0 x_l /_4
¢! V-1 x
_5/0 dx x—4 JT—x 449

XN: : i(zj Lsi) fld XN_l(H* () — —=H}, 1(x)
—2. )=o) = xf wg,wg,1(X wg,1\X
f=1(i+1><.’).f=1 77 o AR VE—3

l

+ {/ld (%)N”()CH*() a ) (5.46)
- x —“H}, (x)— —), :
2 0 X — 2 W V1 —=x
al 1 L2\ 1 1 XN —
> X (s = — [ o
f=1(2i+1)(.)/‘=1 7 ’ X3
l

H (0) | _

1.0,wy,1 (7 W—1 x
+(—2n _1n<z>¢2> / L (5.47)

i=1 (l + j=

N 1 i 2\ 1 ) . N ) . *
Z 7 i=1 J j_ZSl(J) - 0 dx x—1 EHWB«W&OJ(X) - \/x—ija.OJ(X)
i 4

Hiowa® 21n(2 L@ H: 5.48
+T— n()§2/0 xx—4 <m 2W3(x)> (5.48)

N 1 i <2]> 1 1 N x
>o—> $0) = f (L2Hy, (x) = Hy, 4 o(x))
=00 4 1)(2'1) i) 0 x—1 %

(5.49)

al 1 L2\ LoxN—ipx .
@y B0 = [ it
i

5 * 2 ! (i)N -1 (x 5 X
- (Hw8,1,0(x) - szws(x))] + §§3/0 dx P <2HW3(X) ﬁ)a (5.50)

1) ) "ol
- Z(J) $:0) = 3 / o —— (0Hi ()~ Hiy 10(0)

Q@i 1)<>,:1 SN

—XNV _q
—9/ ax 2 Al (5.51)
3 Jo x+4 1 —x

Izmz
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2 N1
Z( ]> SZ(.]) = / deI:E (H\TVB,WB,LO(X)_§2H‘TVS»WS(X))

i (—1)
= (i+1><2.’) i NS x
l

x (_X)N_l

* * 2 S 47
= (ol = Gl )] 45 43/ v+ 4 (2 M) = m)

X—3

(5.52)

N
27\ (= 1)’ (-0 -1 x X X
Z )X_: ( ) 5200)=7 /0 dx x+1 m (§2HW14(X)_HW14~,1,O(X))

2 (521Y (B ot /1 @Y -1 x
(3 ( ) 51n< : );2 5§3> [t (5.53)
> 1 ’ (21)( 1) ()Y —1[x
Z—Z S2()= / —[ (H\>’kV14 W1410(x) é‘2HW14 W14(x))
— (i+1)(21)j “\ Jj +1 2
l
X
- (vamq,o(x) - §2va14(x))}
x—i—%
4 (1) 8 _° / @Y~ ( x )
+<3ln< ) -5 () C*) o Cama \(UT=x 2 ) NCEY
al 1 d (2]')1 1 (=N -1 «x
Z—. D) =8S20) = —f dx Hy,,—1,0(0)
i=! (2i+1)(2.') =N 2 Jo SN P
l
1 H* 0) X\N _
2 a0 - &/ O . (5.:55)
0 x—1 _4 8 2 0 x—4 1—x

N

1 ’ <2J> / (- x)N—l( x .
— () = | dx Hy,, —1,0(0)
E(i+1)<i’); J 0 *+1 A\ x4 !

o 1 XN -1 X
nbty (x) dx ws (X) — (x)
2 W14,W14,—1,0 ) 2/ —1 ( 2 WaWs )
0 x /v — 4

H77W2W2W1() d (%)N_l X 556
_—/0 X < - —3 W3(x)) (5.56)

T x—4 —x

i (=2) <2J>1S 0 1/ J QN -1 «x -
—_— . )59 20) = 5 X 1 Hy, —1,0%
; . <211) ] J /] 2 0 X — 3 /x+4 “
_Q/Idx(_zx)]v_l a H;, (x) — —H R W2W1(0) /ldx(_%)N_l al

0 x+3 " 27 0 x+2 JT—x

X =3
(5.57)
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i=1 (i +1)

Y 2 LoV -1

> )21' Z(]J> 20 = /dx(i)—l (/x s —1.0(8)
(_)j:l 0 2 X+Z
l

o 1 (20N -1 X
Thr 1o)== | dx we (X) — (x)
2 Wi4,W14,—1,0 ) 2 / l ( 2 WB Wg )
0 X+ 3 v — Z

H W2W2W1() d (_%)N_l X 558
e /0 2 ( - Ws(x)) (5.58)

N

<2J>( 1)1 1/1 N—1ox
Y —— Z S_a(j) = dx——————H;, ;o)
l=1(2 +1)< ) .] 0 x—1 /.X—%

_Q/Idx(_xw_l x )
4 0 x+1 /x_'_Z W14

HY O\ 1 (@yw_
¢} V5-1 7-W2,W2, W1 (4) 1 X
_<Eln( 2 )+ 27 )/de x—4 JT—x 659

ZN: <2J>( 1)] () = /ldx)CN_]< _H (x)
2 -2 V1 \ T /—/— w10
L

X o' =0V -1 x
_EHW&WB,LO(X)) - E[) dx x+1 (\/}: W14(x) W14 W14(x))

HY O\ 1 (Y1,
_ J5-1 7 W2, W2, Wy 7l
(;zln( : )+ - )/0 dr=— ( — - Wa(x)) (5.60)
N 2j N1 x
Z Z( > S1a(j) = / dxr—— ———=Huye1.1)
=1 (i +1>< ) =i R
H? ©0) 1 ()N _
1@ 2 OV -1«
(Pl ) [, G 55D

N i .
1 (2])1 ) bV —1 X X
Z—. ) =Sia0) = / dx Hiy 140 — SHY, we.1.1(0)
) . _ 8.1, 8.Ws. 1,
i=! (i+1)< ~l> = N ?
l

[ Tiwaat 4In2)g 3 x
( T 3 ) /0 dx x—4 <m 2 Wa(x)) (562)
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The summands of the next set of sums obey the pattern (4.33). For shorter notation some of the
onstants involved in the integral representations are represented as infinite inverse binomial sums.

2 1 )N -1 |
Z ( l>( 2) Z < )51 2 ( ) (H= / (—x )+ . - I:H\*;Mj’0(x)—2H‘TV13’170(X)
i=1

5 2x)N — 1
- (H\T\Hz(x) 2H\TV13( ))] 53_ dx - xx_)i_ 1 4 i X
2

=8V -1
+c1/ 4y T80 = (5.63)
0 _x—|—§ 1—x

e 1 1
= — S —,1)(j)=~0.10184720..., 5.64
a=-3 — l,z<2 )(]) (5.64)

=)

J

N i . 1 1 (— x)N—l

Z(.)<—2> — S ( )()— / ——(oHy, o)
i e~ J)

1 _ N _ N _
5;3/ 1520 | N ” (x)+62/ R
0 4 —x i 0 x+8 l—x

—Hy, 2.1.0(0) — —= P
(5.65)

J

(5.66)

> 512(2 )(j)%0.08979755...,

2i i : 1 1 . ! )CN —1 X *
;(i)(_z) ; .<2j>_S1’2 <§"1> (f)—fo de—— /55 B m1.0)
I\
b (=N =1 X i
Hyo —1.000) + / dr—-" /8 (Hy,,,(x) — 2H;, (x))

13 (— 2x)N / (—=8x)N —1 X
243" / V x T x+L Vi-x 667

Iy s (B 1) 6y~ —009960950 5.68
C3—;j21:j(2j> 125~ )~ -0 (5.68)
J
N i . N
21 i 1 N xV =1 X .
;( >( 2)]2;]( )S1,2<§,—1)(])—/0 dxx—l ,8+xHW‘7’72’71’0(x)
J
Lot =0V -1 /T . (—2x)N — \/T
_E/O dx x+1 8—xHW12’2(X)+_§2/ X—{-% 4 — W19(-x)
(5.69)

[ (—8x)V — 1
—+c4 dx s
0 x+8 1—x



112301-32 Ablinger et al. J. Math. Phys. 55, 112301 (2014)

7T = J2(21> 1.2 2’ J

J
Finally, we also treat some sums which are not strictly nested. The summands obey the pattern (4.12)
combined with (4.21) or (4.25). In order to save some space the right-hand sides of the following

identities still contain a binomial sum, for which we refer to the integral representations derived in
Egs. (5.32) and (5.33), respectively.

1 _ N—l
Z( )( 2)1512< )(1)2 < /(;dx( jcC)—|—1 8ix|:H\7/25,w26,0(x)
iR

1 * Wzs(x)
+2HW13 1 O(x) +—= \/g W25 Wig, W19(x) (ZHW13( )+ \/g >i|

5 L2V -1 X 2i
] 2) 71
8J§§3/o CT Vas 3IZ< >( )S”( )0) G7h

; o=V =1 X N
Z( )( 2) Sm( )(1)2 . ( > /(; dx Tl ,/8_X[Hw12,2,1,0(x)
J

+H\TV12,0,1.0(x)+H\7/25,W19,1,0(x)+H\7/25,W19.0,0(x)+H\>;/25,W19.,W19 W19()C)_§2 (H\71257W19(x)+H\7/12.2(x)

N (—2x)VN — 1 & ; 1
+H120(x))]——§3f . N Ww()+3§( )( 2>Slz( )(,)

(5.72)

N

2( .)( 2)’312< )(l)z < ) = /Olde_ll\/;U_ HE o )
J

i i=lj

. o R GO A O N P H;,,, ()
+HW21’W23 o(.x) + 2HW18 -1 O(X):I 2 /(; dx x+1 8 — |:2HW13( ) + «/§ i|
13 P20 =1 [x 1 .
d V 2)'s -1 5.73
+24\/§§3/0 TR W‘Z( >( ) 12<2 )0)’ (5.73)

N i oxN—1 [x
Z ( )( 2)’ Si2 ( ) @) Z ( ) = [) d)fo1 m[H\TV17172771,0(x)
J

i=1 ]lJ

o' (—xN-1
HW17 0,—1 0(x)+HW21 Wao,—1, 0(x) HW21 Wao,0, O(X) HW21 Wag,W1g, W19( )] - 5 dx
0 X + 1

[ Hi i () Hi 200 4 Hy 0] + / axE L [ e
X 8 — x W25W19x wip, 2% wip,0\% { )C“r% 4 — x W19x

¢) 2i i 1 .
+5 > (l_ )(—2) Si2 <§, —1) @) (5.74)

i=1
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VI. THE MELLIN TRANSFORM OF D-FINITE FUNCTIONS

In Sec. III-V we described the formalism relating the nested finite (inverse) binomial sums to
Mellin transforms of iterated integrals over also root-valued letters. In physical applications also the
converse way is of interest. The corresponding methods are the subject of the present section. We
consider the Mellin transform of D-finite functions.

Therefore let K be a field of characteristic 0. A function f = f(x) is called D-finite if there
exist polynomials pg(x), pa—1(x), ..., po(x) € K[x] (not all p; being 0) such that the following
differential equation holds:

Pa() f L) + -+ pr(x) f'(x) + po(x) f(x) = 0. (6.1)

In addition, we call a linear differential equation of the form (6.1) D-finite if the coefficients p,(x),
Pa — 1(%), ..., po(x), not all zero, are polynomials from K[x].

We emphasize that the class of D-finite functions is rather large due to its closure properties.
Namely, if we are given two such differential equations that contain D-finite functions f{x) and g(x)
as solutions, one can compute D-finite differential equations that contain fix) + g(x), fix)g(x) or
fox f()dy as solutions. In other words any composition of these operations over known D-finite
functions f;(x) is again a D-finite function h(x). In particular, if for the inner building blocks f;(x)
the D-finite differential equations are given, also the D-finite differential equation of h(x) can be
computed.

Of special importance in this section is the connection to recurrence relations.

A sequence (f,), > o with f, € K is called P-finite (or P-recursive) if there exist polynomials
pa(n), pa—1(n), ..., po(n) € K[n] (not all p; being 0) such that the recurrence

pa(n) fuga + -+ p1() fug1 + po(n) f, =0 (6.2)

holds for all n € N (from a certain point on). In addition, we call a linear difference equation of the
form (6.2) P-recursive if the coefficients p,(n), ps — 1(n), ..., po(n), not all zero, are polynomials
from K[n].

In the following we utilize the fact that D-finite functions are precisely the generating functions
of P-finite sequences: if f(x) is D-finite, then the coefficients f,, of the formal power series expansion

fE) =" fux" (6.3)

n=0

form a P-finite sequence. Conversely, for a given P-finite sequence (f;,), > o, the function defined by
the above sum (i.e., its generating function) is D-finite (this is true in the sense of formal power
series, even if the sum has a zero radius of convergence). Note that given a D-finite differential
equation for a D-finite function f(x) it is straightforward to construct a P-finite recurrence for the
coefficients of its power series expansion. For a recent overview of this holonomic machinery and
further literature we refer to Ref. 99.

Subsequently, we deal with the following problem:

Given a D-finite function f(x).

Find an expression F(n) given as a linear combination of indefinite nested sums such that for
all n € N (from a certain point on) we have

M[f(0)](n) = F(n). (6.4)

We want to present three different but similar methods to solve the problem above which are imple-
mented in Ablinger’s Mathematica package HarmonicSums.>*26:30-81 Al of these methods rely
on the D-finite machinery sketched above. In addition the symbolic summation package Sigma®*”°
is used which is based on an algorithmic difference field theory.'?-% Here one of the key ideas is to
derive a recurrence relation that contains the Mellin transform as solution and to execute Sigma’s
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recurrence solver that finds all solutions that can be expressed in terms of indefinite nested sums
and products;” %112 similarly to the differential case presented in Sec. IV, before (4.4), these
solutions are also called d’Alembertian solutions. Besides that we might end up at an expression
of the Mellin transform that is given in terms of definite multi-sums. In this case these sums are
transformed to expressions in terms of indefinite nested sums and products with the help of the
package EvaluateMultiSums,’3* which is based on Sigma. In order to deal with infinite
summations the package HarmonicSums is used in addition that can deal, e.g., with asymptotic

expansions of the arising special functions.

Method 1: Let fix) be a D-finite function. If we succeed in finding (f;); > o such that f(x) =
Y20 fix' we have

1 00 00 1 00 1
x" xidx = | x"Hdx = — 6.5
/o ;f ;f/o an+z+1 6.5

i=0

Note that the equation above is true in the sense of formal power series. If we consider analytic
functions, we have to make sure that the change of the integral and sum is valid. In order to compute
the Mellin transform M[ f(x)](n) we can now proceed as follows:

1. Compute a D-finite differential equation for f{x).

Use the differential equation to compute a P-finite recurrence for (f;); > o where f; are the
coefficients in (6.3).

Compute initial values for the recurrence.

Solve the recurrence (by using Sigma) to get a closed form representation for (f;); > o.

Fn) = Z;}io fi ﬁ is the Mellin transform of f{x).

Transform F(n) in terms of indefinite nested sums and products (using Sigma, Harmonic-
Sums, and EvaluateMul tiSums).

kW

Note that Sigma finds all solutions that can be expressed in terms of indefinite nested sums and
products. Hence as long as such solutions suffice to solve the recurrence in item 4 we can proceed.
In particular, if we succeed in item 6 to find a closed form for (f;); > o, we can represent f{x) by
Yoo fix" and use Eq. (6.5) to get the Mellin transform of f(x).

Example 2. We want to compute the Mellin transform of

V1=t
0 1+T

fx) = drt.

We find that
(=3+x0)fx)+2(-1+x)A+x)f"(x)=0
which leads to the recurrence
(+2(=14Di)fi =30 +i) fir1 =20+ D)2 +i)fis2=0

for the coefficients f; in the formal power series of f(x). Initial values can be computed easily and
solving the recurrence leads to

00 i 1-2p i i H;):] I;;P
; ; 1 1_[,,:1 2 (=D Z;’:l —1+2;
— =1 == — )4 . J .
AR Zizlx (= i(—1+2i))+ ; )
Hence
SRR s CRE T\l P D S LS 1
pi=1 "2 =1 " —1+42j, Ji i=1 —1t2j, M

MLfEIm) =Y

Ji=1

W +n4j)(=1425)



112301-35 Ablinger et al. J. Math. Phys. 55, 112301 (2014)

The package HarmonicSums offers the following command to apply this method.:

1 — VarGL)2
In[1] :=GeneralMellin[GL[{ (1++GL)} _x]. x, Method — 1]
ar
00 (—l)j‘(l T 1-2p, _ N 5121:1 l;;f] — 2+ 2(zj1 nyl:l ];lflpl ) )
ji=1 Jl(l+n+Jl)(_l+2jl)

Before we present another method to compute the Mellin transform of a D-finite function we
state the following proposition.

Proposition 13. If the Mellin transform of a D-finite function is defined, i.e., the integral
fol x" f(x)dx exist, then it is P-finite.

Proof. Let f(x) be a D-finite function such that the integral fol x" f(x)dx exists. Using the
properties of the Mellin transform we can easily check that

(=DP(n +m)!

M[x" fP(x)l(n) = M[f(x)](n +m — p)
(n+m— p)!
p—1 ;
=D'n+m)! |
+; (n—{—m—i)!fp .

Finally, we apply the Mellin transform to the D-finite differential equation of f(x) using the relation
above, and we get a P-finite recurrence for M[ f(x)](n). O

Now, a second method to compute the Mellin transform is obvious:

Method 2: Let f(x) be a D-finite function. In order to compute the Mellin transform M[ f (x)](n),
we can proceed as follows:

1. Compute a D-finite differential equation for f{x).

2. Use the proposition above to compute a P-finite recurrence for M[ f(x)](n).

3. Compute initial values for the recurrence.

4. Solve the recurrence (by using Sigma) to get a closed form representation for M[ f(x)](n).

Example 3. We want to compute the Mellin transform of

MRV 4
0 1+'L'

drt.

fx):=
We find that
(=34+0)f () +2(-1+x)A+x)f"(x)=0

which leads to the recurrence

6/'«/1—r
o 1+7

dt = 2n— )nM[f(xX)](n —2) +3n M[f(x)](n — 1)

4+ + 1)(2n 4 3)M[ f (x)](n).
Initial values can be computed easily and solving the recurrence leads to

n 2i 1 /1=
4 [Ti-i - 71:211 Jo T dr—2
2n + 1)(2n + 3) n+1

M[f(0)l(n) = (=1)" (

A(—1)" n niézl_%zhz 1 \/ﬁd
_A=D -1 T 4 Jo he T

n+1 n—+1
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HarmonicSums offers the following command to apply this method:

1 — VarGL)?
In[2] :=GeneralMellin[GL{] =5 | 1+ Method — 2
1+ VarGL
- n i JISVaGL ). 1) _
GL([¥EMSLy 1y o [Tl -2y OL({¥ResE)1) -2
Out[2] = -1y (4
n—+1 2n+ 1)(2n +3) n+1
n n H:I:I 7%
_4(_1) Zi,:l 2 1+2111+2“
n+1

Method 3: We consider the generating function g(y) of the Mellin transform of f(x), i.e.,
g =Y g YV F() =Y 02y y" fol x" f(x)dx. Changing integral and sum leads to

1 o0 1
80y = /0 FO Y yirdx = /0 Fe0-
n=0

Again if we consider analytic functions we have to make sure that the change of the integral and
sum is valid. Now we proceed as follows:

Compute a D-finite differential equation for g(y).

Use the differential equation to compute a P-finite recurrence for F(n).

Compute initial values of F(n).

Solve the recurrence (by using Sigma) to get a closed form representation for F(n).

bl

Example 4. We want to compute the Mellin transform F(n) of

— — T]
fly = / N
Hence
1
si= [ fw;
0
We find that

20y = D’ + Dy’ g Q) + (v = D (475 + Ty = 22) yg'(y)
+(355y° — 244y* — 113y + 50) g“(y) + 43y — 2)(85y + 14)8(y)
+12(85y — 24)g"(y) + 2408 (y) =
which leads to a recurrence which is satisfied by the Mellin transform F(n) of f(x):

(2n® +29n° 4+ 1700 + 515n° + 848n* + 716n + 240) F(n + 1)

+ (—2n°® — 34n° — 234n"* — 830n® — 1588n> — 1536n — 576) F(n + 2)

+ (—2n° — 35n° — 248n* — 9051 — 1778n* — 1760n — 672) F(n + 3)

+ (2n® + 400 + 320n* + 13001 + 2798n* + 29801 + 1200) F(n + 4) = 0.

Initial values of F(n) can be computed easily and solving the recurrence leads to the closed form

lvl’dr—i- [T ——2%
_ n I+t ii=1 —142i;
Fm) = MIf(0lm) = (=D ( P 2)(n @+ D2+ 3))
n N\ ]_[:: 1 71+2|2
+2(_1) Zi.:l T /01 1+1:

n+1 n—+1



112301-37 Ablinger et al. J. Math. Phys. 55, 112301 (2014)

HarmonicSums offers the following command to apply this method:

1 — VarGL):
In[3] ::GeneralMellin[GL[{ (1++GL) } _x]. x, Method — 3]
I
GL[{/=VaGL) 114 2 P A
Out[3] :(_1)n< [{ VarGL+1 } ] _ 4(n + 2) I—[ 1=1 — 1421, )
n+1 n+D2n+ DH(R2n+3)

n n Hi]: 772i2i —
+2(_1) Zilil % + GL[{ \}ar(;/iIG-i-lL}’ 1]

n—+1 n—+1

So far we presented a general toolbox to express the Mellin transform of nested integrals
which are D-finite to indefinite nested sums and products whenever this is possible. The purpose of
the following results is to provide direct rewrite rules to compute the Mellin transform of certain
generalized harmonic polylogarithms. Here we will exploit the specific structure of our nested
integrals instead of merely using their D-finiteness. In order to compute their Mellin transforms we
proceed recursively by applying the identities given in the following lemmas. Moreover, the theorem
below gives some sufficient conditions on when the Mellin transform can be written in terms of
nested (inverse) binomial sums.

Lemma 14. For ¢ € C \ {0} we have that

1—-¢ 1 1—e¢
N _ _ \N+1 _ _ N+1 g7
fo dex () = = ((1 VT F(1 —g) fo dxxN Tl f (x)> , (6.6)

1 1 N 1
/ dxxNM =cV (/ dx 2ACY + E l,/ dxxi_lf(X)) . (6.7)
0 X —C 0 X —C el C 0

Lemma 15. Let a € C \ [0, oo[ and let f(x) be differentiable on 10, 1[. Then for all N € N and
small ¢ > 0 we have

/1‘8 P LCO N T ( /'—de f)
0 Jx —a (2N+1)(2]C]) 0 Jx—a

N 2 -
+2Z (i)(\/m(l_g)if(l_g)—/ dxxi«/x—af/(x))>-
£ (day 0

(6.8)

Proof. Tt is easy to check that both sides of the equation satisfy the following recurrence in N:

1—¢
(N+DHy(N+D—a(N+Dy(N)=v1—a —e(1 —e)"*' f(l —e)—/ dxx"/x —af'(x).
0

For N = 0 both sides of the equation trivially agree. Altogether, this implies that the equation holds
forall N € N. O

The following variants of the previous lemma are proven in a completely analogous way.
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Lemma 16. For a € C \ [0, oo[ we have that
1—¢ 2N 1—¢
f doxh SO (_) ( )( PRAC))
0 Jx(x —a) 4 N 0 Jx(x —a)

4/a) 12 ”
+Z ()(vl— a—e(l—e) "2 f(1 - e)— f()))
o LG

(6.9)
Lemma 17. For a € C \ [0, oo[ we have that
_ 2N+ 1) 1-¢ X
f() <N+1)</0 dx/mf(x)
N

; 1—¢
s & <m(1—e)"“/2f(1—8)— fo dxximf/(x)))'

o 2+ 1)(21'[)

(6.10)

Also Lemmata 15-17 were derived using Singular.®’

Based on these formulae we now are in the position to prove the following criterion on the
expressibility of the Mellin transform in terms of nested (inverse) binomial sums. Note that analytic
continuation can be used to relax some of the restrictions on the position of the singularities.

Theorem 18. Let ro(x), ..., ri(x) € C(x) \ {0} without a pole at x = 1, let po(x), ..., pr(x) €

Clx]\ {0} with all their roots in ] — o0, 0], and set h;(x) := \;#L) Assume that each of the

products hyo(x)---h;(x) is of one of the forms r(x) r(x) j)%, or \/;% for some r(x) € C(x) \ {0}

(not necessarily all of the same form). If the mtegral fol dxho(x)Hy,
transform M[ho(x)Hﬁ1 hI‘(x)](N ) is expressible in terms of nested (inverse) binomial sums.

.....

Proof. Assume without loss of generality that po(x) is monic and square-free and hence is equal
tol,x,x — a,orx(x — a)forsomea €] — oo, 0[. Determine the full partial fraction decomposition
of ro(x), then by linearity and Lemma 14 we can assume without loss of generality that ry(x) = 1

1
leaving the four cases ho(x) € {1, [ T m} We proceed by induction on k. If k = 0, we

trivially have M[1](N) = N_+1 and M[ ] (N) =5 + NTi/5 s well as the following two identities

obtained by Lemmas 15 and 16, respectively:

N
}(N):L<«/1—a—\/—_a+«/1—az(4 )l>, (6.11)

1
M
[Jx —a (N +1/2(3)

M [\/ﬁ] m=(5) <2;{v> (2 arcsinh («/_) + J_Z (4(/‘) ) . (6.12)

1

If £ > 0, by the lemmas above we obtain the following identities for the four cases. Note that
Hy, . p (1) = 0by the assumptions above. The following Mellin transforms have the representation

.....

1
M[H}, p (D] (V) = —— M [xh (0)H},

..... N1 h ()] (N, (6.13)

.....

h (O] (N), (6.14)

.....

Hﬁ*] AAAAA hk('x) _ 1 *
M[—}(N) N MIVE o,
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Hf hk(x)} “4a)N < 'OHp (x)
M| Dl Z (V)= ————— dx DT 6.15
[ vi—a |V (2N+1)(2N) 19

.....

(x) 2N bOHR L p ()
] R (N)_(g) >< d e 6.16)
Jx(x —a) 4 N «/x(x —a)
N
(4/ a)‘ x—a " .
Z — (M, p () @),
Each pre-factor of Hy, 1, (x) in the Mellin transforms on the right-hand sides is a rational multiple
of ho(x)h(x). Hence 1t has one of the forms r(x), r(") J% or J% as well. Now we apply the
induction hypothesis to complete the proof. O

The previous theorem shows that even three square root singularities in a single letter are allowed
in certain cases. One of the simplest examples in terms of the letters

1

o) := N )

and h4(x) :=

1
= (6.17)

is given by

= d 2 M
|:\/x+l (2N+1)(2NN) 0 x\/x+1+ ;(—4)’ Vx(1 —x) ®
(—a)V r2 (4 2i "
:m<2 e Z( ) (- —>)~ .19
N

Due to the emergence of the term ( ) in (6.18) the corresponding iterated integral Hy (x) of depth
d = 1 is not an elementary function anymore, but it can be written in terms of an 1ncomplete elliptic
integral of the first kind

H (1) = V2 ((1 Y (%) YiF (% +i arcsinh (Vx) | %)) . (6.19)
An analogous behaviour has been observed in case of inverse binomial sums in Ref. 14, Eq. (27), in
a similar context before, noting that Mellin convolutions can be converted into iterated integrals, as
has been described in Sec. I'V.
The direct rewrite rules above are as well implemented in HarmonicSums. The command
MellinG applies them:

In[4] :=MellinG[GL[

(1 + VarGL)? lxn]
VarGL

1 ﬁ (_1)n22n+2 )1+n(2(1 —|—I’l))'

(-
Out[4] = —
] n+1(n+1 (n+1)(2n+3)(2j++12)( ( (1 +m)!)?

_i_iw)_i_\/_ )) GL[{ \\/?arrGG]fl}’l]

=1 (TI') n+tl
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VIl. GENERATING FUNCTIONS AND INFINITE NESTED BINOMIAL SUMS

In Sec. V we dealt with finite nested binomial sums. We would like to turn now to the infinite
versions of (inverse) binomial sums. Infinite sums of this kind have been considered previously in
Refs. 52,54,56-58,60-62, and 113. They can be seen as limiting cases of the finite nested sums
considered so far, introducing a new parameter x in addition. Starting from their Mellin representation
we may send N — oo to obtain an integral representation for the infinite sum, provided the sum
converges. On the other hand, infinite sums can also be considered as specializations of generating
functions. So, if we are given an integral representation of the generating function of a sequence
then we can obtain an integral representation for the infinite sum over that sequence. These two
approaches to infinite sums can be summarized by the following formula:

0 N 00
D f@= lim Y f@) = lim Yy ¥ fG).
i=1 i=1 i=1

Generating functions are also important in their own right. In the following we will consider two
ways to compute them.

A. Generating functions from sum expressions

We consider generating functions of sequences that are given by nested sums. In analogy to the
formulae we developed in Secs. IV and VI for the computation of convolution integrals and Mellin
transforms, we aim at an appropriate set of identities which can be applied recursively in order to
express generating functions in terms of iterated integrals. First we summarize a few well known
properties, which will be useful in our context.

Lemma 19,
i%nf(n) = /0 dr%ét"f(n), (7.1)

;x ; fi) = ﬁ gx"f(n), (7.2)

i Ol %/0 a é”f(”) (1.3)

O xn 1 [~ O
- ; =~ /0 1 ; = fo. (7.4)

Next, we give some identities specifically useful to expressions involving binomial coefficients.
Related formulae can also be found in the Appendix of Ref. 52, which do not explicitly express the
results as iterated integrals, however.

Lemma 20.

gx < )Zf(z)— i / Zm(i’) f@). (7.5)

——tnl

Proof. Both sides of the equation satisfy the following initial value problem for y(x), which has
a unique solution near x = 0:

2 1 =, (2n
W= x(1—4x);x ”(n)f(”)

y(0) = 0. U

y'(x)—



112301-41 Ablinger et al. J. Math. Phys. 55, 112301 (2014)

Similarly, the following lemmas are obtained.

Lemma 21.

o0 XN n X X 1 00 o
n;) - ‘ @ ! 7.6
;n(Zn) ;f(l) \/:/0 fm; (2:)f(n+ ) (7.6)

_iif(n)+/ a fxdt ! iif(n) (7.7)
_n:l n(zr:l) 4-x 0 t(4_t) n=1 (2:) . .

Lemma 22.

Z(2n+l) 2n Zf() \/7/ WZ ) f(n) (7.8)

n=1

Note that for f(n) := §,, | we obtain the following generating functions as special cases from the
formulae above.

o0

2n 1
Zx"( >=——1, (7.9)
n 1

n=1 2 Z—x

= X" ] x o 1 _ X (X
Zn(ZI’L) = m/o dtﬁ =2 marcsm (7), (710)

n=I1 n

l

y VX
Z::(2n+1) 2 m m —1= mtlmm( >_1,

(7.11)
Let us illustrate the use of the formulae above by a simple example.
Example 5. Consider the generating function
o n
> S (7.12)
2n : :
n=1 n(n)
Applying (7.7) and then (7.1) we obtain
x" = X" X o 1 =
- SH(n) = - + / dt -
e e = P
I u" x 1 Tl u"
dt—/ us e [ [y .
= [ ey e | s ]

Now, by virtue of (7.10) we obtain the result

x"
ZH(Zn Sx(n) = /dt /du u(4_u/ —U(4_U)

n=1 n
/ / / (7.13)
V —x «/t(4—t «/u(4—u v(4—
X
= Ho,wyg,wso (%) + A/ EHW19,W19,W19(X)' (7.14)

The sum (7.12) has been calculated e.g. in Ref. 60 in terms of LogSine-functions.”®
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These direct rewrite rules are as well implemented HarmonicSums. The command BSToGL
applies them:

In[5] :=BSToGL[ i l (2:1])
n[5] :=BSTo —
o=1 ( -1+ 201)2

Out[5] =v/x64GL[{v/1 — 4VarGLV/VarGL}, x] + v/1 — 4x + 4(1 — 8x)v/1 — dxx — 1.

B. Generating functions from integral representations

Now we consider generating functions of sequences that are given by Mellin transforms of
nested integrals:

0 . 1 (t x)k
D AMUOIm) = | dis—— f(0). (7.15)
0 1 —1x
n=k
We again aim at a recursive procedure for rewriting expressions of the above form into iterated
integrals. For most of the situations encountered in the context of the integral representations
considered in Sec. II, the following theorems provide the necessary formulae to do so.

Theorem 23. Leta < 0,¢c < 0,0 < x < 1, and let k, ey, e; with %0 <k+1 and@ <k+1.
Furthermore, let f(x) be bounded on (0, 1). Then

f‘dt (tx) Lf (1) -
0 1—tx(t— c)teo/Z(t — a)el/z -

coter g k

cter X 1—“re
X 2 2 1t
dt = lk71 = tk 1— 1—e1/2 1
(1—cx)(1—ax)en/2/0 (l—at)'—el/z(cl tart+d=at r
1 t k
—/ duﬂul—%/z(u—a)l—el/zf’(u)), (7.16)
0 1—[14
where
_ ey + e Lo tf ()
=|k+1-— dtt 7.17
“ ( " 2 >/0 (t — o)tol2(t — a)n/? 71D
1
- _e_O k f@
& = —ac (k+1 2)/0 it (7.18)

Theorem 24. Leta < 0,¢c < 0,0 < x < 1, and let k, ey, e; with %“ <k+1and # =k+1.
Furthermore, let f(x) be bounded on (0, 1). Then we have

/1 g 1f (1) ~
0 1—tx(— c)t€0/2(t _ a)€1/2 -

k

a c +/‘de; &+ (1 — )l—el/zf(l) 1
e G A el Gl =

1 k
_l d ﬂul—euﬂ(u _ a)l—el/Zf/(u)>>’ (7.19)

u
t Jy 1 —tu
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where
G = / L o c)tef)]/;((tl)— prE (7.20)
& = —ack / - C)tej;(g e (721)

In fact, the last theorem can also be derived as a limiting case of the first. The scope of the

theorems above may be further extended by considering limits or by analytic continuation in the
parameters. As an example we give two formulae which can be derived as limiting cases of Theorem
23. For the first we set ¢g = ¢; = 1 and let ¢ — 0, for the second we set ¢g = ¢; =0 and leta — 0.

Corollary 25. Fora < 0,k > 0,0 < x < 1 we have that
Looaxr f@ 1 !
d = d V11— 1
fo tl—tx\/t(t—a) \/l—ax(qfo t«/l + af( )./ A Tt l—t)\/l—a
o 1 (tu)k ,
_/ dtm/o dul _tu\/u(u —a)f (u)), (7.22)

1
cr =k dtt \/t{t(;—)a (7.23)

Corollary 26. For c <0,k > —1,0 <x < 1 we have that
(0" tf (1) 1 x s (m)kH
== x(1 —cx)/o dt<c"k+f(1)1 - / du——uf'(w))  (1.24)

1
/dt
0 l—txt—c
¢ = (k+1)[ dr k=~

Example 6. Consider again the generating function (7.12), this time the coefficients are given

tf (t) (7.25)

(7.26)

in terms of a Mellin transform:
oo

xﬂ
2 oM
n=1
We treat the two terms inside the Mellin transform separately. By Eq. (7.15) the first gives rise to
16)-(7. ithk=1,e9g=2,e; =0,

the following integral, to which we apply the main formula (7.16)-(7.18) with k =1, ey

1
tu
d H .
+/0 e Wa(u))

(1) = 0. The remaining

_ H*
& WS’Ws(t):| (n).
1—1¢

H{ w, ()
t

and a — 0, ¢ — 0. This yields

HE: . (1) x/4 1

_Oows 7 / dt (/ du HS,WB(u) + HE‘)’WS(I)1
0 0

flas!
0 R
The two constants appearing have the values fol dx H6VW3 (x) =2 and H

X
7
1—1t3
inner integral allows one to apply our main formula again. More precisely, we use Corollary 26
=)

(tu)?

ul—tud]—u

with k=1 and ¢ — 0 to obtain

1 X 1 l2 1
) = / dt ZI/ duuH;, (w)+H;, (1)— /
0 0 ¢ Sl =t  Jo

1
t
/ dr—= Hy, (1) =
0 1—tx ™ X
Again, we evaluate the constants, fol duuHy, (u) = % and Hy, (1) = 0, and apply Theorem 23 to the
inner integral. Withk =2, ey =0, e; = 1, and ¢ — 0 analytic continuation to a = 1, avoiding a >

0, yields
! tx)? 1 1 x r 5 !
/dt(x) = /dtL—t/ du
0 1—txJ1—t¢ ﬁ«/l—x 0 J1—=1t2 Jo
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Finally, we just need to compute fol dx JT—ZTX = }—g’ . Altogether, we obtain the following representation
of the integral

fldt 3 Hgw,® /x/“dt 2+1/’d 4. / v2
—= = - ul qu
0 l—ti t 0 t Jo \/l—u f\/l—U

1! 1 " 1
= dt— | du——= dv———.
/o f./o \/ﬁ\/l—u./o NONAE=EY

Dealing with the second term of the Mellin transform we similarly apply Theorem 23 three times in
order to arrive at the following identities:

/ld[ t% §2 W3 Ws(t) izc tu \?V@,(u)
0 tu

I—tf Tt ,/1—-/ \/2/_1_ / -
! tx  Hy () x ! tu 1
dt————2 " = dt |2 d

/0 I—ix ¢ /O <+/0 ul—tu4/_1—u>

/ldt 1x 1 1 2
o l—txyT—1t JxJT—xJo Vivi—1t

Combining them gives

[art e - ﬁf v v ] R =

Altogether, we obtain the following representation in terms of iterated integrals in agreement with
Eg. (7.13):

u

O " 3w3( ) = w3 Ws( ) . N \/} .
> P M[ + }(n) = Howsws(§) + —meg,wa,w3(4). (7.27)

n=1

A change of indices on the expense of a different argument is possible in case of the iterated
integrals, cf. Refs. 38 and 50. This may sometimes be of advantage. Let us consider the simple case
of Eq. (7.10). The corresponding integral is

* 1

One changes variables by setting

S - (7.29)

and obtains

Jx(4—x) 1 4 —
I = f dy———— = arcsin (—M) . (7.30)
0 4 —y? 2

The letter f19 occurring in (7.28) now re-appears in the argument, i.e., moves to the argument of
the iterated integral. In case of the single infinite binomial and inverse binomial sums variable trans-
forms of the kind (7.29) lead to polylogarithmic expressions in a new variable. The corresponding
variable transforms depend on the set of iterated letters. To trade letters of the alphabet in iterated
integrals against the argument of the integral has been of use in several physics examples, see e.g.
Refs. 38,50, 60, and 61.
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C. Generating functions for iterated integrals

In various applications generating function representations of iterated integrals need to be
calculated. They can be determined using the package HarmonicSums by the following command:

In[6] ::GLToS[GL[{(l _ VarGL)%} x]]

00 o TTor =142y
2x l_[1,1 2i

Out[6] =) -
ue] 012::2 (—3+201)(—1+201)

+x

In[7] :=GLToS[GL[{VarGL%, (4 — VarGL)} ] x1]

2—4o1 .01 (20011)( -1 +01)01

1—201 ( 7+201)(—5+201)(—3+201)

4x52 X712 92

Out[7] = — —2048 Z

D. Asymptotic expansions of Mellin transforms

The asymptotic expansion of the Mellin transforms of iterated integrals, dealt with in the present
paper, in the variable N is of importance to perform the analytic continuation of these quantities,
and therefore of the nested (inverse) binomial sums, to the complex plane, see also Refs. 30 and
50. We note in particular that different of the individual sums occurring in the respective Feynman
integrals do diverge exponentially as N — oo, but in their combination for a single or several
Feynman diagrams regular results are obtained, with an asymptotic growth of at most like a power
of In (N). This property has to be checked in all physical applications requesting to perform the
asymptotic expansion of the respective nested binomial sums or the associated Mellin transforms of
the iterated integrals. The package HarmonicSums allows to compute these asymptotic expansions
using the command: GLExpansion[GLla, x], x, N, ord]. It computes the asymptotic expansion of
M [GL[a, x]] (N) in N up to order ord.

In[8] ::GLExpansion[GL[{(l + VarGL)? } ,x],x, N, 5]

4225 2 469 2 55 2 V2 2 42 2
Ouf§l=———— — — - ——— 4~ 4 — _ I e
964/2N5 3N° 242 N* 3N*  62N3 3 N3 3N2 3N2 3N 3N
. (1 — VarGL):
In[9] :=GLE GL[{ ——————1.x],x,N,5
n[9] xpansion[ [[ £ VarGL x], x ]

1 1 1 1 1 >GL[{\/1 — VarGL

Out[9 e v YAy
udd) = (N T YER T2 vaGL 11 1]

N 1149 /1 9/2+29 1IN 11\ JE
— = — | = e v b4
512 \ N 32\ N 4\ N

VIIl. CONCLUSIONS

Nested finite (inverse) binomial sums, weighted by (generalized, cyclotomic) harmonic sums
emerge in Feynman diagram calculations containing massive lines starting with 2-loop order. These
sums are related by the Mellin transform over the interval [0, 1] to iterated integrals containing
a larger alphabet of root-valued letters. We have worked out algorithms to transform given sums
into Mellin transforms of the associated integrals and vice versa. Both the iterated integrals Hf at
argument x = 0 and the nested sums in the limit N — oo define special constants which enlarge
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the sets of constants associated with the harmonic, cyclotomic, and generalized harmonic sums and
polylogarithms. At the side of the iterated integrals the shuffle relations hold.'!*

As has been shown, the Mellin representation of the (inverse) binomial sums can be found
based on the consecutive convolution of a few building blocks only. Moreover, we proved a series
of theorems for classes of functions with general parameters. We gave explicit representations for
the nested binomial sums emerging in classes of massive 3-loop integrals containing local operator
insertions, cf. Ref. 50. Using Mellin transforms of D-finite functions we also provided means in
transforming iterated integrals of root-valued letters into their associated nested sums. With the help
of the given theorems wider classes of sums and iterated integrals emerging in loop calculations than
the presented examples can be dealt with. The knowledge of the Mellin transforms is instrumental
for the asymptotic expansion of the nested sums, and therefore for their analytic continuation.

Using generating functions, we also addressed the case of infinite (inverse) binomial sums. The
calculation of Feynman diagrams of growing complexity implied by higher loop orders, more scales
and an increasing number of legs leads to a growing variety of special mathematical functions and
special numbers forming the basis of these physical quantities. They can be found and classified in a
constructive way in computing the diagrams with systematic algorithms in difference and differential
fields by intense and large scale applications of computer algebra.

ACKNOWLEDGMENTS

We would like to thank A. De Freitas, A. Hasselhuhn, and F. Wi3brock for discussions. This
work was supported in part by DFG Sonderforschungsbereich Transregio 9, Computergestiitzte
Theoretische Teilchenphysik, the Austrian Science Fund (FWF) under Grant Nos. P20347-N18 and
SFB F50 (F5009-N15), the European Commission through Contract Nos. PITN-GA-2010-264564
(LHCPhenoNet) and PITN-GA-2012-316704 (HIGGSTOOLS).

APPENDIX: CONSTANTS AND THEIR INTEGRAL REPRESENTATIONS

In this Appendix we list a series of constants evaluating the iterated integrals Hj at the argument
x = 0. We set H;(0) := lirr(l)% (H;‘(ie) + H’g(—is)) to avoid poles and branch cuts on the path of
E—>
integration. Previously known special numbers as the multiple zeta values, cyclotomic harmonic
sums and generalized harmonic sums for N — 00'%2%26 express part of these constants. We denote
the Catalan constant by C and zeta-values by ¢ := ¢ (k):

H;, ., (0) = 4C, (AD)
Hy, woow, (0) = %@z, (A2)
H;, 1(0) = —27 In(2), (A3)

H; 1100 =7 (2InQ2)° + &2), (A4)
Hj .. (0) = 27 In(2), (A5)

Hj , 0(0) =7 (4In(2)° — &2), (AO6)

H3 , (0) =0, (A7)
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" 2
H, 0= -0

2 2
W1 1, 1(0) (5(3 1n(2)§2 + 9\/5 (

2
0 =-F6.

*
3wy, Wy wy

H*, , (0)=-27In (L) ,

J. Math.

45 — W(%))) ;

Phys. 55, 112301 (2014)

(A8)

(A9)

(A10)

(Al1)

H100W(0)_2n<2L1g(~f )_gg_gln(@);ﬁ%ln(%f), (A12)

Hj o, () = =78,

. 4 91 (1 2
H—}vW1,W1,w1 0) = —2n (5{3 + g In (T) o — g In
1 W3(0) - 3;25
* g
H; 0 (0) = 3

Hj ., (0) = 2arccot(v/7)?,

Wy L (BB L
8,0,0,ws - 45 4 %’2,2 2 18)

* _ 1 3\3 3 3NT ¢ 1 . 1
HZ; 100 = 3 In(3)” 4+ In(5)¢2 + In(3)Lix(—3) — Liz(—3)

* 1 2 4 2 . !
HW27,W19(0) = _3 In(2)” + §§2 - §L12(_§),
* 1 2 . 1
H_%,O(O) =3 In(2)" + & + Lis(—3),

Hﬁ 000(0) ln(2) —In(2y°s — —Cz —|—L14( ),

\Ol-lk

Hy w0 = = (¥/'(3) —40) .,

H™, | (0)= V2 (%{2 —2Liy(—1) — 1n(2)2> .

().

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

— 2Li3(5), (A19)

(A20)

(A21)

(A22)

(A23)

(A24)
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Here 1/(z) denotes the digamma function. We note that one may express the value of the generalized
hypergeometric function, occurring above and in later cases, by

L1,1,1,3 1111y
’ 4( 2229 4)22'4F3(2§2§2§2 -3 (A25)
e 2252
1 1 1 1 1 )
99735999 5 1 1 1 ]n(t) 1
L e =—/dt[1— } + 8. A26
' 3( 555 1 4] 8l Jra) ¢+ T2® (A26)

For an evaluation of the latter integral in terms of polylogarithms see Ref. 50, Eq. (5.35). In the
following we give integral representations of many constants suitable for numerical evaluation to
high precision. First, we list those constants for which we have representations by integrals of depth
d=1.

fo,‘VB WB()C)
M |:—i| (0) = —Hj wews(0) =
x—1

1/4 h(v/1—4x)* — 35, oG- 4x —
g / " arctanh( X) g / dx( arctan(/4x )) (A27)
1 — X 1/4 1 — X
W14 W14( ) *
[ }(0) = HYy O — 410 (5 =
arccoth(\/4x+ 1)+ 1In V5-1
/ ( )) —4In (@) (A28)
x +1
H* (x) 1 3
-1.0,0,0 R _ _l In(x + 1) In(x)
M[T} 0) = H', 1540 = 6f0 dx —x+_ , (A29)
Hg,o,w1,1(0) =
/1/4 Lis(4x) In(1 — x) f3/4d (In(4(1 — x))In(3 — 4x) + Lir(4x — 3) — &) ln(x)
- —_— X
0 Vx(1 —x) 0 Vx(1 —x)
(A30)
H”: o, (@ =
174 In(1 — 4x) —4x) arccos(y) ' In@dx —1) '  arccosCu — 1) (A31)
X— U——
Jx(x+1) J g 1/1 + y2 174 Ax(x+1) Ji Ju(l + u)
Un(dx 4+ 1) arccos(y)
H* , 0) =4 —/——= —_— A32
owm® =4 [ g [0 "
11
i3 (—5,—5;00) = 8Li4(1) + 8Lis(—4 )+/ dt 1(2)
0
ety P 2y Sid L
= 8Lis(—3) + 3L14(2)+3L14(3)+2L14(4)+1n(2)L13( 5)
—In(3)Liz(—$) — Lio(—3)* — &,Lia(—3) + In(2)*Lix(—3)
79

Y E 2 _ E 2 Z 4
6052 3 In(2)°¢, 4+ 51n(2) In(3)&, 5 In(3)°¢, + 36 In(2)

In(2) In(3®*  In(3)*
2 + g ’

—1—69 In(2)* In(3) + % In(2)? In(3)> — (A33)
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Jx (arccoth | -2 +1n (=2
M VxHG, () — _ / dx ( («/§VX(8—X ) ( )) (A34)
| (x+ DB —x 24/3 Jo (x+ 1)v/8—x
[ xHE (x) X (arccoth(«/4x +1)+1In (%))
M| —%"" | 0)=4 / dx , (A35)
|+ Dyx+3 0 (x4 1)y/x + 1
7 1 /x (arccosh (3 — £) + In (3=¢2L
M */_HWZS(x) 0) = f dx ( G-3) ( >) (A36)
_(x+1)v —x | 0 (x+DV8—x
B HE, 1 In(x) (arccos (1 — £) — L arccos 4;5"
M Vx VrHy o) o(x) ©0) = _/ I ( ( 4) 3 (4( +1)>)’ (A37)
| (0 + Dv8 —x | 0 Jx(8 —x)
H* T 1 In(2 — x) (arccos (1 — %) — L arccos 4;5)‘
M [ Vx VEHG, (0 5(x) 0 = / I ( (1-%) -3 (4( +1)>)’ (A38)
_(x+1)«/8—x_ 0 Vx(@ —x)

_ VR () . o /1 ., (arccos (1 —3%) — Jarccos (ﬁ;j’%)) (arccos (3 — 1) — &)
_— = X ’
0

M
[+ DV —x | @061
(A39)
¥ RRRIGY 1( 2|0y = /‘ In (3 = 20)2x — 1) In(x2 = x)* (A4
x— 0 VX2 =x)

X 4-—5x

H* 1 arccos (1 — £) — L arccos 1or ) ) Li2(1 — x)
M Vx w13,1,0(x) 0) = / dx< ( 4) 3 (4( +1)>) 2 ’ (A41)
x4+ 1)4/8—x 0 2 —x)/x(8—x)

xH}, (x) 1111 1
M| 00Tl <0>=84F3(2§2;§2 —3] -4
x+1) x—i—z 2°2°2

L 1 B In(x)? (arccos (21(;4%);)) - %)
V3o X\/x +

[ | 1 (T o) 5o
(x+1D 0 |

X+ }1 X /x + i
(A43)
m | 1.0 0) =
(x4 Dy/x + 1
/ 1= = d=2x ) _m i (— &
fl i ( dx+1-1 7 (arccos (2(x+1)> 3 )) (L12( x) + In(x) In(1 + x) + 3 ) | (Add)
0

X4/ X

_|_
IS
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M |:ﬁH:lkv1a,—1,O(x):| (O) _

(x —1A/8+x
I (arccosh (1+2%) — Larccosh (4‘&*_5;)) (Liz(—x) + In(x) In(1 + x) + 2)
d , A45
/0 * 2+ 0VxB 0 (A
'XHWS N 1(x) 0 /-1 ., («/4x 1-— 7§ arccosh ( Ti )) (Lix(x) — &)
= x
(x—1),/x 3 x,/x—i
+4/1 B («/x(2 —x)—1-— f (arccos ((g‘_;)z(iﬁ)) - %)) (Liz (%) - Q)’ Ad6)
0 (1 =x)v/x(2—x)
xHE o) 1 («/4x —-1- 7§ arccosh (2 )) Lix(1 —x)
M| el |y = / dx
x—-1) x—— i Xy/x — %
+4/l dx< @-D-1-% (arccos <ﬁ) - %» L, (1 - ¥) (A47)
0 (1 —x)v/x2—x)
xHE () 1 ! («/4x —-1- 7§ arccosh (2 1))> In(1 — x)?
M| et ) = —/ dx
(x—l),/x—}‘ 2 i Xy/x — %
2_2x T —x)? 2
+2/1 B («/x(2 —x)—1-— % (arccos (é‘ﬂi;%) - ;)) In (1 - %) | ag8)
0 (1 —x)/x2—x)
H*
M XWB—”’(X) (0) = 2In(2)¢s — 3¢5 — 4In(2)Lio(— 1) — 4Lis(— 1)
x—1D,/x— 3
) /1 arccosh (22()1(+;)> (Lia(—x) + In(x) In(1 + x) + £)
—— dx
V3 xfx—1
T 0 () (4 257) 1)
f (I~ 0VAZ— e

x2—2x+43 : d—=x)" x) (lf)r)2 (1—x)? Is
ld (arccos ((3_)()();1)) - %) <L12 ( ) +In ( i )ln (1 + T) + f)
x b

0 (I —x)v/x2—x)

H!
M X Wos5,W1g, W19( )}(0) —

8
3
|: x+1Dv/8—x

7
(

1 (arccos (1-2%)- %arccos (ﬁ;j%)) (arccos (% — 1) — ZT”)Z

2 / dx JE 0B —x) ’

(AS50)
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VIHG 0.1,0()
M 12: 0
|: (x+DvV8—x © =
1 (arccos (1= 3) = arccos (3535 ) ) (Lis(x) — &) = In@)(Lia(x) + £2))
/ dx , (A51)
0 Vx(8 —x)
VIHY, o q0(0)
M | Y w0107 () =
|: (x—D+/8+x ©
1 (arccosh (l + %) — %arccosh (;ﬁf;)) (ln(x) (Liz(—x) — %2) — 2Li3(—x) — %Q)
d )
/0 ! NETCE
(A52)
M 25,W19,W19, W19 O —
|: (x+DvV8—x i| ©)
1 ! (arccos (1—1%) — Larccos (ﬁ;ff))) (arccos (3 — 1) — 27”)3
3 /(; dx T . (A53)
Further constants are given by integrals of depth d = 2.
W21 W20, W19( )
M 0 =
[ (x—=DV8+x ] ©
1 arccosh (1 + %) — { arccosh (;:;r_sj)) I arccos (% - 1) -z
2/ dx / du , (A54)
0 V(@ +x)(8+x) Jx V4 +u?

Way,Wo3, 0( x) _
M|:(x—1)«/8+x:|(0) N

1 arccosh (1+ %) — 1 arccosh ( 4‘:;’5“):)) 1 ()
—4 / dx / dy— (A55)
0 V@& +x)@8 4 x) Vi (I +ud)/4 +u?

Was, Was,0

M =
|:(x+l)\/ —xi|()
4-—5x

1 arccos (1 — %) — Larccos ( 2=25 1
_4/‘ . ( 4) 3 (4(x+1)) / du In(u) ’ (A56)
0 V@ =x)@8 —x) i (1= ud)V4 —u?

VAHL, 2.1.00)
M | T we2l07 ) =
|:(x+1)x/8—x ©

x 1 4—5x

1 arccos (1 — ) — 3 arccos (—4(x+1)) UL —1)

L 52 =0 (a57)
0 V@ =) x 2-1
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HW14 W14, ( )
[

/ dxx—ln(x—l—l) 1 ’ (A5S)

xy/x+1 '“()‘)3 \/exp(—(—u)1/3) +1

M |:x_ H‘TV1;V14,11,0(X_)i| 0 =

1 -1 1 [° Liy(1 — e*
/dxx n(x + 1) 4 ir(1 —e")
0

-~ 7 U————",
X /x+% In(x) /eu+}1

M |:x_ H‘TV14),CW::11_*O(X):| ) =

(AS59)

du , (A60)

X /X‘i‘% In(x) eu_*_[l1

VIHG 5 o)
M 175 5 5 —
|: (x—D+8+x ©

/1dx—1n(x+1) 0 Lix(—e")+uln(l +e") + 2
x—
0

1 arccosh (1 + ’—‘) 1 arccosh( =k 5; ) I Li(=t)+In(H)In(1+1)+ &
/ dx )73 a1-x) / dr 2(=1) (#) In( )+ 3 ’ (A1)
0 X

Vx84 x) 24t

VAH, 0 .0.0(0)
M W21,W20, 0) =
|: (x—D+/8+x ©

1 arccosh (1 + %) — Larccosh ( ;2% 1 In(u)?
4 / dx Vo3 (4“ )) / P C) (A62)
0

VE+ 0@+ x) N u«/4+u2’

VA, o —1.0(0)
M 21,W20, 5 O —
|: x —D/8+x ©

1
1 arccosh (1 + ) 3 arccosh(z‘(1 x)> 1 2Liy(—u?) + 41n(u) In(1 + u?) + {2
dx du
0 V@& + )@+ x) Jx V4 + u?
(A63)

M 21,W20,W19,W19 —
|: (x —DvV8+x :| ©

(A64)

2
1 arccosh (1 + %) — %arccosh (;ﬁfi)) 1 (arccos (% — 1) — T)
dx du ,
0 V@ +x)@8+x) Jx Va4 + u?
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VIHG s 0.0(0)
M 25,W19,VY, O —
|: (x+Dv8—x ©
1 arccos (1 — %) — Larccos [ 2=2% 1 2
4/ i (1-%) -3 (4(x+1))/ duﬂ, (A65)
0 4—-x)8—x) 4 —u?
X 25W1910( )
M | Y weswie 1,077 =
|: x+Dv8—x i|()
1 arccos (1 — £) — Larccos [ 2=2% 1 c 12
2/ B (1-3)—3 (4(x+1>)/ a2 =) 266
0 V(@4 —x)8 —x) 4 — y?
M[ W8W8°1(x)](0) -
V32 3 _ V3/2 (1 2\ _
16/ 1+4y +4mn(3 y)/ duM (A6T)
0 1+ 4y2 y 1 + 4u?

1/2 4 41 2 2 arccosh 2
2/ gyl G )/ ('“)du . 1 )
o 1 —4y? 0 2 (1 +cosh(%)

M|:x waWs'lO( )i|(0) _

fz 1+4 +4In(3 - V32 Li, (3 —u?
16/ Y (3 y)/ a2 G =) (A68)
0 1+ 4y2 y 1 + 4u?
1/2 1— 4y + 41n( + y2) 2drccosh(l 4);) 1
2/ dy / duli, —_— ],
o 1 —4y2 0 ~ 2(1 + cosh(¥)
X (x)
M Wg wg,1,1 0 _
[ et (0
V32 144y 44 (3 =) V2 (3 —u?)
8 f dy—" (G2 / G ) (A69)
0 1 + 4y?2 v 1+ 4u?

8/1/2d 1—4y2+4In (3 +)?) /yd In (2 +u?)’
, [ —4y? o T e

M|:x W3W871 0( )](O) —

. ~/§/2 1+4y +41n (2 —y?) ﬂﬂd £ +In(t +u®)InCG +u?) +Lip (- — u?)
/O 1+ 4y2 fy 1+ 4u?

)

—_

2/1/2dy 4y +4h’1( +y2) /-Zarccosh(IAZ) u(g
0 0

1 —4y? 2

1 1 . 1

A few other constants have already been given in Ref. 50.
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