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1. Introduction

The Schradinger functional (SF) is a powerful tool to sohan4perturbative renormaliza-
tion problems in lattice QCD{[1] 2]. The SF, allows for the diion of gauge-invariant, mass-
independent, finite-volume renormalization schemes, lvare suitable for both non-perturbative
and perturbative evaluations. The standard lattice foatiar of the SF, however, is in conflict with
the argument of automatic &(improvement of massless Wilson-fermions in finite volurg [
The reason is that the SF boundary conditidhs£ %(H: ¥0)),

P W(X)[x=0 = P(X)P-|x,=0 =0, P-y(X)[x=T = W(X)Py [xo=T =0, (1.1)

explicitly break chiral symmetry, and therefore the afoemtioned argument cannot go through.
In [@, B], it has been shown that automaticad{mprovement can be rescued for an even
number of quark-flavours by changing the boundary condition the fields. The basic idea is to
extend the principles of twisted-mass lattice QEP [6] to 8% More precisely, given the isospin
doubletsy and P satisfying the standard SF boundary conditigng (1.1), @msiders the chiral
rotation, , ,
W=Ry=d2%7y, T=YR=Yxez%7. (1.2

The fieldsy andy so defined satisfy the chirally rotated SFSF) boundary conditions,

C~?+X(X) x0=0 = X(X)Q+ Ixo=0 =0, QfX(X)|><o:T = X(X)Q: =T =0, (1.3)

whereQ.. = 3(1+iy)s1%), and*23 are Pauli matrices. Using the invariance of these boundary
conditions w.r.t. the field transformation,

Ps: X0 = iwT>X(R), X(X) = —iX(R) wwr®, X=(X,—X), (1.4)

i.e. [Qi, w13 = 0, automatic Of) improvement can be recoverdd [5]. In addition, as the thira
field rotation is a non-anomalous symmetry of the continuuasstess QCD action, one can derive
universality relations between standard SF g&dF correlation functions, of the form,

(Oly, 7)) = (O[RX, XR))- (1.5)

On the lattice with Wilson-fermions, the above relations thien expected to hold among properly
renormalized correlation functions up to discretizatiffieds.

The realization of the¢SF boundary conditiond (}.3) with Wilson-fermions is naiil,
since it requires the non-perturbative renormalizatioa bbundary counterterrf] [5]. The presence
of this counterterm is a direct consequence of the explieiaking of flavour and parity symmetry
by the regularization. The corresponding coefficiengy) is thus finite, and can be fixed by
imposing parity/flavour symmetry restoration on a givenesbable. Once;(go) is determined
and the quark-masses are set to zero, automasgi@provement is at work. This means that all
bulk O(a) effects are located ifs-odd correlation functions, whilBs-even observables are free
from these contributions. Note however thagidéttice artifacts are in general not absent frBgn
even guantities, since the SF boundary conditions intrecudditional discretization effects which
are not taken care of by the argument of automatia) @provement. On the other hand, these
effects can be eliminated by adjusting a couple af)®pundary counterterms in the actigf [5].
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So far, thex SF has only been studied systematically in the context efifgation theory[[[7,]8],
and in the quenched approximatidh [9] £d, 11]. These studiefirm the validity of the univer-
sality relations [(1]5) in the continuum limit, and the reation of automatic G) improvement
as described above. Following these developments, in trigribution we present first results
from dynamical simulations df = 2 O(@)-improved massless Wilson-fermions wjlsF bound-
ary conditions. More precisely, expanding on the ideaseprtes in [9], in Sectiorf]2 we discuss
how the universality relationg (1.5) can be exploited forefficient computation of several finite
renormalization constants of interest. After a short dption of the lattice set-up in Sectidf 3,
results for the renormalization of the non-singlet vectod axial currents are then presented in
Section[}. These determinations together with the studg\aralPs-odd correlators, also provide
a non-trivial test for automatic @J improvement, as discussed in Secffpn 5. Finally, in Sedio
we present some results for the renormalization of the mssudlar density.

2. Renormalization conditions from universality relations

As a starting point, we consider the standard SF correldtioations defined by[[12],

felo) =5 (XMEWOEY), ko) == 3 (WA, fi=—3(olbayeh.
(2.1)

Here the fieldsX and Y stand for the quark-bilinears{ = Ag,Vo,S, P, andYy = Ak,Vk,Tko,fko,
defined as usual e.@{}fz = Wy, YuYsPt,, while the fieldsds x and %, are bilinears of non-Dirichlet
guark-field components located near the boundaries of ttiedla Note that in the following we
imagine a set-up with 2 up- and 2 down-type valence quasksfji, f, = u,u’,d,d’ [f.

Given the SF correlation functions (R.1), through the dhistation (1.R) one can easily derive
universality relations among the corresponding cormtafunctions in thexSF (cf. (L.b)). The
latter will be denoted by ™, 1117, andg!*”. For example, the following universality relations

amongPs-even correlators can be obtaingf [9]:

fa=gal =—igyd,  fr=igdi =gt k=W=-ilg0 f=g'=g" (22
Similar relations can be worked out fBg-odd correlators[]9]:

fu=gi =—igh, fs=igh! =g&%  ka=IR=-ily¢, kp=iy =12 (23)

As already mentioned, universality relations such[ag (ar2)expected to hold among properly
renormalized lattice correlation functions up to dis@atiion effects. As an example consider the
first relation in [2:), one then expectgga!)r = (—igi®)r+ O(a?) = Zaga! = —igl? + O(&?),
Where\N/H is the (conserved) point-split vector current afiithe axial current renormalization
constant. In fact, one can turn the tables, and impose tidityaf a set of universality relations at
finite lattice spacing in order tdefinethe finite renormalization constants of interest. In patég
given the relations[(3.2) one can define,

—igdd(xo) il 4 (xo) L4(x0) 19 (x0)
=V _ - Zh=-Y 9= Z, =Y . (2.4
A gg\U(XO) :%7 A de(xo) on%v ZV Ud(XO) Xo:%7 V |\l}u(X0) Xo:% ( )
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Likewise for the ratioZp/Zs, for example. To conclude, we remark that these definitiors a
O(a) improved. First of all, the renormalization constants alpgained fromPs-even correlation
functions, henceno bulk O(@) counterterms are needed for theiraD{mprovement. Secondly,
the O@) boundary counterterm contributions to the correlatiamctions in [2.4) cancel out in the
ratios.

3. Lattice set-up

In this work we consideN; = 2 O(@)-improved Wilson-quarks witly SF boundary conditions.
The specific fermionic action that we consider is the oneritesd in [8,[9]. The gauge action is
also taken to be Wilson'§][1], where we set the boundary géietgks to zero. The lattice geometry
is then specified by the conditioh = L, wherelL is the lattice spatial extent. Lastly, the &(
boundary counterterm coefficients are set to their 1-lostugeative values taken fronf][], 8].

Given the details of thge'SF set-up, the renormalization constaifts](2.4) are now tedetp
specified by choosing the renormalization conditions fertiare parameters. Specifically, we set
the bare quark-mass to its critical valog, by requiring the PCAC massipcac U aog,ﬂd(T /2),
to vanish. The boundary counterterm coefficieninstead, is fixed by imposing th@-odd cor-
relatorggd(T/Z) to be zero. Note than, andz; are defined by these conditions only up taaD(
ambiguities. These ambiguities only affé@teven quantities at @f) [B]. On the other hand,
the simultaneous determination w§; andz; can become difficult if these @) effects are large,
sincem, could depend strongly azy in this case. We noticed however that once the bulk action is
improved,m is basically independent from over a wide range of values around the target one.
The tuning is then straightforward. This confirms what wasested in quenched studi¢$ [9] 10].

To conclude, in the following we focus on the set of bare cimgslgy defined byB = 6/g3 €
{5.2,5.3,5.5,5.7}. The corresponding lattice resolutiofis/a)(go) were then chosen such that
L = 0.6fm, within a few per cent. The resulting lattice sizes awegibyL/a=8,9.2,12,16. Note
that, the results dt/a = 9.2 were obtained from an interpolation of the results of thatteces with
L/a=8,10,12, and fixed3 = 5.3.

4. Determination of Za and 2y

In Figure[l, we present the results for the non-singlet afidlvector current renormalizations,
Zx andZy. We show the results corresponding to th8F definitions [2]4), together with the
standard SF determinatiorﬁF andZ\§F.l As we can see from the plot, theSF results are nicely
consistent with the SF determinations. Agreement is gépdoaind within errors. This indicates
that the O&?) differences between the SF ag&F determinations are in general much smaller
than the errors on the standard SF values. In fact, due to thod fmigher precision of thg SF
determinations, we can appreciate some difference betthesdifferent definitions ofay. These
O(a?) effects are small, and at most a couple of per cent at thedtaxglue ofyy (cf. Figure[R).

To conclude, in Tabl¢]1 we collected the preliminary restdtsZ,y as obtained from the
XSF. Note that the errors include an estimate of the systeroatertainties irZay due to the
finite precision with which we satisfied the conditiomgscac = 0, g‘j\d(T/Z) =0, andL = 0.6fm.

ForZ3F we used the interpolation formula (B.1) ip]J13], while @™ we took the results in Table 1 df 14].
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Figure 1: Results from thgSF and standard SF for the finite renormalization cons@nendz,,.
The points have been slightly shiftedggl in order to improve the readability of the plot.

%

%

T 2, z Z,

5.2 0.74680(26) 0.73844(51) 0.78026(28) 0.76950(45)
5.3 0.75217(67) 0.74592(59) 0.78406(52) 0.77564(48)
5.5 0.76632(67) 0.76251(76) 0.79448(59) 0.78948(64)
5.7 0.77997(29) 0.77801(36) 0.80527(29) 0.80280(32)

Table 1: Preliminary results f&a andZy as obtained from thgSF.

5. Automatic O(a) improvement

We now address the issue whether automati&) @iprovement is at work. In this respect in
Figure[? (left panel), we present the approach to the comtimiimit of the difference between dif-
ferent definitions oZay (cf. 2.4)). As we can see from the plot, the scaling to theioanm limit
is nicely O@?) for the lattices considered; the lines on the plot are lifiésin (a/L)? constrained
to zero. This is a clear indication for @(improvement being automatic. We note in fact that even
though the bulk action is improved, the full & {mprovement of these determinations would other-
wise require the improvement of the corresponding bulk ajoes entering in the definitions. This
is further corroborated by considering the improved axiatent(A), = A, + ca(do) a;?,lP [L4]
in the definition ofzg, thus introducingZ}iI . As we can see from the figure, the difference between
these two definitions is compatible with zero. We interpnét &s the fact that the @) counterterm
for the axial current contributes only at&3j, and that this effect is negligible within errors.

The complementary feature of automatic@i(nprovement is thals-odd correlators are pure
O(a) lattice artifacts. In Figur] 2 (right panel), we preserg tdontinuum limit of severaPs-odd
correlators (cf. [(2]3)). As we can see from the plot, all etators buﬂ\E/d are compatible with
zero for the lattice resolutions considered. T!I!Vfbcorrelator then vanishes with the expecte@)O(
scaling, as illustrated by a linear fit&/'L constrained to zero. Note that the sizable)(fects in
I\!/d are due to the @) operator counterterm &“. Indeed, if we consider the improved definition,
M)y =V, +c\7(go)a5VTw, and use the tree-level valug; = 3, we see that cutoff effects are
significantly reduced iri\%d compared tdy°.
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Figure 2: Left: Continuum limit extrapolations for differences of diffetedefinitions ofZay .
Right: Continuum limit extrapolations for seve@-odd correlators. Some of the points are shifted
in a/L in order to improve the readability of the plot. The continulimit is reached aa/L — O.

6. Renormalization of the pseudo-scalar density

In this section we present some results for the renormadizatf the pseudo-scalar density.
The renormalization condition we consider, and correspanstep-scaling function are given by,

ud
ZX% (go,L/a) = c(L/a) v

7§ (go,2L /2
g o Bwan=Zgne

= , (6.1)
; 25 (go,L /) lu-g2)

Xo:

where the constant is chosen such tha‘téSF(O, L/a) = 1, while g?(L) is a given finite-volume
coupling. The standard SF definitio?.‘EF, is analogously defined in terms of the corresponding SF
correlators (cf. [(2]2)). We refer t§ ]15] for the details ahd SF results used in this section.

In the left panel of Figurg] 3, we look at the ratZéSF/ZS'F which should approach 1 in the
continuum limit with O&?) corrections. Note thakt is kept fixed in terms of the finite-volume
couplingg?(L), and we consider three lattice-side&a = 6,8, 12, for the continuum extrapolations.
As we can see from the plot, the differences between the Sk 8Rdesults are quite small, and in
fact below the per cent for all three valuesgdfL) considered, even at the smallest resolutiga.

Similar conclusions can be drawn from the right panel of Fég®, where we computed the
continuum limit extrapolation of the corresponding steplisig functions at the largest value of
g?(L). As we can see from the figure, the continuum values for then®Ff8F nicely agree.

7. Conclusions

In this contribution we have presented first results fromashgital simulations of the chi-
rally rotated Schrodinger functional of QCD. At the littletea cost of renormalizing the boundary
conditions, the set-up offers competitive methods for tenination of finite renormalization
constants, and it is compatible with automaticaDifnprovement. This makes it an interesting
alternative to consider for the renormalization of comgiécl operators like for example 4-quark
operators, and it is a natural framework to solve renorratibn problems in twisted-mass lattice
QCD at maximal twist.
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Figure 3:Left: Comparison between the renormalization of the pseud@isdahsity as computed
with the SF,ZEF, and x SF, Z,)D(SF. Right: Continuum limit extrapolation for the corresponding
step-scaling functions af = 3.3. Note that in[[Z5] a constant fit was considered for the S#t®s
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