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Abstract

We describe statistical and coherence properties of the
radiation from x-ray free electron lasers (XFEL) operating
in the post-saturation regime. We consider practical case
of the SASE3 FEL at European XFEL. We perform com-
parison of the main characteristics of X-ray FEL operating
in the post-saturation regime with and without undulator ta-
pering: efficiency, coherence time and degree of transverse
coherence.

INTRODUCTION

Radiation from Self Amplified Spontaneous Emission
Free Electron Laser (SASE FEL) [1, 2] has limited spatial
and temporal coherence. This happens due to start-up of
the amplification process from the shot noise in the elec-
tron beam. The fluctuations of the electron beam density are
uncorrelated in time and space, and many radiation modes
are excited at the initial stage of amplification. As a rule,
ground spatial TEMp mode with highest gain dominates,
and the degree of transverse coherence grows in the expo-
nential amplification stage. Radiation wave slips forward
with respect to the electron beam by one wavelength per
one undulator period. This relative slippage on the scale of
the field gain length gives an estimate for coherence length.
Both, degree of transverse coherence and coherence time
reach maximum value in the end of the exponential regime
of amplification, and then degrade visibly in the nonlinear
regime. Maximum degree of transverse coherence of about
0.95 is reached for the values of diffraction parameter about
1. For large values of the diffraction parameter the degree of
transverse coherence falls down due to poor mode selection,
i.e. mode degeneration takes place. For small values of
the diffraction parameter the degree of transverse coherence
falls down due to more poor longitudinal coherence [3-6].

Radiation from SASE FEL with planar undulator con-
tains visible contribution of odd harmonics. Parameter
range where intensity of higher harmonics is defined mainly
by nonlinear beam bunching in the fundamental harmonic
has been intensively studied in refs. [7-16]. Comprehen-
sive studies of the nonlinear harmonic generation have been
performed in [16] in the framework of the one-dimensional
model. General features of harmonic radiation have been
determined. It was found that coherence time at saturation
falls inversely proportional to harmonic number, and rela-
tive spectrum bandwidth remains constant with harmonic
number. Comprehensive study of the coherence properties
of the odd harmonics in the framework of 3D model have
been performed in [17]. We considered parameter range
when intensity of higher harmonics is mainly defined by

nonlinear harmonics generation mechanism. The case op-
timized XFEL has been considered. Using similarity tech-
niques we present universal dependencies for the main char-
acteristics of the SASE FEL covering all practical range of
optimized X-ray FELs.

Application of the undulator tapering [18] allows to in-
crease conversion efficiency to rather high values [19-27].
New wave of interest to the undulator tapering came with x-
ray free electron lasers [28—-32] (see [33—36] and references
therein). It is used now not only as demonstration tool [37],
but as a routine tool at operating x-ray FEL facilities LCLS
and SACLA.

There are several reasons why we performed the present
study. The first reason is that SASE3 FEL at the European
XFEL operating at long wavelengths can not be tuned as
optimized FEL [4] due to limitation on minimum value of
the focusing beta function, and dedicated study is required
for description of coherence properties. Another reason is
that in the parameter range of SASE3 FEL linear mecha-
nism of harmonic generation is essential which results in
much higher power of higher odd harmonic with respect to
the case of nonlinear harmonic generation [33,38]. Finally,
we compare coherence properties for both, fundamental and
the third harmonic for the case of untapered undulator and
undulator with optimized tapering. We show that the bril-
liance of the fundamental harmonic of the radiation from
SASE FEL with optimized tapering can be increased by a
factor of 3 with respect to untapered case.

GENERAL DEFINITIONS AND
SIMULATION PROCEDURE

The first-order transverse correlation function is defined
as
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where E is the slowly varying amplitude of the amplified
wave. For a stationary random process y; does not depend
on time, and the degree of transverse is:
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where 1(7,) = (|E(7.)|?). The first order time correlation
function, g (¢,t’), is calculated in accordance with the defi-
nition:
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For a stationary random process time correlation functions
are functions of the only argument, 7 = 7—#/. The coherence

time is defined as 7. = f |g1 (7)|2d 7. Peak brilliance is

defined as a transversely coherent spectral flux:
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If one traces evolution of the brilliance of the radia-
tion along the undulator length there is always the point,
which we define as the saturation point, where the brilliance
reaches maximum value [4].

Simulations have been performed with three-
dimensional, time-dependent FEL simulation code
[4, 17, 39] tracing actual number of electrons. In our
simulation procedure particles correspond to real electrons
randomly distributed in full 6D phase space. This allows
us to avoid any artificial effects arising from standard
procedures of macroparticle loading as we described
earlier [4]. Simulations of the FEL process have been
performed for the case of a long bunch with uniform axial
profile of the beam current. Such a model provides rather
accurate predictions for the coherence properties of the
XFEL, since typical radiation pulse from the XFEL is much
longer than the coherence time. Output of the simulation
code are arrays containing complex values of the radiation
field amplitudes. Then we apply statistical analysis, and
calculate physical values as it has been defined in this
section.

RESULTS

We perform comparative analysis of tapered and unta-
pered case for parameters of the SASE3 undulator of the
European XFEL. Undulator period is 6.8 cm, electron en-
ergy is 14 GeV, radiation wavelength is 1.55 nm. Undula-
tor consists of 21 modules, each is 5 meters long with 1.1
m long intersections between modules. Parameters of the
electron beam correspond to 0.25 nC case of the baseline
parameters of the electron beam: emittance 0.6 mm-mrad,
rms energy spread 2.5 MeV, peak beam current 5 kA [33].
Average focusing beta function is equal to 15 m. The value
of the diffraction parameter is B = 1.1 which is close to opti-
mum conditions for reaching maximum value of the degree
of transverse coherence [4]. Two cases were simulated: un-
tapered undulator, and undulator optimized for maximum
FEL efficiency [40].

Plots in Fig. 1 show evolution along the undulator of the
radiation power, degree of transverse coherence, coherence
time, and brilliance for the fundamental harmonic. Power,
coherence time, and brilliance are normalized to the values
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Figure 1: Fundamental harmonic: evolution of the radiation
power and brilliance (top plot) and of coherence time and
degree of transverse coherence (bottom plot) along the un-
dulator for untapered (solid curves) and optimized tapered
case (dashed curves).

of the fundamental harmonic in the saturation point. Satu-
ration length for the fundamental harmonic is equal to 53 m.
Absolute values in the saturation point are: radiation power
is 108 GW and 6.6 GW; coherence time is 1.2 fs and 0.5
fs; degree of transverse coherence is 0.86 and 0.72 for the
fundamental and the 3rd harmonic, respectively. Brilliance
of the fundamental harmonic in the saturation point is equal
to 3.8 x 10?? photons/sec/mm?/rad?/0.1% bandwidth. Now
we compare behavior of the radiation properties for the ta-
pered and untapered case. Growth of the radiation power
is higher for the tapered case. We also obtain less inten-
sive degradation of the coherence properties of the radiation.
However, brilliance of the radiation for tapered saturates at
the undulator length of 80 m, and then drops down gradu-
ally. Benefit of the tapered case against untapered case in
terms of the radiation brilliance is factor of 3. It is mainly
reached by the increase of the radiation power by a factor
of 5. Coherence properties of the radiation in the point of
maximum brilliance are worse than those of the untapered
SASE FEL in the saturation point: 0.86 to 0.68 for the de-
gree of transverse coherence, and 1 to 0.86 in terms of co-
herence time. Figure 2 presents normalized spectral power
of the fundamental harmonic for untapered (black) and ta-
pered (red) case. Output points correspond to the maximum
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Figure 2: Normalized spectral power of the fundamental
harmonic for untapered (black) and tapered (red) case. Out-
put points correspond to the maximum brilliance: z =53 m
and z = 80 m for untapered and tapered case, respectively.
Spectrum of untapered case is shifted by 1% to the right-
hand side.
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Figure 3: Contribution of the 3rd harmonic radiation power
to the total radiation power for untapered (solid curves) and
optimized tapered case (dashed curves).

brilliance: z = 53 m and z = 80 m for untapered and tapered
case, respectively. It is seen that spectrum of the untapered
case is more narrow and does not contain spanning tails.

We already mentioned that parameters of SASE3 FEL
are such that we expect significant increase of the radiation
power in the higher odd harmonics due to mechanism of lin-
ear harmonic generation. This happens due to small value
of the diffraction parameter and high quality of the electron
beam (small emittance and energy spread) [38]. Results of
numerical simulations presented in Fig. 3 shows that for un-
tapered case contribution of the 3rd harmonic to the total
power is about 6% in the saturation point. Note that mecha-
nism of nonlinear harmonic generation results in the value
of 2% only. High value of the 3rd harmonic radiation power
should be the subject of concern for the planned user ex-
periments. It can constitute harmful background, or can be
used in pump-probe experiments. Mechanisms to control
3rd harmonic contribution are now the subject of dedicated
studies [41].
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Figure 4: 3rd harmonic: evolution of the radiation power
and brilliance (top plot) and of coherence time and degree
of transverse coherence (bottom plot) along the undulator
for untapered (solid curves) and optimized tapered case
(dashed curves).

Plots in Fig. 4 show evolution along the undulator of the
radiation power, degree of transverse coherence, coherence
time, and brilliance for the 3rd harmonic. Power, coher-
ence time, and brilliance are normalized to the values of
the 3rd harmonic in the saturation point of the fundamental
harmonic. Absolute numbers were introduced above. There
is interesting observation that brilliance of the radiation of
the 3rd harmonic does not differ significantly for untapered
and tapered cases. In the case of optimized tapered undu-
lator relative contribution of the 3rd harmonic to the total
power is visibly less while absolute power is higher than for
untapered case. Coherence properties of the 3rd harmonic
for untapered case are a bit better than those of the tapered
case.

To make our paper complete, we conclude with present-
ing in Fig. 5 of the evolution along the undulator of the
FWHM spot size and FWHM angular divergence of the ra-
diation in the far zone. Cone of the fundamental harmonic
radiation in the far zone is visibly wider for the tapered case.
Also, phase front of the radiation is quite different for ta-
pered and untapered case. This is a hint for careful design
of the optical transport system capable effectively handle
both, untapered and tapered options.
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Figure 5: Evolution along the undulator of the FWHM spot
size (top plot) and FWHM angular divergence of the radia-
tion in the far zone (bottom plot) for untapered (solid curves)
and optimized tapered case (dashed curves). Black and red
colors correspond to the fundamental and the 3rd harmonic,
respectively.

SUMMARY

Application of undulator tapering has evident benefit for
SASE3 FEL operating in the wavelength range around 1.6
nm. It is about factor of 6 in the pulse radiation energy with
respect to the saturation regime, and factor of 3 with respect
to the radiation power at full length. General feature of ta-
pered regime is that both, spatial and temporal coherence
degrade in the nonlinear regime, but a bit slowly than for
untapered case. Peak brilliance is reached in the middle of
tapered section, and exceeds by a factor of 3 the value of the
peak brilliance in the saturation regime. Degree of trans-
verse coherence in the saturation for untapered case is 0.86.
Degree of transverse coherence for maximum brilliance of
tapered case is 0.66. Coherence time falls by 15%. At the
exit of the undulator degree of transverse coherence for ta-
pered case is 0.6, and coherence time falls by 20%. 3rd
harmonic in the nonlinear regime for both, untapered and
tapered cases, exhibit nearly constant brilliance and nearly
constant contribution to the total power. Coherence time of
the 3rd harmonic for the tapered case approximately scales
inversely proportional to harmonic number, as in untapered
case.
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