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Abstract

We calculate the massive flavor non-singlet Wilson coefficient for the heavy flavor contributions to the
structure function Fj(x, Qz) in the asymptotic region Q2 > m? and the associated operator matrix ele-
ment AS{;”SS(N ) to 3-loop order in Quantum Chromodynamics at general values of the Mellin variable N.
This matrix element is associated with the vector current and axial vector current for the even and the odd
moments N, respectively. We also calculate the corresponding operator matrix elements for transversity,
compute the contributions to the 3-loop anomalous dimensions to O(Nfg) and compare to results in the
literature. The 3-loop matching of the flavor non-singlet distribution in the variable flavor number scheme
is derived. All results can be expressed in terms of nested harmonic sums in N space and harmonic poly-
logarithms in x-space. Numerical results are presented for the non-singlet charm quark contribution to
Fy(x, 0%).
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1. Introduction

The heavy flavor corrections to the structure functions in unpolarized deep-inelastic scattering
yield large contributions in particular in the range of small values of the Bjorken variable x. Due
to the current precision of the world deep-inelastic data which amounts for the structure function
F>(x, 0% to O(1%) in a wide kinematic range, for the precision determination of the parton
distributions [1], the strong coupling constant ozs(M%) [2] and of the mass of the charm quark
m. [3], the heavy flavor corrections have to be known at 3-loop order. The heavy flavor correc-
tions are known to 2-loop order in semi-analytic form [4].” Due to a factorization of the heavy
flavor Wilson coefficients into massive operator matrix elements (OMEs) and massless Wilson
coefficients in the asymptotic region Q2 > m? [6], one may calculate the Wilson coefficients an-
alytically in this region. In case of the structure function F>(x, Q?) the asymptotic representation
holds for scales Q2 > 10 m? [6], while much larger scales are required for the structure function
Fy (x, 0?). Analytic expressions for the heavy flavor Wilson coefficients in the asymptotic re-
gion and for the corresponding massive operator matrix elements were calculated in Refs. [6—13]
at 2-loop order. The asymptotic 3-loop heavy flavor corrections to Fz (x, Q%) were computed in
[14,15]. At 3-loop order, a series of Mellin moments has been calculated for the Wilson coeffi-
cients contributing to the structure function F>(x, Q2) in [16] and for transversity in [17]. The
logarithmic corrections and the parts of the constant contribution being determined by renormal-
ization have been given in [15], cf. also [18]. For general values of the Mellin variable N, all
OME:s corresponding to the color factors o« Ng T%C F,A were calculated in [19,20] and for the

gluonic OME A, ¢ also for the terms o T%C F.A in [21]. Recently, also the OME qu) (N) has
been computed [22].
In the present paper, we calculate the massive flavor non-singlet Wilson coefficient contribut-

ing to the structure function F>(x, Q?) in the asymptotic region to 3-loop order and the associated
(3),NS
99.0Q

which applies to the non-singlet contribution of the structure function g (x, 0?) as well as the

charged current structure functions. We repeat the calculation for the tensor and pseudo-tensor
operators which yield the corresponding OMEs for transversity [17,23]. As a by-product of the
calculation, we obtain the contributions T to the 3-loop anomalous dimensions in the vec-
tor and tensor case, in an independent calculation. In the case of transversity, this is the first
calculation ab initio. We also present the heavy-to-light transition relations for the non-singlet
distributions in the variable flavor number scheme (VFNS) to 3-loop order.

The paper is organized as follows. In Section 2, we give an outline on the flavor non-singlet
OMEs and the massive Wilson coefficient to 3-loop order. In Section 3, we summarize technical
aspects of the present calculation. The contributions to the 3-loop anomalous dimensions in the
vector and transversity case are derived in Section 4. In Section 5, the OME in the vector case
are given in Mellin space and in Section 6 the non-singlet Wilson coefficient is presented. Here
we give also numerical results on its contribution to the structure function F(x, 0?). The non-
singlet transition functions in the VFNS are discussed in Section 7. The OME for transversity is
calculated in Section 8. Section 9 contains the conclusions.

In Appendices A—C we present a series of master integrals used in the present calculation and
summarize the corresponding representations in x-space.

massive operator matrix element A (N). The latter quantity is given also for odd moments,

2 Fora precise implementation in Mellin-space, see [5].
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2. Basic formalism

The massive flavor non-singlet operator matrix element is given by [16,17]

[ee)
ANS MS k),NS,MS
thQ (A. p)N {g |0%Sa 1 seees b |q>AM1"'AMN=|:1+Za§AEICI),Q ](A.p)N,

2.1

with as(u?) = ag(u?)/(4m) and where the local operators in the vector and transversity case
read

— — A
0};15’ P =" 15[1//)//41 (ys)Dy, ... Dy, él/fil — trace terms (2.2)
R Ar
O;{E;E{m ..... =1 1S|:1/fGM,M1(V5)Dm--~Du,,?1/f:| — trace terms. (2.3)

Here A denotes a light-like vector. The operators are contracted between massless quark states
|g) of momentum p. S denotes the symmetrization operator for the tensor indices, o,, =
G/2D[Yuyv — vv¥ul, Dy is the covariant derivative, and A, are the N% — 1 matrices generat-
ing the SU (NF) flavor group of Nr massless quarks.

NS MS

The expansion coefficients at 2- and 3-loop order of the OME A, in the on-shell scheme

with charge renormalization in the MS scheme read [16]

©) 2 ~(1),NS 2 (0)
(2),NS,MS ,30,Q)/qq 2 m Yaq m @.Ns  Bo0.0Yqq
Aqq 0 1 In <?> + 5 IH<F> tag o — —a 0, (2.4)

2
m
A;Sq)gSMS_ quﬁOQ(ﬂ 26,0 In’ <M>

2
m
+ {2v 5 Bo.o — 29, (Bo + Bo.o) + Bi.ovSy | In (F)

-

2
+ S {7ONS — (40PN _ 380, 07 0) (Bo + Po.o) + ¥V BIL <%>

| =

(0) (1),NS
2),NS 2 Yqq BoBo.ols V. Bo,0%2
+4d,0"0 (Bo+ Bo.0) = ¥ig Blp — T = T

+25m{" .oy + m VDN 1 26m (Va2 05 4+l 5P, (2.5)
where 1 denotes the factorization scale. Here we consider the case of a single heavy quark only.”
The expressions depend on the expansion coefficients of the anomalous dimensions yl.(,.k), the
massless and massive QCD g-function and heavy quark mass, as well as the parts of the OME
ajj, a;j up to 3-loop order, and ¢ = Z;’il (l/lk), k € N, k > 2 denote the values of the Riemann
¢-function at integer values. For details see Refs. [16,17]. We also use the notation

F(Np) = f(Np +1) — f(NF). (2.6)

The contribution o« Nr of the non-singlet anomalous dimension is obtained form the term o
In(m?/?) in Eq. (2.5) as a by-product of the present calculation.

3 For the more general case of two heavy quarks, contributing at 3-loop order, see [24].
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The massive flavor non-singlet Wilson coefficient in the asymptotic region Q% > m? can be
expressed in terms of the massive OMEs and the massless Wilson coefficients. The latter are
known to 3-loop order [25]. The flavor non-singlet Wilson coefficient reads [6,16]

LNS(Np + 1) =a2[AZ DS (NE + 1) + CON(Np) ] + @l [AS) 5P (Np + 1)

$1749.0 s1%4q.0
2).N8 1).NS A(3),NS
+ AL D (NE + DC N (N + 1) + EN (N, 2.7

Here the notation ‘Nr + 1’ in the OMEs A, o symbolically denotes that these are calculated at
N massless and one massive flavor.
The 2-loop result has been calculated in Refs. [6,7] and the O (¢) term C_’c(,i,),’gs needed for the

renormalization in [18]. The new contribution computed here is a®*NS both in the vector and

transversity cases for the even moments. The odd moments refer to the corresponding polarized
cases. The ys-problem in the flavor non-singlet case is solved trivially since the operator is placed
on the external line and the Ward-Takahashi identity [26] allows to map the vertex function into
self-energy corrections, off the vertex.

The heavy flavor non-singlet contribution to the unpolarized deep-inelastic structure function
F>(x, Q%) for pure photon exchange is given by

Q0.NS 2 & 2. NS 0* m?
F2 ’ (X,Q):Zekaql(x,NF‘}‘l,ﬁ,E)
k=1

® [fi(x. u* Np) + f(x. 1* NF)]. (2.8)

where N denotes the number of light quarks, ey their electric charge in units of the elementary
charge and fy (fx) are the quark (antiquark) parton distribution functions. The operator ® denotes
the Mellin convolution

1 1
A(x) ® B(x) = /dxl /dxzé(x —x1x2)A(x1)B(x2). 2.9)
0 0

Here the diction ‘flavor non-singlet term’ for (2.8) was introduced in Ref. [10], rather meaning
the individual flavor contribution. The non-singlet contribution in the sense of an associated
operator would be fi + fx — X /Np, with ¥ = ZZALF] (fi + f1). For historical reasons we follow
the former notion.

Before we present the results of the calculation, let us turn to its technical details first.

3. Calculation of the diagrams and Feynman integrals
3.1. Diagrams and operator insertions

In order to calculate the operator matrix elements A(3),gs and A(3)’NS’TR, we make use of
the Feynman rules for operator insertions shown in Fig. 1, together with the standard Feynman

rules of QCD, from which we construct and later evaluate the corresponding Feynman diagrams.
4GNS AG)NS.TR
q9.Q > 99,Q
using an extension of QGRAF [27] including also local operators [16]. The diagrams for qu):gs
A NSTR

There is a total of 112 diagrams needed for as well as for , which we generated

look exactly the same as the diagrams for , the only difference being in the explicit
expressions for the operator insertions, where A is replaced by o#” A, in the case of transversity.
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SIAA-p)NL, N >1

gL ARSI (A - pr ) (A o)V T2 N > 2

GPAFAR NP TR (Apa ) (Apy )N 2
[(tatb)ji(Apl + Apg) I+ (871 ;i (Apy + Apa)lfjil] )
N >3

D3, 4@ py, v, b

Fig. 1. Feynman rules for non-singlet operator insertions. The insertions in the case of transversity are obtained replacing
Aby aHVA,.

As we perform the renormalization for the reducible set of Feynman diagrams, cf. [16], the
self-energy contribution

):—CCT81+CT264+32N CCT40 C2T81
3—FAF383 FF9 9F AFF9 FF3€2
454 80 40 1
CrCATr| — CrT?| — + —Np )| —26C2TF |-
~|—|: FCa F<27 +§2>+ F F<27+27 F) F F:|8
CrCAT 1879 5 +17 e onr? 6O4+674N N 8+4N
FCATF\ 703 352 343 FIF| g1 VF 313 F &
335
_CIZTTF<E+§2+8§3)7 3.1)

has to be accounted for both the vector and transversity cases. Here ¢ = D — 4 is the parameter
emerging in dimensional regularization. For the vector flavor non-singlet OME, it will lead to a
vanishing 1st moment due to fermion-number conservation.

A sample of the diagrams is shown in Fig. 2. The most complicated topologies are the Benz-
like ones* of Fi gs. 2a—2c, with a massive triangle in the loop, and those with four massive lines
as in the diagrams in Figs. 2d and 2e. No ladder or non-planar diagrams are involved in the
calculation of these operator matrix elements, which simplifies matters considerably.

A FORM [29] program was written, cf. [16], in order to replace the propagators, vertices and
operator insertions appearing in the output of QGRAF by the corresponding Feynman rules, and

4 Finite Benz-type graphs can be completely calculated using the method of hyperlogarithms [28].



738 J. Ablinger et al. / Nuclear Physics B 886 (2014) 733-823

(h)

\\\\ ’7/// \\\\7®/", \\\\»®/7/,
) (%) (t)
(3),NS, TR

q9.Q
arrow lines represent massive quarks, and curly lines are gluons. The operator insertion Feynman rules for A

. The dashed arrow lines represent massless quarks, while the solid
(3),NS, TR
99,0

Fig. 2. Sample of diagrams for Affq)’gs and A

are obtained from those of Afz?.’gs by making the replacement A — o4V A,,.

also to introduce the corresponding projectors and perform the Dirac matrix algebra in the nu-
merator of the diagrams. After this, the diagrams end up being expressed as linear combinations
of scalar integrals. For example, the diagram (also shown without labels in Fig. 2b)



J. Ablinger et al. / Nuclear Physics B 886 (2014) 733-823 739

ks

(3.2)
is written as a linear combination of integrals of the form
aben [ 4Pk dPky dPks (A k) (A k)" (A k3) (A.p— A k)N ! 3.3)
Vet ) @2m)P 2m)P @m)P Dy'DYDY D) D DE DY DEDy '

where p is the momentum of the external massless quark, which is taken on-shell ( p2 =0),a,b,
c and vy ...vg are integers, and

Di=ki, Dy=(ki—p)?,  D3=k3,  Di=(kr—p)?
Ds =k3 —m?, Dg = (k — k3)* —m?, D7 = (ko — k3)* —m?,
Dg= (ki —k2)> and Dy = (k3 — p)> — m>. (3.4)

Here m is the mass of the heavy quark and a.b denotes the Minkowski product. The denominators
D to Dg are the inverse of the propagators appearing in the diagram. An additional auxiliary
inverse propagator Do has been introduced in such a way that all possible scalar products of
momenta k; .k; and k;.p (i, j = 1,2, 3) can be uniquely expressed as linear combinations of all
inverse propagators D to Dg. A scalar integral with irreducible numerators will be represented
in this way by one or more negative integers among the exponents vy to vg in Ifl”lfjfﬁ;’ .

In Eq. (3.3) there are also powers of the type A.k; in the numerator. These come from the
contraction of the A in the Feynman rule for the operator insertion in the diagram (3.2) with
an internal momentum after the Dirac matrix algebra is performed in the numerator. At most
one such power can appear in the case of this diagram, i.e., a,b,c >0 and a4+ b +c <1,
but in the case of diagrams with 3-point and 4-point vertex operator insertions, higher powers
can also appear. We will see in the next section that all operator insertions can be written in
terms of artificial propagators, and introducing enough auxiliary propagators of this new type,
the scalar products of internal momenta with A will be expressed as linear combinations of
artificial propagators.

3.2. Reduction to master integrals using integration by parts identities

We apply integration by parts identities [30] to the Feynman diagrams with operator insertions
to reduce the problem to the calculation of a set of master integrals. The reductions were realized
extending the C++-code Reduze 2 [31].” In the following we describe the general implemen-
tation needed for the calculation of all the massive 3-loop operator matrix elements and focus
later to the non-singlet case.

5 The package Reduze 2 uses the packages Fermat [32] and Ginac [33].
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3.2.1. Mapping operator insertions to linear propagators

In order to systematically reduce loop integrals with operator insertions with Reduze 2,
resummed contributions are introduced which effectively lead to linear propagators. Let us con-
sider operator insertions involving fermion lines, where we suppress all factors independent of
potential loop momenta. An insertion on a fermion line (FF) is mapped to scalar propagators
introducing a new variable x and summing over N [34] according to°

PR (ApNTt(N=1)— > 2N(A 1Ap pP—o—D
N=0

(3.5)

The last equality defines a graphical representation for linear propagators. Similarly, we find for
the second type of operator insertion (FFV) shown in Fig. 1 that the corresponding terms can be
resummed into a generating function in the following way

o] N
plﬂ%%pz N Tk 1 4t P2
- Nz::ow kZ:o (A-p1) A pz) o (1 —zA.p1)(1 —zA.p2) o

(3.6)

after an appropriate shift in N and a partial fractioning. Note that the relative orientation of
p1 and p in the linear propagators is important. We observe that it is possible to effectively
decompose vertices with n edges into a combination of n — 2-vertices and n — 1 auxiliary edges.
For n =4, 5 we have (FFVV):

p1+p3 p1+ P4
p3 / \ P4

and (FFVVV):

;%Z - (3.8)

Since we consider 3-loop diagrams, one of the four linear propagators in each term on the r.h.s.
of the last mapping is redundant. In the corresponding diagrams, one of the legs will be external
such that a combination of two linear propagators attached to the external leg can be split via
partial fractioning.

For operator insertions at purely gluonic edges (VV) and vertices (VVV, VVVV, VVVVV)’
we obtain similar patterns, although there are more combinatorial possibilities. In all cases, we
find the relevant combinations of linear propagators represented by up to three connected edges
in scalar diagrams with three-vertices only. The orientation of the linear momenta is such that

6 Here and in the following corresponding shifts in N have to be considered.
7 These terms will be required in future calculations of gluonic operators, see also Ref. [21].
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they correspond to the direction of a transversal of these edges. If two consecutive edges differ
only by an external momentum, one of them is ignored in the mapping to linear propagators.

3.2.2. Construction of integral families

In order to systematically handle our loop integrals, we index them using integral families.
An integral family defines a set of scalar propagators which is complete and minimal in the
sense that any scalar product of a loop momentum with a loop or external momentum can be
expressed uniquely as a linear combination of inverse propagators, where the coefficients are
kinematic invariants. As pointed out above already, this may require the introduction of auxiliary
propagators, which are not fixed by the individual diagrams. In the following we describe how we
construct a set of integral families such that all terms emerging from the diagrams can be indexed
by powers of propagators from an integral family. Different routings of massive lines and the
various combinations for the linear propagators require the introduction of many families. Note
that in general one diagram will lead to a sum of terms which need to be matched to different
integral families.

Our guiding principle is to cover all terms by a minimal number of families, which preferably
have a large number of permutation symmetries. We start by considering diagrams without op-
erator insertions. Possible 3-loop self-energy diagrams are described by Benz, ladder or crossed
topologies (8 propagators) and their sub-topologies. They come in different variants, depending
on the routing of the massive lines. Let us consider the following diagrams

k1 & ko
A / A
p p p

k3

Y A

B
=

ko

(3.9)

The kinematics requires 9 propagators per family, that is, one auxiliary propagator. Requiring a
large number of permutation symmetries and a small number of families, leads to the following
choice of two families® — one which covers the depicted four planar topologies and one for the
non-planar topology.

8 The names given to the families (B, C1, etc.) are arbitrary. The rationale behind the names chosen will be explained
elsewhere.
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planar family B1: non-planar family C1:
index |denominator index |denominator
I 1 |k}
2 | (ki — p)? 2 |k —p)?
3 ks 3 ks
4 (k= p)? 4 |(ky— p)?
5 k3 5 |k3—m?
6 |(k; —k3)> —m? 6 |(ky —k3)> —m
7 |k —k3)? —m? 7 |(ky — k3)2 — m?
8 | (ki — k) 8 |(ki+ky—ks—p)*—m?
9 |(ky —p)* —m? 9 |(ky —p)* —m?

We now consider diagrams with operator insertions. From the kinematical point of view, we
deal with a 4-point function with degenerate kinematics:

A A
:’( (3.10)
p p

In addition to the 9 standard propagators we provide 3 additional linear propagators within each
family to be able to express A.kj, A.kp, A.k3 via inverse propagators, where the k; are the
loop momenta. Different operator insertions require different forms and combinations of the
linear propagators. We construct the relevant combinations using graphs, where we substitute the
operator insertions according to the rules explained in the previous section. It is advantageous for
the construction to consider all diagrams which will eventually contribute, even if they are not
entering the quantities discussed in this work. The decomposition of 4- and 5-vertices typically
fix all three linear propagators up to an overall sign in the resulting families. Requiring for each
linear propagator edge also the presence of a standard propagator with that momentum, together
with the conventions for our operator-free families discussed above, fixes the integral families.
Consequently, we start with diagrams with the most involved vertices and work our way towards
diagrams with simpler vertices but more ambiguities in the family construction. An example for
a constructed graph and the corresponding family is:

family Bla:
index [denominator
1 (k3
2 |k — p)?
3 |k3
4 (k2 — p)?
5 |k3
6 |(ki —k3)?> —m?
7 |k —k3)® —m?
8 |(ki —ka)?
9 |(ks—p)r—m?
10 |m2(1 —xA.(k3 — ky))
11 |[m2(1 —xA.k3)
12 |m?(1 — xA.(kz — k»))
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We construct families for diagrams with insertions of type FFVVV, FFVV, FFV and FF for
the massive fermion (in that order) and then for insertions of type VVVVV, VVVV, VVV, VV,
where the latter scalar families also cover insertions involving massless fermions and ghosts.

Finally, we arrange the integral families such that families based on planar rather than non-
planar diagrams, with fewer massive propagators, or with higher permutation symmetries (in
that order) are preferred. In this way we construct a total number of 24 integral families for the
whole present 3-loop project (14 based on planar diagrams, 10 based on non-planar diagrams).
It is curious to note that the above construction is quite stringent and leads to a relatively small
set of integral families. As we will see, in the case of the OMEs qu)”gs’TR
contribute.

only three families

3.2.3. Reduze 2: application and new features

We employ Reduze 2 [31]” for the reduction of loop integrals with integration-by-part iden-
tities and shift relations. Reduze 2 implements a distributed variant of Laporta’s algorithm
[38—41]. For this work, various aspects of the program were improved and extended. These
improvements were implemented in a generic way and will, along with further new features,
become publicly available with the upcoming Reduze release.

For this work, we extended various features of the program to support the linear propagators
needed here. The previous version, Reduze 2.0, contained rudimentary support for bilinear
propagators of the type 1/(g1.g» — m?*) where g1 and g» are linear combinations of loop and
external momenta. The new version of Reduze significantly extends support for this propagator
type. Permutation symmetries are supported also if bilinear propagators are involved and ex-
plicitly verified to avoid user errors. In our example family B/a there is a symmetry under the
following permutation of the propagators

13, 24, 6<7, 10«12, @3.11)

corresponding to the shift of loop momenta k; <> k». Restricting to permutations of subsets of
propagators one can consider more general shifts. We extended the combinatorial shift finder (job
setup_sector_mappings_alt) to determine such shifts of loop momenta also if bilinear
denominators are permuted and/or a general crossing of external legs is involved.'” These shifts
are used to determine relations between sectors, possibly also between different families, and
relations between integrals of specific sectors. In the present work, the only non-trivial crossing
we need to consider is p — — p, which translates to xA.p — —xA.p at the level of the invari-
ants. Furthermore, we improved the zero sector recognition for sectors with bilinear propagators.
Applied to the families used in this work, these features reduce drastically the number of sectors
for which a reduction needs to be performed.

In the presence of operator insertions, we find it more convenient to calculate integrals with
higher denominator powers in comparison to integrals with additional numerators. We therefore
choose an appropriate integral ordering to reflect this preference in the choice of the unreduced
integrals in the reduction identities, that is, for the basis of master integrals. We added a new
run-time option to the program which allows the user to select between various integral orderings.

9 For other public reduction programs see [35-37].

10 Currently, we restrict the algorithms to permutations without additional minus factors, which is sufficient for the type
of propagators considered in this work. Bilinear propagators with m? =0, as present in different effective theories, can
allow for mappings between propagators which involve additional minus signs: Pa_1 =q1.92 —> qi .qé = —Pb_l.
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The new Reduze version provides a family finding algorithm, which systematically con-
structs families with a maximal number of permutation symmetries for a given set of propagators.
Despite its current restriction to standard massless propagators, we found it useful for the con-
struction of our families.

In the setup of the input files for Reduze, we implement the degenerate kinematics (3.10)
via three incoming momenta p, —p, A and appropriate rules for the scalar products. Some al-
gorithms of Reduze assume non-degenerate kinematics. Certain modifications were required to
allow Reduze to be used more flexibly for degenerate kinematics or other special setups. Most
notably, this includes control over crossings of external legs to be used by the program via an
explicit list.

Finally, the performance for long job queues and different usage aspects of the program were
improved. We find it convenient to determine the master integrals needed in the calculation before
the actual reduction is performed. This can be done more easily now using a new option we
implemented in Reduze.

Let us consider the following example as an illustration for our IBP reduction procedure. In
the case of the diagram (3.2), we can rewrite the integrals given in Eq. (3.3), which belong to
family Blc, as

dPk; dPky dPks (A k) (A k)P (A K3)©

1ehe) = 3.12

VI V10 (27T)D (27‘[)D (27‘[)D Drl D;z . D;QD‘I)(I)O ( )
The operator insertion is resummed as

Digp=1—-x(A.p— A.ky). (3.13)

If we appropriately introduce two additional linearly independent artificial denominators of this
type, for example,

Dii=1—x(A.p—Aky) and Dipp=1—x(A.k3), 3.14)

then also the scalar products of A with internal momenta in the numerator of Eq. (3.12) can be
expressed as linear combinations of Djg, D11 and Dj;. In this way, all scalar integrals can be
written as

_ dPky dPky dPks 1
""" ) @mP @m)P @x)P D'Dy - DR’

(3.15)

A given scalar integral will be completely identified by the set of indices v to vi. Of course,
the specific form of the set of inverse propagators Dy, ..., D1> will depend on the diagram we
are considering. As outlined before, the auxiliary propagators in a given set should always be
chosen so that the set is complete and minimal, which means that any scalar product of a loop
momentum with A, p or loop momenta can be expressed uniquely as a linear combination of
the inverse propagators D1i, ..., D1y defining a given integral family. We have found that all
the diagrams needed for Afﬁ;:gs and qu)”gs’m can be described by just three integral families,
which are shown in Table 1.

In this representation, scalar integrals will be functions of x. A given integral I (x) will be
written after reductions as a linear combination of master integrals J; (x)

1) =Y ci(x)Ji(x), (3.16)

i
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Table 1
Propagators of the integral families used for the calculation of A((]Sq)y.gs and A((]Z):SS,TR

Family B1b Family Blc Family B5a

D, k2 k3 k3 —m?
Dy (ki = p)? (ki = p)? (ki = p)* —m?
D3 k3 k3 k3 —m?
Dy (ky = p)? (ky = p)? (ky = p)* —m?
Ds k3 —m? k3 —m? k3
De (k3 — kp)* —m? (ks — k1)* —m? (ks = kp)* —m?
Dy (k3 — kp)* — m? (k3 — kp)* — m? (k3 — kp)* — m?
Dy (ki —k)? (ki —k)? (ki —k)?
Dy (ks — p)* —m? (ks — p)* —m* (ks —p)*
Dy 1 —xA.ky 1—x(A.p—Akyp) 1 —xA.ky
Dy; 1—xAks 1—x(Aky — Aky) 1—xAks
Dy 1 —xA.ky 1 —xA.k3 1 —xA.ky

where the coefficients c;(x) are rational functions of xA.p, the mass m and the dimension D.
Once an integral is obtained as a function of x, we can obtain the original integral we wanted
to compute as a function of N by extracting the Nth coefficient of the corresponding Taylor
expansion in x, and doing the corresponding shift in N implied by Eqgs. (3.5)—(3.8). It must be
remarked that the coefficients c;(x) may contain poles in ¢ = D — 4, which will require the
calculation of the corresponding master integrals beyond order £°.

Since each diagram is written as a linear combination of scalar integrals 7 (x), the diagrams
themselves have the structure of Eq. (3.16) in terms of master integrals, i.e., they are linear
combinations of master integrals with rational coefficients in x. We can summarize the steps
needed to calculate a diagram as a function of N as follows:

1. Calculate the master integrals as functions of N, i.e., find the expressions f,-(N )in Ji(x) =
Z?vo xN f, (N); if it is clear from the context, we will write J; (N) instead of fl (N).

2. Simplify the J;(N) in terms of special functions.

Assemble the diagram as a linear combination of master integrals'' > cl’. x)Ji(x).

4. Extract the Nth term of the Taylor expansion in x to obtain the diagram as a function of N.
Shift N as needed according to the corresponding operator insertion of the diagram.

»

In the next section, we will present some examples illustrating how the first step is performed.
The remaining three steps are done by applying up-to-date computer algebra technologies. More
precisely, after carrying out step 1, the master integrals ; (N) are given in terms of definite multi-
sums. Then in step 2 the obtained sums are simplified to expressions in terms of indefinite nested
sums and products using the Mathematica package EvaluateMultiSums [42]. The back-
bone of this machinery relies on the package Sigma [43,44] that encodes advanced symbolic
summation algorithms in the setting of difference fields [45-53]. In order to treat infinite sum-
mations these algorithms are supplemented by the package HarmonicSums [54,55] that can
deal, e.g., with asymptotic expansions of the arising special functions.

L principle, one could calculate the master integrals directly as functions of x and then simplify them as functions
of x. But so far we are not aware of algorithms that are general and efficient enough to carry out this job.
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After carrying out step 3, large expressions in terms of power series are given and a non-trivial
task is to derive the Nth coefficient in step 4. Here the package SumProduction [42] crunches
the large amount of power series to a manageable number of basis sums and HarmonicSums
calculates the Nth coefficient of this compactified expression. The result is given in terms of
definite sums which originate from the application of Cauchy-products. Therefore the packages
Sigma and EvaluateMul tiSums together with HarmonicSums are applied once more. As
already mentioned earlier, we end up at expressions of the desired diagrams in terms of harmonic
sums.

In Table 2, we show the list of all master integrals used for the reductions, where we identify
each integral by giving the corresponding values of the indices vy, ..., vi2, see Eq. (3.15). We
also indicate in the list the corresponding integral family and the order in ¢ to which these inte-
grals need to be expanded. Of course, this list is not unique, and one is free to choose a different
basis of master integrals. For convenience, we have chosen a basis of master integrals with no
negative powers of inverse propagators.

Although the presence of the last three indices, vig, v11 and vy indicate in Table 2 that the
integrals are functions of x, one may as well interpret them as functions of N by undoing the
replacements as made in Eqs. (3.5)—(3.8). In Appendix A we give the results for the master
integrals as functions of N.

3.3. Calculation of the master integrals

Compared with the master integrals required for the calculation of other operator matrix el-
ements, the master integrals for A(3) gs and A(? gs TR Jisted in Table 2 are relatively simple.
At most six propagators appear in these integrals (not counting the artificial propagators arising
from operator insertions), and of these, at most three are massive, with the exception of the two
integrals in family B5a, where four massive propagators appear. This simplifies the calculation
of these integrals considerably and, in fact, many can be calculated solely in terms of Euler Beta-
functions or a single sum of Beta-functions, which can then be performed using the package
Sigma. Other more complicated cases required the solution of the master integrals in terms of
hypergeometric functions [56—58], and the use of the corresponding series representations, in
order to obtain a result in terms of a multiple sum to be solved by Sigma, EvaluateMulti-
Sums and HarmonicSums. In this section we will show some examples describing the way
these calculations are performed. To begin with, let us consider the integral J>. After introducing
Feynman parameters and performing the momentum integrals, we obtain the following expres-

sion
1 1 1 1 3
J2=/dx/dy/dz/dwF(—1 - Ee)x_l_s(l —x)* 2y R (1 — gy E
0 0 0 0

, N 1= yz \'*3
x w®/ [1 —(x+z—xz)(1— w)] (1 + Tx) . (3.17)

For simplicity, we have set the mass m and A.p to 1, and an overall factor of i has been omitted.
After doing a binomial expansion twice, integrating in w and in x in terms of a hypergeometric
function, and using the following analytic continuation,

TP By =(1—2) % F (a,y —Biy: Z&) (3.18)
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Table 2

List of master integrals identified by the indices v} to v according to Eq. (3.15), and by the integral families defined in
Table 1. In the last column, we indicate the order in & to which each integral needs to be expanded. An asterisk means that
the integral is not only needed in the form presented in Eq. (3.15), but also in the form obtained by performing p — —p
in this equation, which translates to xA.p — —xA.p at the level of the invariants.

Integral Family Order in ¢

<
—
<
N
<
3
<
=
<
o
<
X
<
N
<
oS
<
N
<
—
(=}
<
—
s
<
—
]

J1 BIb 0 0 2 0 0 1 1 1 1 1 0 0 1
J BIb 0 0 1 0 0 1 1 1 1 1 0 0 1
J3 BIb 1 0 1 0 0 0 1 1 1 1 0 0 1
Js BIb 0 2 1 0 0 0 1 1 1 1 0 0 2
Js BIb 0 1 1 0 0 0 1 1 1 1 0 0 0
Js BIb 0 0 1 1 0 1 0 1 1 1 0 0 0
J7 BIb 1 0 0 1 0 1 0 1 1 1 0 0 1
Jg BIb 2 0 1 0 0 1 1 0 1 1 0 0 2
Jo BIb 1 0 1 0 0 1 1 0 1 1 0 0 1
J10 BIb 0 1 1 0 0 1 1 0 1 1 0 0 1
Ji1 BIb 1 0 1 1 0 1 1 0 0 1 0 0 0
Ji2 BIb 0o 1 1 10 1 1 o o 1 0 0 0
J13 BIb 0 0 1 0 0 1 0 1 1 1 0 0 2
Jia BIb o o0 2 0 0 1 1 0 1 1 0 0 2
J15 BIb 0 0 1 0 0 1 1 0 1 1 0 0 2
Ji6 BIb 1 o 0 o0 0 1 1 0 1 1 0 0 2
J17 BIb 0 1 1 0 0 1 1 0 0 1 0 0 2
Jig BIb 1 0 0 1 0 1 1 0 0 1 0 0 1
J19 BIb 0 1 0 1 1 0 1 1 0 1 0 0 2
Jz’"0 BIb 2 0 0 1 1 0 1 1 0 1 0 0 3
Jz*l BIb 1 0 0 1 1 0 1 1 0 1 0 0 1
Ja BIb 0 1 0 0 1 1 1 0 0 1 0 0 0
J3 BIb 1 0 1 1 0 1 0 1 1 1 0 1 0
Jog BIb 1 1 1 0 0 1 1 0 1 1 0 1 0
Jos BIb 1 1 1 1 0 1 1 0 0 1 0 1 0
Joe BIb 0 1 1 0 0 1 1 0 1 1 0 1 0
Ja7 BIb 2 0 1 0 0 1 1 0 1 1 0 1 0
Jog BIb 1 0 1 0 0 1 1 0 1 1 0 1 0
Jo Blc 0 1 1 0 1 1 0 1 0 1 1 0 0
J30 Blc 1 1 1 0o o0 0 1 1 1 1 1 0 0
J31 B5a 0 1 0 1 1 1 1 0 0 0 1 0 1
I3 BIb 1 0 1 0 0 1 1 0 0 0 0 0 4
J33 BIb 0 0 0 0 1 1 1 0 0 0 0 0 2
Jaa B5a 1 o 1 o o0 1 1 0 0 0 0 0 2
we find,

1 1 N . .
_ 3 AT +e/2TG + 1)
_/dyfdzr< : 8>ZZ 1)J< )(k) F(+2+e/2)
0 0
STk —&)[(j—k+1+2/2)
T(+1—¢/2)

x y1me/2ik=l—e (g _ =1-e/

3
sz1<—l—58,j—k+1+8/2;j+1—£/2;l—yz). (3.19)
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At this point, we can use the series representation of the hypergeometric function since the argu-
ment is bounded between 0 and 1, and the series converges. We obtain

1 1 N .
N\ (\T+e/2TG +1)
— _1\/ _
_Ofdyofdzzz( D <1)<k> Cj+2+e 679

j=0 k=0

(1 —y2)"

8 Z r'm-1- 2;3)1‘(m~|—j—k+1+<»3/2)
= mI'm+j+1—¢/2)

yoImE2 ke _ oy =16/
Zj:ii(_])iﬂ. N\ [(j (m T +e/2)0( +1) Tk —¢)
L i)\ J\i) TG +2+e2 i-e2

Fm—1—3e)0m+j—k+14e/2 T +j—k—el(-¢g/2)
m\D(m+ j+1—¢g/2) FPi+j—k—3e)

(3.20)

This multiple sum is convergent and can be solved by our summation packages mentioned above
in terms of harmonic sums. The result is given in Eq. (A.3).

Other integrals required the introduction of Appell hypergeometric functions. For example,
after Feynman parameterization, the integral Ji¢ turned out to be given by

1 1 N
(N 3 .
J10=/dxm/dz22(—l)‘< , )F(—l - —e)xl+€/2(1 — x)$/2yE2 (1 — y)*/?
i=0 ! 2
0 0 -

1—¢/2 _i—1—¢/2 X y I+3¢
xzf_8/le__a/9(1—11—zz)(1—11x_1—zzy_l)

1

S N 3
:/dx/dy 2(—1)"(1. )F(—l — §8>xi+8/2(1 —x)*2yE2(1 — )2
0 0 1=

['(—¢/2)T'({ —¢/2) ( 3 - X y )
X Fil| - . .

. l—ze;—=,i— 23
Fi+1—e¢) 277 2 2 x—1"y—1

where the ellipsis in the first line of the expression given above stand for the missing integrals in
y and z1. Now we use the following analytic continuation,

y
x—1y—1

F1(a;b,b’;C; )=(1 — )P =) Fi(c—asb,b;c;x,y) (3.22)

and obtain,

1 1
r DI —e/2 .
o oS (-3
fufos

0
Flit2+5 -2 i-%.ip1— y (3.23)

X N s . .
1l 2 21 2,1 & x,
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It would be nice if we could use at this point the series expansion representation of the Appell
hypergeometric function. However, if we do so here, we will get divergent sums, since the pa-
rameters of the F function do not satisfy the conditions for convergence. We therefore rewrite
our result using

Fi(a;b,b';¢;x,)

_ I'(c) a—1.1 _ Ne—a—l/1 _ by _ -b
= Tore—m J ¢ ama T A m A - (3.24)
0
and get

S N\T(—¢/2T( —¢/2)

_ i —¢ t1—¢ i+€/2 6/201 _ i

Jlo—/dx/dy/dZZ( 1)<l.) S e A SRR

0 0 0 i=0
x IR = ) 27301 = 2021 — 2y) L, (3.25)

It is clear that the divergence of the F function in Eq. (3.23) is partially due to the high negative

power in the term (1 — z)_2_%8 appearing above. We can lower this power applying integration
by parts in z, which leads to

1 g
Jio | K1+ 5K2—-K3 ), (3.26)
l 28 2
where
S N\T(=¢/2)T(i —¢/2)
; —& i—¢ . X
K = d d d —1) i+e/2 /2 1 — v)
=[x far [ a3 )<i> Fititey © 0 U7V
0 0 0 i=0
x 7 +e2(1 — )~ —%8(1 — )21 — Zy)—i+s/2’ (3.27)

1 1 1 N
A N\T'(—¢/2)T'( —¢e/2) ; ;
o for [ ) e
0 0 0

X 21 = )10 () = )T () gy e, G:28)

1 1 1y

i(N\D (/DU +1—-¢/2) ;10 146 i

ngfdx/dy/dzg(—l)(.> ; xitel2y 1=y
) ) , = i ri+2+e¢/2)

X I (1 = ) 71738 (1 = 2 (1 — ) I, (3.29)

These integrals will still produce divergent sums if they are re-expressed in terms of hyper-
geometric functions. In order to deal with K, we now apply integration by parts in x, leading
to

2
K> = E(Kl — K34), (3.30)

where
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o X N\ T(—&/2)T(i —¢/2)
Kaa =/"Y/"ZZ<‘”’<,- ) T(+2+¢/2)
0 0 i=0
% ys/Z(l _ y)iZH-s/Z(l _ Z)—l—s(l —ZY)_i+8/2. (331)

Now our original integral becomes,

Jio=— (K24 + K3). (3.32)

3
58

We see that integral K| does not need to be calculated, since it disappeared from the expres-
sion above. The integral K>, can be done in terms of a 3 F> hypergeometric function,

Koo =3ty (V) LC/ARU /TG + DY e
za_l_o( )(i>(i+1+8/2)(z‘—8/2)F(i+2+e/2)

X3F(i+1+¢6/2,i—e/2,14€/2i+1—g/2,i +2+¢/2; 1)

Y 1)i<N>F(—$/2)F(—8)F(i+1)
_Z(;_ i LG +2+¢/2)

o0

3 Tk+i+1+e/QTk+i—¢e/QTKk+1+8/2)
KTk +i+1—e/2T(k+i+2+¢/2)

(3.33)
k=0
Integral K3 is slightly more difficult. In order to do it, we first perform the following change

of variables,

/

z=1— Z/y/’ y (3.34)

- I_Z/y/’

which leaves the limits of integration from 0 to 1 unchanged, see also [59]. This leads to

1 1 1y )
K= / dx f dy f dzD—l)"(]iv) B D ey e -y
0 0 0 '

T(i+2+¢g/2)

1—(1— e/2
w211 = el <1_3)x] , (3.35)

where we have dropped the primes in the variables y and z. The integral in x can be done
in terms of a o F; hypergeometric function, which can then be expanded in terms of its series
representation. Integrating then in the remaining variables, we obtain

o N Wi (NYEG+1 = /DTG + DT Q2 +e/2)
3_2(_)<i> T(i+2+¢/2)

oo k-1 _ .3 .
3 [Z > () Dk = /20~ 3T —©)

=1 =0 J JKGk+i+1+e/DT(+i+1—3e)(+2—¢/2)

o _ _3
I'(—¢/2) 3 'k —e)l'(k - 5¢) } (3.36)

i+1+e/2Tk+2—e/DT(k+i+1—3e)
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The sums in Eqgs. (3.33) and (3.36) are convergent and can be performed using our summation
toolbox, and after combining them according to Eq. (3.32) we obtain the result in Eq. (A.12).

Except for integrals J3; and J34, all of the other integrals were calculated in a similar way.
The integral Ja4 is, in fact, just a constant (independent of N). In spite of that, it is still not easy
to compute.'> After Feynman parameterization we obtain,

1 1 1
B (x(1—x)y(1 — y))¥/?
J34——/d)€/d)’/d ( 2_5 ) (z(1 _Z))1+8/2
0 0 0

z 1—z 2+5¢
* (x(l —X) + y(1 —y)> ' (3.37)

From here, we can obtain a Mellin—-Barnes integral representation [61], using

1 1 reor A®
v [ rEre ) , (3.38)
(A+ B) BT I'(v) Botv

—io0

in order to split the last term in Eq. (3.37). This allows to compute the Feynman parameter
integrals in terms of Beta-functions. We get

+ioo
[(—0 4 14£/2)’T(0 — 1 —¢)?
134_—— / doT'(— o)F(o—2—— )F( 20 +2+ )20 —2 —2¢)
(o —¢/2)I (=0 +2+¢) (3.39)
rQ2+e¢/2) '

This integral can now be calculated with the help of the Mathematica package MB [62,63],
which allows to analytically continue the integral for ¢ — 0 and afterwards perform the ¢ expan-
sion. We obtain

16 92 60+35 23p 127 (57;22 105 67¢3 351)

- = 420 — —-
hi=GF 32t~ Tt 8 6 16

1493¢2 3 127 103 3 5633
82(— Cz_’_( ;3 )C + §3+£+_>

160 416 8 10 ' 9

+bo 4 &by + £2by (3.40)
where by, b1 and b; are contour integrals,

+ioo
1 ['(—o + 1)2T'(0 — 1)?
bo——% doT(—o)I(o _Z)F(G)F(_U+2)F(—20+2)F(2o —oy (3.41)

—ioo

and

12 Integrals with fixed values of N or with no operator insertions can be obtained up to order 0 using the program
MATAD [60]. Unfortunately, J34 is needed up to order €2,
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+ioo
A / doT (o) (o = DT (@) (~o +2)
2mi

—ioo

1 3
><<§+VE+¢(2—2<7)—¢(1—0)—1ﬁ(2—0)+§l/1(0—2)

['(—o + 1) T(c —1)?
(=20 +2)I'2o —2)

+2¢ (0 — 1)+%¢(o)—2w(2a —2)). (3.42)

Here N =N exp(ye) and yg denotes the Euler-Mascheroni constant. The expression for b
is somewhat large, so it will be omitted here. These integrals can be computed by closing the
contour to the left (or the right) and summing the residues. For example, in the case of by,
closing the contour to the left we get

o0

bozz 4 2 2\_ T (3.43)
—\k+D? (k+2)7 K 4

For more complicated expressions, the sum of residues can be performed using the package
Sigma. The result for J34 is given in Eq. (A.34). In the case of integral J31, we obtain

1 1 1
1 3\ —x)y(d—y)?
Jsgy=———— [dx [ dy | dzT'|-1—=
TN+ +s/2/ ’“/ y/ ’ < 28) (1 =)
0 0 0
3
1— I+5e
x ( S ‘ ) . (3.44)
x(I=x) = y(I—y)

We see that the N dependence factorizes outside of the integral, which is then just a constant.

Except for this N-dependent factor, this integral is very similar to J34, and can be computed in
an analogous way. The result is shown in Eq. (A.37).

4. The contributions to the 3-loop anomalous dimensions

In the calculation of the massive OME Eq. (2.5) one obtains from the contribution o<
In2(m? /u?) the 2-loop non-singlet anomalous dimension and from the term o In(m?/u?) the
part of the 3-loop anomalous dimension o Nr. The anomalous dimensions y*NS have the rep-
resentation

o
K =D d [y &) + DV y L], 4.1)
k=1

where )/I\J{S (N) is defined for even values of N and yyg(N) for odd values of N. These are also
the sets of values from which the analytic continuation to N € C is performed. The anomalous
dimensions are expressed in terms of harmonic sums [64]

N

. b k
Sbﬁ(N)=Z(SI%?+))Sa(k), Sy=1, b.ai€Z, ba+0, N>0, NeN.
k=1

4.2)

In the following, we drop the argument N of the harmonic sums and use the short-hand notation
S;(N)=S;.
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4.1. The vector case

We obtain the complete non-singlet anomalous dimensions at 2-loop order

y D (N)=CpCal| =328 + 330 1 a(16s 8 S
Y4q.NS FCa -2,1 5 0! 1 NN+ 1) -2

il 8 s 16185 + S5
IN3(N+1)? 37 3T

3N*+6N3 +47N2+20N — 12 40 8
ACFTFN ——S5+-S
+4CfrTF F[ ONZ(N +1)2 9 1+32}
82N +1) 8(3N? +3N +2)
C%|64S5_ 2/ —=—— = 168 )5+ ————— 79
+ F[ 2,1+ <N2(N+1)2 2) 1+ NN+ D) 2
I 16 3281 ) S — 32[8;5 + S_3] (4.3)
N3(N + 1)3 NN +1) L 3T :

Ca 2N3 +2N2 42N +1
N)=16C -C , 4.4

with the polynomials

Pi =5IN® + 153N° + 757TN* + 144(= )N N3 +995N> +352N? + 12N + 72,  (4.5)
P, =3N®4+ 9N’ +9N* —32(= )V N3 + 27N> + 8N? —8. (4.6)
They agree with previous results given in Refs. [65].

For the contributions o NF to the 3-loop non-singlet anomalous dimension the present calcu-
lation yields

@
N)=CpTpNp{aTpNg| ——+ g T 2
YagNs(N) = CrTr F{ r F|:27N3(N+1)3 270 T 7T

+CA{£(_1)N[256(4N +1) 128 Sl} N 1[_ 8 Pg

2 9N +1D*  3(N+1)3 2| 27N4(N + 1)*
128 64(10N? + 10N + 3) 5344

+[T TN+ D ] TR

[64(16N2 + 10N —-3) 1280 256 :|S
2

Py 16 80 16 j|
S3

- Si+ 225
INZ(N + 1)2 g 21Ty

(14N + 14N +3) - 320 256 128 256
BT B T B Bl
128(10N% + 10N — 3) 16 Ps

IN(N + 1) 2l [_ 2IN3(N + 1)

256 512 1[32(3N? 43N +2)
iy VPP K i Vi — — 1288
+ 3 21] 1 3 211}+2|: NN+ D) 1]5“3}

1 256 5124N+1)7 1] 128 ,
Cri{=(=DV Sy — o )
+ F{z( ) [3(N+1)3 T oV + ]+z[ 3 2
16P; 5t 4ap; 128(10N2 + 10N + 3)
INZ(N + D2° T ON4 (N + D)? IN(N + 1)

+ 6483
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256 1 128(16N2% + 10N — 3) N 2560 51207
E INZ(N + 1)2 g “1T 3
512[5 s ]+64(29N2+29N+12)S +256[S 5]
3 AT ON(N + 1) A T
8Ps N 1280 512[5 csails
ON3(N+1)3 = 9 ~27 3 3Temate
256(10N% + 10N — 3) N 1024S
IN(N + 1) B T
1 323N? +3N +2)
—| 1288, — , 4.7
*3 [ ! NN+D @D
@ Ca 64(2N3 +2N2 42N + 1) 16 Py
) «(N)=CrTpNp| =2 - C - ,
Yagns(N) =CrTr F( 2 F)[ AN3(N + 1)3 LT ONA(N 1 D)
(4.8)
with the polynomials
Py =15N* + 30N> +79N? + 16N — 24, 4.9)
Py =51N® +153N° 4+ 57TN* + 35N> + 96N? + 16N — 24, (4.10)
Ps = 165N% +495N°> + 495N* + 421N3 4 240N? — 16N — 48, 4.11)
Ps =209N°® + 627N> 4+ 627N* +209N3 — 36 N? — 36N — 18, (4.12)
P; =207N® 4+ 828N7 + 1467N°® + 1707N°> + 650N* — 163N> — 320N?
— 80N +24, (4.13)
Py =270N® 4+ 1080N7 +365N® — 1417N> — 1087N* + 45N> — 128N?
— 72N +72, (4.14)
Py =3N®+73N° 4+ 86N* + 77N> + 39N> — 10N — 12. (4.15)

The result agrees with the moments given in [66] and the general N result in [67].
4.2. Transversity

The complete 2-loop anomalous dimensions are obtained by

c 2(17N% + 17N — 12) 1072
Vq(;?Ns,TR =—Cr (TA - CF) [645—2,1 + —64S 58 — 5 Si

3BN(N +1)
176 1072 104 43
+ —8 — 3283 —325_3 +C%‘ Si| — =325 | ——S8 — —
3 9 3 3
160 32 4
+CrTrNp| ———S1+ =S+ = |, (4.16)
9 3 3
() Ca 8
Y43.NS, TR = _CF<7 - CF> NN+D 4.17)

They agree with the results obtained in Refs. [68]. For the contribution o« N of the 3-loop
anomalous dimensions we obtain
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@ 256 512 1280 512 440
Y4q.NS, TR = CFTFNF{TS3 1+ [—75—2,1 + TSZ - 753 - T]Sl
- @S—z 1= §5—22+ %S—z 1,1
9 3 3
4(207N3 +414N? + 311N + 56) 128, 80
IN(N + 1)2 T3 2T 3e
+ [@ — @51}5 3+ [@Sl — §S2]S + @Sg — 2 4
9 3 9 3 9 3
256
- TS—4 +[128S) — 96]§3} + CFCATFNF”:_S—Z 1
2
_ 16(20;;"]\7(;22911;] 2 +64S3}Sl - %653,1 v lzgﬂs_z,l
N %S_zz B gs_z L 16(15N3 4+ 30N? + 12N —5)
3 Tt 3 T 3N(N +1)2
[?Sl - ?}S 3+ %Sz [%52 - lzgﬂSl]Sz - ?53
+ @Sh + g5—4 +[96 — 12851];3} + CrTEN} { BTN + 17N —§)
3 3 FF IN(N +1)
128 640 128
~ o7 1—752-{-? 3}, (4.18)
Vagns 1w = %CFTFNF<% N CF) [31\17ix13)2 B N(N2+ ) Sl}' 19

We agree with the moments given in [69,70] and note a typo in the 15th moment of [71]. In
Ref. [71] the complete result for the 3-loop anomalous dimension was determined assuming the
validity of maximal transcendentality studying the difference to the vector case, while the above
result has been obtained in a direct calculation.

5. The flavor non-singlet massive operator matrix element: vector case
The new contribution beyond the terms determined by renormalization and factorization at

3-loop order is a(3)”NS, in Eq. (2.5). It is obtained as the constant part in the dimensional param-
eter ¢ of the unrenormalized 3-loop OME and given by

(3) NS C2 T 128S 16(2N + 1) 3 8 P13 64 s
Ygq.0 T5FIF 27227 2IN2(N + 1)2 IN3(N+ 1)} ON(N+1)°2
L6 18 256 1o 64, 6P

32T g PRl T g o] 92T BINZ(N +1)27°

8 P30 704 64(40N2 + 40N +9) 128
R TEvZvrvametv i el Vi 3+ 82,1
SIN*(N+1)* ' 9 2IN(N + 1) IN(N + 1)

——3831 — So1——822+—8 21,1

320 256(10N2 + 10N — 3) 256 1024 s
9 2IN(N + 1) AT g2 9 !
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+ S_o—

[sT+52] -

S3
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ey S Sy — S — — S
ANN+ 1) 3! 277 T g T 3 T 3

32Q2N? 42N +1) , 16 Poy
—DN| = S
}QH ) [ ONS(N+ 13 VTN AN A
8 Prg 32Q2N?2 42N +1) 82N2+2N+1) ]
2
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3 021

TBINS(NE DS ON3(N+ 1) 2T T 3NA(N + 1)
4(637N? + 637N + 108) P
S 168, |3 1.
2IN(N + 1) ez T8
(5.1)

+ [—165% +

Here and in the following expressions we will abbreviate some of the terms by the leading order
non-singlet anomalous dimension
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2
Yoy = 4[2& - %} (5.2)
normalized to the color factor Cr. The constant By reads
By = —451n*(2) + %m“(z) - ga + 16Li4(%), (5.3)
which is related to a multiple zeta value, cf. [72], and the polynomials P; read

Pio=3N*+6N3 +47N% 4+ 20N — 12, (5.4)
P11 =TN* + 14N% 43N> —4N — 4, (5.5)
Py = 15N* 4 30N> + 15N> —4N —2, (5.6)
P13 = 112N* +224N3 + 121N? + 9N +9, (5.7)
Piy = 181N* +266N> + 82N? — 3N + 18, (5.8)
Pis = 448N* + 896N> + 484N? + 54N + 45, (5.9)
P16 =561N* + 1122N3 + 767N? + 302N + 48, (5.10)
P17 = 1301N* 4+ 2602N> +2177N? + 492N — 84, (5.11)
Pig=2N>+7N*+3N> —9N? — TN +2, (5.12)
Pio =3N> +13N* —23N3 — 69N? — 54N — 16, (5.13)
Pyy = 12N> + 16N* + 18N3 — 15N? — 5N — 8, (5.14)
Py = 27N> +533N* 4 913N> + 821 N? 4 144N — 36, (5.15)
Py = 648N> — 2235N* — 4542 N3 — 3725N? — 770N — 432, (5.16)
Py3 = —87N® —261N° — 321N* — 183N> — 52N% — 8, (5.17)
Py =3NS +9N° + 70N* + 77N3 + 39N? — 10N — 12, (5.18)
Pys5 =255N% +765N° + 581N* + 151N 4 356 N2 + 276N + 72, (5.19)
Prg =364N® 4+ 1227N° + 1191N* + 589N + 621N? + 486N + 144, (5.20)
Py7 = 1014N°® + 3042N°> + 3757N* + 1703N3 + 31N? + 93N + 162, (5.21)
Pag =39N% + 138N7 + 847N® + 1371N> + 1283N* + 485N3 + 101 N2

+ 132N +72, (5.22)
Py = 417N® + 1668N7 — 4822N° — 12384N°> — 6507 N* + 740N + 216N?

+ 144N + 432, (5.23)
P30 =2307N8 +9255N7 +13977N°® 4+ 7915N° — 350N+ — 1456 N> — 106 N?

— 138N — 108, (5.24)
P31 =6197N® +24788N7 + 39126 N + 28 838N> + 9977N* — 702N°3

— 3240N? — 3456N — 1620, (5.25)

Py =11751N% +47004N7 + 93754N° + 104364 N> + 55287N* + 6256 N*
— 2448N? — 144N — 432, (5.26)
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P33 =—22989N'0 — 114945N° — 199958 N® — 99362N7 + 179919N° 4 291355N°

+223828N* +90936N> + 31 680N2 + 23 760N + 10368, (5.27)
Py =—22293N'0 — 111465N° — 252090N% —310818N7 — 225241 N® — 77573 N°
— 8808N* — 352N3 +256N? + 672N — 288. (5.28)

Here and in the following we reduce the contributing harmonic sums and harmonic polyloga-
rithms algebraically [73].

Eq. (5.1) can be expressed in harmonic sums only reaching the level of weight w=>5. It is
interesting to note that a part of the rational pre-factors rise o< N

8
=CrCy TF§N[9§3 —383(N) — 4521 (N)]. (5.29)

Its Mellin inversion implies a denominator o< 1/(1 — x)2. However, as can be seen form the
asymptotic expansion

32 -
T ?CFCATFIH(N), (5.30)

and the leading term behaves o< 1/(1 — x)4 in x-space.
The flavor non-singlet OME in the on-shell scheme is given by
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with the polynomials

P35 =977TN* +1954N> + 1853N? + 492N — 84,

P3s=3N> + 1IN* + 10N> +3N? + 7N +38,

P37 =27N> + 863N* + 1573N> + 1151N? + 144N — 36,

P3g = 648N° — 2103N* — 4278N> — 3505N? — 682N — 432,

P39 =6N® + 18N> +21N* + 24N3 + 7TN? — 4,

Pso = 15N® + 45N + 45N* + 143N3 + 120N? — 8N — 24,

Py = 51N +153N° 4 223N* + 191N3 4+ 118N? + 48N + 24,

Py = 155N® +465N° + 465N* + 155N3 — 108N? — 108N — 54,
Py3 =219N® 4+ 657N° + 1193N* + 763N — 40N? — 48N + 72,
Pyy = 525N® 4+ 1575N° + 1535N* + 973N3 4+ 536N? + 48N — 72,
Pys5 = 868N® +2469N° + 2487N* + 940N> 4+ 27N? + 63N + 72,
Pys = 906N + 2718N° + 3433N* + 1595N° + 31N? + 93N + 162,
Py =9N7 +45NS +279N> + 1263N* + 1348N> + 752N? + 112N — 48,

Si+—S
]+81 2

)

(5.31)

(5.32)
(5.33)
(5.34)
(5.35)
(5.36)
(5.37)
(5.38)
(5.39)
(5.40)
(5.41)
(5.42)
(5.43)
(5.44)
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Pyg = —4785N8 — 19140N7 — 18970N® 4 672N + 7683N* + 1004N3 + 1272N?

+ 72N — 864, (5.45)
Pyo =3549N8 4+ 14196 N7 + 23870N® +25380N> + 15165N* 4+ 1712N> — 2016N?

+ 144N + 432, (5.46)
Psg = 5487N8 4+21948N7 +36370N® + 28 836N> + 11943N* 4+ 4312N> +2016N?

— 144N — 432, (5.47)
Ps; =T131N8 +28632N7 + 43326 N® +23272N° — 3497 N* — 5824 N> — 424N?

— 552N — 432, (5.48)
Ps; = 10807N® +43228N7 + 62898 NS 439 178 N> + 7027N* 4 702N 4 3240N?

+ 3456N + 1620, (5.49)
Ps3 = —6219N "0 —31095N° — 72513N% —95154N7 — 79721 NS — 32383N°

—2307N* 4+ 3280N7> + 1424N? + 336N — 144, (5.50)
Psy = 165N 4+ 825N 4+ 106856 N® 4 321 746N 4 396 657N S 4 247433 N3

+126914N* + 51 804N + 6336 N> + 4752N + 5184. (5.51)

The corresponding expressions in x-space are given in Appendix B.
The difference between the OMEs in the MS-scheme and the on-shell scheme for the heavy
quark mass in N-space is obtained by
2 4 3 2
VS 4Q2IN* 4+42N° —TN“ —4N + 12
AT | _ qoMS =C%TF{4ygqln2<m >+[ ( + +12)

qq, qq.0Q Hz 3N2(N+ 1)2
32 2 16(3N* + 6N3 +47N2 + 20N — 12
+ 326 308, (M) 4 OGN HONT + + )
3 u? IN2(N + 1)2
640 128
- 2 sz}. (5.52)

Here we used the same mass in both schemes symbolically to shorten the expression. The heavy
quark masses in both schemes are given in Ref. [74]. In x-space it is given by

o 1 m? m2\ (1 640
MS OMS _ 2 2
Aqq,Q_Aqq,Q_CFTF{<1_xl:_321n (F) —32111(?)(54-1‘1())“1‘7
128 2 2 16
+ —HOD + [—241112('"—2) +281n<m—2> + —}3(1 —x)
3 4 7 % 3
2

2
+ 161n2(%>(x +)+ ln<%) (16(x + 1) Hy + l?6(7x - 5)>

64 64
—?(x+1)Ho—3(11x—1)}. (5.53)

Here Hj;(x) denote the harmonic polylogarithms [75]

X

1

Hb,a(X)zfdyfb(y)Ha(y), Hy =1, Ho,. o(x) = Elnk(X)- (5.54)
—— !

0 k
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The letters f; = fo, f1, f—1 belong to the alphabet {1/x,1/(1 — x), 1/(1 + x)} and we use the
abbreviation H; = H;(x). The +-prescription is defined by

1 1
/dx[f(X)]+g(X)=/dxf(X)[g(X)—g(l)]- (5.55)
0 0

In the unpolarized case the leading term of the non-singlet OME in the small-x limit is ob-
tained from Eq. (B.4)

A® o CrT, gln2(x) (5.56)
q9.0 = “F1F3 ’ :
14
(3) 2 4
Ay 0 % CFTro In* (). (5.57)

For comparison, the massless 3-loop Wilson coefficient [25] behaves like

5 91
&) s X Cr Tr o In'(x). (5.58)

These terms correspond to the so-called leading poles at N = 0 in the flavor non-singlet case
[76].

We finally derive the leading asymptotic behavior of the massive OME for large values of N,
corresponding to the region x — 1. In the case of the on-shell scheme it is given by

2 2
(2),NS 8 of M 80 m 224 1
A CrTri| =10’ = )|+ =In| — )| + ==
a0 *TF F{[s " (u2>+ 9 “(u?)* 27 J\1=x )/,

2 m? 2 m? 73 40 8
+12In F +§[1+8§2]ln F +E+3§2—§§3 (1 —x)g, (5.59)

176 64 128 m?
(3),NS 3

A —CpTrll —Cs— | =Np + — |Trt 10’ —
9.0 X TF F” 27 4 [27 P 27} F} ! <u2>

320 184 32 5 ((m?
—8CFp — ——Tr +Cal —— + =0 | { I —
+{ F= 5 F+ A|: 9 +3§2“n<uz>

L[ [a76, 19847, [ 1240 320 224
TR T K I TR R R N

T 40 m?
+Cr|——=—+64¢ | In| —
L 3 w?

2 1208
+ {CF [—E(288B4 —2377) — g6+ 96;4] i TF|:

12064 896
729 27 %
24064 512 3296

4
N —+ — Ca| === (1944B4 — 8863) + ——
+ Nr 79t 727 C3H+ A|:729( 4 )+ a1 o2

33 |
60¢3 — =
+o0g5 — 2 44}}}(1_x)+
+CrT. RadePun [P VAR P 13"12
—_— R —_— n JE—
FTr g Ca o N+ 5 |TF Py

8 64 34 5 m?
+CrI8 = 1652+ 32031+ Tr | o+ 42|+ Ca| = — 1643 | In"| —
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496 700 320 64 1595 1792
+1Tr| 55 + NF ———§2+?§3 +ChAl——+—0

27 27 27 27 27

224 T e 40 N 272 232 | m?
_— J— _—— [— _—— n [—

9 {3 — 48 F 3 'e) 3 &3 3 L4 2
o 3658+64C +2336§ 64§ N 4732+ 128§ 512§

FIT a3 7 81°2 7 781 3 27 T a3 TR 2 81 ]

128 1 3472 112 17309
- Ca| — (2647 — 1944B 4= -
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N 3400 112 L 1(1443 éo1) 2416 N 160

>7 Ca 3 s Flg 4 77 9 £3 182

7838 5452 608

il Nt s tsa1 —x). )
+ 77 & 77 L4+ 9 Cs“ (I-x) (5.60)

The corresponding expressions in the MS scheme are easily obtained using Eq. (5.53).
6. The massive flavor non-singlet Wilson coefficient in the asymptotic region

The heavy flavor unpolarized non-singlet Wilson coefficient in the region Q2 > m?,
cf. Eq. (2.7), is given by

1 8 2(29N? + 29N — 6)
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The massless Wilson coefficient C;?;’NS (NF) has been given in [25] and the polynomials P; read

Pss = —3N* —6N> —47N? — 20N + 12,

Psg = 19N* + 38N> —9N? — 20N + 4,

P57 =28N* 4+ 56N> +28N? +2N +1,

Psg =33N* +38N? — 15N? — 60N — 28,

Pso =51N* + 153N% +223N? + 143N + 70,
Pgo=5TN* + 72N> + 29N? — 22N — 24,

Pgi = 141N* + 198N3 + 169N? — 32N — 84,

Pgy =235N* +596N> + 319N? + 66N + 72,

Pg3 = 359N* + 844N + 443N? + 66N + 72,

Pg4 = 501N* + 750N3 4 325N% — 188N — 204,
Pgs = 1131N* + 1926 N> + 1019N? — 64N — 276,
Pgs = 1139N* + 3286N> + 1499N? + 504N + 828,
Pg7 = 1199N* +2398N3 + 1181 N2 + 18N + 90,
Peg = 1220N* + 2251N3 + 1772N? + 303N — 138,
Pgo = 1407N° +3297N* + 2891 N> 4 583N2 — 802N — 528,

Po=—11145N% —30915N° — 33923N* — 11449N°> + 3112N?
+ 120N — 1512,

(6.2)
(6.3)
(6.4)
(6.5)
(6.6)
(6.7)
(6.8)
(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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Pyp = —151N® —469N° — 181N* + 305N 4+ 208 N? + 40N + 8, (6.18)
Py =6N% — 6N° —25N* + 52N — 46N? — 39N — 162, (6.19)
P73 =15N% + 24N> — 88N> — 79N? — 52N — 12, (6.20)
P74 = 155N% +465N° +465N* — 61N> — 324N? — 324N — 162 (6.21)
P75 =216N® + 459N + 417N* — 99N> — 317N? — 272N — 84, (6.22)
P76 = 309N® + 647N> +293N* —975N3 — 1102N? — 316N + 24, (6.23)
P77 = 609N® + 1029N° + 613N* — 37N> — 74N? + 300N + 216, (6.24)
P73 =795N° 4+ 1587N° + 1295N* +397N? 4 50N? + 300N + 216, (6.25)
P79 = 1770N® 4+ 4731N> + 4483N* + 7T49N3 + 55N% 4 1440N + 756, (6.26)

P3o=T7531N® + 26 121N> +27447N* + 8815N> + 1110N% + 936N — 324,  (6.27)
P31 = —4785N7 — 19 140N® — 19 186 N> — 4584N* + 1491 N3 — 4540N?

— 1536N + 792, (6.28)
Py = —45N8 — 138N7 — 678 NS + 836N° + 1615N* + 1702N> + 380N?

— 408N — 192, (6.29)
Pg3 =42591N% +161388N7 +226272N% + 104062N°> — 40 175N* — 43450N3

—3928N? — 1272N — 2160, (6.30)
Pgy = —18351N'0 — 87156 N° — 196947N® — 239766N7 — 157693 N® — 26288N>

+ 17847N* + 7T490N> + 2248 N? + 1896 N + 144, 6.31)
Pgs = 101N 4+ 1268N 10 + 4423 N 4+ 908N® — 20681 N7 — 19546N° + 52505N°

+ 83160N* — 4668N> — 38934N? — 2592N — 648, (6.32)

Pgs =41370N "™ +571305N "3 + 3141 790N "2 + 8395028 N 4+ 9302220N1°
—4510326N° —22388388N% — 17101 704N7 47895 114N® + 18219253N°3
+4736406N* — 5978 772N — 1986336 N2 +2361312N + 1283040, (6.33)

Pg7 = 4140N "5 + 54 540N +277575N "3 + 634 467N 2 + 354380N !
—1199584N'0 —2051492N° 4 733454N® + 4802206N" + 3686432N°®
— 1882531N° —3693633N* — 1066014N> + 869 508 N2 + 897 480N
+ 233280. (6.34)

The Wilson coefficient depends on the logarithms

Q2 m2
Lo=In|l— and Ly =ln(—>, (6.35)
© <M2> 2

where the renormalization and factorization scales ;g = (g = 1 have been set equal.

The corresponding expression in x-space is given in Appendix C in terms of harmonic poly-
logarithms. The analytic continuation can also be performed from the expressions in N-space
directly, referring to their asymptotic representation and recurrence relations, cf. [77]. Let us
comment on the pole-structure of Eq. (6.1). Because (6.1) is a flavor non-singlet quantity, one
expects the rightmost pole to be situated at N = 0. Performing expansions around N = 2 and
N =1 one finds that the Wilson coefficient is finite there and the evanescent poles cancel.
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Fig. 3. The diagrams contributing to Eq. (6.36) for x < 1 at O(axz).The dashed (full) lines denote massless (massive)
quarks, respectively.

Fig. 4. The diagrams of the virtual heavy flavor corrections at 2-loop order, Eq. (6.37). The self-energy corrections, which
are not shown here, have to be added.

To compare with results in the foregoing literature, we would like to consider the results of
Ref. [6] to O (af). Here the non-singlet heavy flavor Wilson coefficient was calculated in the case
of tagged heavy quarks, given by the QCD-Compton process shown in Fig. 3. This scattering
process is non-singular and can be calculated analytically for any ratio m?/Q?. The authors of
[6] have given the following representation for Q2 > m? in terms of the massive OME and
massless Wilson coefficients

2
(@)NS tageed _ 21 0.2 1. 1).Ns @.nNs | 0
Lgglo {Z'BQQVW In (N« >+ 2Vq In Pl tag o — Zﬁo,Qé“zJ/qq
1 0 . 1 0? A(2).NS
+Z,30,Q)/qoq lnz(—2> |: J/q(;) NS+ Bo.o cét)l]ln(? +¢ ()
1 0 (1) m?
+ Bo, [——yo ln<—> +c5, [In( =
Q|7 2%aa T\ 2 112
1 0? 1 0?
_ 2} 0 1.2 ¥ ~(1),NS (1) =
_ax{4,60,quqln (m2> [zyqq + Bo,0c;, i|ln<m2

~(2),NS »yNs |
+y " gy —Zﬁo,Qé“quoq}- (6.36)

Note that in Eq. (6.1) the complete heavy flavor contributions were given, i.e. including also
those due to virtual effects at 2-loop order. The difference term stems from the graphs shown in
Fig. 4.

In these graphs the final state contains massless partons only. However, the heavy flavor contri-
butions to the deep-inelastic structure functions can only be defined consistently as the difference
between the structure function involving all light and heavy quark contributions and an expres-
sion for the structure function considering only light flavors. The diagrams of Fig. 4 belong to the
heavy flavor contributions at O(af). In the asymptotic case u? > m? their contribution is given

by
m? 1 02
—afﬂo,an(E>[—§yq°)ln(M )+ S;] (6.37)
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Fig. 5. The flavor non-singlet contribution of the Wilson coefficient LN 2 to the structure function F(x, 0?) for the
2- and up to the 3-loop order using the NNLO parton distribution functions of Ref. [82] in the on-shell scheme for
m¢e = 1.59 GeV. Here and in Figs. 6 and 7 we do not display the O(a?) terms.
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Fig. 6. The flavor non-singlet contribution of the Wilson coefficient LN to the structure function F;(x, Q ) at 3-loop

order comparing the prediction in the on-shell scheme for m. = 1.59 GeV (dashed lines) to the MS scheme for m, =
1.24 GeV, cf. [3], using the NNLO parton distribution functions of Ref. [82].

These terms exhibit a collinear singularity, being reflected in the p-dependence of this contribu-
tion. Adding both terms yields Eq. (2.7) at 2-loop order.

In Fig. 5 we illustrate the contribution of the heavy flavor non-singlet Wilson coefficient
Eq. (6.1) to the structure function F>(x, Q%) accounting for the charm quark contributions
at 2- and 3-loop order. The numerical calculation has been performed using the x-space
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Fig. 7. Comparison of the prediction of the flavor non-singlet charm contribution to F; (x, 0?) at 2-loop order in case of
tagged charm (dashed lines) and the inclusive charm contribution (full lines) using the NLO parton distribution functions
of Ref. [84] in the MS scheme with m, = 1.15 GeV.

representations given in Appendix C and the numerical representation of the harmonic poly-
logarithms given in [78].13

The contributions to O(asz) are significantly enhanced adding the O(af) terms due to the
gluonic and sea-quark contributions, despite the smallness of the additional factor a,. Overall,
the NNLO corrections are below 1%. Note, however, that the present experimental precision for
the structure function F>(x, Q2) reaches O(1%). It will be even improved at high-luminosity
facilities like the EIC [83] in the future.

In Fig. 6 we compare the predictions for the charm mass definition in the on-shell scheme and
in the MS scheme. The corrections in the MS scheme lead to slightly larger absolute values than
those in the on-shell scheme with very similar x-shapes.

The effect of retaining only the tagged heavy flavor contributions Eq. (6.36) is compared to the
complete charm quark contributions to 2-loop order in Fig. 7. Here we set the factorization and
renormalization scales to 42 = Q2. The absolute value of the correction is larger in the tagged
case, compared to the inclusive corrections. We note that a separation of this kind at 3-loop order
is in general not possible, without defining additional cuts, referring to the structure function
approach as outlined in Ref. [16].

7. The variable flavor number scheme

The transition relation from Nr — N + 1 massless flavors of the flavor non-singlet distribu-
tion in the variable flavor number scheme is described by [16]

fe(NF+ 1,13 + fi(NF+1,17)
= Agg.0 ® [fi(Nr. 1) + fe(NF. 1?)]

1
+N—F{A52’Q®2(Np,u2)+A2g’Q®G(NF,/L2)}, (7.1)

13 For other implementations see [79-81].
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Fig. 8. The contributions to the distribution x (u + ) at 3-loop order for four flavors in the variable flavor number scheme
matched at the scale u2 = 20 GeV? using the parton distribution functions of Ref. [82] and the on-mass-shell definition
of the charm quark mass m, = 1.59 GeV. The contributions due to the non-singlet, singlet and gluon distributions are
shown individually. Here only the O(aSS) terms are shown.

where 12 denotes the matching scale. All the OMEs contributing to Eq. (7.1) are now known to
3-loop order, cf. also [15,19], which enables us to study its quantitative effects. The choice of the
transition scale is process-dependent and usually significantly larger than the mass of the quark
becoming light are requested to match the corresponding scattering cross sections, cf. [85]. This
is obvious, because a heavy quark near production threshold is non-relativistic.

In Fig. 8, we illustrate the flavor non-singlet, singlet and gluonic contributions to 3-loop order
to the 4-flavor distribution x (u(x, u2) + ii(x, u?)) as a function of x for u2 =20 GeV?2. The
flavor non-singlet contributions are very small and show a weak x-dependence only, while the
universal singlet and gluon distributions grow towards small values of x and are much larger.
Due to this the distributions for the down and strange quarks are nearly the same.

In Fig. 9 the ratio of the momentum distribution function x (# 4 &) is shown comparing the 4-
and 3-flavor scheme at NNLO for a variety of matching scales in the VENS to O (af) and O (af ).
The ratio R(Nfr + 1, Nr) is defined by

fi(NE 41, 4> + fi(Np +1, 1%
fie(NF, u?) + fe(Np, 1?)

where the numerator is given by Eq. (7.1). At O(af) the effects become larger, in particular
at low matching scales and low values of x. In the region of larger x the predictions in both
orders are closer. The overall effect is of O(£0.5%). Given the fact, that the structure function
F>(x, Q%) can be measured at the per-cent level, these effects are only somewhat below present
experimental precision.

The corresponding ratio for the distribution x(d 4 d) is shown in Fig. 10. The results are
very similar to those in Fig. 9, with a slightly larger effect at higher values of x. In comparison,
the results for the distribution x(s + §) in Fig. 11 shows a more pronounced behavior giving
larger effects and positive corrections at O(aS) in the region of larger values of x. Overall the
corrections are of O(%+1%) and largest at low matching scales of p ~ m,.

(7.2)

R(Nr+1,NF) =
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Fig. 9. The ratio of the distribution x (u + «) for four and three quark flavors at 2- and 3-loop order in the variable flavor
number scheme matched at different scales of Q2 as a function of x using the parton distribution functions of Ref. [82]
and the on-mass-shell definition of the charm quark mass m, = 1.59 GeV.

R(Np +1,Np)

1.015 T

QP =m 0d) -

Q% =20GeV? O(a2) -----

Q% =100GeV?, O(a2) -----
Lot @ =mz, 0(a}) —— T 1

Q? = 20GeV?, O(a?) ——

Q2 = 100GeV?, O(a?) ——
1.005 | + .

1 =
0.995 s
099 - 1 1 1 1 1 1 1
107° 1074 1073 1072 005 02 04 06 08
x

Fig. 10. The ratio of the distribution x (d 4 d) for four and three quark flavors at 2- and 3-loop order in the variable flavor
number scheme matched at different scales of Q2 as a function of x using the parton distribution functions of Ref. [82]
and the on-mass-shell definition of the charm quark mass m, = 1.59 GeV.

8. The flavor non-singlet massive OME: transversity

In a similar way to the non-singlet OME in the vector case, the OME for transversity is
obtained referring to the operator Eq. (2.3). The contribution to the unrenormalized OME at

0(80) reads

(3),NS, TR

A4q.0

128

16N +2(=DN +1)

ON(N +1)

64
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Fig. 11. The ratio of the distribution x (s + §) for four and three quark flavors at 2- and 3-loop order in the variable flavor

number scheme matched at different scales of Q2 as a function of x using the parton distribution functions of Ref. [82]
and the on-mass-shell definition of the charm quark mass m. = 1.59 GeV.

_ s 2 s _ 2%
g ! 9 2+ 51 2 T NN 2 27 R

704 320 2560 256 64
— Sy ——831——S8 1 ——S_ —S
+ 9 4 9 3,1 77 2,1 9 22+ 3 2,1,1
1024 :| 496 , 32(=DN@2NZ 42N +1)
1

_='q - =
Ty o2 27 72 IN3(N +1)3

2 Pys 645, 128 640
. N— 6— L) 4o —=s S_
BINY(N £ 1 ( 3 >+ ( 9 o1 27) N

64S2 640, 64 358470 10408
9 27 7' T 9T g [P T

2992 256 256 14 336 1280 512
- — — 2 S| — — —S
> Sq + (S 5+285) + |: S TR 77 S+ 77 53

512 64 ] 112 256 512
2+

256 64 7168 8 P 2560
:| 24 [ 92

+ (965 —72)§4+2|: S3

B R S e P
9 1T ONN T g P21t g3 T g3
1424 512 14336 [256 256

-2

—831——84 - —— —S3+ —S5_
77 3,1 9 4,1 81 77 3+ 3 2,1

16(169N2 + 169N + 6(—1)N +6) P 12805 +5125
2IN(N + 1) 2 22 —23

27 ’ 9
512 256 5120 512
—165211+—521—2+—5311+—5 211+ —8 221
9 9 9
2048 2(45N2+45N+4(—1)N 4) + Ao o
g °STxLLI AN(N + 1) 3 072!

32 32 32 64
— 885 + ?SZ+40 S1+?S3+?S_3—?S_2,1+1 o



778

J. Ablinger et al. / Nuclear Physics B 886 (2014) 733-823

1208 . 64 _ 350 335
(=S =S+ 8 )

9 3 3 IB
+CFT,%{NF|: 32P% — 5555251-}-@52—&534-6—454
243N2(N + )2 729 27 81 27
+(—@Sl+25‘2+i>§2+<ﬁ51—g)ﬁ—%]
27 9 9 27 9 81
N 8 Pyo 19424 1856 640 128
243NZ(N + )2 729 ' Ter P w1 BT p e
+[—@S1+g52+§i|§2+[—%Slﬁ-@}é}—@}
27 9 9 27 9 81
+CACFTF{—6—4 2S13+|: 4 Pes —@53
27 INN+DEN+2) 9

IIZS2 16(N —2)(2N +3)S, 208 S
9 2 9N+D(N+2) 9
4Py3 320 64

1280
— 88y |+ ——§_ R MR
2t T NN T 12V 1 2) T g T o

128 s
+ T(Sz,l +S_21) ST+

+ﬁ5—22—325211—25—211}51—§ 2

9 "% S T 3
16(-1)N@2N24+2N + 1) Poy

B IN3(N + 1)3 243N3(N + 1)3

2(@ - ﬁsl>s_4 - B4<2sl — 8) +2[—252 + 20,
27 9 3 91" 27

32 1792 8(27N3 4 560N? + 1365N + 778) 1244
_?2_7] - 8I(N + )(N +2) St
B gss B ﬁs_ﬁ 8(2N? — 35N —54) ;

9 9 IN(N + D2(N +2)

32(3N3+7N2+7N+6)S [128S3 7168 640

+ (72 - 96518

2771 81 27
256 256 32 } 128 256

SN+ DN +2) TR

——84+—3S — S, — —S§ —S _
77 3+ 9 2’1+9N(N+1) 2 3 2,3+ g 023

1352, 256 4Py, FECC
27 D3 T g oAl SINN+ 1)2(N+2) 27 3 372!

128S S+ 716SS n 64OS 256S 42458
3 021 (2 g1 021 T 50227 5923 2,1,1

256 64 2560
—— (S - S S_ —S - —S_
9 (S2,1,—2+ 83,11 +S-22,1) + 3 5221 77 5211

224 1024 |:2(35N2 +35N +6(—HN —6)

—38S —S_
+ 9 2,1,1,1 + 9 21,11+ NN+ 1)

32 16 88
- =SS5 -+

16 5
S — Q28721 —85—S5_ -
3 > 5 >+ 3 2821—383 3) + 3}4“2

S4



J. Ablinger et al. / Nuclear Physics B 886 (2014) 733-823 779
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with the polynomials
Pgg =3N> +9N% 447N + 58 + 4(— )N (N + 1)(N +2), (8.2)
Pgo = 157TN* + 314N> + 27IN* — 24N — 72, (8.3)
Poo =308N* +616N> +323N> —3N — 9, (8.4)
Po; =364N* +1591N3 + 2117N? + 593N — 450 — 36(— DM (N + 1)(N +2),  (8.5)
Poy = 769N* + 1547N> + 787N? — 15N — 12+ 4(— )N N(13N +7), (8.6)
Py3 = (N + 1)(6197N? + 18591N? + 15850N + 4320)
—108(=DHN(N +2)(13N +7), (8.7)
Pos = —1013N% — 3039N° — 5751N* — 2981 N> + 1752N? + 1872N + 432
+24(=DVN(133N? + 188N? + 82N —9), (8.8)
Pos = 6327N® 4+ 18981 N + 18457N* + 5687N> — 260N? + 144N + 144
+8(—=1)VN (133N + 188N? + 82N —9). (8.9)

Let us define the leading order anomalous dimension for transversity without the color factor
by

Py Ns.TR = 20451 — 3], (8.10)

The 2- and 3-loop contributions to the massive OME for transversity Eqgs. (2.4) and (2.5) are
then given in the on-mass shell scheme by
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32(133N3 + 188N%2 + 82N —9)  64(13N +7)

SINZ(N + 1)3 T 2INN + 12!
+%[&+Sﬂ}, (8.12)
with the polynomials

Py = 868N* + 3337N> 4+ 4079N? + 1979N + 522, (8.13)
Po7 = 1183N* 4 2366N> + 943N2 + 48N + 144, (8.14)
Pog = 1829N* + 3658 N> + 2069N? — 48N — 144, (8.15)
Pog = 237TN* + 4790N> + 2657N? + 52N — 48, (8.16)
Pioo = 10807 N* + 43228 N> + 51983N? 4 17402N — 2808, (8.17)
Pio1 = —691N® — 2073N° — 2049N* — 595N3 + 56 N2> — 16N — 32, (8.18)
Pioa =55N® +165N° + 4605N* + 5767N> + 552N% — 120N + 432. (8.19)

The transformation to the MS scheme is given by

MS OMS
Agg.0NS.TR ~ A4q.0 NS TR

2T 470 2 (2 [ 305, 108
:CFTF 4yqq’NS’TRln F +11'1 F ?Sl— S2+

16 640 128
+— SIS

8.20
3 9 3 (8:20)

in N-space. Again we have represented the mass in both schemes by the same symbol m. The cor-
responding expressions in x-space are given in Appendix B. Unfortunately the massless Wilson
coefficients for transversity have not been calculated yet. Therefore the corresponding massive
Wilson coefficients can only be given in the future, based on the present results.

9. Conclusions

The heavy flavor non-singlet corrections to 3-loop order in the asymptotic region Q2 > m?
have been calculated in the vector case and for transversity as inclusive corrections in case of a
single heavy quark at the time. We have presented the massive Wilson coefficient LIZ\E (x, 0%
and the transition matrix elements A, o Ns(TR) Occurring in the variable flavor scheme. They
can be expressed in terms of harmonic sums in N-space and harmonic polylogarithms in x-space.
At the technical side of the calculation 3-loop topologies up to massive Benz-type graphs had to
be calculated. We used the integration-by-parts reduction for Feynman diagrams which carry
local operator insertions, encoded in the package Reduze 2. The master integrals have been
calculated using different methods like generalized hypergeometric functions, Mellin—-Barnes
techniques and differential equations, mapped onto summation problems. The latter ones were
solved applying modern summation technologies encoded in the packages Sigma, Evalu-
ateMultiSums, HarmonicSums and SumProduction.

As a by-product of the present calculation we obtained the complete non-singlet anomalous
dimensions at 2-loop order and their contributions o N at 3-loop order, both in the vector and
transversity cases. In the latter, we corrected a typo in the 15th moment in [71] and otherwise
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confirm earlier results in the literature. In case of transversity, the present result has been obtained
in a first calculation ab initio.

The O(a?) corrections to F;(x, Q2) amount to ~ 0(0.5%) in the lower x range in the 3-flavor
scheme, with a small variance defining the charm mass in the on-shell or MS scheme. The present
experimental accuracy for the structure function F>(x, Q2) is about 1% in the small x region. We
also discussed, at 2-loop order, differences in considering tagged heavy flavor vs. the inclusive
heavy flavor corrections to F>(x, Q2). The effect is smaller in the inclusive case. Finally, we
considered the matching ratios in the VFNS going from 3 to 4 flavors, which now are available
at O(af) accuracy. In the ratio R(Nr + 1, Nr) Eq. (7.2) the 3-loop effects are much larger
than those at 2 loops in the small x region. At larger values of x the variation is broad and
bounded by about ~ +1%. This applies in particular to low matching scales as applied in many
phenomenological analyses.

The large formulae given in this publication are available in electronic form on request via
e-mail to Johannes .Bluemlein@desy.de.
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Appendix A. Master integrals

In the following we give the results for the master integrals as functions of the Mellin vari-
able N. The integrals were calculated starting from N = 0, in other words, the shifts N — 1 — N
and N — 2 — N were performed in the case of a fermion line insertion and a 3-point insertion,
respectively. In some cases, the values at N = 0 are given separately, since the general N result
diverges for this value of N. Each integral has been expanded up to the order in ¢ required for the
present calculation. For simplicity, we have set the mass m and A.p to 1, and the overall factor
iS 3 has been omitted, where S; is the spherical factor

S, = exp[g(yg _ ln(47r))i|, (A1)

which emerges once at each loop order. At the end of the calculation in the MS renormalization
scheme S is set to one. The different master integrals read
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The last expression diverges at N = 0. The correct result at this value of N is
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This result is divergent at N = 0. Evaluating the integral separately at this value of N, we
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The last three integrals are independent of N,
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Appendix B. The operator matrix elements in x-space

The analytic continuation of the OME both in the flavor non-singlet vector case and for
transversity leads to different expressions considering the even and odd moments from 3-loop
order onwards, since these sets of moments correspond to different processes due to current
crossing, cf. [86]. To account for this, we define the following functions

AN H () = ATTE () + (=DN AT (x), (B.1)
ATSSN (x) = AJ0 (x) + ANV (x), (B.2)
A3 )= Aggp(5) = AGy 5 (). (B3)
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One obtains in the non-singlet vector case
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For all the x-space expressions we have performed numerical checks using the code HPL 2.0
[80] comparing to the available fixed moments.
In the case of transversity the OME reads
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The corresponding expressions in the MS scheme are obtained by the transformation
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Appendix C. The unpolarized non-singlet Wilson coefficient in x-space

The unpolarized non-singlet heavy flavor Wilson coefficient for Q% >> m? in x-space is given
by
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0.2 refers to the massless Wilson coefficient, cf. [25].
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