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Walke Field Effects in the Final Focus Quadrupoles
of a Linear Collider

V.M.Tsakanov ~
Deutsches Elektronen-Synchrotron DESY, Hamburg, Germany

1 Introduction

The parameter list of Ref. (1) for a 500 GeV S-Band Linear Collider assumes a spot size of
169 x 5.48nm? in order to achieve a luminosity of 2.4 x 10®3em~=2sec™! with 7 x 10° particles
per bunch at a repetition rate of 50 Hz. Such a small spot size with a design emittances
£z = 9.52 x 107m and ¢, = 107"3m requires careful examination of the wake field effects
in the quadrupoles of the final focus system with betatron function values 8, = 3mm and
B, = 0.3mm at the interaction point.

To achieve these § values at the IP a strength of kg3 ~ I m~! is necessary for the last
quadrupoles (length: L ~ 1m). This corresponds to a gradient of G ~ 900 T"/m for an electron
energy of E=250 GeV. Assuming permanent magnet quadrupoles with pole-tip field of the order
of 1.2 T, the aperture required is very small (of the order 1mm).

In this report the geometrical and resistive wake field effects in a quadrupole with aperture
1 mm and a rms bunch length of ¢ = 0.2 mm are discussed. The model of the quadrupole for
the wake fields calculation is a single collimator of circular cross section and long middle region.

The TBCI code (3} was used for the calculation for such a geometry. Direct use of this code
for a real quadrupole with length 1m and such a short bunch length requires too many mesh
points (of the order of a few million). However, from a physics point of view it is clear that
the interaction of diffracted fields with the particles is dominated by the transition part of the
radiation when a bunch enters a narrowing pipe and exits into a broadening pipe. We must
also distinguish these two cases from a particles dynamics point of view due to the different
properties of the external focusing field inside and outside the quadrupole.

The longitudinal and transverse wake field effects due to resistive walls will be compared and
discussed.

2 The loss factor and longitudinal wake potential for a step

Consider an ultrarelativistic Gaussian bunch moving along the z axis of a circular waveguide
with an abrupt change in the cross section from radius b to radius e and from radius a back to
radius b (Fig.1). Wake fields will be generated when a bunch enters a narrowing pipe ("step-in”)
and a bunch exits into a broadening pipe ("step-out”). What we really want to know: the bunch
travel distance z;, at which the interaction of the particles within the bunch with its environment
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dominate and the magnitude of the wake potentials for given geometry (b = d5mm,a = 1mm)
and bunch parameters (rms length ¢ = 0.2mm, total charge @ = 1.14rC).
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Figure 1: Geometry of the quadrupole for TBCI calculation (b = 3mm, e = 1mm).

The properties of the loss factor and impedance for a collimator and a step are discussed in
Ref. 3. We start by a particle moving in free space.

For an ultrarelativistic particle moving in free space at a velocity v close to the speed of light
¢ a good aproximation for the nonzero components of the field in the region r < v/k ( v-Lorentz
factor, k = w/c ) is

2
E,.= —qexp(ikz)
cr

H,e = 2—qexp(ikz)
cr

The field propagates synchronously with the charge. In the region kr > (v the field is
exponentially small. The total field energy of the charge is given by:

oo oo =] oy fr
W:er/ dt/ rdr-ﬁ—(ExH)z:QNC/ mfr/ dio | Eoy |2
—ca v} ar T 0

min

For a rigid bunch of N particles the contribution of all particles
2_ 2452 Ao .
| B IP= (2 T explib(z: - 7))
%)

can be found by replacing the sum by the integral over the normalized distribution function plz)

2gN? )
| B = %n— /dzldzgp(zl)p(zg)exp(zk(21 - z2))

For a gaussian bunch with the rms length ¢ the energy per particle is




For a particle moving in a circular waveguide of radius a the energy of the synchronous compo-
nent of the field moving with the particle for v > a is
Ng? a

I In

ﬁg Tmin

In the simple example of an abrupt change in the cross section of a circular wavequide from
radius a to radius b the change of the synchronous component of the field moving with the
particle of a gaussian bunch is

Wi{a) =

AW =

The same ammount of energy A&, .4 will be radiated. The total energy loss in “step-in” and
gy B P

"step-out” cases is
Fin = A“:‘f‘ad - AW + ‘5win

kout = Ag‘rad + AW + 6wout

where 6w;n(6wwtj is the contribution to the energy gain (or lost) by the bunch due to the
interaction of the particles with the radiated fields. Figure 2 shows the electric field lines for
three successive time steps calculated by the computer code TBCIL.

Figure 2: Wake fields generated by a Gaussian bunch passing an obstacle in the beam pipe.



Consider a ”step-in” case , when particles enter a narrowing pipe (Fig.1a). For this case the
radiated energy comes from the excess of the particle field energy in a wide pipe. The distance
that the head charge must travel before the induced radiation reaches the axis at a distance s
behind the head particle for a/y << s < ais

If s is equal to the length of the bunch Sy (usually for gaussian distribution Sy = 40) then
for a distance z, we can assume that dwi, =0 and k;n, = 0. In this region a total energy of the
electromagnetic fields is equal to the sum of the radiated energy and the energy of EM fields
moving synchronously with the particle

Uiot = Afraqg + VV{b)

In the region z > z, particles of the bunch interact with secondary fields scattered from the step
edge. Figure 3a shows the normalized longitudinal wake potential within the bunch for three
succesive positions of the bunch in the quadrupole.
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Figure 3: Longitudinal wake potential for bunch position 2, = lmm,3mm,8mm {("step-in”) and
2, = lmm, 10mm, 20mm ("step-out™ ).



For a bunch travel distance z, = a = Imm it corresponds to the above mention situation,
when particles within the bunch (~2¢ < s < 2¢) do not see any longitudinal potential although
a test charge following at a distance s > a behind the bunch will seen comparatively large
accelerating or retarding potential. Note, that positive values of the longitudinal wake potential
within the bunch for bunch travel distance z > z, corresponds to an energy gain for the particles,
this means that part of the synchronous field energy is transformed by reflected fields into the
kinetic energy of the particles.

In the "step-out” case, when particles exit the quadrupole, the field configuration is perturbed
by the diffracted fields which have to restore new boundary condition. The restoration of the
particle field energy take place. The energy for this is taken from the particle energy. Figure
3b shows the longitudinal wake potential for three positions of the bunch in a wide tube. It is
negatjve within the bunch and corresponds to the energy lost by the particles. Hence, the loss
factor is positive and comparatively large.
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Figure 4: The properties of the field spectrum in a collimator { %, - cut-off frequency of the
wide tube, &, - cut-off frequency of the narrow pipe).

Since the "effective size” of the bunch at the edge is ~ (o +a/7v) the spectrum of the diffracted
fields extends for o >> a/4 up to frequencies of the order of ¢/ as is shown schematically in
Fig.4. Below the cut-off frequencies of the pipes the fields are exponentially damped and define
the transition zone of the radiation. The high frequency part of the radiation above the cut-off
frequency of the pipe may propagate in the direction of the particle motion with phase velocity
higher than the velocity of light. Hence, the interaction of this part of the field spectrum with
the particle is on average small (zero). The main part of the radiated fields ( low frequency part
of the spectrum ) propagate in the opposite direction to the particle motion for the "step-in”
case. Hence, the interaction of the field with the particles is small. For the "step-out” case these
low frequency parts propagate in the same direction as the particle motion. Hence, there is a
large radiation transition zone.



The dependence of the maximum longitudinal wake potential within the bunch for "step-in”
and "step-out” cases is presented in Fig.5 where the above mentioned typical radiation forming
zone is shown.
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Figure 5: The dependence of the maximum longitudinal wake potential from bunch position for
"step-in” and "step-out” cases.

For our geometry the main part of the energy spread of the bunch due to wakefields dominates
at a bunch travel distance of

zjp ~ Sa = Smm

h .
2%~ 2~ 25mm
a

Note, that the maximum of the potential for the "step-out” case is an order of magnitude
larger than for the "step-in” case.
The total longitudinal wake potentjal after the bunch exits the quadrupole is shown at Fig.6.
At the maximum value of the potential, at s = 2¢ within the bunch, with total charge Q =
1.14nC(~ 7 x 10%lectrons) the maximum energy deviation is of an order of 90 keV.

3 Transverse wake potential

The transverse wake potential W ,is defined as the transverse momentum kick experienced by
the test charge following at a distance s behind the exiting charge divided by the total charge
Q of the bunch.

z+s 1 sz
- Jdz = ](; dz[E ) + (v X B)1}iz(z4s)/c

Wl(S,Zd)Zgla-/DZdFL(Z,t: __Q_
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Figure 6: The normalized longitudinal wake potential after the bunch has left the quadrupole

where F|(s,z) is the transverse Lorentz force acting on the test particle which follows at a
distance s behind the bunch and at a position z along the structure with length z4. Then for

the Lorentz force we have IW
F_L(S,Z) = EQ——'d—J_ ]zdzz
zg

In a cylindrically symmetric structure all the modes depend on the azimuthal angle ¢ as
exp(im#é), where m is an integer. We arrange the axes so that the transverse position of the
exciting charge is 7 = ro,8 = 0 {on the z-axis). The test charge also moves in the z direction
but at transverse position (r,8) and at a distance s behind the exciting charge. It can be shown
that the m-pole component of the wakes experienced by the test particle can be written as {4)

m m=1
W, ,=m (%0) (-:;) (7 cos mf — 8 sin mb)wn (s, z2)
where Wy, (s, z4) is defined by the boundary condition and bunch distribution. Normally bunches
remain near the axis and the factors (r/a), (ro/a) can be considered as small. Then the transverse
wakefield is dominated by the dipole (mm = 1) and quadrupole (» = 2) modes. Note that the
transverse dipole wake is in the z direction and is independent of the test charge’s transverse
position, while it depends on the exciting charge as the first power of its offset. It acts on the
test particle like a dipole magnet with force

ro d
Fr = eQ—own(s,2)

Fy=0



This force is in the same direction as the transverse offset of the exciting charge
mode acts like a quadrupole magnet with a force of

o= e (2) 2

a dz
fy = —eQ (%0)9 gdw;z(z)

. The quadrupole

For wh(z) > 0 it produces a focusing field in the vertical plane and defocusing in the horizontal.

Usually the offset of the exciting charge in a linear accelerator is less than 0
of the quadrupole. For our example all the transverse wakes are calculated for

.1 of the aperture
a gaussian bunch

with offset 7 = 0.1mm and the potentials are integrated at a transverse position of r = 0.1mm.

'/\\’/\

Figure 7: Transverse dipole mode wake potential for a bunch travel distance of z =

1mm, 5mm, 10mm ("step-in”) and z = 1mm, 10mm, 20mm ("step-out”).

Figure 7 shows the normalized dipole mode transverse wake potential inside the bunch for

three succesive positions of the bunch for the "step-in” and ”step-out”cases
"r” mean azimuthal and radial transverse wake potentials respectively. In both
kicks in the same direction as the bunch offset.
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Figure 8 shows the dependence of the maximum dipole mode and its value at position s = 2¢
within the bunch on the bunch position for "step-in” and "step-out” cases.
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Figure 8: The dependence of the maximum dipole mode wake potential Wpya, and its value at
position s = 2¢ within the bunch Wp(2c) on the bunch position for ”step-in” and "step-out”
Cases; Smar is the position of the particle within the bunch which seen the maximum transverse
wake potential.

The situation is similar to the longitudinal wake case. Below the cut-off frequency of the pipes
radiated fields defined a transition zone while above the cut-off frequency fields may propagate
in the same direction as the bunch moving with a phase velocity higher than the velocity of
light. This part of the wake field produces oscilating dipole fields in the bunch frame system.
The maximum of the transverse dipole mode wake potential is of the same order for ”step-in”
and "step-out” cases. We will approximate the dependence of the transverse wake potential at



position s = 2¢ within the bunch by the linear function

Wi{20,2)= H-"d—z— for 0

<tr

IA
i
IA
'_‘N

3

where Wy = W1 (20, 24 ).

For the bunch travel distance z > z;, we will use a single mode approximation with typical
values of the amplitude Wy and wavelength A from the numerical results for the transverse wake
potential. In this assumption

. .o 27 ‘
Wy(20,2) = Wy — Wysin —1—(2 — Z4r) for  z2 z4

In Table 1 the characteristic values of the transverse wake potential for a dipole mode are
presented

Zir Wimaz Wy Wy A W'Qmar
, (mm) | (V/pC) + (V/pC) | (V/pC} | (mm) | (V/nC)
step-in 5] 2.1 1.8 0.05 10 17.7
step-out 20 1.8 1.7 0.1 50 10.8

The normalized transverse quadrupole mode wake potential is presented in Fig. 9. The
maximum of this quadrupole wake potential is Wynar = 17.7V/2C and W@Qmaz = 10.8V/nC
for the "step-in” and "step-out” cases respectively. Note, that the quadrupole wake is two order
of magnitude less than dipole mode wake potential. The maximum of this quadrupole field is
seen by the particles at s ~ ¢ within the bunch.
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Figure 9: The normalized transverse quadrupole mode wake potential for a bunch travel distance
of z = 1mm (""step-in”) and 2z = 5mm ("step-out”)
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4 The transverse dynamic of the single bunch.

In a continuous distribution of charge, each particle is affected by the transverse wakes from
all other particles in the bunch which are ahead of the particle. We start by the horizontal
equation of motion for a test particle with a constant energy Eq at longitudinal position s
within the bunch, and at position z at the focusing quadrupole with strength &g

d’z 2, _ 1 * ' , 28 2)
a—;-}- kﬁl‘ = E{;—;pr(s )Fmr(s - 8 ,L)Tds

where Fyz(s,z) is the z-component of the m pole Lorentz force produced by a gaussian
bunch with offset rg whichis connected with the transverse wake potential by

foz Fu(z,8)dz = eQWa(z,5)

The simplest model that still contains the essentials of the situation is a two particle model
for the bunch!®. Consider a model for a gaussian bunch of total charge Q in which a head charge
Q/2 is located at s’ = —2¢ and a tail charge /2 is located at s = 20. For a uniform external
focusing field of strength kg the head particle moves on an orbit described by zgcoskgz. For
our case the radiation forming zone z; is small compared with the quadrupole length. For the
"step-in” case kpzi® << 1, for "step-out”case kg = 0 . We will assume that the head particle
has an offset of 5. The transverse force acting on the tail particle due to the dipole wake is
then

Fio=9%0090)  for O0<z<zy

2roze,
eQzro ., 27 2r
= 2 Wy—cos —(z ~ 2
1 Dra 0 cos (z ~ zi) for z > 74y
The displacement z, for the tail particle obeys the transverse equation of motion
Fi(z)
2+ kiz, =
1 + B41 ED

Assuming z; = z} = 0 at z = 0 ,the solution for z < z. is

-2

zy=Cz

T

where
_ eQzoWp(20)
- 21"02:,_50

For "step-in” and "step-out” cases the quantity of C is
Cin = [3.5 x 107m ™%z,
Coug = [12 X 10_3m_2}x0
Then the tail particle will change its transverse position and angle at a distance 2, by

Trin = 4.4 -10782¢ Tyout = 3.75 - 107 zg

11



Tlin = [1.75-107m oo 2o = [3-107m g

The solution for the equation of motion for z > 2z, .assuming z; = 2} =0 at z = 2. is

Bk
I = W[COS k'(z - ztr) — CO§ kﬁ(z - z“’)]

k5

Bk . :
Ty = m—[kﬁ sinkp(z — 24 ) — ksink(z — 24 )]
8

where

eQzo
= W,
B 2TOE0 0

_27;'
A

The maximum amplitudes of =z and z’, assuming kg/k is small, are

k

2= 2
xl—k

fz1]=B

For the "step-in” and ”step-out” cases we have the following estimates of these quantities

Tyip ™ 4. 10W9$0 Tiout ™ 10_7130

zh. ~[2-107%m Yz, 2w ~ [107°m ™ zo
The quadrupole mode produces an additional focusing (defocusing ) field with strength of

the order of :
Ak = (%) ? Zo
2E07 24y To

For the maximum focusing strength deviation for our case we have
Ak, = [1.85 - 10°m ™2z

Akgy = [1.4-10°m™ %z,

The transverse kicks in the horizontal and vertical plane at the distance z = z¢, due to the
quadrupole mode wake, assuming z; = 19,2} =0 at 2 = 0 are

/_\k? 2
| Azq |~ Zir

T10

In Table 2 the previous quantities for the beam offset zg = ¢, are shown

Bz Ig =0z 371/0':1: zy/ Ak %IEOL

(m) (mm) (rad) (m™1)
step-in 1600 02] 44-107% [ 3.5.107° [ 3.7-10-2 } 6.8-10719
step-out | 0.003 | 0.15-107% | 3.75-107 | 4.5-10712 | 2.1-107% | 5.5-10713

i2



5 Wake fields due to resistive walls

The wake field effects of an ultrarelativistic bunch moving in a cylindrical pipe with resistive
walls, one of analitically solved problems, have been presented in many Refs.(6-9). It is well
known that the behaviour of the wake potentials in a cylindrical tube of radius e and conductivity
o defined by the characteristic distance
e
- (%)

where Zp = 47/c = 3779 is the vacuum impedance. For copper (¢ = 5.9 x 10°Q~1m~1 }:
3p = 3.3um for a tube radius of a = Imm.

The wake potentials of a normalized Gaussian charge distribution p(s) with rms- length o, are
known when the bunch length is large compared to the characteristic length so (so/0, ~ 0.01).
The monopole term for the longitudinal and the dipole term for the transverse wake potentials

can be written as .
%% —— D
:8) = 27raa3/2 V 27rcr exp/ ) ( u)

Wails) = 1ra30'1/2 \ 270 21rc7 exp(~ (-u)

with u = s/, ; D+% the parabolic cylinder functions.

The longitudinal and transverse wake potentials are plotted in Figs. 10 and 11. The max-
imum of the longitudinal retarding wake potential induced , per unit length, by the resistive
walls on a Gaussian bunch with ¢, >> sp travelling on axis ( r = 0 ) can be written as

0.85¢ Z()

Wimae = ———t/ —
aracy?V 20

The rms energy spread og and the longitudinal loss factor k, per unit length on a Gaussian
bunch with o, >> sg are also well known

0.46eQc (30)1/2
02,532 \ &

3/2

og = eQ (/:: dsp(s)W2(s) — kz)llz _

27la0;

b= [ ploWisds = ~ L0 /%

—oa 47 acra/2 V

Putting in constants, this becomes

V.m 1
Womez = 2. 8
(2.78 x 10 C-Ql/z]aafﬂal/?
V.-m eQ)
op = [1.35 x 10®
C-Q1/2]a03/201/2

ky = [1.28 x 10

. Ql/z]aafﬂgl/z
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Figure 10: The Gaussian longitudinal resistive wake potential.
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Figure 11: The Gaussian transverse resistive wake potential.
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For our bunch parameters this corresponds to an energy lost per 1m of quadrupole for the
particles at s ~ —o,/2 within the bunch by an order of 14.3 keV. The rms energy spread
cr = 6.96K eV and energy loss eQk, = 6.59K eV for a quadrupole aperture a = Ilmm. Thus
the energy spread due to resistive longitudinal wake fields can be neglected.

The maximum of the transverse dipole mode wake potential seen by the particles at s ~ o,
within the bunch is

. 4. 1.87‘0
W[lmar = 172
raday’ “(Zyo)l/?
or putting in constants
Woine = (106 10% ] 10
Lmaz = |- C - Q2 (,130';[/20‘1/2

For our bunch parameters these corespond to the dipole Lorentz force

Vv
F, = eQWimes = [1.09- 107;—2]7'0

Scaling the results of the geometrical and resistive transverse wake potentials per unit length
we obtain effects of the same order. However, for the final focus system, transverse resistive wake
fields dominate due to the long region of the interaction of the particles within the bunch with
the induced fields in the quadrupole vacuum chamber.

6 Resistive wake field effects in the final focus douplet

All existing linear collider projects include an F'D doublet for the final focus at the IP. The
final focus doublet, considerd by the DESY/THD S-band linear collider study group (10) with
quadrupole parameters, betatron functions and bunch transvers size at the entrance of the
quadrupoles is presented at Fig. 12.

As mentioned in the previous section the energy spread within the bunch due to longitu-
dinal wake fields can be neglected. We will disscuss the transverse wake field effects and the
coresponding kicks on the tail particles at the IP . For the offset of the bunch at the entrance of
the first quadrupole we will assume one sigma ( o, for horizontal and oy for vertical planes ).

Since a magnetic field of one Tesla gives the same bending force as an electric field of
300M V/m for relativistic particles, the tail particles at the maximum of the transverse wake

potential at the first quadrupole will bend an angle a = L/p with a bending radius for electrons
of

10°E
P=W 0 0

Lmaz
As an example, for electrons with an energy of 250GeV, one sigma bunch offset at the
entrance of the first quadrupole with aperture 1mm corresponds to a bending radius of p =
8.107m and an angle at the exit of the first quadrupole of 12.5 nrad, which gives a displacement
of the tail particle of an order of Az ~ 30 nm at the IP. The transverse dipole field also causes

a nonzero dispersion function of the same order at the IP.

In the two particle model with the head particle moving in the focusing quadrupole on an
orbit described by ro = zocos kg2 in the horizontal plane ( ro = yo coshkgz ) the displacement

V
(GeV, m,a)

15
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Figure 12: Final Focus Doublet for the 500GeV §5— Band Linear Collider.

z1(y1) for the tail particle obeys the equation of motion

T

= QEQTQ

i + k?;a:l zgcoskpz

— T
B 2E0T0

In the horizontal plane we have the equation for the amplitude of a lossless harmonic oscilator
driven at resonance. Assuming zy = zj = 0{yzn = y} = 0) at z = 0 the solution is

¥ — k%yl yo cosh kgz

Czo, .
= 2% (zsin kpz)
N = %::Jﬁ(z sinh kgz)

with C = F,-/?Eo’re .
If zp(yr),2zp(yp) ate the offsets of the head particle at the entrance of the focusing and
defocusing quadrupoles , the tail particle will have the following displacement at the IP

z1p = [1.58 - 10" mm?) oL 4 [4.61- 107 mm?] 2
2 ap

yip = [1.72- 10-5mm3]y—35 +[2.14- 10" mm¥) 22
arx ap

16



where ap,ap are the apertures of the quadrupoles. It is natural to use the same type of
quadrupole magnets for the final focus system with the same aperture. Then for bunch offsets
of one sigma and a = 1mm the displacement of the tail particle at the IP are

zip = 28.6nm z7p = 16.8nrad
yip = 0.72nm yip = 0.21nrad

with a dispersion function of the same order.
For 1% luminosity reduction the bunch offset at the entrance of the quadrupoles should be
better controlled than

AT 0.06

Finally , the results of the resistive wake field effect for the parameters of Ref. (1) are
summerized in the following table:

Q | Energy | o, | Fx/ro(107) | Az1p(107%) /0,
(nC) | (TeV) | (mm) | (eV/m?)
1.12 0.5 0.2 1.09 0.13

The wake fields are produced at first quadrupole with an aperture of 1mm,a length of 1m, at
distance of 3m from IP by a bunch with a offset ro = 0z(0y). Az;p(Ay;p} is the displacement
of the tail particle at IP.

7 Conclusion

The longitudinal wake fields, due to both the abrupt change of radius and resistive wall of the
vacuum chamber of the final focus quadrupoles, produce very small energy spread within the
bunch. This effect is of order 10~7 and in comparison with other sources of energy spread it
may be neglected.

The results of the geometrical and resistive transverse wake field effects scaled per unit length
are of the same order. However, the transverse resistive wake field effects dominate due to the
long region of the interaction of the particles within the bunch with the induced fields in the
quadrupole vacuum chamber.
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