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We consider gluonic contributions to the heavy flavor Wilsoncoefficients at 3-loop order in QCD

with two heavy quark lines in the asymptotic regionQ2 ≫ m2
1(2). Here we report on the complete

result in the case of two equal massesm1 = m2 for the massive operator matrix elementA(3)
gg,Q,

which contributes to the corresponding heavy flavor transition matrix element in the variable

flavor number scheme. Nested finite binomial sums and iterated integrals over square-root valued

alphabets emerge in the result for this quantity inN andx-space, respectively. We also present

results for the case of two unequal masses for the flavor non-singlet OMEs and on the scalar

integrals ic case ofA(3)
gg,Q, which were calculated without a further approximation. The graphs

can be expressed by finite nested binomial sums over generalized harmonic sums, the alphabet of

which contains rational letters in the ratioη = m2
1/m2
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1. Introduction

Beginning with 3-loop order in QCD the heavy flavor contributions to the deep-inelastic structure
functions, such asF2(x,Q2), contain Feynman diagrams with two massive quark lines, either of
equal or unequal mass. In the asymptotic region of large virtualitiesQ2 ≫ m2 for the former case,
calculations of a series of Mellin moments [1] have been performed. It is well-known that the
asymptotic picture agrees with the exact one at an accuracy of O(1%) at next-to-leading order for
scalesQ2/m2>∼10 for the structure functionF2(x,Q2) [2]. By now, the complete set of logarithmic
contributions [3] is known and the massive Wilson coefficients and/or operator matrix elements
(OMEs) L(3),PS

q,2 ,L(3)
g,2 [3, 4], L(3),NS

q,2 [5], H(3),PS
q,2 [6], A(3)

qg,Q,A
(3),PS
qq,Q [4], A(3)

gq,Q [7], A(3),NS
qq,Q [5], and

A(3),PS
Qq [6] have been calculated completely.1

Since the ratiom2
c/m2

b ∼ 1/10, with mc andmb the charm and bottom quark masses, is not
small, the charm quark cannot be considered massless at the scaleµ = mb. Therefore a sequential
decoupling of these two heavy quark flavors using the single quark decoupling in the usual variable
heavy flavor scheme (VFNS) [1, 8, 9] is not possible2. Instead a generalization of the VFNS,
decoupling two massive quarks at the same time, is necessary[11].

In the case of two different massesmc andmb, one may derive the asymptotic heavy flavor
Wilson coefficients as well by considering the region of virtualities Q2 ≫ m2

b,m
2
c, where power

correctionsO(m2
c,b/Q2) can be neglected. The heavy flavor Wilson coefficients are known to fac-

torize into the light flavor coefficientsCi,(2,L) and the process–independent massive operator matrix
elements (OMEs)Ai j , see Refs. [2,8] for the corresponding relations.

The massive OMEs are evaluated in terms of Feynman diagrams with additional Feynman
rules for the composite operator insertions. The momentsN = 2,4,6 to all operator matrix ele-
ments have been calculated up toO

(

m6
c

m6
b
ln3(m2

c/m2
b

)

)

for the contributions containing both charm

and bottom-lines [11–13] using the projection method [1] through which the OMEs are mapped to
tadpoles. They have been calculated using the codeQ2e/EXP [14]. This required a total compu-
tation time of about 1 CPU-year.

In this note we report on recent results on contributions to OMEs containing two massive
fermion lines of equal and unequal quark masses. In Section 2we discuss the contributions of
O(α3

s T2
FCF(A)) to the OMEAgg,Q in the case of equal masses. The renormalization of the unequal

mass case is briefly discussed in Section 3. There we also present results for the massive OME
in the flavor non-singlet and transversity cases and for a scalar diagram with unequal masses at
general Mellin variableN and arbitrary mass ratio contributing toAgg,Q. Section 4 contains the
conclusions.

2. The O(α3
sT2

F ) Contributions to Agg,Q

The contributions ofO(α3
s T2

FCF,A) to the operator matrix elementAgg,Q have been calculated in
Ref. [15]. Here the color factors areCF = (N2

c − 1)/(2Nc),CA = Nc,TF = 1/2 in SU(Nc) and

1For the notation we refer to Ref. [1].
2The value of the decoupling scale in the VFNS is process dependent and usuallynot the scale of the decoupling

heavy quark mass, cf. Ref. [10].

2



DIS Contributions with Two Heavy Quark Lines F. Wißbrock

Nc = 3 for QCD. Most of the diagrams have been computed directly using Mellin-Barnes repre-
sentations and generating function techniques directly, i.e. including the corresponding numera-
tor structures. This led to large amounts of nested sums which were treated with the summation
technologies encoded in the packageSigma [16, 17], based on advanced symbolic summation
algorithms in the setting of difference fields [18–26], and the packagesEvaluateMultiSums,
SumProduction [27], andRhoSum [28], which are all based onSigma. In part of the sums we
used integration-by-parts reduction applyingReduze2 [29,30]3 and calculated the corresponding
master integrals using differential equations and also applying Mellin-Barnes techniques.

As a main result of Ref. [15] we present the constant part to the unrenormalized operator
matrix elementa(3)

gg,Q;T2
F
. It is finally obtained by the following compact expression

a(3)
gg,Q;T2

F
(N) =

CFT2
F

{

16
27

FS3
1+

16Q4

27(N−1)N3(N+1)3(N+2)
S2

1+

[

−16
3

FS2

− 32Q10

81(N−1)N4(N+1)4(N+2)(2N−3)(2N−1)

]

S1−
16Q4

9(N−1)N3(N+1)3(N+2)
S2

− 2Q13

243(N−1)N5(N+1)5(N+2)(2N−3)(2N−1)
−F

[

352
27

S3−
64
3

S2,1

]

+

[

16
3

FS1−
8Q8

9(N−1)N3(N+1)3(N+2)

]

ζ2+
Q3

9(N−1)N2(N+1)2(N+2)
ζ3

−
(

2N
N

)

16Q5

3(N−1)N(N+1)2(N+2)(2N−3)(2N−1)
1

4N

(

N

∑
i=1

4iS1(i −1)

i2
(2i

i

) −7ζ3

)}

+CAT2
F

{

− 4Q2

135(N−1)N2(N+1)2(N+2)
S2

1+
16
(

4N3+4N2−7N+1
)

15(N−1)N(N+1)
[S2,1−S3]

+
Q12

3645(N−1)N4(N+1)4(N+2)(2N−3)(2N−1)

− 8Q11

3645(N−1)N3(N+1)3(N+2)(2N−3)(2N−1)
S1+

4Q7

135(N−1)N2(N+1)2(N+2)
S2

−
(

2N
N

)

4Q9

45(N−1)N(N+1)2(N+2)(2N−3)(2N−1)
1

4N

(

N

∑
i=1

4iS1(i −1)

i2
(2i

i

) −7ζ3

)

+

[

4Q6

27(N−1)N2(N+1)2(N+2)
− 560

27
S1

]

ζ2+

[

− 7Q1

270(N−1)N(N+1)(N+2)

−1120
27

S1

]

ζ3

}

. (2.1)

Here we define

F(N) =
(2+N+N2)2

(N−1)N2(N+1)2(N+2)
≡ F, (2.2)

3The packageReduze2 usesFermat [31] andGiNac [32].
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andQi denote polynomials inN, cf. [15]. The equal mass contribution to the massive OMEA(3)
gg,Q

can be described by harmonic sums [33,34]S~a(N)≡ S~a,

Sb,~a(N) =
N

∑
k=1

(sign(b))k

k|b|
S~a(k), S/0 = 1,b,ai ∈ Z\{0} (2.3)

and one inverse binomial sum weighted by a harmonic sum [35].In x-space the latter sum results in
an iterated integral of square root-valued letters, extending the space of functions for contributions
to the 3-loop Wilson coefficients having been know so far for the first time.

3. Scalar Integrals of the O(α3
sT2

F ) Contributions to Agg,Q with Two Different Masses

We have calculated all scalar integrals contributing to theOME Agg,Q in case of two different
masses both inx- andN-space, without any approximation, like e.g. an expansion in η = m2

c/m2
b.

We first describe the main steps of the renormalization of these contributions, cf. Ref. [11] for
details, present results in the flavor non-singlet case, andfinally give an example for the scalar
integrals contributing toA(3)

gg,Q.

3.1 Renormalization

The renormalization of the operator matrix elements with two heavy quark flavors is performed as
a generalization of the single mass case in Ref. [1]. Here thesub-set of graphs with two massive
fermion lines is considered. It is technically of advantageto treat the equal and different mass
cases together. The renormalization of the unequal mass case is then obtained by subtracting the
contributions in the equal mass case taken from [1]. The quark mass is either renormalized in the
on-shell renormalization scheme or theMS scheme [36]. The factorization relation [2] at large
virtualities strictly requires the external legs of the operator matrix elements to be on–shell. Charge
renormalization is easiest carried out in aMOM–scheme applying the background field method
[37]. Afterwards a finite renormalization to theMS–scheme is performed. The remaining ultra-
violet singularities of the composite operators are renormalized via the correspondingZi j –factors
and in a final step the collinear singularities are removed asthey are absorbed into the parton
distribution functions. In all the quantities, corrections due to the two mass scalesmc andmb are
emerging. Accordingly one may generalize the VFNS w.r.t. the simultaneous decoupling of both
mc andmb, which is needed from 3-loop order onwards, since here graphs with two heavy quark
lines contribute. Their mass dependence does not factorize, unlike the case up to 2-loop order.

3.2 Operator matrix elements with m1 6= m2

In the case of a general Mellin variableN the 3-loop graphs with two different masses have been
calculated for the OME in the non-singlet and transversity cases and for general mass ratiosη . Only
a few Feynman diagrams contribute in these cases. Here we show the unequal mass contribution to
the constant part of the unrenormalized OME, cf. [1], for thenon-singlet and transversity cases

a(3),NS
qq,Q = CFT2

F

{(

32
27

S1−
8
(

3N2+3N+2
)

27N(N+1)

)

ln3(η)+

[

− R1

18N2(N+1)2η

4
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+
[

(

3N2+3N+2
)

(η +1)
(

5η2+22η +5
)

36N(N+1)η3/2
− (η +1)

(

5η2+22η +5
)

9η3/2
S1

]

ln

(

1+η1

1−η1

)

+
2
(

5η2+2η +5
)

9η
S1+ ln(1−η)

(

16
(

3N2+3N+2
)

9N(N+1)
− 64

9
S1

)

+
32
9

S2

]

ln2(η)

+

[

40(η −1)(η +1)
9η

S1−
10
(

3N2+3N+2
)

(η −1)(η +1)

9N(N+1)η
+

(η +1)
(

5η2+22η +5
)

9η3/2

×
[

8S1−
2
(

3N2+3N+2
)

N(N+1)

]

Li2(η1)

+
(η1+1)2(−10η3/2+5η2+42η −10η1+5

)

9η3/2

[

(

3N2+3N+2
)

2N(N+1)
−2S1

]

Li2(η)

]

ln(η)

+
16
(

3N4+6N3+47N2+20N−12
)

ζ2

27N2(N+1)2 +
(η +1)

(

5η2+22η +5
)

9η3/2

[4
(

3N2+3N+2
)

N(N+1)

−16S1

]

Li3 (η1)+
(η1+1)2(−10η3/2+5η2+42η −10η1+5

)

9η3/2

[

2S1

−
(

3N2+3N+2
)

2N(N+1)

]

Li3(η)+

[

16
(

405η2−3238η +405
)

729η
+

256ζ3

27
− 640ζ2

27

]

S1

+

[

128ζ2

9
+

3712
81

]

S2−
1280
81

S3+
256
27

S4−
64
(

3N2+3N+2
)

ζ3

27N(N+1)
− 4R2

729N4(N+1)4η

}

(3.1)

and

a(3),NS,TR
qq,Q = CFT2

F

{

[

16
27

S1−
4
9

]

ln3(η)+

[

−(η +5)(5η +1)
12η

+
(η +1)

(

5η2+22η +5
)

72η3/2
[4S1−3]

× ln

(

1−η1

1+η1

)

+

(

5η2+2η +5
)

9η
S1+ ln(1−η)

(

8
3
− 32

9
S1

)

+
16
9

S2

]

ln2(η)

+

[

20(η −1)(η +1)
9η

S1−
5(η −1)(η +1)

3η
+

(η +1)
(

5η2+22η +5
)

9η3/2
[4S1−3]

×Li2(η1)+
(η1+1)2(−10η3/2+5η2+42η −10η1+5

)

36η3/2
[3−4S1]Li2(η)

]

log(η)

+
8ζ2

9
+

(η +1)
(

5η2+22η +5
)

9η3/2
[6−8S1]Li3 (η1)

+
(η1+1)2(−10η3/2+5η2+42η −10η1+5

)

36η3/2
[4S1−3]Li3(η)

+

(

8
(

405η2−3238η +405
)

729η
+

128ζ3

27
− 320ζ2

27

)

S1+

(

64ζ2

9
+

1856
81

)

S2

−640
81

S3+
128
27

S4−
32ζ3

9
− 2R3

243N2(N+1)2η

}

. (3.2)
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Hereη1 =
√η and the polynomialsRi read

R1 = 15η2N4+78ηN4+15N4+30η2N3+156ηN3+30N3+25η2N2+18ηN2+25N2

+10η2N+4ηN+10N+32η (3.3)

R2 = 1215η2N8−1596ηN8+1215N8+4860η2N7−6384ηN7+4860N7+8100η2N6

−25844ηN6+8100N6+7290η2N5−39348ηN5+7290N5+3645η2N4−20304ηN4

+3645N4+810η2N3−140ηN3+810N3+432ηN2+288ηN+864η (3.4)

R3 = 405η2N4−532ηN4+405N4+810η2N3−1064ηN3+810N3+405η2N2−1012ηN2

+405N2+96ηN+288η . (3.5)

TheN dependence is described by rational contributions and harmonic sums, while for the depen-
dence on the mass-ratio also polylogarithms [38] arise.

♠❛ ♠❜

Figure 1: A typical scalar diagram contributing to the OMEA(3)
gg,Q. It is symmetric under the change of the

mass assignmentma ↔ mb. The diagram has been drawn usingAxodraw [39].

Next we consider the contributions due to unequal masses forthe gluonic operator matrix el-
ementA(3)

gg,Q. We have obtained thex- and Mellin space representations for all contributing scalar
diagrams. The calculation of the Feynman diagrams is performed as follows. The Feynman param-
eter integrals can be carried out by introducing an intermediary Mellin-Barnes representation [40].
The corresponding sum of residues does usually not convergein the complete integration region
for the Feynman parameter integrals. In order to ensure convergence, several transformations of
the integrals have to be performed. The integration domain of the final integral is then split into
two regions for each of which a convergent sum of residues canbe obtained. The sums are solved
applying the algorithms encoded in the packageSigma [16, 17], EvaluateMultiSums and
SumProduction [27]. We map the final integral to obtain the form of a Mellin transform

M[ f (x)](N) =
∫ 1

0
dx xN f (x) (3.6)

and rewrite thex–space representationf (x) in terms of iterated integrals with argumentx by using
techniques inspired by [41]. The result cannot be describedwithin the class of hyperlogarithms
only, but more general iterated integrals involving square-root valued integration kernels [35] occur,
see also [42]. In the corresponding Mellin space expressions, finite nested binomial sums weighted

by
(2k

k

)±1
are emerging. Here also the function

L1(η) =
1
2

∫ η

0
dx

√
x

1−x
ln2(x)

= 4

{

Li3(η1)−Li3(−η1)+ ln(η1) [Li2(−η1)−Li2(η1)]−
1
2

ln2(η1) ln

(

1−η1

1+η1

)

6
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−2η1

[

1− ln(η1)+
1
2

ln2(η1)

]

}

, (3.7)

is frequently observed.
In a final step we apply the computer algebra packageHarmonicSums [43–46] to generate

a difference equation for the Mellin transform off (x) and solve it by using the packagesSigma,
EvaluateMultiSums andSumProduction. As an example we present theN–space result
for the diagram in Figure 1

I(N) = (3.8)
(

m2
b

)−3+3/2ε
[

1+(−1)N

2

]

{

− η +1
24εη2(N+1)

+

[

P8
1

5760η3N(N+1)2(N+2)

+
1
45

2−2N−9
(2N

N

)

P2

(η −1)η3(N+1)2(N+2)

N

∑
i1=1

22i1
( η
−1+η

)i1

(2i1
i1

)
− 1

45

2−2N−8
(2N

N

)

η2(N+1)2(N+2)
P4

+

( η
η−1

)N

11520(η −1)η2N(N+1)2(N+2)
P5+

(1−η)−NP6

11520(η −1)η3N(N+1)2(N+2)
+

S1

(

1
1−η ,N

)

360(N+1)
+

S1

(

η
η−1 ,N

)

360η3(N+1)

− 1
45

P11
2−2N−9

(2N
N

)

(η −1)η(N+1)2(N+2)

N

∑
i1=1

22i1(1−η)−i1
(2i1

i1

)

]

log2(η)+

[

− P7

5760η3(N+1)2(N+2)

+
1
45

(η +1)
2−2N−7

(2N
N

)

η3(N+1)2(N+2)
P2−

1
45

2−2N−8
(2N

N

)

P2

(η −1)η3(N+1)2(N+2)

N

∑
i1=1

22i1
( η
−1+η

)i1S1

(

−1+η
η , i1

)

(2i1
i1

)

+
1
90

(

η3−1
) 1

η3N(N+1)2(N+2)
S1 (N)+

(1−η)−N

5760(η −1)η3N(N+1)2(N+2)
P6S1 (1−η,N)

−
(

η3−1
)

S2 (N)

180η3(N+1)
−

( η
η−1

)N

5760(η −1)η2N(N+1)2(N+2)
P5S1

(

η −1
η

,N

)

+
S1,1

(

1
1−η ,1−η,N

)

180(N+1)

− 1
180

1
η3(N+1)

S1,1

(

η
η −1

,
η −1

η
,N

)

− 1
45

P10
2−2N−8

(2N
N

)

(η −1)η(N+1)2(N+2)

N

∑
i1=1

22i1(1−η)−i1S1(1−η, i1)
(2i1

i1

)

]

log(η)

+
[

(

27η2+10η +27
)

5760η5/2(N+1)
− 2−2N−8

(2N
N

)

P1

45η5/2(N+1)2(N+2)

]

L1(η)−
1
45

(η −1)
2−2N−6

(2N
N

)

η3(N+1)2(N+2)
P2

+
2−2N

(2N
N

)

P2

11520(η −1)η3(N+1)2(N+2)

N

∑
i1=1

22i1
( η
−1+η

)i1
[

S1,1

(

−1+η
η ,1, i1

)

−S2

(

−1+η
η , i1

)]

(2i1
i1

)

− 1
2880η3N(N+1)2(N+2)

P9+
(η +1)P3S1 (N)

5760η3(N+1)2(N+2)
+

(

η3+1
)

180η3N(N+1)2(N+2)

[

S2 (N)−S2
1(N)

]

+

(

η3+1
)

S3(N)

180η3(N+1)
+

(1−η)−NP6

5760(η −1)η3N(N+1)2(N+2)

[

S1,1 (1−η,1,N)−S2 (1−η,N)
]

+

( η
η−1

)NP5

5760(η −1)η2N(N+1)2(N+2)

[

S1,1

(

η −1
η

,1,N

)

−S2

(

η −1
η

,N

)

]

+
1

180(N+1)

[

S1

(

1
1−η

,N

)

S1,1 (1−η,1,N)−S1,2

(

1
1−η

,1−η,N
)

+S1,2

(

1−η,
1

1−η
,N

)

−S1,1,1

(

1−η,1,
1

1−η
,N

)

−S1,1,1

(

1−η,
1

1−η
,1,N

)

]

+
1

180η3(N+1)

[

S1

(

η
η −1

,N

)

S1,1

(

η −1
η

,1,N

)

+S1,2

(

η −1
η

,
η

η −1
,N

)

−S1,2

(

η
η −1

,
η −1

η
,N

)

−S1,1,1

(

η −1
η

,1,
η

η −1
,N

)
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−S1,1,1

(

η −1
η

,
η

η −1
,1,N

)

]

+
2−2N

(2N
N

)

P10

11520(η −1)η(N+1)2(N+2)

×
N

∑
i1=1

22i1(1−η)−i1
[

S2(1−η, i1)−S1,1 (1−η,1, i1)
]

(2i1
i1

)

}

,

where thePi represent different polynomials in the variablesN andη . Additionally to harmonic
sums [33,34], we also observe generalized harmonic sums [45,47]

Sb,~a(c, ~d,N) =
N

∑
k=1

ck

kb S~a(~d,k), S/0 = 1, b,ai ∈N\{0}, c,di ∈ R\{0}. (3.9)

The real numerator weights are partly rational functions ofthe ratioη . Furthermore, nested bino-
mial sums over generalized sums contribute [35,48,49]. Usually, the expansion of the integrals like
I(N) in terms ofη ≪ 1 up to a finite order for general values ofN is not possible in general. How-
ever, if a fixed integer value is chosen forN, the expansion may be performed. Here one obtains
the same result as calculating the corresponding moment using the codeQ2e/EXP [14].

4. Conclusions

We calculated contributions ofO(T2
FCF(A)) to the gluonic massive operator matrix elements at 3-

loop order in QCD from graphs with two massive quark lines, both for equal and unequal heavy
quark internal lines4. In the calculation of these diagrams the evaluation of Mellin-Barnes integrals
usually requires to close the contour either to the left or the right, depending on the value of one
of the Feynman parameters. Both in intermediary and the finalresult, nested finite binomial sums
occur, weighted by harmonic sums in the equal mass case. For unequal masses also generalized
finite harmonic sums are present, the letters of which are rational expressions of the mass ratio of
the two quarks. For general values of the Mellin variableN the expansion in the mass ratio is not
straightforward. One is rather advised to deal with the caseof general mass ratios. The present
summation technologies allow to compute the complete result, however.
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