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DIS Contributions with Two Heavy Quark Lines F. WiRbrock

1. Introduction

Beginning with 3-loop order in QCD the heavy flavor contribos to the deep-inelastic structure
functions, such ag»(x,Q?), contain Feynman diagrams with two massive quark linebgeibf
equal or unequal mass. In the asymptotic region of largealities Q% > nv for the former case,
calculations of a series of Mellin moments [1] have beengreréd. It is well-known that the
asymptotic picture agrees with the exact one at an accurfa®y196) at next-to-leading order for
scalesQ?/? 2 10 for the structure functioR,(x, Q%) [2]. By now, the complete set of logarithmic
contributions [3] is known and the massive Wilson coeffitseand/or operator matrix elements
(OMES) L™ L3 18,41, 12" 181, Ha2™ 6], Aggo-Awaa” 14 Ao [7) A [51, and
Agc)]’PS [6] have been calculated completély.

Since the ratiang/mg ~ 1/10, with m; andm, the charm and bottom quark masses, is not
small, the charm quark cannot be considered massless atalegis— my,. Therefore a sequential
decoupling of these two heavy quark flavors using the singé&lgdecoupling in the usual variable
heavy flavor scheme (VFNS) [1, 8, 9] is not possibldnstead a generalization of the VFNS,
decoupling two massive quarks at the same time, is necedsigry

In the case of two different masseg andmy,, one may derive the asymptotic heavy flavor
Wilson coefficients as well by considering the region of waltties Q? > m2, mg, where power
correctionsO(mZ,/Q?) can be neglected. The heavy flavor Wilson coefficients arevkrto fac-
torize into the Iight flavor coefficients; ;) and the process—independent massive operator matrix
elements (OMEs/;j, see Refs. [2, 8] for the corresponding relations.

The massive OMEs are evaluated in terms of Feynman diagrathsadditional Feynman
rules for the composite operator insertions. The mombinis 2,4,6 to all operator matrix ele-
ments have been calculated upﬂ(é%; In3 (mﬁ/mﬁ)) for the contributions containing both charm
and bottom-lines [11-13] using the projection method [tdtigh which the OMEs are mapped to
tadpoles. They have been calculated using the g EXP [14]. This required a total compu-
tation time of about 1 CPU-year.

In this note we report on recent results on contributions MES containing two massive
fermion lines of equal and unequal quark masses. In Sefdtiee Biscuss the contributions of
O(agTFZCF(A>) to the OMEAy, ¢ in the case of equal masses. The renormalization of the ahequ
mass case is briefly discussed in Secfion 3. There we alsentressults for the massive OME
in the flavor non-singlet and transversity cases and for Esdéagram with unequal masses at
general Mellin variableN and arbitrary mass ratio contributing #Agqo. Section[}# contains the
conclusions.

2. The O(a2T?) Contributionsto Ago

The contributions 00(adTZCr ) to the operator matrix elemenyyo have been calculated in
Ref. [15]. Here the color factors a@ = (N2 —1)/(2N¢),Ca = Ne, T = 1/2 in SU(N;) and

1For the notation we refer to Ref. [1].
2The value of the decoupling scale in the VFNS is process digetrand usuallyot the scale of the decoupling
heavy quark mass, cf. Ref. [10].
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N: = 3 for QCD. Most of the diagrams have been computed direcilygusiellin-Barnes repre-
sentations and generating function techniques directy, including the corresponding numera-
tor structures. This led to large amounts of nested sumshak@re treated with the summation
technologies encoded in the packagegna [16, 17], based on advanced symbolic summation
algorithms in the setting of difference fields [18-26], ahd package&val uat eMul t i Suns,
SunPr oduct i on [27], andRhoSum([28], which are all based o&i gna. In part of the sums we
used integration-by-parts reduction applyRgduze2 [29, 30F and calculated the corresponding
master integrals using differential equations and alstyagpMellin-Barnes techniques.

As a main result of Ref. [15] we present the constant part éoutrenormalized operator
3)

matrix elemen‘raléJg Q2" It is finally obtained by the following compact expression
b L
©) _
aggQ;Té(N) -
16 16Q4 16
2 _ —_——
Cr e { 27 S NS NN DN S T | B
_ 32Q10 S 16Q4 S,
81(N —1)N4(N+1)4(N+2)(2N —3)(2N — 1) 9(N—1)N3(N+1)3(N+2)
2Q13 352 64
- 243N—1)N5(N+1)5(N+2)(2N—3)(2N—1) - [753 a ?S“]
16 8Qs Qs
3 S NN+ D3N+ 2) | 2 aNC DNe(N T 1PN+ D)

- ( N > 3(N—1)N(N+1)%(N —|—52)(2N —3)(2N—1)aN (;W - 753) }

4 16(4N34+4N2 — 7N +1
+CaATZ{ — 2Q2 5 S ( )
135N — 1)N2(N+1)2(N +2)

15(N— DN(N+1) (S22 -]
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3645N — I)N4(N+ 1)4(N+2)(2N —3)(2N — 1)
8Q11 4Q7
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T BEN-D)NZ(N L 12(N+2)

oN 4Q 1 (J4s(i-1)
_< N ) 45(N — 1)N(N+1)2(er2)(2N —3)N-1 & (Zx i2(7) _7Z3>

~ 3645N — )N3(N+1)3(N+2)(2N—3)(2N — 1)

4Qs 560 (o
T 2N DNIN T 12(N T 2) 2736t 270N —I)N(N+1)(N+2)
1120
EERAY
Here we define
(2-+N+N?)?

FIN) = (N—1)N2(N+1)2(N +2) F (2:2)

3The packag&eduze? usesFer mat [31] andG Nac [32].
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andQ; denote polynomials itN, cf. [15]. The equal mass contribution to the massive OA@Q
can be described by harmonic sums [33,34N) = S;,

Gty § (5070

b
& kol

Si(K), S=1ba cz\{0} (2.3)

and one inverse binomial sum weighted by a harmonic sum [B5}space the latter sum results in
an iterated integral of square root-valued letters, extenthe space of functions for contributions
to the 3-loop Wilson coefficients having been know so far fier first time.

3. Scalar Integralsof the O(aT,2) Contributions to Aggo With Two Different Masses

We have calculated all scalar integrals contributing to @ME Aqqq in case of two different
masses both ix- andN-space, without any approximation, like e.g. an expansian + nﬁ/n’%
We first describe the main steps of the renormalization adereontributions, cf. Ref. [11] for
details, present results in the flavor non-singlet case,fimadly give an example for the scalar
integrals contributing tméZ?Q.

3.1 Renormalization

The renormalization of the operator matrix elements with hgavy quark flavors is performed as
a generalization of the single mass case in Ref. [1]. Herestibeset of graphs with two massive
fermion lines is considered. It is technically of advantagdreat the equal and different mass
cases together. The renormalization of the unequal massi€éisen obtained by subtracting the
contributions in the equal mass case taken from [1]. Thelgomeass is either renormalized in the
on-shell renormalization scheme or tMS scheme [36]. The factorization relation [2] at large
virtualities strictly requires the external legs of the @ier matrix elements to be on—shell. Charge
renormalization is easiest carried out ilVE®DM—scheme applying the background field method
[37]. Afterwards a finite renormalization to thdS—scheme is performed. The remaining ultra-
violet singularities of the composite operators are remdizad via the corresponding;—factors
and in a final step the collinear singularities are removethag are absorbed into the parton
distribution functions. In all the quantities, correctsodue to the two mass scaleg andm, are
emerging. Accordingly one may generalize the VFNS w.r& gimultaneous decoupling of both
m; andmy, which is needed from 3-loop order onwards, since here grapth two heavy quark
lines contribute. Their mass dependence does not factanidi&e the case up to 2-loop order.

3.2 Operator matrix elementswith my # mp

In the case of a general Mellin varialdfethe 3-loop graphs with two different masses have been
calculated for the OME in the non-singlet and transversages and for general mass ratipOnly

a few Feynman diagrams contribute in these cases. Here wetsbainequal mass contribution to
the constant part of the unrenormalized OME, cf. [1], fortlo@-singlet and transversity cases

(3)NS 5 3_2 B 8(3N2+3N+2) 3
%aQ _CFTF{<27Sl ORI O

Ry
18N?(N+1)2n

4
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+[(3N2+3N+2)(r7+l)(5r72+22n+5) (n+1)(5r72+22n+5)8l n(1tm
36N(N +1)n3/2 - 9n3/2 } (1_’71>

2(5n%+2n+5) 16(3N?+3N+2) 64 32, |, 2
+ on Sl—|—|n(l—f7)< ON(N 1 1) —g 3] +gS|In%n)

40n-1)(n+1). 10(3N2+3N+2)(n—-1)(n+1) (n+1)(5n%+22n+5)
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N(NT 1) ]le(’h)
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_|_

x [851—

2
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At (007574 40 300 9) s, i
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Hereni = /N and the polynomial& read

Ry = 1572N*+ 787 N*+ 15N% + 30n2N3 + 1567 N> + 30N> + 25n72N? + 187 N2 4- 25N?2
+10n%N +4nN+ 10N + 321 (3.3)

R, = 121572N® — 15961N8 + 1219N8 + 48607°N” — 63847N” + 486N " + 81007 2N°
—25844)N° + 8100N® + 72907 2N°® — 393487 N° + 729N° + 36457°N* — 20304 N*

+3643N* + 8107%N3 — 1400 N3 + 810N + 4327 N2 + 288N + 864 (3.4)
Rs = 4057%N* — 5320 N* + 405\N* + 810n2N3 — 10647N> + 810N> + 40572N? — 10127 N2
+408N2 + 961N + 2881 . (3.5)

TheN dependence is described by rational contributions and drdmsums, while for the depen-
dence on the mass-ratio also polylogarithms [38] arise.

Figure 1: A typical scalar diagram contributing to the OI\M%Q. It is symmetric under the change of the
mass assignment, < my,. The diagram has been drawn usiegodr aw [39].

Next we consider the contributions due to unequal masseatdagluonic operator matrix el-
ementAggQ. We have obtained the and Mellin space representations for all contributingasca
diagrams. The calculation of the Feynman diagrams is peddras follows. The Feynman param-
eter integrals can be carried out by introducing an inteiergdellin-Barnes representation [40].
The corresponding sum of residues does usually not conwertiee complete integration region
for the Feynman parameter integrals. In order to ensureergemce, several transformations of
the integrals have to be performed. The integration domftheofinal integral is then split into
two regions for each of which a convergent sum of residuedeavbtained. The sums are solved
applying the algorithms encoded in the pack&jeyna [16, 17], Eval uat eMul ti Suns and
SunPr oduct i on [27]. We map the final integral to obtain the form of a Melliansform

M (x)](N) :/Oldxw £(x) (3.6)

and rewrite thex—space representatidrix) in terms of iterated integrals with argumeaby using
techniques inspired by [41]. The result cannot be descnititliin the class of hyperlogarithms
only, but more general iterated integrals involving squra valued integration kernels [35] occur,
see also [42]. In the corresponding Mellin space expressianite nested binomial sums weighted
by (Zk")j[l are emerging. Here also the function

Li(n) = %/On dxl—\i)—(XInZ(x)

_ 4{Li3<nl> —Lis(—12) +In() [Lia(~1) ~ Lia(m)] — 3 In2(n) In Gl Zl>
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—2n1|1—In(ny) + In (’71)}} (3.7)

is frequently observed.

In a final step we apply the computer algebra packdmenoni ¢ Suns [43—-46] to generate
a difference equation for the Mellin transform tfx) and solve it by using the packag8sgna,
Eval uat eMul ti Suns andSunPr oduct i on. As an example we present thie-space result
for the diagram in Figurg 1

I(N) = (3.8)
—3+3/2¢ 1+(_1)N n—+1 1
() { 2 szxenZ(NH)+ P S76073N(N - 12N+ 2)
I S 0 TR L G ) N I

a5 D3N+ 12N+ 2) igl @) asnAN+1AN+2) !

.\ (7%)" - (1-n) Py +~°’l(ﬁ V) | si7hN)
1152Qn —1)n2N(N +1)2(N+2) 1152qn —1)n3N(N+1)2(N+2) = 360N +1) 36073(N+1)
1 272N79(2N) N 22i1(1_n)7i1 =
B DN TN D) 2, @y || e 1PN 2)

TRl T S S M s S AL
1 1 @-m™N

oo™ Y a2 2N s7ean 1) 3N(N+1)2(N+2)Pﬁsl(1*”"\')

C(P-)s(N) (7)™ PSSJ.(” 1 )+Sl,1(1,,,1 nN)
183(N+1) 57600 — 1)n2N(N+1)2(N+2) 180N +1)

1 1 n n-1

717%173(N+1)Sl’1(n—1’ n ’N>
1 228 § (1) hsi(1-n.iy)

—— 10([‘)—1)!’](N+1) (N+2) L1 (2I|11) |Og(n)

(2702 +10n +27) 2-2N-8( )Py 1 2-2N-6(a
[ 576075/2(N + 1) 745/75/2(N+1)2(N+2)]L1(n)7475(’771) 3(N+1)2 (N+2)P2
22 @R v 2% ()" S (T Bia) S (550
115200 - DnP(N T 12N+ 2) 2, ()
1 (n+1)PsS1(N) (n°+1)

- 288073N(N+1)2(N+2) P 57603(N+1)2(N+2) + 18073N(N +1)2(N+2) [SZ(N) *Sz'l(N)]

(N*+1)S(N) (1—n)"Nps

180n3(N+1) ' 57600 —1)n3N(N+1)2(N+2) [S“ (1=nLN) =S (1-n, N)]

(%)NF’S n-1 n-1 1 1
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1 1 n-1
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n-1 n 272N(21\'|\1)P10
—81.1,1( n vm’l"\'ﬂ+1152qn—1)n(N+1)2(N+2)
N 2%1(1- )i Sz(l—nvil)_sl-l(l_n’l’il)}}

2, @

X

where theR represent different polynomials in the variabsand . Additionally to harmonic
sums [33, 34], we also observe generalized harmonic sum4T45

N~k
SaCdN) =y =Sk, $=1 baeN{0} cdeR\(0} (39
k=1

The real numerator weights are partly rational functionthefration. Furthermore, nested bino-
mial sums over generalized sums contribute [35,48,49]allisihe expansion of the integrals like
I(N) in terms ofn < 1 up to a finite order for general valueshfis not possible in general. How-
ever, if a fixed integer value is chosen fdr the expansion may be performed. Here one obtains
the same result as calculating the corresponding momeng thse codg€X e/ EXP [14].

4. Conclusions

We calculated contributions @(TECF(A)) to the gluonic massive operator matrix elements at 3-
loop order in QCD from graphs with two massive quark lineghidor equal and unequal heavy
quark internal line& In the calculation of these diagrams the evaluation of Mdlarnes integrals
usually requires to close the contour either to the left erright, depending on the value of one
of the Feynman parameters. Both in intermediary and the ffazallt, nested finite binomial sums
occur, weighted by harmonic sums in the equal mass case. negual masses also generalized
finite harmonic sums are present, the letters of which arena@texpressions of the mass ratio of
the two quarks. For general values of the Mellin varidkléhe expansion in the mass ratio is not
straightforward. One is rather advised to deal with the cdsgeneral mass ratios. The present
summation technologies allow to compute the complete tidsolvever.
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