PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 21, 2013
REVISED: March 9, 2014
ACCEPTED: March 11, 201}
PUBLISHED: April 10, 2014

The universal Racah-Wigner symbol for U,(osp(1|2))

Michal Pawelkiewicz,” Volker Schomerus® and Paulina Suchanek®®
*DESY Theory Group, DESY Hamburyg,
Notkestrasse 85, D-22603 Hamburg, Germany
b Institute for Theoretical Physics, University of Wroctaw,
pl. M. Borna 9, 50-204 Wroctaw, Poland
E-mail: michal.pawelkiewicz@desy.de, volker.schomerus@desy.de,
paulina.suchanek@ift.uni.wroc.pl

ABSTRACT: We propose a new and elegant formula for the Racah-Wigner symbol of self-
dual continuous series of representations of Ug(osp(1|2)). It describes the entire fusing
matrix for both NS and R sector of N=1 supersymmetric Liouville field theory. In the NS
sector, our formula is related to an expression derived in [1]. Through analytic continuation
in the spin variables, our universal expression reproduces known formulas for the Racah-
Wigner coefficients of finite dimensional representations.

KEYWORDS: Field Theories in Lower Dimensions, Quantum Groups, Conformal and W
Symmetry

ARX1v EPRINT: 1307.6866

OPEN AcCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP04(2014)079


mailto:michal.pawelkiewicz@desy.de
mailto:volker.schomerus@desy.de
mailto:paulina.suchanek@ift.uni.wroc.pl
http://arxiv.org/abs/1307.6866
http://dx.doi.org/10.1007/JHEP04(2014)079

Contents

1 Introduction 1
2 The Racah-Wigner symbol of Ug,(s1(2)) 3
3 The supersymmetric Racah-Wigner symbol 10
4 Comparison with the finite dimensional 6J symbols 16
5 Conclusions 20
A Double sine functions 21

1 Introduction

The Racah-Wigner coefficients of Lie (super)algebras and their deformations play an im-
portant role in modern mathematical physics. Up to some normalization dependent prefac-
tors, they coincide with the so-called fusing matrix of 2-dimensional Wess-Zumino-Novikov-
Witten (WZNW) models and hence feature very prominently in the conformal bootstrap
of these models and many descendants thereof. In fact, they do not only provide the coeffi-
cients in the bootstrap equations but also furnish some of their famous solutions e.g. for the
bulk and boundary operator product coefficients. This dual purpose of the Racah-Wigner
coefficients is based on a number of identities they satisfy, most importantly the well-known
pentagon equation. The same identities are also exploited in the construction of state-sum
models for topological 3-manifold invariants. These provide another important area in
which Racah-Wigner symbols appear.

Recently, two of the authors and Leszek Hadasz constructed the Racah-Wigner symbol
for a series of self-dual representations of Ug(osp(1/2)) [1] for ¢ = exp(imb?) and real b?.
They also verified that the resulting expressions agree with the fusing matrix of N=1
Liouville field theory in the Neveu-Schwarz (NS) sector [2, 3]. A central goal of the present
work is to extend the previous expression to include both NS and Ramond (R) sector fields.
The way in which we shall achieve our goal is quite interesting in its own right.

Let us recall that the expression for the Racah-Wigner symbol found in [1] generalized
previous formulas by Ponsot and Teschner for the Racah-Wigner symbol of Ug4(sl(2)) [4, 5].
In a remarkable recent paper [6], Teschner and Vartanov found an alternative and much
more natural way to express the same Racah-Wigner symbol. In particular, the new formu-
lation is very closely modeled after the famous expressions for the Racah-Wigner coefficients
of finite dimensional U, (sl(2)) representations [7, 8], only that an integral appears instead
of the usual summation and g-factorials are replaced by double Gamma functions.



Our strategy here is to extend the Teschner-Vartanov expressions for the Racah-Wigner
symbol of Ug,(sl(2)) to the supersymmetric case. Up to certain sign factors, this step is
relatively straight-forward, taking into account some of the properties of the formula derived
in [1]. The resulting expression is so natural that its extension to the R sector is rather
easy to guess. Only the sign factors are a bit tricky to extend. We shall come up with a
concrete proposal. In order to test our prescription for both NS and R sector labels we shall
continue the integral formulas from spins a € /2 + iR to the discrete set j = —a/b € N/2
at which the integrals can be evaluated by summing over certain residues.

When j is integer, the result of this evaluation gives the known 6J symbols for finite
dimensional spin j representations of Uy(osp(1/|2)) [9, 10]. This limit only uses information
from the NS sector, but can be considered a very strong test of our proposal for the universal
Racah-Wigner symbol, including the sign factors we prescribe in the NS sector.

In order to probe the R sector of the theory we make use of a remarkable observation
in [11, 12]. These authors found that the 6J symbols for finite dimensional integer spin
representations of Uy (s1(2)) and Uy(osp(1]2)) actually coincide when ¢’ = i,/q. Because of
the usual relation between the deformation parameter ¢ = exp(in/(2k + 3) and the level
k, the deformation parameter ¢’ actually tends to ¢ = 4 in the semiclassical limit & — oo
of Ug(osp(1]2)), i.e. it is associated to a point ¢’ = exp(in/(k + 2) with k = 0, deeply in
the quantum region of Ugy(sl(2)). In this sense, the numerical coincidences between 6J
symbols of finite dimensional representations observed in [11, 12] can be thought of as a
non-perturbative duality.! In our context we will find that the limiting U, (osp(1]2)) Racah-
Wigner symbols with discrete weights, including those corresponding to half-integer spin 7,
coincide with the 6J symbols of finite dimensional representations of Uy (s1(2)). Thereby, we
provide highly non-trivial evidence for our choice of sign factors in the R sector of the theory.

The tests of our proposal we described in the previous two paragraphs exhaust the data
provided by finite dimensional representations of deformed universal enveloping algebras.
On the other hand, we can evaluate our proposed Racah-Wigner symbol for a larger set of
labels o which are parametrized by a pair of spin labels (j,j'). When j' = 0, we are back
to the case discussed above. But for nontrivial values of j’ the limiting value of the Racah-
Wigner symbol may be written as a product of two 6J symbols with different values of ¢.
In reaching such a conclusion, details of the sign factors become even more crucial. While
the result has no direct interpretation in terms of finite dimensional representation theory
of universal enveloping algebras, it can be understood from the relation between Liouville
theory and minimal models in conformal field theory. Hence it adds quite significantly to
the testing of our main proposal.

The plan of this paper is as follows. In the next section we shall re-address the case
of Uy(sl(2)) and show how to recover the Racah-Wigner coefficients of finite dimensional
representations from the formula of Teschner and Vartanov. After this warm-up, we can
turn to the supersymmetric case in section 3. There we propose a new expression for the
Racah-Wigner symbol of U,(osp(1|2)). The comparison with the 6J symbols for integer
spin representations of Uy (osp(1|2)) and with finite dimensional representations of Ug(s1(2))

"'We thank Edward Witten for stressing this aspect of the duality in a private conversation.



is performed in section 4. We conclude this work with a number of comments on open
problems, including some speculations about the extension of the duality between U, (sl(2))
and Uy (osp(1]2)) to infinite dimensional self-dual representations.

2 The Racah-Wigner symbol of U,(s1(2))

In this section we will start from a recent integral formula for the Racah-Wigner symbol
of a self-dual series of representations of Ug,(sl(2)) with ¢ = ™ parametrized by o =
Q/2+iR,Q = b+b~! [6]. This symbol turns out to simplify when we consider its analytic
continuation to parameters a = —jb — j'b~1; j, 5’ € %. In fact, it can be then written as a
sum over finitely many pole contributions. We can compare the resulting expressions with
the formulas for Racah-Wigner coefficients of finite dimensional representations of U, (sl(2))
and find complete agreement, at least up to some normalization dependent prefactors.

Let us begin our discussion by reviewing the formulas for the universal Racah-Wigner
coefficients of Uy(sl(2)) which were proposed by Teschner and Vartanov [6]

{al a3 s } = Ao, ag, ag) A(as, ag, aq) Aoy, as, as) Aay, ap, o) (2.1)
a2 4 O

X / du Sp(u — a12s) Sp(u — asza) Sp(u — aa3t) Sp(u — aa)
c
Sp(01234 — w) Sp( stz — u) Sp(auseoa — u) Sp(2Q — u)

where

Sp(a23 — Q) > :
Sp(a12 — a3z) Sp(ags — a1) Sp(azr — az)

and the multi-index of o denotes summation, e.g. a;; = o; + «;. The integral is defined
for aj = Q/2+iR,Q =b+ b~! by a contour C which crosses the real axis in the interval
(%, 2Q) and approaches 2@Q) + iR near infinity. The double sine function Sy(x) is given in

A(ag,ag,al) = < (2.2)

terms of Barnes’ double Gamma function. Its definition and some relevant properties are
listed in appendix A. Let us note that Teschner and Vartanov were able to show that the
expression (2.1) agrees with an earlier formula for the Racah-Wigner symbol of Ug,(sl(2))
that was established by Teschner and Ponsot [4, 5]. Thus the Racah-Wigner symbol (2.1)
coincides with the fusion matrix of Liouville theory [6, 13]. Because of this relation with
conformal field theory (CFT) we shall use some CFT terminology from time to time. In
particular, we will refer to the labels o;, © = 1,...,4 and as, oy as external and intermediate
parameters, respectively.

Let us begin our analysis of the Racah-Wigner symbols (2.1) with the prefactor of the
integral in the first line. Insertion of the definition (2.2) gives

P(al) = A(Oé]_, a2, aS)A(asa as, O[4)A(Oét, as, OZZ)A(OQla Qi Oé]_) = (23)
1
< Sp(a2s — Q) Sp(asza — Q) > 2
Sp(i2— i) Sp(aos—ar) Sp(ans—a) Sp(asa—ag) Sp(azs—ay) Sp(ass—a3)

[NIE

Sp(ass — Q)Sp(1a — Q) )

x
<5b(0423 —ay) Sp(aar—as) Sp(agr—az) Sp(aia—ay) Sy —au) Sp(our—aq)



We observe that the prefactor vanishes each time one of the external parameters a; ap-

proaches the so called degenerate value ay, ,» = —%b - 27;7 n,n’ € Z>p, and one of the

intermediate parameters o, (x = s,t) satisfies the condition

xb

2 2
where the labels 7,7 € {1,2} or {3,4} for x = s, and 4,5 € {2,3} or {1,4} for =z = ¢.
In Liouville theory, the values a, , are associated with so-called degenerate fields which

ap = Qi — , re{-n—n+2,....,n}, 2 e{-n,—n+2,....0 2.4
j

satisfy additional null vector decoupling equations. These restrict the possible operator
products to a finite set of terms which are labeled by parameters satisfying so-called fusion
rules, i.e. conditions of the form (2.4).

Let us now consider a limit of the Racah-Wigner symbol where one of the external
parameters becomes degenerate and the intermediate parameter «y satisfies the condi-
tion (2.4). As we shall show below, the limit is finite and non-zero because the integral
in eq. (2.1) contributes singular terms canceling zeroes from the prefactor. In order to see
how this works in detail, let us focus on the limit ag — —7 (n>0)and as — a3 — 3217
The zero in the prefactor comes from the first two terms in the denominator of eq. (2.3)

1

i st - (5 (52) 8 (-5

= ooty (257 [5]) o

sb
where we used the shift relation (A.4) for the double sine function and the notation

ag—>a1—f

sin(mb?x)

sin b2

[z] =

For integer z the factorial [z]! is defined as,

(2.5)

xT

[x]! = H[a] = (sin m?) " H sin(rb%a) (2.6)
a=1

In order to obtain a finite non-zero limit for the full Racah-Wigner symbol, the integral must
contribute a divergent factor S;(0) to cancel the corresponding term from the prefactor.
Let us therefore take a closer look at the integral in eq. (2.1). Its analytic continuation to
Qg = ’;b, s = a1 — % is defined by the same integral with a deformed contour C’,
figure 1 and figure 2 for the cases s > 0 and s < 0, respectively. As we deform the orlgmal
contour we have to take into account contributions from poles. We shall split these into

two groups and denote them by Iy, I, respectively,
/ dqu(u — a12s) Sb(u — 04534) Sb(u — Otggt) Sb(u — Oz1t4) (27)

Sp(01234 — 1) Sp(euse1z — u) Sp(asroa — u) Sp(2Q — u) = Lreg + 11 + 1o .

The first term I;¢; denotes the integral over the original contour and a regular contribution.
The singular terms I; and Is will be described and calculated in the next few paragraphs.
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Figure 1. The original integration contour C passes between the points u = as34 and u = a1234.
As we deform the contour to C’, the poles contribute to singular term I; due to the pinching
mechanism.

By definition, the first singular term I; has origin in the two double sine functions
Sp(u — as34) Sp(aiogs — u). Let us first consider the case of s > 0. Then the poles of

n—s

Sp(u — as34) in u = ag3q4 — pb (0 < p < B52) lie on the left side of the contour C, see

figure 1. When we deform the contour to C’ we thus obtain contributions from non-
vanishing residues in these points. These residues are proportional to the other double sine
function Sp(c1234 — s34 + pb) and in the limit ap — —%b, g — ] — %b become singular.
This is the so called pinching mechanism, see e.g. [5], Lemma 3 and [2, 14] for similar
calculations. In the end we obtain the following sum

n—s s—n

< [ (=2sin(7b?)) 2 Sy(0) ( nb >
L = — Sp | agg— a1 + ——pb
1 z( D " 50 5, (- +
(n—s)b sb
Sb(ozlt— o4+ pb)Sb Q14— Oy + T_ pb | Sy | ag— oy —?— pb (2.8)

nb sb
Sy — as —5 + pb)Sy <2Q 134 + 5 +Pb)> :

When s < 0 the function Sp(u — vs34) has poles in u = o34 — pb (=5 <p < %5°). In
the limit ay — a1 — %b these are situated on the left side of the contour C, see figure 2. On
the other hand the function Sy(cvi234 — u) has poles in v = o234 + pb (0 < p < —3F) that
are located on the right side of the contour. While deforming the contour to C’ we pick up
contributions from all these poles. Each residue is proportional to Sp(a12 — a5 + pb) and
develops a singularity in the limit ay — —%b, as — a1 — %b. The final result will be the
same as in the case (2.8) where we assumed s > 0.

The term we have denoted by Iy come from the poles of the function Sy(u — ayy4) in
u=ayy —pbfor0<p < "T*S Since s > —n, the poles lie on the left side of the contour
C, independently of the sign of the parameter s (analogous to figure 1). The residues of all
poles we pass while deforming the contour are proportional to Sy(asio4 — a4 + p'b). In
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Figure 2. When s < 0 we have to deform the contour in the above way. The poles appear on both
sides of the contour C and they all give singular contribution to I;.

the limit ag — — Qb, g — o) — 2 they contribute to the second sum of singular terms,

5 —2sin(mwb? -5 s+n
L Z<( 2sin(mt)) " F $(0) <at4_a1+< + >b_p,b>

][22 —p')! 2

p'=0
2

b b
Sh (Oé:a— o — T;—Hvlb) Sp <a13— oy — z-i-pb))

Combining the two divergent terms I3, I given in egs. (2.8), (2.9) with the prefactor P(a;)
from eq. (2.3) we obtain a finite result for the limit,

b b
Sp <a14— a3+ e p/b> Sp <Oét— 043-1-%— p/b) Sp(2Q— aru+p'b)  (2.9)

042—>—— a9 04 O a2—>—i’
as%aligﬁb Oésﬁalfib
1
= Sp(ars + ar — Q)Sp(az + ap — L — Q) L
Sp (a3 — ar — ) Sy (ar — a3 — B) Sp(ona — o) Sp(o1r — aa) Syl — )

=

(255 (24218 (200 = 52— Q) 8 (20130 — % - Q)

% ( a3t+ ( a1 +(n : )Sb (03— o1 + 3 )Sb (a13—oz4—*) Sh (a14—a3_ib)
7L2 2 ; b B b
= [q]-[ 5 ] 2 2

sb nb sb
Sb <a3— = 5= qb> Sh <Oét— az— o5+ qb) Sp(a1t— as+ gb)Sp <2Q— Q134+ 2+qb>

s

2

—2sin 7rb2 s+mn)b nb
+ Z I n+S ])7/]' Sb <at4 — g + (2) - Plb> Sb (Oé14 — a3 + ? - p/b>

b b b
Sh (at — a3+ % —p/b> Sh <0é3 — o — % +p/b) Sh <a13 —oy— % +Plb> Sp(2Q — o144 +P/b)}.



Suppose now that the other intermediate parameter «; also satisfies condition (2.4) i.e.
oy — ag — 2. Then the prefactor in the formula above gives zero. On the other hand in
each term of the sums there are double poles for t € {—n+2p, —n+2p+2,...,s+2p} and
te{s—2p,s—2p'+2,...,n—2p'} coming from Sy(az — c; — 52 — pb) Sp(cw — a3 — 2 + pb)
and Sp(cy — as — p'b+ %b) Sp(ag — ap + ag — p'b), respectively. The residue for a given
ap — ag — % takes the form

1
Res lim a1 a3 Qs _ Sb(20‘1 - @ - Q)Sb(QOég — @ - Q) 2
ar—az— \ ag——nt | g ay oy Sp(201 + 52 §,(205 + (500

a5—>a1—ib

mln{n s n+t} _
2 ([25) [242) [257) [224)
2 BT el

p:max{O,t 5 }

N[

Sp (13— g +pb— 2)
1
P (5 (on— 0= ) 8 (ons— 0= )’

Sb (0434_041—2954-@) Sh (a14—a3—pb+w)
1
(Sb (a34—a1+ )Sb (0434—041 tb)) (Sb (a14—a3—%b) S (0414—0434—%))2

(Sp (134 — % — Q) Sb (a134 — 2 - Q))
Sp (04134 - 7 — pb — Q)

(SIS

NI

(2.11)

where we redefined the second summation parameter p’ = p — t*TS in order to obtain two

identical sums. Let us denote the residue above as

/
sb
a1 O3 1 — & . a1 a3 «
. 2 ¢ = Res lim . (2.12)
-5 4 a3 — 5 oa—az— 2L\ ap—-nb | Q2 Q4 0y
as—ap—L

Now one can set all the other external parameters «; (i = 1,3,4) to degenerate values,
a; = —Jib, 2j; € Z>¢. In this case, eq. (2.11) takes the form

1

—jib —j3b —jib—% / _ < (251 + 52! (245 + 52! ) 2
—2 b —]36—2() 251 + 2 + 1] [255 + & + 1]

min{D,H—"} n—s n+s n— n 1

22 ’ (_1)j1+j3—P+"T+t ([ ]! E 5! [ t]! [ t;!)z

p:ma‘x{O7 tgs }

SIS

isatp+5+0 (Ga—da+ 3! [ =g+ 3]
1 R ;
([130 + 5+ 1]! [jiza + 5 +1]1)2 13 —Jja—p+ 5!

[SIE

(La — js + 5]! [ja — js — £]1)2
t+721—s]!

([73a — g1 — 5] [Jsa — g1 + 5]Y)
[jsa —j1+p— %] [j1a—js+p—

where we assumed that 7 — % = j134 + 5 € N and we expressed the S functions in
terms of the [.]-factorials (2.6). The minus sign under the sum comes from the difference



in the shift relations (A.4) concerning Sy(—xb) and Sy(—xb+ Q). Denoting jo = §,js =
J1+ 5.0t =J3+ % and shifting the summation parameter to z = p + js34, One can see our

limit coincides with the 6J symbol for finite dimensional representations of the quantum
deformed algebra U, (sl(2)),

. . . ! - . . 1L/
—jib —jsb —jsb | _ (=1)7 70 (255 + 1g[25e + 1g) "2 (1 Jo Js (2.13)
—Jj2b —jab —jib 2sin(mb?) sin(—mb~?) J3 Ja Jt '
q
where the deformation parameter ¢ is given in terms of b as g = ™ and the quantum
numbers [.], of Uy(sl(2)) are equal those defined in eq. (2.5), i.e.
x

" —q

[z], = R = [z] . (2.14)

Thus we conclude that the residue of the Racah-Wigner coefficient (2.12) analytically
continued to a; = —j;b, 2j; € Z>¢ is equivalent to the 6J symbol of the finite dimensional
representations of the quantum deformed algebra Uy (sl(2)).

The 6J symbol of finite dimensional representations of U,(sl(2)) is given by the follow-
ing sum [7, 8, 15]

Gxﬁjzﬂ%+mm+thW“% (2.15)
q

" Z (—1)% Aq(Js, 32, 1) Ag(Js, J3, ) Dq (e, Js, 52) Dq (s, Jts 1) [2 + 14!

=2 [z = dnasle! [z = dsasle! [2 — Jraddg! [2 — Jaselq! 1230 — 2]o! [j1ss — 2]! [2ase — 2]g!
Here, the summation extend over those values of z for which all arguments of the quantum
number [.], are non-negative. In addition we used the shorthand

Ag(a,b,c) = \/[—a—i—b—l—c]q![a—b+c]q![a+b—c]q!/[a+b+c+1]q!.

It is worth pointing out the similarities between the expressions (2.15) and the original
formula (2.1). In passing to eq. (2.15), the four factors A got replaced by A, while the
eight functions S have contributed the same number of quantum factorials. In addition,
the integration over v became a summation over z.

In the above calculation we have restricted a to a subset of degenerate labels a =
—jb — 7’b~1 with j/ = 0. One may certainly wonder about the more general case with
j" # 0. It turns out that the corresponding limit of the Racah-Wigner symbol can still be
evaluated using pretty much the same steps as before. More precisely, we can continue the
Racach-Wigner symbol (2.1) to general degenerate values

Zzo

ai = —jib=jib"h ji e =

(2.16)



evaluate the residue at oy = aj — %b — %bil and restrict the other intermediate parameter
as to the values (2.4). These steps define the symbol

/
. o -1 o o —1 . _al —1
{ jib— jib Jjab — j3b Jsb—Jjsb } (2.17)

—job — jhb™t —jsb — jibL —jb — it

. . o] a3 «
= lim Res lim s ,
aj—r—jib—jib~ " ar—aj—Lb— b1 ai%fjibfjlfb/_l Q2 g Oy

akﬂfjkbfj;cbfl asﬁak_%b_%bil
al%—jlb—j{b71

where
R R R
js_.]k+§7 .]s_jk+§a ]t_j]+§7 ]t_j]+§
Using the properties of double sine functions (A.5) and the assumption

. ./
J12345 Ji234 € L>o0,

one can express the limit as a product of two 6J symbols of finite dimensional representa-
tions of the quantum deformed algebra Ug,(sl(2))

/

: p—1 . /3 —1 . s p—1

—hb—jib 1 TIsb = dsb =g b = b et i ga—i1ss —aadba il
—job — jobt —jab—jib~t —jib — jib~!

. . . . _1 ... N
(23 + Vgl2js + (244 + g (204 + o) "2 (G2 G2 Jis J1 Ja Js (2.18)
2sin(mb?) sin(—mb~2) J3 Ja Jt 5 Jy gt ) '
q q

. . b2
where the deformation parameters assume two different values, namely ¢ = €™ and

q = eimb™?

As we anticipated in the introduction, the result has an interesting CFT interpretation.
The limit we consider gives the value of the fusion matrix in Liouville theory where all
representations are degenerate and both intermediate representations satisfy the fusion
rules. The resulting numbers are expected to describe the fusing matrix of Virasoro minimal
models, at least after continuation of the parameter b to the imaginary discrete values b = i3

with 82 = mTH The associated central charges
c=13+6(b° +b72) = 13-6(8%+572),

take discrete values with ¢ < 1. When parametrized in terms of the integer m, our param-
eters ¢ and ¢ read

o 2 _m+1 s _92 . m
q:e”rﬂ :e”rm s q,:emﬂ :e“rerl.

1

Since Ugy(sl(2)) 6J symbols are invariant with respect to ¢ — ¢~, we can also use the

parameters ¢ = exp(it™H) and ¢» = exp(imr-") on the right hand side of eq. (2.18).

mo m+1
The result agrees then with the fusing matrix of (unitary) minimal models [16-18].2 Thus

20ften Uy(sl(2)) deformation parameters are defined as ¢ = 2imB

ai, G-

which in our notation is equal to



we have shown that one can recover the fusion matrix of minimal models from the Racah-
Wigner symbol (2.1).

Given the connection with minimal models, the product structure of our result (2.18)
is easily understood from the famous coset construction,

MMk = (SU(2)k X SU(2)1)/SU(2)k+1,

for Virasoro minimal models. Here the parameter k is related to m = k + 2 by a finite
shift. Sectors of the coset theory are labeled by three integers (27, 2;', 21) where 0 < 25 < k,
0<2)/<k+1,1=0, % The last label does not play a role because it can be set to l =0
using the so-called field identification symmetry. The two nontrivial factors in the fusing
matrix are associated with the SU(2) Wess-Zumino-Witten (WZW) models at level k and
k + 1. While the SU(2), model contributes a factor with exp(27wi/(k + 2)) = ¢?, the 6J
symbol with exp(27i/(k + 3)) = ¢2 comes from the SU(2) WZW model at level k + 1.

3 The supersymmetric Racah-Wigner symbol

After our warmup with the Racah-Wigner symbol of the Uy(sl(2)), we are now prepared
to study its extension to the supersymmetric case. We shall define the supersymmetric
Racah-Wigner symbol in the next few paragraphs and comment a bit on its relation with
N=1 Liouville field theory and the Racah-Wigner symbol for self-dual representations of
Ug(osp(1]2)). Then we perform an analysis along the lines of section 2, i.e. we compute
the limit of the Racah-Wigner symbol for a discrete set of representation labels. The
interpretation of the results is a bit more subtle than in the example of Uy(sl(2)). It has
to wait until section 4.

As a supersymmetric extension of the Racah-Wigner symbol (2.1) we propose the
following integral formula

L2

al a3 As

« « «

1 3 s —

{ aa2 O(a4 aat } — 521 v;=as-+ar mod 2AV4 (asv a9, al)AV;), (as; ag, a4)All2 (ata ag, OéQ)
2 4 t

vz

1
XAyl (Ct4, Qt, al) / du Z ((_1)XSI+V+V4+aS (u - 04125) Sl+v+1/3+as (U - 04334>
¢ v=0

Sttvtvatar (U — @23t) St14vtvr+a, (U — @124) Sytvy+vpta, (1234 — 1)
Sytv1+vs+as (ase13 — u) Svtv1+vatas (austoq — u) S, (2Q — u)) (3.1)

where

-

Syt Lars @123 — Q)

2
@12 _O[3)Su+%(a23*a1)(a23 _al)Sl/+%(as1fa2)(a31 _a2)>

Ay(as, ag, an)= (

Su+%(a1ra3)(
and the contour C, as in the bosonic case, crosses the real axis in the interval (%,ZQ)
and approaches 2Q) + iR near infinity. Note that the arguments a® of the Racah-Wigner
symbol contain a continuous quantum number a € @/2 + iR along with a superscript a
that can take the values a = 0 and a = 1. The discrete label a keeps track on whether
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the corresponding representation is taken from the Neveu-Schwarz (NS) or Ramond (R)
sector, respectively. We will comment a bit more on this below. We define the Racah-
Wigner symbol for the discrete labels a; satisfying the following conditions

4
as =a1+as =az+asmod?2, a;=a+as=as+ as3mod?2, Zai:0m0d2, (3.2)
i=1
otherwise the symbol is set to zero. The sign factor
(_1)X — (_1)V(asl/1+a1l/3+a4l/4+a1as+a2a4+as+az) (3.3)

becomes relevant as soon as some of the discrete labels a; are nonzero. The supersymmetric
double sine functions S, (x) with v = 0,1 are defined in the appendix (A.6).

Before we continue our analysis, let us make a few comments on the status of the
definition (3.1), its relation with U,(osp(1|2)) and with N=1 Liouville field theory. In re-
cent work, two of the authors and Leszek Hadasz computed the Racah Wigner symbols
for a certain series of self-dual representations of the quantum enveloping superalgebra
Ug(osp(1]2)). The arguments of this symbol assume values a € @Q/2 + iR. Furthermore,
the symbol defined in [1] was shown to coincide with the fusing matrix of N=1 Liouville
field theory when all field labels are taken from the NS sector of the model. The expres-
sion in [1] extends the one found by Teschner and Ponsot for Uy(sl(2)). The latter has
been rewritten by Teschner and Vartanov using some highly non-trivial integral identities.
Our symbol (3.1) with a; = 0 was defined to extend the Teschner-Vartanov version of the
non-supersymmetric symbol to Uy (osp(1]2)). At the moment we cannot prove that the ex-
pression (3.1), a; = 0, agrees with the formula derived in [1] simply because we are missing
certain supersymmetric analogues of the integral identities employed in [6]. On the other
hand our results below make it seem highly plausible that both formulas agree. In [1] no
attempt was made to extend the constructions to the R sector of N = 1 Liouville field
theory. It is likely that Ug(osp(1]2)) indeed possesses another self-dual series of represen-
tations which can mimic the R sector and that the fusing matrix involving R sector fields
may be obtained from the Racah-Wigner symbol in an extended class of self-dual represen-
tations, but the details have not been worked out. Here we just make a bold proposal for
the extension of the Racah-Wigner symbol to cases with some a; # 0. Our results below
strongly support a relation with the R sector of N=1 Liouville field theory.

After these comments on the Racah-Wigner symbol (3.1), we would like to repeat the
analysis we have performed in section 2. Let us start with the prefactor of our Racah-
Wigner symbol. When written in terms of the double sine function, it takes the from

P(aia V’i) = A1/4 (0157 a2, al)AI/;g (0555 asg, a4)AV2 (ata as, QZ)AV1 (a47 g, O[l) (34)
1
= (SV4+0,3 (04125 - Q)Sug—l—as (04534 - Q)SV2+at (a23t - Q)Su1+at (a14t - Q)) 2

SV4 (0512 - as) SV4+a1 (als - Oég) Sl/4+a2 (a2s - al)

Vo (CY23 - at) Sl/2+a2 (OétQ - a3) SV2+0L3 <a3t - 042)

Sl/g (0434 - as) Sl/3+a4 (0554 - OZ3) Sl/3+a3 (a35 - a4)
S

1
g 2

(14 — o) Syytay (1 — @) Sy tay (Qar — Oél))

- 11 -



By analogy with the bosonic case we expect that the prefactor vanishes each time one
of the external parameters approaches a degenerate value a; = —%b — 37; and one of the

intermediate parameters o, (x = s,t) satisfies the condition

b 2
2 2
where the labels ,j € {1,2} or {3,4} for 2 = s, and ¢, € {2,3} or {1,4} for x = ¢. Using
properties of supersymmetric double sine functions listed in appendix A one can check

Qg = a , v€{-n,—n+2,...,n}, e{-n,-n"+2,....0'}, (3.5)

that the prefactor indeed has zeroes in these cases, provided that the following conditions
are satisfied,

n—s+n’—s’
2 2

degenerate «;, i = 1,2

Uy,
€e2N+1+
{ vy, degenerate oy, 1 = 3,4

vy +a;, degenerate o, 1 =1,2

n+s n+5s
+

€2N+1
2 5 + +{

vs +a;, degenerate «;, 1 = 3,4

by the intermediate parameter ay, and

n—t+n’—t’
2 2

v1, degenerate ay, i =1,4

€2N+1
o { vy, degenerate oy, i = 2,3

n+tt + n 4t v1 +a;, degenerate o, i = 1,4
2 2

€2N+1+ )
{ vo 4+ a;, degenerate oy, 1 = 2,3

by ;. As one example, let us discuss the condition (3.6) and suppose that a; = oy =
—%b — g—,; for definiteness. It follows that a; = az because a; and a appear only in
combination with ay in the arguments of the double sine functions. According to eq. (A.7)
the first double sine function S,, (12 — o) runs into a pole provided that its argument
app — oy = 5hb+ %bil satisfies 5 + ”/gsl € 2N — 1 + v4. The second function
Sys+ay (@15 — a2) has a pole if "T‘” + # € 2N —1+4+wv4+aq. If both conditions are fulfilled

the prefactor become zero. Let us note that this can be the case only if s +s" € 2Z>¢ + a1

and equivalently, due to eq. (3.5), n +n' € 2Z>¢ + a;1. The analysis for the other cases
is similar.
In general, the conditions (3.6), (3.7) can be satisfied only if degenerate parameters

are of the form
nb n

2 20
This reflects the situation in the N = 1 Liouville field theory, where degenerate represen-

n+n' € 2Z>0 + a;. (3.8)

o =

tations in the NS and R sectors are labeled by o, , with even and odd n+n/, respectively.
Additionally, the pattern of zeroes of the prefactor P(«;, ;) well matches with fusion rules
of N =1 Liouville field theory. This provides a first non-trivial test for our proposal.

We plan to test our proposal (3.1) further by continuing it to degenerate parameters,
as in the previous section. To this end, let us consider the limit of the Racah-Wigner

symbol where as — —2, a; — a1 — § and the conditions (3.5)—(3.8) are satisfied. Before

- 12 —



talking the limit it is useful to pass from the summation over v to a new summation index
V' = v+ v3+ as. The Racah-Wigner symbol then reads,

ol o83 s vara L
1 3 s _ X
az a4 at - 521 vi=as+at mod 2 P(aia Vi) / du E ((_1) Sl+V3+V4+V’ (u - 04125)
ag? oyt « c
2 4 t ViV v'=0

Sl+y’(u - a534)Sl+V1+V4+V’ (U - a23t)51+1/2+1/4+1/ (U - a1t4) Sy4+y’(a1234 - u) (39)

Svi+v/+a (ast13 — U)Suz-i-u’-i-cm (Qustoq — u) Svs+v/+as (2Q — u)) .

As in the previous section, we need to determine the singular contributions from the integral

1
/ du Z <(_1)X S1tvstvatv/ (u — a125)S140 (U — @534) S140y v+ (U — Q23t)
v'=0

SI+V2+1/4+1/’ (U - a1t4) SV4+V’(a1234 - U)SV1+V’+a1 (astl?) - U)SV2+V’+(12 (a8t24 - U)

Suyivr4ac(2Q =) = Lieg + I} + I

Note that the product Sti,/(u — @g34)Sy, 117 (1234 — u) has poles in the positions u =
n—s

o134 — %b —pbforp e {V,v +2,...,%5% — '} (V' keeps track of the parity of p). Due
to the “pinching mechanism” each pole contributes a singular term. Omnce we include

the summation over v/ = 0,1, the sum of singular terms runs through all values of p €
{0,1,..., %%},

s—n

N X(Qcos(”—f)) * 51(0)

b
I, = —1 S , _ ni _ b
1 p:O( ) [p]b! [n;s _ p]b! 14vz+vg+v <a34 o1+ 9 p >
n—s)b sb
Sl+1/1+1/4+1/’ <a14 — o+ (2) - pb> Sl+l/2+l/4+1// (a3 — Q¢ — 5 - pb)

nb sb
SzzlJrz/’Jral (Oélt_Oé4 + pb)Sungl/Jrag (at_a3 - ? + Pb> Sug+u’+as <2Q—Oé134 + 5 + pb) )

where we used the shift relations for the supersymmetric double sine function (A.9) and
the notation

-n
H?:_]_lmon cos (j%b2>l_[?:2mod2 sin (—j%ﬂ) (cos (%1’2)> , forn € 2N
(3.10)

[n]y! = n
[15=1 modz cos (j%”g> H;:leon sin (—j#) (cos (%)) , forn e 2N +1.

[N

With the help of conditions (3.6) one can verify that the functions S14u,4p,+1/ (U — @it4)

n—+s

Sya+v/+as (si2a—u) have poles located in u = ayy—p'b, where p’ € {p, p+2,..., %52 — u},
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(= vy +vg + 1/ mod 2. They lead to the second sum of singular terms I5,

_n+s
e (—1)X <2cos (”b )) * 510 b
Ié = 1| [nts Svatv’ (043_ ar— nf‘i‘ p/b)

p'=0 [p ]b' [ - p:| 2
nb sb sb

Sl+y1+y4+1/’ <a14_ O‘S'f—? - P/b) Sl+y’ (at_a3+2_p/b> SV1+V’+a1 <Oé13 a4+p b_2>
n+s)b

S1+l/3+l/4+1/’ <at4_a1+ (2) - p/ >5u3+u’+as (2Q — Q4 + p/b) .

Once the two singular contributions from the integral are multiplied by the vanishing
prefactor, they give a finite result for the limit of the Racah-Wigner symbol,

v3vy
(07 (07 o®
3 1 3 s _ : Lo / !
N limnb {agQ aZ4 Ot?t } - 521 vi=as+at mod2a lim P(al7yl) (Il +IZ> : (311)
g—y—1b
oes—>oz1—s—b e 5b
2

The limit above, similar as in the bosonic case (2.10), has simple poles when the second

intermediate parameter oy — ag — % sat1sﬁes the conditions (3.5), (3.7). The residue is
given by the following formula,
V34
ai as as
) af' ag® o
Res N lim \ s §4 Zt = 5Ziw:as+atmod2 (3.12)
a—az—2 \ aa——12 | Qg7 Oy Oy s
asﬁal—%

1
Sl/4+a5 (20[1 - w - Q) SZ/QJrat (2043 - @ - Q) ’

SV4+a1 (20{1 + @) SV2+<13 (2043 + (n+t)b)

S { 1y (St (013 = % @) S (am -2-Q)"

pzmax{o,tgs} SV3+V’+as (a134 - 5 — pb — Q)

b SV1+V’+a1 (0513 oy + pb - *)
[p}b' [ 58 _p}b' [p+ %]b' [ 2 _p]b! (SV3+a3(a13— a4 — %b)SV1+a1(O[13 a4 — @))%

(Sug (0534_051+ %b) Su)+as (0434 a1 — %)) (SZ/3+CL4 (0414—013— Sjb) S (g —az+ %

In complete analogy to the bosonic case, see eq. (2.12), we shall denote the residue by

! v3vg v3va
al as __sb ai a3 . as
Oél 053 (Oél 2) _ R li Oél Oé3 (07 313
+ = es w 1mnb aa2 Oéa4 aat ) ( . )
V1o at—Q3— 5 a2_)_7b 2 4 t

_nb
A 128 %)
Os—r 01— 5

+t b
Sl+u3+u4+u’ (a34_ a1 — pb + %b) Sl+y1+,,4+1/ <a14_ - pb . : : }
)?

5 oyt (O‘S - %)
2

where we assume n € 2Z>¢ + az, according to the condition (3.8). Now we can send all the
other external parameters to degenerate values,

o — —jib, 2]1 € 2220 + a;.
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Using the shift relations (A.9) for double sine functions one obtains

—jib —gsb —jib | - (=140
—jab —jab —jib ST g cos () cos ()
1o S S L L
> (D)X (=1)27E7Y [z 4+ 1], Ay (s, o, 1) Db, 3, 5a) Db (s 33, 52) Ao (s e, 1)
Sz = rasly! [2 = sasly! [z = dradly! [2 — dasly! [n2sa — 2! [asse — 21! [J2as — 23!

(3.14)

vivg

where we denoted 2 = jo, & = js — j1, £ = j; — j3 and besides conditions (3.6), (3.7) we
2 2 2
assume additionally

J123a € 2N+ w3 +v4 +as, and  jiogs € 2N+ vy + 1o + ay. (3.15)

The sum in (3.14) runs over z = p+ js34 such that all arguments [.], are non-negative, and

Apla,b,¢) = y/[~a+b+ ! [a—b+ ) latb—c)/[atb+c+1],).

The sign (—1)40+) in the prefactor comes from the identity (A.9) applied to the terms
Sy(—zb—Q),

(—1)A0) =

1\ 2d12s(G12s— 1)+ 2 je3a (Geza—1)+ L jaze (Goze—1)+ L jrae (Grae—1)+1
( 1) 1 1 1 1 .

This concludes our computation of the Racah-Wigner symbol (3.1) for degenerate labels
a; — —7ib, 23; € 2Z>¢ + aj.

Let us finally mention that along the same lines one can calculate more general limit
of the Racah-Wigner symbol where the parameters take degenerate values,
a;

o = —Gib =5~ it i € Lxo+ 5

(3.16)
and the relations (3.6), (3.7) and

J1234 + Jloss € 2Z>0 + v+ va +as, and  jJioga + flosy € 2Z>0 +vi+rvo +ap  (3.17)
are assumed. The limit is defined analogously to eqs. (3.13) and (2.17),

. g . g . g1 ) vava
—j1b— 1o~ —jsb — bt —jsb— jlb7!
—job — jhb™1 —jab — ibT —jieb — b

vive
V34
_ . , al' o’ oy
= lim L Res ) lim . as  as ,
aj—=—=Jjb=J;b"" ay—a;—Lb—Lb=1 \ @i——jib=jib A My Y )
ap——jrb—jib ! as—ag—5b—5b7

oy——jib—jjb~*

where
. . s s ., 8 ) ot . gt
Js=irtg Js=atgi B=dits =ity
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Using the identity (A.11) for double sine functions S, (—xb — yb~!) one may obtain

i ./b_l b — ./b_l _ip— ./b_1 I v3va
n jl J3 ]3 Js Js (5
~ OS2, vi=2(jo-+ji) mod2

{ —job — b7 —gb — bt —gb — bt
33 (D)X (—1) DR D (B ) [ 4 1]

220 2'>0

viv2

!

S

1
([Z — J12slp! [z — J3as]p![z — J1ae)! [ — Jose)s![j1234 — Z]b!) (3.18)
—1
[ = dia) 1)

1.
b
, -1
l!) .
b

([j133t - Z]b! [j24st - Z]b! [2, - jizs] %! [Z/ - jil’;4s}
( [Z/ - jé3t]

The result is similar to eq. (3.14), with the difference that now we have two sets of brackets

U [1sse — 2] 1! [Joast — 7]

1234 — 2] 1

1 1
b b
], [y] 1 defined by the formula (3.10) and the analogous one with b exchanged for b1,
Moreover an additional sign comes from eq. (A.11),

(—1)3 = (—1)_22j12345t—22’j1234st(_1)% Siet “i(z_xi)g_”(é_z) (3.19)
where

pr=1+v+wvs+as mod 2, x1=j12s; fp5 =V +v1+rve+a;mod?2, T5=7J1234;
p2 =1+v+wvs+as mod 2, x3 = js3a;  pt6 =V + V1 +v3+ a2 mod 2, w6 = jst13;
ps =1+v+wve+a mod 2, x3 = jogi; w7 =v+v1+vg+az mod 2, T7 = Js24;

pa=1+v+uv+a mod 2, x4 = Jii4;

The final formulas (3.14), (3.18) look somewhat similar to the corresponding equations in
section 2. We are now going to see that they are indeed very closely related.

4 Comparison with the finite dimensional 6J symbols

Our formulas (3.14), (3.18) for the limiting value of the proposed Racah-Wigner symbol
could turn into a strong test of eq. (3.1) provided we were able to show that the expres-
sions (3.14), (3.18) give rise to a solution of the pentagon equation. In our discussion of the
Racah-Wigner symbol for Uy(sl(2)) this followed from the comparison with the 6J symbols
for finite dimensional representations. By construction, the latter are known to satisfy the
pentagon equation. By analogy one might now hope that the coefficients (3.14), (3.18)
coincide with the 6J symbols for finite dimensional representations of the quantum uni-
versal enveloping algebra Ug,(osp(1|2)). This, however, is not quite the case. To start the
comparison, we quote an expression for the 6J symbols of U, (osp(1]2)) from [9, 10],

Blals ] gyttt Gos ot D4 (S0 Lillim ) Hs (s =1+ (-1) (4.1)
Iy Iy by
q

1

Z (—1)27C D[z + 1AL (L, Do, 1) AL (L, I, L) Al (I, 13, 1) A (a1, 1)
[z — Las]g! [z — l3as]y! [2 — laelp! [z — losel ! [liasa — 215! [lisse — 215! [loast — 27!

2>0
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where the sum extend over those values of z for which all arguments of the quantum number

[.]; are non-negative and

Al (a,b,c) = \/[—a—l—b—l—c]{l! la—b+clla+b—dlla+b+c+ 1)L

Let us stress that irreducible finite dimensional representations of U, (osp(1|2)) are labeled
by integers [. Hence all the arguments [; in the above 6J symbols satisfy /; € Z>0. In the
previous definition the g-number [.]; is defined as

], = 2 . (4.2)

For ¢ = ™ the quantum factorial takes the form

—n
H;L:_llmodZ Cos (1%172) H?:Zmon <Z sin <_-7%b2)) (COS <7r7b2)> ) forn € 2N
n L ;b2 n—1 - b2 a2\ "
szlmonCOb 75 Hj:2m0d2 isin ( —j%5- cos | 5~ , forn € 2N+1.

It is related to the similar symbol [.],! which we defined in eq. (3.10) through

[nly! =

[yt = (=)D () ) (43)

In order to compare the limiting values (3.14) of Racah-Wigner symbols (3.1) with the 6J
symbols (4.1) we rewrite the latter in terms of the new symbol [n]/q,

! v3v. 1( . . . . . . .
b —jsb —jsb | 5 (=DAUDAL (s, G2, 1) A (s, 53 Ja)
. . ) = 0%, v;=2(ja+jt) mod?2
A} (s d3, 32) N (as o 1) D (—1)X (—1) 277D F2Gssetindstistisd) [ 4 1111 (4.4)
220

([z — J12slg! [2 = J3as]g!z — Jraelg! [2 — Josely 1234 — 2Jg! [zse — 2]5! [F2ast — Z];!)

where

(_1)A'(ji) _ (_1)—%—(j1234st+1)(j1j3+j2j4+jsjt+1)+%jms(j123—1)+%js34(j534—1)
(_1)%j23t(j23t*1)+%j14t (J1at—1)=F (j1,52,3s) —F (43,54,3s) — F (j2,33,3¢) = F (41,J4,5t) 7
3

(_1)F(j1,j2,j3) — (_1)1j123(j123+1)+j1j2j3+j1j2+j1j3+j2j3 _

In the case when all j; are integer, or equivalently all a; = 0, the sign (—1)* defined in
eq. (3.3) and (—1)22U12sast 5173 +52ja+7sJt) hoth vanish so that we can relate the limit of the
Racah-Wigner symbol (4.4) to the Ug(osp(1]2)) 6J coefficients (4.1),

. . . I v3vy "0 L
{_]1b —J3b —Jsb} 55 ot o (—1)A76) [31 J2 Js
o o o — iVi:2 js+jt mod 2 - - . . .
J2b —jab —jib Divs 2 cos (%2) cos (555) [J3 74 Jt

] (4.5)
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where

(_1)A”(ji) _ (_1)%—j1234st(j1j3+j2j4+jsjt)—F(j1,j2Js)—F(js,j4,js)—F(j27j3,jt)—F(j1,j4,jt) )

Let us emphasize that in arriving at the expressions (3.14) for the limiting values of the
Racah-Wigner symbol, the parameters j; were allowed to take either integer (a; = 0) or
half-integer (a; = 1) values. We have now shown that the limit is proportional to the
Ug(osp(1]2)) 6J coefficients, provided all arguments j; are integer. In order to find an
interpretation of the limit (3.14) in the case of half-integer j;, we will have to bring in a
different idea. It is related to an intriguing duality between the 6J symbol of U,(osp(1|2))
and Ug(sl(2)).

As was originally noticed in [11, 12], the Uy(sl(2)) quantum numbers (2.14) with the
deformation parameter ¢’ = i,/q are related to the Ug(osp(1]2)) quantum numbers (4.2)
through,

1—a
[zl = (=1)72 [a]; - (4.6)
This equation implies a relation between the quantum factorials,
r z(z—1) |
[:c}q. =(=1)" 7 [z]y!. (4.7)

With its help we can rewrite the Uy (osp(1]2)) 6J symbol in terms of the Uy(sl(2)) quantum
factorials,

[]:1 ]:2 ]s] _ (_1)21 2 (31—1)—&—75 (jg—l)-l-;t( ji—1)— 2 jsti1234— 2 j13524
J3 J4 Jt

Z (_1)Z+2Zj12348t [Z + 1](1’ !Aq/ (jSa J2, jl)Aq/ (jSa J3 j4)Aq’ (jt, J3 j2>Aq/ (j47 Jts Jl)
[

2z = Jrasly! [z — Jaaslg! [z — Jraelg [z — Jaselg n2sa — 2lg! [asst — 2! [aast — 2]gr!

Due to the condition j; € Z>¢ in the Uy(osp(1]2)) 6J symbol, the sign (—1)?2/1234st vanishes
and one arrives at the following relation between the 6J symbols (4.1) and (2.15)

[‘7:1 ]:2 ]s] — (_1)221 LB (Gi= 1)+ (s =)+ L (r—1)— Lstirasa— 3 jragioa
J3 J4 Jt

(_1)—j12+j34+2js i1 2 js
Vi + g2+ 1y \gs dade)
In a similar way we can relate our limit of Racah-Wigner coefficients (4.4) to the 6J symbol

of Uy (sl(2)) even if some of the arguments j; assume (half-)integer values. When written
in terms of [z]y, the Racah-Wigner coefficients (4.4) take the following form,

. . . ! v3vy ", L L
{—316 —jsb —Jsb} G veaissymod (-4 (J’)AI(Js,h,Jl)Aqf(Js,Jg,M)
; : ; - 1 Vi=2(Js+Jt) mo
Ag (s I3, J2) Dgr (Ja, s 1) Z(—l)x(—1)”2(””<jlj3+j2j4+jsjt> 2+ 1]y (4.8)
220
1
([ —j12s)q! [2—J3as]g (2 —d1ae) | [2—J2se] g 1234 —2] ¢! [F18st —2] g} [Joast —2] g ')
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where

(_1)A"'(ji) =(-1) 1 —(r2sase+2) (Jrgs+izgatisie) —F' (j1,52.3s) —F' (§3,3a:5s)— F' (2,434t ) — F' (§1,44,t)

)

(_1)F'(j17j2,j3) _ (_1)j1j2j3+%(j1+j2+j3) .

Using the relations (3.6), (3.7) and (3.15) one may check that

(_1)2j1j3+2j2j4+2jsjt — (_1)asVl+a1V3+G4V4+a1as+a2a4+as+at . (49)

Since the parameter z is related to the summation parameter p (3.12) as z = p + js4s and
the parity of p is tracked by v/ = v + v3 + a5, we may relate the sign under the sum in
eq. (4.8) to the sign factor (—1)X that was defined in eq. (3.3),

(_ 1)2(z+1) (J173+Jjeja+isit) — (_ 1)2(V+V3+as +734s+1) (717347254 +7sJ¢) (4. 10)

1 v(asv1+aivz+agvatarastazastas+ar) _ )X
( ) _( ) ’

where we used eq. (3.15) to check that v+ vs + a5+ jsas +1 € 2N+ 2(v+v3+v4 +as) +v.
Thus the limit (4.8) is proportional to the 6J symbol of finite dimensional representations
of Uy (s1(2)),

! V3V s
—hb b 3 4: 05, 1=2js+2j; mod2 ()70 (4.11)
b b b f, T OBy Y o ()

2
(_1)*1'12+]'34+2js 91 Jo s
\/[2,78 + 1](1’ [2Jt + 1](1’ j3 j4 jt 7

viv2

This concludes our discussion of the limiting Racah-Wigner coefficients (3.14). Our analysis
has shown that the expression we obtained from our proposal (3.1) is dual to the 6J
symbol for finite dimensional representations of the quantum universal enveloping algebra
U,(s1(2)). By construction the latter satisfy the pentagon equation. Even though we have
not demonstrated that the original symbol (3.1) solved the pentagon identity for arbitrary
values of the weights «, our results provide highly non-trivial evidence in favor of the
proposal. Note in particular that our sign factors were rather crucial in making things
work as soon as some of the parameters had non-zero label a;, what corresponds to R
sector of N = 1 Liouville field theory.

It is actually possible to carry things a bit further. As we noted before, the evaluation
of the Racah-Wigner symbol (3.1) is possible for general degenerate parameters. In that
case, the limiting values of the Racah-Wigner symbol (3.18) can be also related to Ugy(sl(2))
6J symbols,

. g . g . a1 ) v3va
{—Jlb—ﬁb Uo—jsb— gib™t —jsb— b 1} (4.12)

—job — jhb™t —sb — b7 —gb — jibH

vz

~ 05 =2, +2js mod 2 gz Iy
et Gy gage ) N\ s didt ),
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where the deformation parameters are ¢’2 = —q = ¢™*~1 and ¢"2 = ¢"®"*~1)_ The above
factorization occurs when the sign (—1)* defined by eq. (3.3) cancels the factor (—1)# from
eq. (3.19) multiplied by the sign in eq. (4.8) and the corresponding one depending on j/,
i.e. whenever

(—1)% (=1)B(—1)%Uristinds+isie) +2/ (i3 +isditiiit) = 1

We verified this relation for degenerate parameters o; = —7;b — j/b~! with a; = 0 satisfying
Ji — ji € 27 and for arbitrary degenerate parameters with a; = 1.

As in the bosonic case (2.18), we can relate our result with the fusion matrix of
supersymmetric minimal models. The degenerate representations of NSR algebra are
parametrized by a pair of Kac labels (27,25'), satisfying j; + ji € Z>o, ji — ji € 2Z in
the NS sector and j; + j. € Z>o + % in the R sector. It follows from the coset construction

SMM}, = (SU(2)5, x SU(2)2)/SU(2) 2

of supersymmetric minimal models that the fusion matrix is given in terms of two 6J
symbols of U,(sl(2)) with deformation parameters ¢ = exp(2ir/(k + 2)) and ¢ =
exp(2im/(k+4)). Taking into account the symmetry ¢; < ¢; ! these values match perfectly
those in the 6J symbols on the right hand side of eq. (4.12) if we set b? = (k +4)/(k + 2).

With all these non-trivial test being performed, we trust that our formula (3.1) cor-
rectly describes the fusing matrix of N = 1 Liouville field theory for both NS and R sec-
tor fields.

5 Conclusions

In this work we proposed a formula (3.1) for the Racah-Wigner symbol of the non-compact
quantum universal enveloping algebra U,(osp(1|2)). In order to test our proposal we con-
tinued the symbol to a discrete set of parameters a = —jb — j'b~1, j,j' € Z>o/2. For
integer j € N and 7/ = 0 we recovered the known expressions for Racah-Wigner coefficients
of finite dimensional U, (osp(1]|2)) representations. Half integer values j are not related
to the 6J symbols of Ug(osp(1]2)) but rather to those of Uy(sl(2)). The relation is fur-
nished by a duality which extends the known correspondence between finite dimensional
representations of Ug(osp(1]2)) and integer spin representations of Ugy(sl(2)) to the case of
half-integer spins. A related extension was also uncovered by Mikhaylov and Witten [19].
For cases with j/ # 0 we also discussed the expected relation with the fusing matrix of
unitary superconformal minimal models. There are a number of interesting open issues
that merit further investigation.

As we stressed before, the Racah-Wigner symbol (3.1) should coincide with the com-
plete fusing matrix of N=1 Liouville field theory in both the NS and the R sector [2, 3, 20].
For NS sector representations a related statement was established in [1]. Of course, it would
be interesting to incorporate R sector representations into this comparison. Our comments
on the relation with the fusing matrix of minimal models supports such an identification
very strongly. Assuming that our Racah-Wigner symbol can be reinterpreted as the fusing
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matrix in N=1 Liouville theory, our expression (3.1), and special cases thereof, should then
also describe various operator product coefficients in the bulk and boundary theory, and
in particular the coefficients of boundary operator product expansion, see e.g. [21] for a
review of the relation.

Recently, it has been observed that the operator product coefficients of N=1 Liouville
field theory with central charge ¢ = 15/2 + 3(b? + b~2) can be factorized into a products
of the coefficients in ordinary (non-supersymmetric) Liouville field theory and those of an
imaginary (time-like) version thereof [22-25]. The central charges of the latter are given
by ¢; = 134 6(b? + b; ?) for i = 1,2 with

b2 = %(62 -1), bi=20 -1)"'=-p2-2.

This suggest a relation between Racah-Wigner symbols of non-compact Ug,(osp(1|2)) for
q = expinb? and those of Uy, (s1(2)) for the two values q; = exp(inb?) = \/—¢ and g2 = .
Note that the latter is obtained from the former by modular transformation. We see sign
of such a relation in the limit of discrete parameters (4.12), where two 6J symbols for
finite dimensional representations of Ugy(sl(2)) with ¢’ = e™ and ¢” = ™2 occur. We
plan to investigate the extension of the duality between Uy (osp(1]2)) and Uy(sl(2)) to the
continuous self-dual series of representations in future work. It should also be linked with
a strong-weak coupling duality between the non-compact OSP(2]1)/U(1) cigar-like coset
model and double Liouville theory that was described in [26].

As we recalled in the introduction, the fusing matrix of N = 1 Liouville field theory
should be a central ingredient in the construction of a new 3-dimensional topological quan-
tum field theory, just as Faddeev’s quantum dilogarithm [27, 28], i.e. the building block
of the fusing matrix on Liouville field theory, is used to construct SL(2) Chern-Simons or
quantum Teichmueller theory, see e.g. [29-35]. We will explore these aspects of our work

in a future publication.
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A Double sine functions
The double sine function Sp(x) is given in terms of Barnes’ double Gamma function through

Sp(w) = Ly(z)

- Th(Q — ) (A1)
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and has poles in positions x such that
Sp(x) ' =0 <= z=-nb—mb !, n,m € ZLxg. (A.2)
It satisfies the shift relations
Sy(z 4 b1 = 2sin(mbtta) Sy(x) (A.3)

which imply that one can evaluate

k
H (2sin( —mjb%)) " Sb( ) = (—2sin (7b?)) g ﬁl}g(]?) ,
i=1 ’
Sy(—kb— Q) = (2sin (7b?)) " (2sin (—7b2)) [:’ﬁof],, (A.4)
for k € N, and more general
Sp(—xb—yb~!) = (2sin (WbQ))_x (2sin (—7Tb72))_y W ) (A.5)

sin(mb2z) / _ sin(nb—2y)
sin b2 and [y] ~ sinwb—2

The supersymmetric double sine functions are constructed from Barnes’ double

for x,y € Z>o. We have also used the g-number [z] =

Gamma functions

and they have poles as
S,(x)'=0 <= ax=kb+l/b, klE€Zsy, k+1€2N—-1—v. (A7)

They obey the shift relations:

bty bty

Si(x + bt = 2cos ( > So(x),  So(z+b*') = 2sin ( ) Si(z). (A.8)

For x integer such that € 2N — 1 — v the double sine functions can be written as:

S, (—ab) = (A.9)

z(z—1)
2

Sy(—l'b— Q) _ —1)7 5 —30u,1 Sl(O) _ (_1)* +1 51(0)

2cos (5z) (2 cos(%bZ))mH[:n +1],!  2cos(Fz) (2 cos(”é’ ))xﬂ[az—l—l]b!
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-1 b2 : - b2 LARN
[T521 o2 cos (JL) =2 moa: Sln<_]%> (COS <T)) form € 2N (A.10)

[n]b' = . QbQ 1 b2 b2 -n
[7=1m0a2 cos (]”T) [0 m0a2 sin(—j%) (cos (%)) , forn € 2N + 1.

In general, for arguments such that  +y € 2N — 1 — v, the double sine functions satisfy
the identity:

S, (—xb—yb ) = (A.11)

(2 cos (”%2))36 (2cos (ﬁ))y [],! [y]%'

where [n] 1 l'is given by the formula (A.10) with b exchanged for b1,
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