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Abstract

We calculate the massive unpolarized operator matrix element A(Sq) (N) to 3-loop order in Quantum Chro-

modynamics at general values of the Mellin variable N. This is the first complete transition function needed
in the variable flavor number scheme obtained at O (o@). A first independent recalculation is performed for
the contributions o N of the 3-loop anomalous dimension yg%) (N).

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The variable flavor number scheme (VFNS) allows, in a process independent manner, the
transition of the twist-2 parton distributions for N light flavors to Nz + 1 light flavors at a scale
w?, i.e. making one single heavy flavor Q light at the time. This has been worked out to 2-loop
order in [1] and to 3-loop order in [2]. The new (N s + 1)-flavor massless parton densities for the

different flavor combinations are given by:
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Here, f; and f; denote the quark and antiquark densities, X' (N, w?) = Z,ivzf 1Lfe + fz] is the
singlet-quark density and G(Ny, w?) the gluon density. The mass m of the decoupling heavy
quark Q, enters the massive operator matrix elements (OMEs) A;; (N, m? / Mz) which are pro-
cess independent quantities, in terms of logarithms, and x denotes the decoupling scale. In total
seven OMEs contribute. Here we use the shorthand notation f = f/Np, f f(Np+1) —
f(NF). Representations of parton distribution functions in the VFNS are important at very large
virtualities, as e.g. for scattering processes at the Tevatron or the Large Hadron Collider (LHC),
in particular in the context of precision measurements of different observables in Quantum Chro-
modynamics (QCD) and the determination of the strong coupling constant s (M z) [3]. At 1-loop

order only the OME ASQ o contributes. At 2-loop order Azsq, qus 0 Af,g’ 0 Azq, o emerge, and

from 3-loop order onward also APS  and AS o contribute. The 2-loop corrections to all the ma-
trix elements have been calculated in Refs. [4,1,5,6] in complete form. At 3-loop order, Mellin
moments ranging for N = 2...10(14), depending on the process, were calculated in [2] and for

transversity AI;ngR in [7].
The OMEs qu;;’ Q(N) and AS 22, Q(N) have been computed in [8]. There also the 3-loop
O(Ny TF C4,F) corrections to the OME:s to A APS Agg’ 0 and AZI;,’ER were calculated, with

Tr =1/2,C4 = N.,Cf = (Nf —1/@2N,) for the gauge group SU(N.). The corresponding
contributions to AS 2.0 and A; o Were calculated in [9].

In the present paper we compute the complete matrix element AS( ) o) for general values

of N. As a by-product of the calculation we also obtain the two- loop anomalous dimension
yg;) (N) and the term o TF of the three-loop anomalous dimension, ygq) (N). The paper is or-
ganized as follows. We first describe technical details of the calculation and then present the

constant part of the massive 3-loop operator matrix element AS;SQ in Mellin-N space as well as
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)7;2) () which is obtained in an independent calculation. In Appendix A we present the matrix

element Ag 7.0 in Mellin and momentum fraction space.

2. The formalism

The massive operator matrix element A;Z)’“QA_S in the MS-scheme is given by [2]:
(3).MS )/;,52) (0)1,(0) ©) _,,0) 3(m
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where ¢ = Z[’il ay/ lk), k € N, k > 2 are the values of the Riemann ¢-function. The different
logarithmic terms o In" (m?/u?), from highest to lowest power n = 3 ... .0, depend on anomalous
dimensions yi(jk) (N) (k=0...2), the expansion coefficients of the QCD g-function, the heavy

quark mass, and of the constant parts of the unrenormalized massive OMEs al.(l,‘) [1,4-6,10] from
1- to 3-loop order. Calculating the OMEs order by order in « delivers all these quantities. More-
over, one obtains from the In? (m2 / Mz) term the complete 2-loop anomalous dimension yg(;) (N)
and from the contribution In(m? /%) the term o T of the 3-loop anomalous dimension yég) (N).

The 86 Feynman diagrams contributing to AP o Wwere generated with an extension of
QGRAF [11] allowing for local operator insertions. [2]. The diagrams are calculated using
TFORM [12]. With respect to the latter the corresponding diagrams are mapped into generating
functions in a subsidiary variable x, cf. [13]. The resulting Feynman integrals contain not only
the usual propagator-denominators, but also denominator factors in which the loop momenta
enter linearly. The latter stem from the local operator insertions which have been resummed in
terms of a generating function representation. We then use integration-by-parts relations [14]
as encoded in Reduze2 [15], which has been adapted to this extension. Furthermore we used
FERMAT [16] and GINAC [17]. The master integrals are calculated using hypergeometric func-
tion techniques [5,13,18-21] and Mellin—Barnes [22] representations applying the codes MB [23]
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and MBresolve [24]. One obtains multiple nested sums over hypergeometric expressions still
containing the dimensional parameter ¢ = D — 4. After expanding in ¢, these sums are per-
formed applying modern summation technologies [25-33] encoded in the packages Sigma [34,
35], HarmonicSums [36,37], EvaluateMultiSums, SumProduction [38], and p-Sum
[39]. All but one master integral could be calculated in this way. For the missing case we have
applied the multivariate Almkvist—Zeilberger algorithm [40] in Mellin-space, which allowed us
to find a difference equation using the package MultiIntegrate [37]. This equation could
then be solved applying the summation packages quoted before. Both the master integrals as
well as the final results for individual diagrams were checked comparing to a finite number of
moments calculated using MATAD [41].

Finally it turns out that the OME AP o can be expressed by harmonic sums S;(N) and
¢-values [42] only. The harmonic sums are defined by [43]

k
Spa(N) = Z Slg;gl’) Sik), Sp(N)=1: a;.beZ\{0}, NeN\{0} (22
k=1

The renormalization and factorization of A(3) 0 has been worked out in Ref. [2]. It consists
of mass, coupling constant and operator renormahzatlon and the factorization of the collinear
singularities. Unlike the case of massless OMEs, the Z-factors for the renormalization of the
ultraviolet singularities of the operators are not the inverse of those for the collinear singularities.
For the renormalization of the coupling constant, one first refers to a MOM-scheme, using the
background-field method [44] and then translates to the MS-scheme afterwards.

3. Anomalous dimensions

The anomalous dimension may be obtained from the logarithmic contributions in Eq. (2.1).
In the following we drop the argument N of the harmonic sums and use the short-hand notation
S;(N) = S;. Here and in the following we simplify the result applying the algebraic relations
of the harmonic sums [45]. In the present calculation the complete 2-loop anomalous dimen-
sion yg(;)(N ) and the Tr-part of the 3-loop anomalous dimension P;Z)(N ) are calculated in an
independent way and may be compared to the result obtained previously in Ref. [46].

Let us define the leading order splitting function pg, (N) without color factor,

_ N2+ N+2
pgq(N)—(N_l)N(N+1)- 3.1

The 2-loop anomalous dimension yg(q) is then given by
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The contribution to the 3-loop anomalous dimension is given by
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and the polynomials Q; are

03 =88NS + 171N> + 374N* + 320N + 23N? — 78N — 18,
04 =4N3 +106N" + 653N® + 1411N> + 453N*
— 2429N> — 3394N? — 1644N — 344,
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(3.10)

(3.11)
(3.12)

(3.13)

Both quantities agree with the results in the literature for individual moments [47,2] and the
result for general values of N [48]. In the 3-loop case the results given in [46] are confirmed for

the first time for general values of N.

4. The operator matrix element

The renormalized operator matrix element (2.1) is represented by known lower order terms

and the newly evaluated constant part agq) (N) of the unrenormalized OME:

1 _ (64 29
ag) (N) =21 +(—1>N]{C%TF{pgq<§B4—96;4)— [ 57 Pea St

2(275N* +472N3 +951N? + 598N + 96)

81(N — HNZ(N + 1) S
2P, PRLI
TRIV - DNV 18 T g Pea2 [

[ 2(209N3 + 376N2 + 669N + 418)
- 2

27(N — HN(N + 1)2
4P, 104 16
7 7t p84S3
"~ 243(N — )N4(N + 1) 9
2P
243(N — 2)(N — 1)2N5(N + 1)3(N +2)*

_ 1
quSZ,l]Sl + 3

+

3
PgqSs



J. Ablinger et al. / Nuclear Physics B 882 (2014) 263-288 269

2P;

RN DN - PN N+ DI N 22
64pgq g
TN DNN DN 12
_ 4Py 554 110 110 S
SIN — 12NN+ 1PN w23 T g Peass
|: 64pgq
N—DNN+ DN 2!
16 P5
e 2)(N—1)2N*(N+1)3(N+2)2}
64p
TAN DN+ DV ) S TR+ 35 )
3 2
BN LTINS, 16 s, ]

2[2(171\/4 +28N3 + 69N2 + 46N +24)
- 1

9(N — 1)N2(N + 1)2
n P _ 1
9N —12N3(N + 1)3(N+2)2 3

Peq (1087 — 1452)};2

+—2[ 25 -+<:i—ﬁ Sl]§3}
9N — 1D2N3(N+13(N+2) 9 "%
8 s 8(8N3+ 13N2 + 27N + 16)
27Psa5i 27(N — HN(N + 1)
16(35N* +97N3 + 178N? + 180N + 70)
[ 27(N— ON(N + 1) 9”qu2]$‘
16(1138N> + 4237N* 4+ 8861 N3 + 11 668N? + 8236N + 2276)
B 243(N — )N(N + 1)*

[S + 5]

+CFTF{ 2NF|:

16
+ 27pqu3
16(39N* + 101 N3 + 201 N2 + 205N + 78
-2|3 ( - )+ — PegS2 |1
8I(N — )N (N + 1)’ 27

16(8N3 +13N? +27N + 16 16
- (27(1\/ —DN(N +1)? : 27"’5”[51 +253]
8(1129N°> 4 3814N* 4 8618N3 + 11884N2 + 8425N + 2258)
B 243(N — )N(N + 1) ]
8(8N3+ 13N2 + 27N + 16)
9N —DN(N + 1) ] ?

[ST+5:]+

—22+ NF)|: DegS1 —

_ [512 224
B AR

_ 32 29 4
+ CuCrTE Dgq 96{4—?34 -2 27pqu



270 J. Ablinger et al. / Nuclear Physics B 882 (2014) 263-288

2Pg 3
_ Sl
81(N — 1)2N2(N + 1)2(N +2)

2Py 58
+ pquZ Sl

81(N — 1)2N3(N+ 1)3’(N+2)2

w1225 25 45 4Pio
9”8’1 1222722 T 243(N — DENA(N + DAV +2)°

2Py -
TN 12NAN £ 12N £ ) 16”“5‘2'1]51
2P 61 16
OB DN - )INS (N LI (N 1 2)F T qusz 9
152 8P13
+ [ o PeaS1 T N TDEINAN + AN & 2)}5_3
32pgq
(N — NN+ 1)(N+2)
2P4
TN DN DIV (N + 13N 1 202 %
_ 8Pi5 178
BIV — 1I2N2(N + D2V 120 g Pea®
) 16(52N* 4+ 95N3 4+ 210N? + 137N + 36)
+ [?pg"[sl +52] - 27(N — HN2Z(N + 1)2
32pgq
(N DN(N + 1)(N+2)
8Pi6
+ S_»
27(N —2)(N — D2N3(N + D3(N + 2)2}
8(14N> 4+ 15N* +4N3 4+ 81N2 — 10N + 88)

3
< P25

S_15

1

-1

9N — 1ZN2(N + 12(N +2) 2!
32peq 16 160 _
— Sy 1= 285 4 pen S
(N— DNV + DV 12) 271 7 32301 g PegS4
16(26N* 4+ 49N3 + 126N? + 85N + 36) 112 g
27(N — DN2(N + 1) 217 g PggS-22
32pgq _
S5 | — 28 31 —8pS
TN DN+ DIV 1) 2T g o T P
+176_ P 16(—2—2N—N2+N3)[17S T 6S51]
g Pea>2 L1 |7 TN DONN + 1) STEes

_ (10
—2[pgq<?sf +28 +4s2>
2(59N3 4+ 94N* + 59N3 — 84N2 — 224N + 168)
9(N — 1)2N2(N + 1)(N +2)
2P17
ToN SO E D N2 )°

1




J. Ablinger et al. / Nuclear Physics B 882 (2014) 263-288 271
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Py7 =40N® +247N7 + 787N° + 1771N> 4 2775N* + 2564N3
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a,(13g) (N) contains contributions up to weight w = 4, including the constant

2 1 11
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After algebraic reduction [45] the result is represented in terms of the basis:

S1, 82, 83, S4, S—1, S—2, S_3, S—4, S2,1, S2,—1, S—2,-1, S—2,1, S22,
83,1, S-3,1, S2,1,1, S—2,1,1- (4.22)

Due to structural relations, such as differentiation and multiple argument relations, [49], only the
representatives

81,821, 82,1, 8-3,1, 82,1,1, S—2,1,1 (4.23)

remain as basic sums. The function ag])(N ) contains a removable singularity at N = 2 yielding

414817 296 1098203
(3)(N—>2) —CFCATF[ 3}— 2 [

296 Tr| o2 4 16 424
287 9 T Q} (424)

for the evanescent pole term. This is in accordance with the expectation that the gluonic OMEs
have their rightmost singularity at N = 1. In massive OMEs, removable singularities can in
general also occur at rational values of N > 1, cf. [50]. Agzq(N) can be represented by harmonic
sums [43] over Q(N) with rational weights whose denominators factorize into terms (N — k),
k € Z, 1 € N. It is therefore a meromorphic function [49]. More specifically, its poles are located
at the integers N < 1.

Let us finally consider the behavior of agi) (N) for N — oo and around the so-called ‘leading
singularity’ at N = 1.

For large values of N € C outside the singularities one obtains

58
al)) (N — 00) — 7 (Ca = Cr)CrTrL*(N)

2CFT,
- ﬁ [—742C4 4 550CF + 24TF (NF +2)|L3(N)

L CrTe[. (88 660\ . (32 . 3664
v |“AlToe T g Flgst 4

+ 1—(NF n 2)TF:|L2(N) + o( ?) (4.25)

as the first terms in the asymptotic representation, with L(N) = In(N) + yr and yg denotes the
Euler—Mascheroni constant. In x-space the leading singular term is o “3 In*(1 —x) forx — 1.

Analyzing the anomalous dimensions for different scattering processes in fixed order pertur-
bation theory one finds that so-called ‘leading-poles’ are situated at N = 1 for massless vector
operators [51], N =0 in case of massless quark operators [52,53], and N = —1 for massless
scalar operators [54]. Expanding agq)(N ) around N =1 the leading term is given by
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W~ Dot encrtr(Fa - Sla+ 1)
84 (N —1)2 3 9 81
e e Lo PR L | Y (e (4.26)
I\ g2t =576 N-1) '
In QCD, C4 =3, CFr =4/3, Tr = 1/2, the first expansion coefficients are given by
a® (N) 41543 1 (1814.73 — 66.0055NF) + 3222.81 — 71.4816Nf
84 (N-1)2 N-1
— (5345.61 — 81.4031Np)(N — 1) 4 (8454.89 — 85.7885N ) (N — 1)?
+O0((N = 1?). 4.27)

In x-space the leading term is a? In(1/x)/x. The values of the sub-leading terms have oscil-
lating signs and rise from term to term, which leads to a strong compensation of the leading

behavior in the physical region, e.g. at HERA. This is in accordance with earlier observations in

other cases, cf. Refs. [53,55,56,54]. The complete OME Ai,zq’%’M_S in N and x-space are given in

Appendix A.

5. Conclusions

We calculated the massive operator matrix element qu) (N), which represents the first com-
plete transition matrix element in the variable flavor number scheme at 3-loop order. The cor-
responding Feynman integrals have been reduced using the integration-by-parts technique to
master integrals, which have been computed using different techniques in terms of generating
functions. In Mellin-space the final result for the individual diagrams has been obtained using
difference-field techniques. The matrix element qu) (N) can be expressed by harmonic sums up
to weight w = 4 in Mellin space and harmonic polylogarithms up to weight w = 5 in x-space. This
simple form may be due to the fact that at most four of the lines of the corresponding diagrams
are massive. The contributing graphs include diagrams of the Benz-topology. Both the results for
renormalizing the heavy quark mass in the on-shell and MS scheme were presented. As a by-
product of the calculation also the contribution o Tr to the 3-loop anomalous dimension y,, (N)
has been obtained and confirms the results in the literature for the first time.
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Appendix A

In the MS-scheme for the strong coupling and the on-shell-scheme for the heavy quark mass
m the massive OME A, o (N) up to 3-loop order is given in Mellin space by:
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The analytic continuation of the OMEs A 0.0

been described in Refs. [49,57-59].
For the x-space representation it is convenient to define

(N) to complex values of N are obtained as has

1
Pgq () = —[1+(1 - %) (A.43)

The operator matrix elements AZ3)OMS (x) can be expressed in terms of harmonic polyloga-

rithms [60], for which we use the shorthand notation H;(x) = H;. It reads:
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In the above expression the harmonic polylogarithms
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Hy, H_\, Hy, Hy1, Ho,—1, H-1,1, Hoo,1, Hoo,—1, Ho,1,1, Ho,—1,-1, Ho1,-1,
Ho,—1,1,» Ho,0,0,1, Ho,0,0,—-1, Ho,0,1,1, Ho,0,—1,—1, Ho,0,—1,1, Ho0,0,1,—1, Ho,-1,0,15
Ho,1,1,1, Ho,—1,-1,-1, Ho,—1,—1,1, Ho,1,-1,-1, Ho,-1,1,-1, Ho,-1,1,1,

Ho,1,—1,1, Ho,1,1,—1, Ho,0,0,0,1 (A.46)

contribute. Since Hp —1,1 and Hp1,—1 only appear as a sum, the polylogarithms up to three
indices can be written as Nielsen integrals of argument +x, x2, cf. [57], with

Ho,—1,1(x) + Ho,1,—1 (x) = 2[S1,2(x) + S1,2(—x) — S1.2(x?)]. (A.47)

For harmonic polylogarithms with more than three indices of which three are different, usually
a representation in terms of Nielsen integrals is not possible. Numerical representations of the
harmonic polylogarithms were given in [61].

The corresponding expressions for the mass m = s in the MS-scheme in the 2-loop case are
identical and are given at the 3-loop order by:

2
(3),MS (3),0MS 3,2 ~ 2f M
ADDE Ny =AL-D (N)—aSCFTF{32pgqln (ﬁ)

3 4N3 +5N? 4+ 15N +8  _ Al m?
J— n [—
3N—DN(N+ 12 Pseot |02
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Si(N A48
o DN D 3 Pty (A48)
(3),MS (3),0MS 3,2
ATy =A0-D ()—aSCFTF{32pgq ( >
22x2—x+1)
Pu[E ()
X
256(4x%2 —5x +5
_ 250" — S5x + )}. (A.49)
9x

Here we have put the different masses both to m, to obtain a more compact expression. Since
the masses in both schemes are different, the results in the OMS and MS scheme differ already
by terms O(czS2 In(/m? /méMS) In(m? /%)), however. The heavy quark mass in the OMS and the
MS-scheme are related by [62]

i (m) 4 a 3019 & 1 @) np\ L] )
Bl A IO AT il N —N _Z_ -7 s
m 3n+[ w8 Te T T3 o )\

2
~ 1.00000 — 1.33333<%> +(—14.3323 + 1.04137Nf)(%> . (A.50)
T T

In the presence of Ny massless and one heavy quark. The corresponding relation keeping also
the scale dependence has been given e.g. in [63].
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