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1 Introduction

Supersymmetric quiver gauge theories participate in several interesting areas of physics,
for example, in string theory and quantum integrable systems. In string theory, one can
summarize the field content of the supersymmetric Yang-Mills (SYM) on the p-brane using
a “quiver diagram.” One specific example of this is the role played by the three-dimensional
N = 4 supersymmetric quiver gauge theories in type IIB brane constructions of Hanany-
Witten type [1]. In the case of quantum integrable systems, one example would be the
two-dimensional N' = (2,2) supersymmetric quiver gauge theories. These theories can
be related to quantum integrable systems such as spin chains through the Gauge/Bethe
correspondence (2, 3].

This paper is devoted to detailing the constructions of several classes of supersymmetric
quiver gauge theories possessing four and eight supercharges on two- and three-dimensional
Euclidean spacetime lattices. These lattice theories preserve a subset of the continuum su-
persymmetries exactly at finite lattice spacing. It is important to have a nonperturbative



regularization of supersymmetric quiver gauge theories when we are interested in investi-
gating the strong coupling regimes of these theories. A lattice formulation of these theories
would indeed complement the search to unravel the rich structure of the above mentioned
physics systems.

There has been a lot of progress in the recent past to write down the actions of su-
persymmetric gauge theories on a Euclidean spacetime lattice. In this work we focus
on supersymmetric quiver gauge theories with extended supersymmetries on the lattice.
Our starting point would be the lattice constructions of Yang-Mills theories possessing ex-
tended supersymmetries.! There are two distinct formulations immediately available to us
to construct extended supersymmetric Yang-Mills theories on a lattice while maintaining a
subset of the continuum supersymmetries [8-16]. These lattice theories preserve supersym-
metry exactly on the lattice, on the contrary to other approaches where supersymmetry
only emerges in the continuum limit [17, 18]. See [19-27] for other recent complementary
approaches to the problem of exact lattice supersymmetry.

The first approach is known as the method of orbifolding. It is based on an orbifold
projection of a supersymmetric matrix model. An appropriate projection of the matrix
model generates the desired lattice theory, which preserves a subset of the supersymmetries
of the target theory. The second approach, the method of topological twisting, utilizes the
twists of Witten type [28] along with Dirac-Kéahler fermions. The continuum action is
rewritten in a twisted form and then the theory is discretized by keeping a subset of the
twisted supersymmetries exact on the lattice. The twisted fermions form components of
Dirac-Kéhler fields and they have a geometric realization on the lattice as entities living
on p-cells of the lattice.

We use the latter approach to construct supersymmetric quiver gauge theories on a
Euclidean spacetime lattice. These two formulations appear different from the starting
point but the lattices they ultimately generate are identical [6, 29, 30]. The reason for this
is that in the twisting approach the fields are decomposed as representations of the twisted
symmetry group, which is the diagonal subgroup of the product of the Euclidean rotation
and R-symmetry groups. In the orbifold approach, the same diagonal subgroup plays a
crucial role — the orbifold projected variables are charged under this diagonal subgroup
and these charges determine the placement of orbifold projected variables on the lattice.

Though we use the method of topological twisting in writing down the lattice actions
of supersymmetric quiver gauge theories in this paper, we expect that one could construct
the same family of lattice theories from the method of orbifold projection.

Supersymmetric lattice gauge theories with extended supersymmetries have been con-
structed mostly for supersymmetric Yang-Mills theories.? There have been a few extensions
of these formulations by incorporating matter fields in the adjoint and fundamental rep-
resentations [36-40]. In this paper, we detail the constructions of supersymmetric quiver
lattice gauge theories in two and three dimensions possessing four and eight supercharges.
These theories contain adjoint fields living on the nodes and bi-fundamental matter fields

YFor a set of recent reviews see refs. [4-7].
%It includes the well known theory, the four-dimensional N' = 4 SYM. It has been the subject of a few
numerical studies [31-35], with more in progress.



with legs placed on the nodes of the quiver. Two-dimensional quiver gauge theories with
four supercharges were constructed by Matsuura in ref. [39] while formulating four su-
percharge lattice gauge theories with fundamental matter. Similar construction in three
dimensions has been carried out in ref. [40]. There, lattice quiver gauge theories with eight
supercharges have been constructed while formulating three-dimensional eight supercharge
lattice gauge theories with fundamental matter fields. In this paper, we detail these quiver
gauge theory constructions in a coherent way and also we complete the lattice quiver the-
ory constructions in two and three dimensions with the addition of two-dimensional lattice
quiver gauge theories possessing eight supercharges. In two dimensions, we also construct
lattice quiver gauge theories with circular topology, possessing arbitrary number of nodes
in the quiver.

The quiver lattice gauge theories detailed in this paper are constructed using a general
procedure. We begin with a Euclidean SYM theory possessing appropriate number of
supercharges. The theory is then topologically twisted to make it lattice compatible. It is
dimensionally reduced to three or two dimensions in the next step. To make it a quiver
gauge theory, we replicate the theory and then make an appropriate subset of the field
content of the resulting theory bi-fundamental. The replicated theories form a quiver
gauge theory with fields living on the nodes transforming as adjoints. The bi-fundamental
fields live on the links connecting the nodes of the quiver. Changing the representation of
the fields from adjoint to bi-fundamental breaks some of the supersymmetries and thus the
resulting quiver gauge theories will always have lower number of supersymmetries compared
to that of their parent theories.

These continuum quiver theories are then discretized on a Eulcidean spacetime lattice
using the method of geometric discretization. The nodes of the quiver theory become
lattice spacetimes with same dimensionalities and the bi-fundamental fields of the quiver
theory have legs placed on adjacent spacetime lattices.

The organization of this paper is as follows. In section 2 we provide a brief description
of the method of topological twisting for SYM theories with extended supersymmetries in d
Euclidean spacetime dimensions. In section 3 we discuss the constructions of a few classes
of twisted supersymmetric Yang-Mills theories in the continuum. This include the two-
dimensional N = (2,2) SYM, three-dimensional N'=4 SYM and four-dimensional N = 4
SYM. We then detail the constructions of twisted supersymmetric quiver gauge theories
in section 4. The continuum twisted quiver theories constructed in this section are four
and eight supercharge theories in two dimensions, including a circular quiver with eight
supercharges and in three dimensions a twisted quiver theory with eight supercharges.
In section 5 we discuss the lattice implementation supersymmetric quiver theories. We
conclude with some discussions and prospects in section 6.

2 SYM theories and topological twisting

In this section we briefly discuss the twisting process of SYM theories with extended su-
persymmetries on flat Euclidean spacetime. The process of twisting can only be defined
when the theories have Euclidean signature. We can always return to Lorentz signature,



if the theory is constructed on a manifold of type M = R x W, by simply taking Lorentz
signature on R, which would be the cases we are focusing on in this paper.

A necessary condition for twisting is that the parent SYM theories should possess
extended supersymmetries. Among the set of extended SYM theories, we focus on a special
class of SYM theories that can be maximally twisted.

SYM theories with extended supersymmetries in d Euclidean spacetime dimensions
contain a spacetime rotation group SO(d)g and an R-symmetry group Gr. For a theory
to undergo maximal twisting, its R-symmetry group must contain SO(d) as a subgroup.
That is,

SO(d)E X SO(d)R C SO(d)E X GR. (2.1)

To construct the twisted theory, we embed a new rotation group SO(d)’ into the diagonal
sum of SO(d) g xSO(d) g and declare this SO(d)" as the new Lorentz symmetry of the theory.

After twisting, the fermions of the original theory transform as integer spin representa-
tions of the twisted rotation group SO(d)’. They still preserve their Grassmann odd nature
but now transform as irreducible antisymmetric tensors. They can be expressed as a direct
sum of p-forms with p = 0,--- ,d. The gauge bosons of the untwisted theory transform
as a vector under SO(d)’. Among the scalars of the untwisted theory, under SO(d)’, d of
them combine to form a vector and the rest of them remain as scalars.

The supercharges also take new forms under the twisted rotation group. They also
transform like twisted fermions, in integer spin representations of the twisted rotation
group. Another important feature of twisting is that in the twisted supersymmetry algebra
the subalgebra containing the O-form supercharge Q is nilpotent

Q? =0. (2.2)

The twisted supersymmetry algebra also implies that the momentum P,,,, m =1,--- ,d,
is the @)-variation of something. That is, it is ()-exact. This fact renders it plausible that
the entire energy momentum tensor could be written in a (Q-exact form in twisted theories.
This, in turn, implies that the entire action of the theory could be expressed in a Q-exact
form say, S = QA. (In some cases, for example, the ' =4 SYM in four dimensions, the
twisted action can be expressed as a sum of Q-exact and Q-closed terms.) We also note
that the subalgebra Q% = 0 of the twisted supersymmetry algebra does not produce any
spacetime translations. This makes it possible for the twisted theory to be transported
easily on to the lattice.

It should be noted that the process of twisting is just a change of variables on flat
Euclidean spacetime and indeed the twisted theory is physically equivalent to its un-
twisted cousin.

Although the twisted formulation of supersymmetry goes back to Witten [28] in the
construction of topological field theories, this formulation had been anticipated in earlier
lattice work using Dirac-Kéhler fields [41-45]. The precise connection between Dirac-Kéahler
fermions and topological twisting was discovered by Kawamoto and collaborators [46—
48]. They observed that the O-form supercharge that arises after twisting is a nilpotent



scalar and constitutes a closed subalgebra of the twisted superalgebra. It is this scalar
supersymmetry that can be made manifest in the lattice theory [6, 12, 13, 15, 49].

In order to construct supersymmetric quiver gauge theories on the lattice we use twisted
SYM theories in two, three and four Euclidean spacetime dimensions possessing four, eight
and sixteen supercharges, respectively. To make our discussion more self-contained, we
briefly go through the continuum twisted formulations of these theories in the next section.

3 Twisted SYM theories in the continuum

3.1 Two-dimensional ' = (2,2) SYM

The two-dimensional N' = (2,2) Euclidean SYM can be obtained by dimensional reduction
of four-dimensional A" = 1 Euclidean SYM. The four-dimensional theory has global sym-
metry group SO(4)g x U(1), where SO(4)g is the Euclidean Lorentz symmetry and U(1)
is the chiral symmetry. After dimensional reduction, the symmetry group splits into the

following form
SO(2)g x SO(2)r, x U(1)R,. (3.1)

Here, SO(2)g is the two-dimensional Euclidean Lorentz symmetry; SO(2)g, is rotational
symmetry along reduced dimensions and U(1)g, is the chiral U(1) symmetry of the orig-
inal theory. We twist this theory by declaring a new rotational symmetry group SO(2)’,
which is the diagonal subgroup of the product of the Lorentz rotation SO(2)g and the
SO(2)g, symmetry

SO(2) = diag(SO(z)E X 30(2)R1). (3.2)

The untwisted theory contains four fermionic and four bosonic degrees of freedom.
There are four real supercharges in this theory. The fermions and supersymmetries of
the original theory transform as integer spin representations of the twisted rotation group.
Under SO(2)’, the fermionic degrees of freedom of the twisted theory are p-forms with
p=0,1,2. We label them as {n, ¥4, Xar}. The twisted supercharges are packaged in the
set of p-forms {Q, Qq, Qup }-

The two scalars of the untwisted theory combine to form a vector B, under the twisted
rotation group. Since there are two vector fields in the twisted theory, A, and B,, and
they both transform the same way under SO(2)’, it is natural to combine them to form a
complexified gauge field A, and write down the twisted theory in a compact way. Thus
there are two complexified connections in the twisted theory:

A, = A, +1iB,, A,=A,—1B,. (3.3)
The theory contains complexified covariant derivatives and they are defined by

Do =04+ [Aa, ]

Dy =04+ [Aa, -]

0o+ [Aa +1iBa, - |, (3.4)
g+ [Aa —iBg, - |.

The complexification of gauge fields also results in complexified field strengths F,, =
[Da, Dp) and Fup = [Dy, Dy). All fields take values in the adjoint representation of the gauge



group U(N). Although the theory contains complexified gauge fields and field strengths,
it possesses only the usual U(N) gauge-invariance corresponding to the real part of the
complexified connection.

The scalar supercharge Q form a nilpotent subalgebra of the twisted supersymmetry
algebra. It acts on the twisted fields in the following way

Q-Aa - waa sza - 07 (3-6)
Qd}a = 07 QXab = _[ﬁmﬁb]a
Qn = d7 Qd - 0,

where d is an auxiliary field introduced for the off-shell completion of the twisted super-
symmetry algebra. It has the equation of motion

d=) [Da, Dy, a=1,2. (3.9)

a

The action of the twisted theory can be expressed in a Q-exact form
_ — 1
shqend= _ g / d’z Tr A, (3.10)
93

where g is the coupling constant of the theory and

1
A = XavFab + n[Da; Da] — 5nd. (3.11)

After performing the QO-variation and integrating out the field d we have the action

_ . 1 _ 1 _
sg{(;fvzw = / d%x Tr < — FuvFa + 5[17&, Da)? = XapDathy, — nDawa>. (3.12)
2

It is easy to see that the twisted action is Q-invariant by construction. We have
N=(2,2),d=2 _ ~2 _
QSav = QA =0.

3.2 Three-dimensional N' =4 SYM

The three-dimensional Euclidean N/ = 4 SYM can be obtained by dimensional reduction of
six-dimensional Euclidean N/ = 1 SYM. The six-dimensional theory has a gauge field and
two independent Weyl spinors, with all fields transforming in the adjoint representation of
the gauge group. After reducing to three dimensions the Weyl spinors split into two inde-
pendent four-component complex spinors and the gauge field reduces to a three-dimensional
gauge field and three real scalars. This theory contains eight real supercharges. The global
symmetry group of the three-dimensional theory is SU(2)p x SU(2)r x SU(2)y, where
SU(2)g is the Euclidean rotation group in three dimensions, SU(2)g is the R-symmetry
group of the six-dimensional theory and SU(2)y is the internal Euclidean rotation group
arising from the decomposition SO(6) — SU(2)g x SU(2)n.

We twist this theory by declaring a new rotation group SU(2)" as the diagonal subgroup
of SU(2)g and SU(2)y,

SU(2)' = diag (SU(Q)E X SU(z)N). (3.13)



This particular twist of the theory is known as the Blau-Thompson twist [50]. After
twisting, the field content of the original theory becomes representations of the twisted
rotation group SU(2)".

The twisting process gives rise to the following spectrum of the twisted theory: a
three-dimensional gauge field A,,, m = 1,2,3; a vector B,, composed of three scalars
of the untwisted theory; and eight p-form fermions, p = 0, 1,2, 3, which we conveniently
represent as {1, ¥m, Xmn, Omnr - The supercharges also undergo a decomposition similar
to that of the fermions. They are packaged in the set {Q, Oy Qimny Qe -

The twisted action of the three-dimensional N'= 4 SYM takes the following form in
the continuum

St ™ = So—exact + So—closed; (3.14)
where
SO exact = glgg / d®z Tr <an[pm,pn] + 10 [Dm, D] + ;nd>, (3.15)
and
So-—closed = —% d3z Tt Opne Dy Xomn, (3.16)
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with g3 the coupling constant of the theory. Here also the twisted theory contains two
vector fields, A,, and B,,, and we have combined them to form a complex gauge field
A = Ap + 1By, Thus the degrees of freedom of the twisted theory are just the twisted
fermions {9, ¥y, Xmn, Omnr} and the complex gauge field A,,. The field d is an auxil-
iary field introduced to render the scalar supersymmetry Q nilpotent off-shell. It has the

equation of motion

d =Y [Dpm,Dp), m=1,2,3. (3.17)
The scalar supersymmetry acts on the twisted fields the following way
QA =0, (3.19)
on =d, (3.20)
Qd = 0, (3.21)
Qipm = 0, (3.22)
Qan = _[51713511], (323)
OO0 = 0. (3.24)

After performing the O-variation and integrating out the auxiliary field, the action of
the three-dimensional theory becomes

— 4 d— 1 _ 1
SN hd=5 e &z Tr <— FonFom + 5[Dm,Dm]? — Yo Do tm

_¢mﬁm77 - emnrDern> . (3.25)



It is easy to show that the three-dimensional twisted action is invariant under the
scalar supersymmetry: QS’SYTV}I’d:?’ = (0. The O9-exact piece vanishes due to the nilpotent
nature of @ and the Q-closed piece vanishes due to the Bianchi identity for the complex

covariant derivatives.

3.3 Four-dimensional N' =4 SYM

The four-dimensional A/ = 4 Euclidean SYM can be obtained by dimensional reduction of
ten-dimensional N/ = 1 Euclidean SYM theory. The four-dimensional theory contains four
Majorana fermions, a gauge field and six scalars transforming in the adjoint representation
of the gauge group. It has a Euclidean Lorentz rotation group SO(4)g and an internal
symmetry group SO(6)r. We can maximally twist the four-dimensional A" =4 SYM (this
particular twist of the theory is known as the Marcus twist [51]) to obtain a twisted theory
that can be easily transported on to the lattice. The twist is carried out by declaring
a new rotation group SO(4)’, which is the diagonal subgroup of SO(4)g x SO(6)r and
then rewriting the fields and supersymmetries of the original theory under the twisted
rotation group.

The twisted theory contains fermions and supercharges transforming as integer spin
representations of the twisted rotation group. They transform as p-forms, p =0, -+ ;4. We
can conveniently parametrize the sixteen fermions of the theory as {1, ¥, X s 0w ps Kpvpo }-
A similar decomposition, {Q, Q,, Qv Quuvp, Quups}, can be applied to the sixteen super-
charges of the theory.

The four gauge bosons of the untwisted theory transform as a vector, A,, under the
twisted rotation group. Among the six scalars, four of them are now elevated to form a
vector, By, under SO(4)". The two other scalars remain as singlets and we label them as
¢ and ¢.

The action of the twisted N/ = 4 SYM can be written as a linear combination of
Q-exact and 9-closed terms. We have the action

Sé\;?\/ihd:[l = SQ—EXaCt + SQ—Closeda (326)
where
1
S0 exmet = 0 / dh Tr A, (3.27)
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with
1 — — 1
A= X/LZI[D}La Dy] - geuu)\pel/)\ppugb + n[DlM Du] + n[¢a Qb] - 577d ) (328)
and
SQ—closed = _? d*z Tr Z@Ll/)\pX;W[QZ)’XAp] + gfuo)\p€uo<ﬂ6‘9a65,DaX)\p . (329)
4 .

Here g4 is the four-dimensional coupling and d is an auxiliary field with the equation
of motion

d:Z[5M7DM]+[$7¢]7 M:17 4. (330)
I



After applying the Q-variation on the Q-exact piece, the action of the theory takes the
following form

e 1 — — 1/~ — 2\
Sé\éfﬁ’d_zl = E d*x Tr <— D Dul[Dy, D] — 2(Dyudd) (D) + B ([DM7DM] + [¢, ¢]>
11

1
_X,uVD;ﬂvZ)u + 2§Z€ua65€ay)\p0aﬂépu’fau)\p - 2§€uu>\p‘9u>\p[¢v ¢u]

_ 1 — 1 —
_77,D,u7/1u - @Eaﬁéan[(ﬁa /‘Gaﬂ&f] - Eﬁuu)\pxuu[ﬁbv X)\p}

1

_?ﬂeuo)\pfuaﬁéeaB&DUX/\p) . (331)

The scalar supercharge acts on the twisted fields of the theory the following way

QA = Uy, Qyy =0, (3.32)
QA, =0, Q¢ =0, (3.33)
Q¥ = -0, D), Q6 = Lreunrhun (334)
Qkpunp = 0, Qbass = €xapsDad, (3.35)
o =d, Qd = 0. (3.36)

It can be easily shown that the twisted action is O-invariant by construction:
QSQ;T\ZL’CIZZL = 0. The Q-exact piece in the action vanishes due to the nilpotent nature of the

scalar supercharge while the O-closed piece of the action vanishes due to Bianchi identity.

4 Twisted supersymmetric quiver gauge theories

In this section we write down the actions for twisted supersymmetric quiver gauge theo-
ries with bi-fundamental matter in two and three dimensions. Such theories can easily be
obtained by dimensional reductions of the three- and four-dimensional constructions dis-
cussed in the previous section. In this section, for convenience, we label the quiver gauge
theories according to their number of real supercharges Q).

4.1 Two-dimensional twisted quiver gauge theories
4.1.1 The @ = 4 quiver gauge theory

We can dimensionally reduce the eight supercharge theory in three dimensions, given in
section (3.2), to obtain an eight supercharge theory with adjoint matter in two dimen-
sions. We obtain the following form of the action for the two-dimensional theory after
dimensionally reducing eq. (3.25) to two dimensions,

N: ’ 7d:
S = SSYI\/EQ 2 ? + Sadj matter; (4.1)



U(N1) U(N2)

Figure 1. A quiver diagram for U(N;) x U(N3) gauge theory. The U(N;) and U(N3) theories
interact via bi-fundamental fields (the blue line). The adjoint fields of the theory live on the nodes
of the quiver (the red disks).

where the first piece of the action is the twisted action of the two-dimensional N' = (2,2)
SYM given in eq. (3.12). The second piece includes matter fields {¢, ¢, 7, ¥, Xap} in the
adjoint representation of the gauge group U(N). It is given by

Sadj matter — 912 /d2$ Tr < - 2(5a6)(pa¢) + [5% DCL] [87 ¢] - yabﬁbaa (42)
2

+ﬁpaﬂa - wa[gﬁ?@a] - 77[57 ﬁ] - %Xab[aa Yab] + %[& ¢]2> .

The fields of this two-dimensional theory respect the following scalar supersymmetry

transformations
QA, = Yq, QA, =0, (4.3)
Qi = 0, Oxab = —[Da; Dy, (4.4)
9n = [Da, Do + [¢, ¢, QXap = 0, (4.5)
Q¢ =1, Q¢ =0, (4.6)
Qn =0, QY, = Dug. (4.7)

We can construct a two-dimensional quiver gauge theory with () = 4 supersymmetry
from the above theory. We are interested in constructing a quiver gauge theory with two
nodes. For that we double the number of fields of the original theory and then change
the representations of a subset of the fields from adjoint to bi-fundamental. This results
in two interacting gauge theories with a product gauge group U(N7) x U(N3) possessing
@ = 4 supersymmetry. The SYM multiplets of this quiver gauge theory transform in the
adjoint representation of the product gauge group and they live on the nodes of the quiver.
The two theories interact via matter multiplets in the bi-fundamental representation of
U(N1) x U(Vz2). (See figure 1.) The action of the four supercharge quiver gauge theory
can be decomposed in the following way

=4,d=2 SYM SYM m T m T
Saiver - = Siadia) T S(rady) T ST + SELT, (4.8)

with the field content of the quiver theory { A4, Aa, 1, Ya, Xab} {le\a, ila, 7, Va, Xab}s {&,

and ({J,0) under the gauge group U(Ny) x U(Na).

,10,



The pieces of the four supercharge quiver gauge theory action are given below

1 — 1 _
Stadia) = 2 / A’z Tr ( = FavFab + 5[Da, Pal” = XavDathy — nDawa>, (4.9)
2

1 ~

1 = ~ = ~ /\ A~ o~ =~ ~
Stiady = = | d°x Tr (— FavFab + 5[Da> Da]” = XabDaths — @w) (4.10)

92
1 ~ ~ _ =~ _ _
Spter — — [ d*z Tr | 26DaDPad + [Da, Pal (96 — ) — Xap Dotla
@0 g3
+ @apa% - ¢a(¢@a - @a&) - 77(5% - ﬁ@
- §Xab(¢Xab — Xap®) + §(¢¢ — ¢9)
and
1 . _ _ ~ ~
spter — — [ d*z Tr (26DoDad + [Da, Dal (96 — ) — Xap Dotla
+ 0o Dall — Va0 — Vo) — 7167 —710)
1. — ~ = 1 — P
= 5 Xab(PXab — Xav®) + 5 (66 — ¢¢)2>- (4.11)
There are two types of covariant derivatives appearing in the above expressions, acting
respectively on adjoint and bi-fundamental fields. The covariant derivatives for the adjoint

fields are given in eqs. (3.4)—(3.5). For a generic bi-fundamental field ¢ in the representation
(0,0) we have the action of the covariant derivative

Dot = 0ap + At — G A, (4.12)

with A, and A, the gauge fields for U(N7) and U(N3) respectively. The gauge transfor-
mation rule for the field ¢, under (G, H) € U(Ny) x U(N>), is given by ¢ — GoH'. For a
field ¢ in the representation (CJ,[J) we have the action of the covariant derivative

/Dagg = aafg‘i' -A\agg_ C/b\«Aa, (4'13)

with the rule for gauge transformation: $ —H g/Z;GT.

4.1.2 The Q = 8 quiver gauge theory

To construct a quiver gauge theory with () = 8 supersymmetry in two dimensions we begin
by dimensionally reducing the four-dimensional sixteen supercharge twisted SYM given in
section (3.3). We obtain the following form of the action for the two-dimensional sixteen
supercharge theory after dimensional reduction

N: ’ 7d:
S = SSYI\/E4 K ? + Sadj matter; (4.14)

— 11 —



where the first piece of the action is the twisted action of the two-dimensional N' = (4,4)
SYM. It is

N: y 7d: 1 T 1 T~ T~
SSYI\/E4 Y ’ = g / d2.’IJ Tr < - fabfab + §[Da; Da]z - 77Dzz'¢a - XabDa"/}b

—2(Da7) (Do) + [Da, Do|[7, 7] + ADoy — Tup Dyl

0l 3] = bulm ] =l ] + 5l A ). (015)
It contains two complexified bosons { A4, A, }, two scalars {r, 7} and eight twisted fermions
{0, %a, Xabs N, Wa, Oap } transforming in the adjoint representation of gauge group U(N).
Note that this piece of the action can be obtained from dimensionally reducing the three-
dimensional eight supercharge theory, given in section (3.2), down to two dimensions.
The second piece includes matter fields {¢, ¢, @, @, 7, 1, Fap, P> Ta, Eqp} in the adjoint
representation of the gauge group U(NN). The matter action is

Sadj matter — 12/de Tr [_ 2(511@)(2)@()0) - 2(§a$)(pa¢)
92

+[§a> Do)([®, ¢] + [ga )

+7Day — PDaTa — abDathy, — 2€ 0 DaTt

*ﬁ[ﬁbv ﬁ} - 36ab77[¢a Eab] + ﬁ[ﬂ-a ﬁ] +Ta [fv Ja] + %gab [Wvﬁab]

S carTanl, ] — al6, Bl = N7 — Searkl, s

+eapalPs To) + 2€ab0a [P, Vp] + €abXan[Ps D)

—%xab[é,ﬁab] — Wa[¢, Ta] — gﬁabw,éab]
_2[ﬁ7 @] [7T> 90] - 2[ﬁ> 6] [W> (Z)] - 2[¢a 6] [507 d)]
+5(2d+B9) +mAle +Bo)|. @16

The fields of this two-dimensional sixteen supercharge theory respect the following
scalar supersymmetry transformations

QAy = ta, QA, =0, (4.17)
Qn = [Da, Do) + [T, 7] + [, ¢] + (¢, ], Qg = 0, (4.18)
OXab = —[Da; Dy, Qp = %fabgam (4.19)
Qp =0, Qp =1, (4.20)
Q¢ =0, om = A, (4.21)
or =0, O\=0, (4.22)
Qi =0, Qp = [T, 9], (4.23)
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Qw, = D7, QY = Duo, (4.24)

Q?a - 6abﬁbay Qaab = 2€ab [@7 5]7 (425)

anb = eab[f7 @]7 anb =0. (426)

In order to construct a two-dimensional quiver gauge theory with () = 8 supersymme-

try we replicate the action given in eq. (4.14) and make a subset of the fields bi-fundamental.

In this case, we have sufficient number of fields and supersymmetries to construct different

types of quiver theories. We begin with the construction of a quiver theory with two nodes.

The procedure is the same as that of the two-dimensional four supercharge quiver theory

construction detailed in the previous section. Thus we have two interacting gauge theories

with gauge group U(N7) x U(N2). The quiver theory has adjoint fields living on the nodes

and bi-fundamental fields living on the links connecting the nodes. The action of the quiver
gauge theory is

Q=8,d=2 SYM SYM mattor matter
Squlver S(adj,l) + S(l,adJ) S(D 0) S(D ) (427)

The quiver theory contains the following sets of fields grouped according to their transfor-
mation properties under U(N7) x U(Nz2). The set of fields {Am, Xm, T, Ty 10y Yy Xomns

A\, Wa, Oqp} transforms as (adj, ), {ﬁm, A, 7, 7, 1, @m, Xrmms A, @ gab} transforms as

(1,adj), {9, &, @, B, M, Yus Fab, Py Tas Eav} transforms as (0,0) and {¢, 4, 3, 7, 7, Vs
Rab P» Ta» £} transforms as (0, ) under the gauge group U(N7) x U(N).
The pieces of the quiver gauge theory action are given below

S(S;Eil.\]/fl) = 3 /d2aj Tr (_ ab}—ab + = [Da,D ] Ufa% - Xab,Dawb
—2(D,7) (Do) + [Da, Do][7, 7] + ADq@Wy — Tap Dy
_ 1 1
_n[ﬁa >\] —q [Wywa] - *Xab[ﬁa Eab] + 7[ﬁ’ 71—}2)a (4'28)

1 = A 1= ~ =~ R
S(Sl%vzli\i[i.]) = 2/d21’ Tr <_Fabfab+2[pappa]2_7]/\pa a — abDad}b

7, 7?}2> , (4.29)
SG = glg / d?z Tr [2@1),11)(1@ + 20D, Dy

+(Da, Dal(38 — ¢ + 66 — 36

+7Dath, — PDuTa — %abﬁaib — 26 DaTo

PR~ ) + TR — $u) + 5Eas(FF — Fum)

(7~ 79) ~ Bearn(Feus — Eut) + SeaTan(sT ~ TP)

(B0~ Fa) ~ NG ~ 76) ~ HeaN(PFas ~ )

,13,



_Eabwb((/)?a - %a(ﬁ) - 2€abwb($¥a - aa¢)

PN 1 - - B s
+€abXab(W o W) o §Xab(¢gab - Rabd)) - wa(qﬁ?a - ?aﬁb)

3 ~= — PO
—fab(cb&ab —Eap®) — 2(mp — o7) (7P — P7)

—2(76 — §7) (7 — o) — 2(36 — 67) (00 — 67) (4.30)

Y A |

and

1 = 3D.D.o
S(%atmt)er — ? /d2SL' Tr [Q@Dapa@ + 2¢Dapa¢
2

+(Da, Dol (P — 57 + 66 — 69)

+/ﬁpaia — pDuTo — RapDatly, — 2§ab,Da%b

(77 — T7) + Ta(Thg — YaT) + %/E\ab(ﬂ— Rab — FabT)
(1 — 76) — Sear(@Eus — EuD) + geab%ab(ﬁ — %)
~Gu(FFa — $ud) — X9P ~ 6) ~ N (FRas ~ Faus?)
—eas b (BT — Tap) — 2eaton(F0 — Vo)

~ 1. =~ _ = ~ =~ _ =

+5abXab(90p - p@) - §Xab<¢’£ab - Habd’) - wa(QbTa - Tad))
3~ = =~ N
—gaab(ﬁb&zb —Eup®) — 2(7P — om) (7P — @7)

—2(76 — 97)(n ) — OF) — 2(76 — 63) (P — bp) (4.31)

~ N\ 2 N
+5(Po- 55430 08) + .7 (pe- @5+ 00 -03)|

4.1.3 The @ = 8 circular quiver gauge theory

We can extend the two-dimensional () = 8 quiver gauge theory discussed in the previous
section to a quiver theory with circular topology. In this case, the gauge group of the
theory is U(N7) x U(Ng) x -+ x U(Ng) with U(Ngyq) identified with U(Ny). The SYM
multiplets of this quiver theory transform in the adjoint representation of the gauge group
U(N1) x U(Ng) x --- x U(Ng). The matter fields of this theory transform in the bi-
fundamental representation of each consecutive pair of the gauge groups U(N;) x U(N;4+1)
where 1 <1 < k with the convention that U(Ny41) = U(Ny). (See figure 2.)

The construction of a circular quiver gauge theory with @) = 8 supersymmetry is as
follows. On the node i of the quiver theory we place the adjoint fields {Am, .Am, T, T, 1,
Ui, X A, Wa, Tap}- On the node i+ 1 we place the adjoint fields {Am, A, T, T 1), I/Jm,

X A, wa, O‘ab}. On the node ¢ — 1 we place the following set of adjoint fields {.Am, .Am,

— 14 —



U(N2)

Figure 2. A quiver gauge theory with circular topology. The theory contains k nodes with gauge
group U(N;), 1 < i < k with the identification U(Nj41) = U(Ny). The U(N;) theories interact via
bi-fundamental fields (the blue lines) which form a circular chain. The adjoint fields of the theory
live on the nodes of the quiver (the red disks).

7, T, N, ¢m, X, j, Wa, Tap}. The bi-fundamental fields connecting the adjacent nodes are
distrjbute/(\i in the following way. For the nodes ¢ and i+ 1 we have the bi-fundamental fields
{¢, ¢, 7, V,, Fap} transforming in the representation (CJ,[J) while the set of fields {gg, 6,7,
Uy %ab} transforming in the representation ((J,[J). The bi-fundamental fields connecting
the nodes ¢ and ¢ — 1 are distributed in the following way. The set of bi-fundamentals {p,
B, Py Tas &g} transforms as (O,0) while the set of fields {¢, @, 7, Ta, &y} transforms
as (O,0).

4.2 Three-dimensional Q = 8 quiver gauge theory

To construct a quiver gauge theory with () = 8 supersymmetry in three dimensions we
begin by dimensionally reducing the four-dimensional sixteen supercharge twisted SYM
given in section (3.3). We obtain the following form of the action for the three-dimensional
theory after dimensional reduction

S = g;zl\/élhdzg + Sadj matter (4.32)

where the first piece of the action is the twisted action of the three-dimensional N = 4
SYM. It is

A4 1 _ _ _
Sé\éﬁhdig = g / de Tr ( = FonFmn + 7[,Dm7 Dm]Q - anwm

N =

—XmnDm¥n — HmnrDern> . (433)

The adjoint matter part of the action is given by

Sadj matter — iz /d?’x Tr |:_ 2(§m¢) (’Dm‘p) - 2(5m$) (Dm¢)
93

+D Do ([ + [6.91)
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DT+ oDy + 5O Donr = 5t [ o
emnrOmne (0,7 — Ym0, V] = Omnr[d; Omnr]
oy 118, Gounr) = 1(6,7] = 5 X[, Fonn] + e Xonn 7, 5]
1 — 2 _
+5 (7.6l +16,41) 20, 9lle, ¢]] . (4.34)
The fields of this three-dimensional theory respect the following scalar supersymmetry
transformations
QA = Vm, QA,, =0, (4.35)
Q) = [Dim, D] + [, 0] + [6, 9], Qi =0, (4.36)
QXmn = —[Dm, Dnl, Qbnr = €mnr [P, ¢, (4.37)
Qb =1, Q9 =0, (4.38)
Qp = el 07 =0, (439)
Qn =0, v, = D¢, (4.40)
QRmn = €mnr DrP, QByyiny = 0. (4.41)

We can rewrite the above action, such that the theory becomes a three-dimensional
quiver gauge theory with N' = 4 supersymmetry. There are two interacting U(N) gauge
theories within the quiver. The SYM multiplets of this quiver gauge theory transform in
the adjoint representation of the gauge group U(N7) x U(Nz). The two theories interact
via matter multiplets in the bi-fundamental representation of U(N7) x U(N3). The action
of the quiver gauge theory has the following form

§ = Staai) + Sitady T SG0 + 5B (4.42)

where

1 — 1 _
Sl = - / d3z Tr ( — FonFmn + 5[Dm,Dm]? — Dmthm,
3

- anmen - anrDTan>> (443)
1 = ~ 1 =~
= L [ (s P B
3
- X\mnﬁm{b\n - é\mnr,Drj(\mn)a (4-44)

1 ~— P — ~ I =
Sty = g [ de [wpmpmso + 26D D + (Do, Din) (30 = 07 + 66 — 30)
3

_ ~ = 1=
+ﬁpm¢m - Enpppwn + 5 emnrDmEnr
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1 ~ o
_iemnrq/)r(QOEmn - Emncp) + €mnrOmnr ((Pn - 7780)
_wm(@m - Emcb) - emm"(gggmnr - gmn?“qs)
_Emnrn(igmnr - gmnr@) - W(gﬁ - %5)

1 - ~ = ~= — _
_§an(¢’€mn — Fmn®) + €mnr Xmn (@Y, — ¥, 0)

~\ 2 A= — ~
+% @6 — PP+ 90 — ¢>¢>) —2(p6 — 69) (w0 — d@)] (4.45)

and
1 _ ~ ~ _ o~ D~ _
Spiyr = [d [2%%@0 + 26D Din + Do, D (70 — 57 + 66 — 69)
’ 3
—~ =~ . 1= —~
+ﬁpmwm - Enpriﬁn + §9mnr,DmEnr
1 o — a Pl

_§€mnrq/)r(80/€mn - ’{'mnSO) + emmﬂgmnr(@n - 7’90)

_qz;m ((é@m - Em A) - é\mnr(qsgmnr - gmnr(;)

~

_emnrﬁ(agmnr - gmnri) - ﬁ@% - ﬁa)

1 ~ =~ — ~ - = ~
_5 mn(¢ﬁmn - Emn(b) + emm”an(Sm’br - 1/%(/9)
1 o~ D~ \2 I S
+5 (W — PP+ 99 — ¢¢> —2(pp — 99) (P9 — dp) |, (4.46)

with the field content {Ama Zrm 771\ Ym, Xmﬁ, emnr}a/\ {A\my jma ﬁa Vs X\mna emnr},

{g/g, 0, cp,@, %, Em,%mn,gmm«} and {¢, ¢, 3, 0,7, Uy, Bmns Omnr } transforming respectively as
(adj, 1), (1,adj), (0,0) and (OJ,0) under U(Ny) x U(Nz).

5 Lattice formulation of supersymmetric quiver theories

The twisted supersymmetric gauge theories and their quiver cousins described in the pre-
vious sections can be discretized on a Euclidean spacetime lattice in a straightforward
manner. We use the method of geometric discretization developed in refs. [30, 52, 53]. The
continuum complex gauge fields A,,(x) at every spacetime point are mapped to appropri-
ate complexified Wilson links U, (n). These complex link fields are taken to be associated
with unit length vectors in the coordinate directions v, from the site denoted by the in-
teger vector n on a hypercubic lattice. Supersymmetric invariance then implies that the
components of the 1-form fermion field ,,(n) live on the same oriented links as that of
their bosonic superpartners, U, (n), running from n — n + v,,. The scalar fermion n(n)
is associated with the site n of the lattice. The components of the 2-form field x,,,(n) are
placed on a set of diagonal face links, running from n + v, + v, — n. The 3-form field
Omnr(n) is placed on the body diagonal, along the direction n — n + v, + Uy, + V..
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In general, the prescription for geometric discretization of topologlcally tw1sted field
theories is the following: lattice variables Uy, (n), U, (n), { fm1 m,(m)}, { fm1 m,(0)}
should be associated with the links (n,n 4+ vy,), (0 + Uy, m), (0,0 + Vpyy + -+ + Vpy,,)
and (n+ Uy, + - - + Uiy, 0), respectively. A site variable f(n) should be associated with
a degenerate link (n,n).

We can write down the gauge transformation rules for the adjoint lattice fields respect-
ing the p-cell and orientation assignments on the lattice. For G(n) € U(N), we have the
following gauge transformation prescriptions [53, 54]

Z/{m(n) — G(n)l/lm(n)GT(n +VUm), (5.1)
Un(n) = G+ D) Uy, (n)GT(n), (5.2)
(P, ()} = GO, (G (04 By + -+ D), (5.3)
(L, (@)} = GO+ Dy + -+ Do ) fir oy (0) G (). (5.4)

We need to describe how continuum covariant derivatives are to be replaced by co-
variant difference operators. The covariant derivatives D,, (fm) in the continuum become
forward and backward covariant differences D, (ﬁﬂj )) and DY, (ﬁﬁ; )), respectively on
the lattice. The forward covariant difference operators act on the lattice fields fmil...mp (n)

in the following way

(+) £()

D) fi iy (1) = Un(0) £33y (04 D) — fioh e, () (0 + D), (5.5)
D) fi o, (0) = U (n + D) iy (0 D) — fi mp< > (1), (5.6)
Dy 5y (0) = S5y (0 Do)l (04 ) — Ui (1) fi Ly (), (5.7)
Dy iy () = F ey (0 D) (1) = U (04 D) fi o, (1), (5.8)

where we have defined v = Y%_ 1,,,.
The action of the backward covariant difference operators on the lattice fields is

given by
D) iy () = DL f o, (1 = D), (5.9)
DU ) = DS (= B). (5.10)

These expressions are determined by the two requirements that they reduce to the
corresponding continuum results for the adjoint covariant derivative in the naive continuum
limit and that they transform under gauge transformations like the corresponding lattice
link field carrying the same indices. As a result, the terms in the lattice action correspond
to gauge-invariant closed loops.

The lattice field strength is given by the expression F,,(n) = piou, (n). We see that
it is automatically antisymmetric in its indices and also it transforms like a lattice 2-form.

We also need to define the action of the covariant difference operators on the lattice
fields transforming in the bi-fundamental representations. In the lattice constructions of
the quiver gauge theories with gauge group U(N7) x U(N3) we have two spacetime lattices
with same dimensionalities, corresponding to the two nodes of the quiver, which we label
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as the Nj-lattice and No-lattice, respectively. We denote the position on the Nj-lattice
by an integer valued vector n while the same position on the Ns-lattice is denoted by the
vector n. The fields on the Nj-lattice transform as (adj, 1) while those on the Na-lattice
transform as (1,adj) under the gauge group U(N7) x U(Nz2). The action of the forward
and backward covariant difference operators on adjoint fields living on Ni- and Na-lattices
is summarized in egs. (5.5)—(5.10).

The bi-fundamental matter fields of the lattice quiver theory live on the links connect-
ing the Ni- and Ns-lattice spacetimes. They transform in the bi-fundamental representa-
tions of U(N7) x U(Nz). We have the following set of rules for the action of the covariant
derivatives on bi-fundamental fields.

For lattice variables in the representation (OJ,J) the covariant forward difference op-
erators act on them the following way

DS fi oy (0,10) = Uy (0) £y (4 Dy + D) — fo o, (0, ) (), (5.11)
DS fir e, (0,10) = U (04 D) £y (0 4 Dy + D) — i, (0, 0)n (), (5.12)
DY £y (1) = F5) o (04 Dy 1+ 2, (1) — U (0) 55, (1), (5.13)
DS ) (n) = 5 (04 Dy + D) U (1) — U (0 + D) 7 (), (5.14)

while the covariant backward difference operators act on the fields according to the rules

D () = DS ), (0= Doyn— D), (5.15)
57(1_)f1(7L:E?--mp(n7 ) =D (+ fm1 mp(n o V”’ n-—v ) (5'16)

For lattice variables in the representation (OJ,J) we have the following set of rules for
the covariant difference operators

D7(1+)f7(nt) my (1, 1) = 2/7 (n )fm1 m,(M+ T, n+0,) — f,(nt)mp (n,n)Uy,(n), 17
DS 15 oy (1) = U (0 + D) £y (04 Dy 1+ D) = florom, (0,0)Uy (), (5.18
s,

oy (4 D1+ D) U (1) — U (1) £, (1, m),
= [, (0 + Dy 1+ D) U (1) — U (0 + D) flo: ), (1, 1),

and
Dni) é@f?-'mp(n7 1’1) = D7(7,+) 751:?) mp(n B 2”’ n-— an)’ (521)
D, flitmy (m,m) = D £, (0 = 2,m = D). (5.22)

We also note that the method of geometric discretization maps the continuum fields
on to the lattice one-to-one and thus the lattice theories constructed this way are free
from fermion doubling problem [54-57]. Now that we have the rules for implementing
quiver gauge theories on the lattice we move on to the lattice constructions of quiver gauge
theories discussed in the previous sections.
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(n+92)‘ (n+7 + 1)

X12(n)

(n+1)

n(n) Y1(n)

Figure 3. The unit cell of the two-dimensional ) = 4 lattice SYM with orientation assignments for
the twisted fermions. The complexified bosons U, follow the same orientations and link assignments
as that of their superpartners v,.

5.1 Two-dimensional @Q = 4 lattice quiver gauge theory

The two-dimensional () = 4 lattice quiver gauge theory with gauge group U(Ny) x U(Na)
contains two two-dimensional lattice spacetimes (IN1- and Na-lattice) corresponding to each
node of the quiver. The unit cell is a square lattice. For the Nj-lattice, the adjoint fermion
fields, n(n), ¥4(n) and yq(n), with gauge group U(V7), live on the site, edge and diagonal
link, respectively, of the unit cell. The complexified Wilson links U, (n) and U,(n) also
live on the edges of the unit cell. The placement and orientations of the twisted fields on
the lattice respect the scalar supersymmetry and gauge symmetry of the lattice theory.
The unit cell of the two dimensional lattice theory is given in figure 3. The other set of
adjoint fields, decorated with hats, live on the No-lattice and transform as adjoints under
the gauge group U(Na).
The action of the two-dimensional () = 4 lattice quiver gauge theory has the form

S = Staain) T Sitaay + SO0 + S (5.23)

where
sym _ 1 — P
S(adj,l) - 92 Z Tr ub(n+ya)ua( ) Z/[ (l’l—|—l/b ub
2

n

X (Ua(n)l/{b(n D) — Uy(n)Uy(n + Dy )

b (e (m) ~ T~ D)a(n — )
5 i = Bari) e (0) (Uy(0) (2 + By) = e ()i + )
) (o () = o~ B~ 7)) . (5:29)

| - -
Siiads) = ?Z Tr {(Ub(n+va)ua(n> —Ua(2+zb)ub(n))
2 5
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~ ~ ~

(Baabr = Baroq) X () (U () (1 + ) = by (0)y (1 + B,)

)
~—

s — 3 Iy {%(n,nwa D{Yé(n,n)

+=(¢(n,n)$(n, n) — ¢(n,n)é(n, n))? (5.26)

and

+ LG n)é(nn) - 3, n>?f><n,n>>2}. (5.27)

In figure 4 we provide a schematic sketch of the two-dimensional () = 4 lattice quiver
gauge theory with the placement of adjoint and bi-fundamental fields.

5.2 Two-dimensional Q = 8 lattice quiver gauge theory

The two-dimensional () = 8 lattice quiver gauge theory with gauge group U(N7) x U(Nag)
also contains two two-dimensional lattice spacetimes (N;- and Na-lattice) corresponding
to each node of the quiver. The unit cell is a square lattice and the twisted fermions are
distributed on the unit cell in multiplets of two. For the Nj-lattice, the adjoint fermion
fields, n(n) and A(n) live on a site, ¥,(n) and @, (n) live on a link and Yq,(n) and g (n)
live on a diagonal link of the unit cell. They all transform in the adjoint representation
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Figure 4. Schematic sketch of the lattice construction of two-dimensional ) = 4 quiver gauge
theory. The lattice variables {U,(n), U,(n), n(n), ¥4 (n), Xap(n)} live on the two-dimensional N;-

lattice spacetime and {U, (n), Uq(n), 7(n), ¥a(n), Xeo(n)} live on the two-dimensional Na-lattice
spacetime. The matter fields {¢(n), é(n), H(n), ¥,(n), ¥,,(n)} and {QAS(n), é(n), 7(n), ¥, (n),

X (1)} live on the links connecting the two lattice spactimes.

(n+1’)2)‘ (n+171 +/I/\2)

> (n+l//\1)

Figure 5. The unit cell of the two-dimensional @ = 8 lattice SYM with orientation assignments
for twisted fermions. The complexified bosons U, follow the same orientations and link assignments
as that of their superpartners ¢, and @W,. The scalar fields 7(n) and 7(n) are placed at the origin
of the unit cell along with 7(n) and \(n).

of the gauge group U(Ni). The complexified Wilson links U, (n) and U, (n) reside on the
edges of the unit cell. The unit cell of the two dimensional @@ = 8 lattice theory is given
in figure 5. The set of adjoint fields that are decorated with hats live on the Ns-lattice
spacetime and transform as adjoints under the gauge group U(Na).

The action of the two-dimensional @) = 8 lattice quiver gauge theory has the follow-

ing form
_ oSYM SYM matter matter
S =Sadjn T 5ad) +San TS0 (5.28)
where
1 _ -
S:(’il}/ll — ?Z {(Z/{b n -+ U,)Uy(n) —L{a(n+ub)ub(n))

X (Z/{a(n)?/{b(n +Uy) — Up(n)Uy(n + ﬁb))
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To(n), Ua(n),
#(n).7 7(n),
ii(n), A(n),

Da(n), T (n),

)?ab(n>v gab(n>

;
a
’

Ns-lattice

Figure 6. Schematic sketch of the lattice construction of two-dimensional ) = 8 quiver gauge

theory. The lattice variables {U,(n), U,(n), 7(n), T(n), n(n), Ya(n), xar(n), A(n), W,(n), Fop(n)}
live on the two-dimensional Nj-lattice spacetime and {ﬁa(n), ﬁa(n), 7(n), T(n), 7(n), zza(n)7
Qab(n),Ai(n), @a(n), Fap(n)} live on the two-dimensional Ny-lattice spacetime. The matter fields
{6(n), S(n), G(m), Fn), (), D), Fup(n), Fa(n), 7o(n), £,p(n)} and {B(n), B(n), ¢(n), Fn),

n(n), ¥, (), Kap(n), p,(n), To(n), £,,(n)} live on the links connecting the two lattice spactimes.

o (U (0l (0) ~ o~ D)l (m — B0))
+27(0)Dy DD r(m) + (D) ta(n) ) [7(m), 7(m)]

) ()~ 0D () — xan (0D ()

X (0)D{ @) — Fop(0)D, Do) — () (n), A(m)
o)), 0] a0 ) )] (5.29)

AR, A - 0D, Pu(n) - T @D B(n)
= L\~ ~ ()~ . ~ ~
FA)DF(0) - Fap(0)D, Ba(m) — 7(0)[F(n), )
Do ) (). )]~ ) ). o)} (5.30)
gpuatter — glgzn: Tr {2$(n,n)pg‘>z>g+>g5(n, n) + 2¢(n,n)D. 'D{H¢(n, n)

o~

+ (D ta(m)) (Bm, )P0, 1) — o(n, 0)P(m, 1) + G(n, )6 (n, )

~0(n, m)6(n, 1)) + 70, 0)DL )P, (n,0) ~ 5, 0)D} 7o (n,n)

a
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matter _
Sco ~

~Fap(n, )DL Gy 0, ) = 26,4 (n, )DLy (0, m)
*+7(o,0) (70 (2, 2) 700, m)) + 7o, m) (7(0, m), (m, )
(0,70, 0) ) 251 (7 (000 (02, 1) = T, (0, )
—n(m, m) ($(, m)7(n, 1) — (m, 0)6(n, m) ) — Beqp(n,0) (Fn, m)E, (0, )
€0, )P0, 1)) + Seasan(0,m) (100, )70, m) — T, 1) B0, m)

~
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+eaxap(n, ) (F(n,0)5(n, ) — 7(n, n)5(m, )
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—Fap(0,m)D, Ty, ) — 26, (m, 1) DT (m, )

+5(n, 1) ((n, n)7(n, ) — (0, 0)7(0,0) ) +7o(n,1) (7(n, 0)5, (0, n)
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+earXap( 1) (P10, 0)5(n, 1) — 50, m)F(n, )

5 Ko, m) (G, ) (m, ) — Fop(, )60, 1)) — B, m) (90, )7 (0, m)

~Ta(m,)9(0,1)) — SF0(0,0) ($(0,0),(0.1) ~ £y (n,0)9(n,n))

~o(.m)d(0.)) | (5.32)

In figure 6 we provide a schematic sketch of the two-dimensional () = 8 lattice quiver
gauge theory with the placement of adjoint and bi-fundamental fields.

5.3 Two-dimensional Q = 8 lattice circular quiver gauge theory

The construction of two-dimensional () = 8 lattice circular quiver gauge theory with gauge
group U(Np) x U(N3) x - - - x U(Ny) is similar to the construction mentioned in the previous
section. In this case there are £ number of two-dimensional lattice spacetimes, which we
label as Ni-, No-, -+, Np-lattice and they correspond to each node of the circular quiver.
The N1 lattice spacetime is identified with the Nj-lattice spacetime. The unit cell is again
a square lattice and the twisted fermions are distributed on the unit cell in multiplets of
two. Focusing on the three consecutive lattice spacetimes labeled as ¢ — 1, ¢ and 7 + 1,
we have the following placement for the adjoint fields. On the node ¢ of the lattice quiver
theory we place the adjoint fields {A,(n), Ay(n), 7(n), 7(n), n(n), Ya(n), Xab(n), A(n),
Wa(n), 7ap(n)}. On the node 7 + 1 we place the adjoint fields {A,(n), Ay(n), T(n), T(n),
n(n), Qza(n), Xab(n), X(n),. Wa(n), Tap(n)}. On the node i — 1 we place the following set
of adjoint fields {A4(n), A,(n), 7(n), 7(n), 7(n), (), Xap(n), A1), Ta(n), Fap(n)}.
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Figure 7. The unit cell of three-dimensional () = 8 lattice SYM with orientation assignments for
the twisted fermions. The complexified bosons U, follow the same orientations and link assignments
as that of their superpartners 1,,.

The bi-fundamental fields connecting the adjacent lattice spacetimes are distributed in the
following way. For the nodes i and i + 1 we have the bi-fundamental fields {¢(n), o(n),
n(n), ¥,(n), Fup(n)} transforming in the representation (0J, ) while the set of fields {¢(n),
é(n), 7(n), P, (n), Kep(n)} transforming in the representation (CJ, ). The bi-fundamental
fields connecting the the lattice spacetimes ¢ and ¢ — 1 are distributed in the following way.
The set of bi-fundamentals {p(n), B(n), p(n), T4(n), £, (n)} transforms as (0, 0) while
the set of fields {((n), ®(n), p(n), Ta(n), Eab(n)} transforms as ((J,0).

5.4 Three-dimensional Q = 8 lattice quiver gauge theory

The three-dimensional Q = 8 lattice quiver gauge theory with gauge group U(N7) x U(Ng)
can be constructed in a way similar to the constructions mentioned above. The lattice
theory contains two three-dimensional lattice spacetimes (/N1- and Na-lattice) correspond-
ing to each node of the quiver. The unit cell is a cubic lattice. The orientations and
placements of the twisted fermions 7n(n), ¥ (n), Xmn(n) and Oy, (n) are illustrated in
figure 7. They all transform in the adjoint representation of the gauge group U(Ny). The
complexified Wilson links U,,,(n) have the same orientations and placements as that of
their superpartners v,,(n). The fields U,,(n) have the same placements but opposite ori-
entations compared to U, (n). The placements and orientations of the twisted fields on the
lattice respect gauge-invariance and scalar supersymmetry of the lattice theory. The set of
adjoint fields that are decorated with hats live on the No-lattice spacetime and transform
as adjoints under the gauge group U(Vz).

The action of the three-dimensional ) = 8 lattice quiver gauge theory has the follow-

ing form
_ QoSYM SYM matter matter
§=Sadj) T Sady T O0n) a0 (5.33)
where
1 _ _ -
Sttty = 5 20 T { (@ D1 ) — o+ 9,000 o)

X (L{m(n)un(n + Um) — Upn(0)Up, (0 + ﬁn))
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In figure 8 we provide a schematic sketch of the three-dimensional ) = 8 lattice quiver
gauge theory with the placement of adjoint and bi-fundamental fields on the lattice quiver.

6 Discussions and prospects

In this paper, we have detailed the constructions of several classes of twisted supersym-
metric quiver gauge theories in the continuum and also on the lattice. These theories live
on two and three Euclidean spacetime dimensions and possess four and eight supercharges.
The process of twisting allows us to easily transport these theories on to the lattice by
preserving a subset of supersymmetries exact at finite lattice spacing. We used the method
of geometric discretization to implement these theories on the lattice. The lattice theories
constructed this way are gauge-invariant, doubler free and retain at least one supercharge
exact on the lattice. In two dimensions we have discussed the constructions of lattice
quiver gauge theories possessing four and eight supercharges. We have also constructed
two-dimensional eight supercharge lattice quiver gauge theory with circular topology. We
have also provided the continuum and lattice constructions of three-dimensional quiver
gauge theory possessing eight supercharges. These quiver theories contain adjoint fields
living on the nodes and bi-fundamental matter fields linking between the nodes. It is inter-
esting to note that we can also construct lattice gauge theories with fundamental matter
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Figure 8. Schematic sketch of the lattice construction of three-dimensional ) = 8 quiver gauge
theory. The lattice variables {Up,(n), U, (n), n(n), Ym(n), Xmn(n), Opnr(n)} live on the three-

dimensional Nj-lattice spacetime and {Z/A{m(n), U (n), 7(n), U (), Xmn(n), @nm.(n)} live on the
three-dimensional Na-lattice spacetime. The matter fields {¢(n), ¢(n), $(n), B(n), H(n), ¥,,(n),

Fmn(0), Omnr(n)} and {5(11)7 é(n), p(n), i(n), %(n), (), %mn(n% Opnr(n)} live on the links
connecting the two lattice spactimes.

fields, from these quiver gauge theories, by retaining one node of the lattice quiver the-
ory and freezing the rest of the nodes. This process of freezing the degrees of freedom is
not in conflict with supersymmetry. Such constructions have been carried out for the two
dimensional ' = (2,2) case in ref. [39] and the three-dimensional N = 4 case in ref. [40].

The construction of two-dimensional four supercharge lattice quiver gauge theory has
the realization as a system of intersecting branes. In the lattice quiver theory there are two
lattice spacetimes and the bi-fundamental matter fields are the lattice variables living on
links connecting them. The two-dimensional four supercharge lattice quiver gauge theory
could be realized as a system of intersecting branes in type ITA string theory [58]. There are
D2 branes stretching between two NS5 branes. The brane configurations are arranged in
such a way that they preserve 4 out of the 32 supercharges of type ITA string theory. Open
strings stretching between the D2 branes located between parallel NS5 branes correspond
to the adjoint fields in the NV = (2,2) sector, while open strings stretching between two
separate stacks of D2 branes correspond to bi-fundamental fields of the quiver theory.

The two dimensional N = (2, 2) supersymmetric quiver gauge theories can be related to
quantum integrable systems, such as spin chains, through the Gauge/Bethe correspondence.
One can use the correspondence to map the supersymmetric ground states of the gauge
theory directly to the Bethe spectrum of the integrable model [58].

We can also look at the three-dimensional eight supercharge (N = 4) lattice quiver
gauge theory in the context of intersecting branes. Three-dimensional N = 4 quiver
gauge theories admit realization as low-energy limit brane configurations of Hanany-Witten
type [1] in type IIB string theory. The string theory contains D3 branes that are stretched
between NS5 and D5 branes such that the fivebranes have two common world-volume
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directions and one common transverse direction. The D3 brane is wrapped on the two
common world-volume directions and the common transverse direction. In the field theory
limit and at energy scales below the scale set by the interval between the NS5 branes,
the world-volume theories on the D3 branes become three-dimensional U(N) N =4 SYM
gauge theories, giving rise to the desired quiver. Three-dimensional N' = 4 gauge the-
ories also play an important role in our understanding of dualities. First examples of
three-dimensional mirror symmetry [1, 59-62] were provided by such theories and we hope
that the lattice theory constructed here would be useful for non-perturbative investigations
related to such dualities.
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