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Recently there was a substantial progress in understanding of supersymmetric theories (in
particular, their BPS spectrum) in space-times of different dimensions due to the exact
computation of superconformal indices and partition functions using localization method.
Here we discuss a connection of 4d superconformal indices and 3d partition functions
using a particular example of supersymmetric theories with matter in antisymmetric
representation.
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1. Introduction

In a remarkable paper' Dolan and Osborn recognized the fact that the supercon-
formal indices (SCIs) of 4d supersymmetric gauge theories®? are expressed in terms
of elliptic hypergeometric integrals (EHI).* This observation provides currently the
most rigorous mathematical confirmation of N’ =1 Seiberg electro-magnetic dual-
ity® through the equality of dual indices. The interrelation between SCIs and EHIs
was systematically studied®® and there were found many new A = 1 physical dual-
ities and also conjectured new identities for EHIs. In particular, it was shown® that
all 't Hooft anomaly matching conditions for Seiberg dual theories can be derived
from SL(3,Z)-modular transformation properties of the kernels of dual indices.
The theory of EHIs was applied also to a description of the S-duality conjecture for
N = 2,4 extended supersymmetric field theories.!? Several modifications of SCIs
have been considered recently such as the inclusion of charge conjugation,'! indices
on lens spaces,'? inclusion of surface operators'? or line operators.'41?

By definition the SCI counts the BPS states protected by one supersymmetry
which can not be combined to form long multiplets. The SU(2,2|1) space-time sym-
metry group of ' = 1 superconformal algebra consists of J;, J;, the generators of
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two SU(2) subgroups forming the Lorentz group, translations P, special conformal
transformations K, p = 1,2, 3,4, the dilatations H and also the U(1)r generator
R. Apart from the bosonic generators there are supercharges Q,Q,, and their su-
perconformal partners S, S4. Distinguishing a pair of supercharges,?® for example,
Q =0, and Q" = —S;, one has {Q,Q} =2H, H =H —2J3—3R/2, and then
the superconformal index is defined by the matrix integral

I(p,q, fi) = Tr((_1)pr/2+,]3qR/27J3eZk kokefﬁ'H)7 R = R+ 27, (1)

where F is the fermion number operator. Only zero modes of H contribute to the
trace because the commutation relation for the supercharges is preserved by the
operators used in (1). The chemical potentials fj, are the group parameters of the
flavor symmetry group with the maximal torus generators F*; p and ¢ are group
parameters for operators R/2 + J3 commuting with @ and QT.

According to the Rémelsberger prescription® for /' = 1 superconformal theories
one can write the full index via a “plethystic” exponential

1(p, 4, y) =/G dyi(g) exp (i %ind(pﬂq",z",g")), (2)

c n=1

where du(g) is the G.-invariant measure and single particle states index

ind(p7 q,%, Q) = %X&dj (g)
()2 X R ;W)X Re .5 (2) — (00 X R, (W)X R 5 (2)
3 =p{ -9 /

where the first term represents contributions of the gauge superfields lying in the
adjoint representation of the gauge group G.. The sum over j corresponds to the
contribution of chiral matter superfields ¢; transforming as the gauge group repre-
sentations R ; and flavor symmetry group representations R ; with R, being the
field R-charges. The functions X.4;(2), Xr,.;(») and Xg,,;(z) are the corresponding
characters.

Let us consider the initial Seiberg duality® for SQCD. Namely, we take a
4d N = 1 SYM theory with G. = SU(N.) gauge group and N; flavors with
SU(Nyg); x SU(Ng)r x U(1)p flavor symmetry group. The original (electric) theory
has Ny left and Ny right quarks @ and Q lying in fundamental and anti-fundamental
representation of the gauge group SU(N.) and having +1 and —1 baryonic charges,
R = (N;y — N¢)/Ny is their R-charge®. The field content of the described theory is
summarized in the following table

SU(Ne) | SU(Ng) | SUWNg)r | UM)p | UMR
a7 7 [ N
ol 7 1 7 ~1 | Ne/Ng
v adj 1 1 0 1

aThis is the R-charge for the scalar component, the R-charge of the fermion component is R — 1.
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The corresponding SCI is given by the following elliptic hypergeometric integral®

Ny N, _ —
/ [ T T(sizgn jl;P=Q) et dz;
IE = KN,
T

1 _—1_ . PV
Ne—1 H1§i<_j§NCF(ZiZj 27 %53, Q) e 2miz;

(3)

where HZ\EI z; = 1. The balancing condition reads ST~! = (pg)™s~Ne with S =
Hl 185, T = H 1 ti. We introduced the parameters s; and ¢; as

si = (pg)™* v, t: = (pg) vy, (4)
where x;, y; are chemical potentials for SU(N;); and SU(Ny), groups satisfying the
constraints Hivzfl T = Hivzfl y; = 1, v is the chemical potential for U(1) z-group, and

() a0 I
v, = - (@@ = [J(1 - ag®).
< k=0

Here T denotes the unit circle with positive orientation and we use conventions
[(a,b;p,q) :=T(a;p,q)T(b;p,q), T(az*';p, q) :=T(az;p,q)T (a2~ ";p, q), where
1— o lpitlgitt

P(zpa) = [ —=

4,J=0

L lohla <1, 5)
is the elliptic gamma function.

The dual (magnetic) theory is described by a 4d AV =1 SYM theory with the
gauge group G. = SU(N —N¢) sharing the same flavor symmetry.® Here one has dual
quarks ¢ and ¢ lying in the fundamental/anti—fundamental representation of Ge,
which have U(1) gp—charges N¢/(Ny — N¢), —N¢/(Ny — Nc) and the R-charge Nc/Ny,
and additional mesons — singlets of G. lying in the fundamental representation
of SU(Ny); and anti-fundamental representation of SU(Ny)r (Mij = Q;,Q%,i,j =

1,...,Ny). It is convenient to collect again all field data in one table
SU(Ne) | SU(Ng) | SUWNg)r | U(L)B UDr
M 1 7 0 | 2Ne/Ny
q I f 1 Ne/Ne | Ne/Ng
q f 1 ! —Ne/Ne | Ne/Ng
1% adj 1 1 0 1

These two SQCD-type theories are dual to each other in their infrared fixed
points when the magnetic theory has dynamically generated superpotential,®
Wayn = M} ¢'q;. The SCI of the magnetic theory is

N.—1 Nf N, o ol /Ry e
C ng i=1 j:cl ]‘—‘(SI/NCSi 'Z,T I/thz‘zj 1;p7q)

I]w = K/N\ H F Sl j 1p)q
! 271'1zj

1<i,j<Ny

)

(6)

[licicjen. TGEEE5mwa)

where N. = Ny — N, [[}, % = 1 and T* = TN,
As discovered by Dolan and Osborn,! the equality of SCIs Iz = I coincides
with a mathematical identity established for N = 2, Ny = 3,4* and for arbitrary

parameters. 16
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2. The anti-symmetric tensor matter field

Recently the connection of 4d SCIs and 3d PFs was found'” and the simplest exam-
ple of SQCD type theory with SP(2N) gauge group was considered. Here we would
like to consider more complicated cases with additional matter content. We start
from the duality for 4d supersymmetric theory with the SP(2N) group introduced
by Intriligator.!® The matter content of electric and magnetic theories are given
below in tables, respectively:

SP(2N) [ SU(2Ny) U(Dr
—1_ 2R
Q f f 2T—1_(K+1)Nf
X Ta 1 2s = 2
SP(2N) | SU(2Ny) U)r
- ~ 2(N+K)
q ! f 2r=1- (K+1)N;
Y Ta 1 2s = 2
) K+j N+K
M; 1 Ta 2r; = 2551 — AREON;

where j=1,...,K,and N = K(N;—2)—N, K=1,2,....
1

Deﬁning U = ( )S = (pq) K+1

, we find the following indices for these theories”

(rp) (g 0) X
In = =5 LW, (7)
2N
/ H F(Uzil il,P Q) H | -y F(Sizjj‘d;PaQ) ﬂ dz;
1<i<j<N (Zz:tl :’tlapv q) =1 F(zjﬂ;p, q) g 27Tizj’
N N . K
PiP) (T D _ _
Ty = 2@ 0o ;N%” ) TU;p. )" ' I [ TW 'sisjip.a) (8)

1=11<i<j<2Nj

T(U 2 ) & TN T(Us; 25 p.q)

x/qrﬁ 11 INE il,pQ)H I'(z%p,q)

1<i<j<N J Jj=1

N
I
2miz;’

Jj=1

where the balancing condition reads U2(N+5) Hlef s; = (pg)V*

Using the asymptotic formula for the elliptic gamma function

—wi(zz—(wl+W2))/24W1w27(2)(z;wl,w2)= (9)

1—\(627rirz, eQTrirwl e27ri7‘wz) = ¢
’ ’ r—0
where 7(2)(2) is a hyperbolic gamma function, one can proceed with the reduction
of SCIs for a dual pair presented above. Let us reparameterize the variables in (7)
and (8) in the following way p = €71, ¢ = 2™vwz | g, = e2mivai 5. = e2mivu;

t=1,...,2Ny, j=1,...,N. Then after limit v — 0 one getsP

2N
w1+w2 f .
Ired _ 1 w1+w2 K+1 iuliu] I I Hz 1 Y O”iuﬂ) du]
2NN| K+l oo <ie <N :i:ui:I:uJ :|:2u] 1«/0.11@‘)27
i<j<

(10)

2
POmitting the same divergent coefficients exp ( 2mi(=14+ K—6KN—4N )(Wl+w2)>

24vwiws (1+K)
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5
1 ~ K
I = == ()Y ] e, (11)
27N I=11<i<j<2N;
; o N 2N on e N
o[ 2 7 GGk o) 7
—ico | <ici<R ’Y(:tui:tuj) is1 "y(:I:Quj) 1 i,/wlng

where the balancing condition reads (wj +w2) 25%1‘5) —&—Zlef a; = Ny(wi+ws). Above
and in the rest of the paper, we use the following notation v(z) = 7 (z;w1,02) and

conventions y(a,b) = Y(a)Y(b), Y(atu) = Y(a+u)y(a—u).

2.1. Dualities for SP(2N) gauge group

Let us consider now QaN, = & +as, QoNy—1 = &5 — aS and take the limit S — oo,
then IfEed and Iﬁd become

2(N 1)
+ f—
ZE — 1 w1+w2 N— 1/ w11<+U{2 i“liuj H H oc :I:uj) duj
2NN| TKF1 00 1<1<]<N iuiiu] i2uj iy/wiws
(12)
1 ~ K
witwy \IVN—1 _ 2(Ns—1)
Zm = 2N1\7'7( ;1<++12) H’Y((wlﬂ-wz)(]\/f—wt%iilm)—zizlf ai) (13)
) =1

K
X H H FY((l*l) W}(t:iz +ai+06]‘)

1=11<i<j<2(Nf—1)

N 2(Ny—1)
ico wqtw f wytw
/ H V(52 uituy) H V(42 —aituy) H du;
_ ’}/(iuiiuj =1 ’7(i2uj) - - i\/wlwz
1<i<j<N = Jj=1

To obtain these expressions we used the inversion relation y(z,wi+w:—2) = 1 and the
asymptotic formulas

lim e% B22(wiwiw2) v(u) =1, for arg w; < arg u < arg wy + T,
uU—r 00

lim 67%32’2(1‘;“1’“2)’7(1;) =1, forargw; —7m <argu < arg ws, (14)
U—r 00

where Bs o(u;w) is the second order Bernoulli polynomial,

2
1
e I N (15)

Bya(u;w) =
2.2(1 @) wiws w1 ws  b6ws 6w 2

Note here, that the balancing condition is absent. Expressions (12) and (13) re-

produces the partition functions of 3d A/ = 2 supersymemtric field theories.!?:2%
Equality of (12) and (13) gives us the duality for the 3d ' =2 SYM theories with
the matter content presented in the below tables

SP(2N) | SU@2(Ns—1)) | UM)a UMk
Q f f 1 1
X Ta 1 0 2/(K +1)
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6
SPR(KE(Ny —2) = N)) | SURNy —1)) U)a UDr (G=1,....K)
- 3—K
q f f -1 K+l
2
@ Ta 1 0 o1
Y; 1 1 —2(Ny —1) | ANy — 2NFOE-2044
M; 1 Ty 2 1 +2;'(;+11

One can proceed with the reduction of flavors and take the limit ag Np—2 = 00
after which one gets the equality for PFs of the Chern—Simons Theory (CS) theories.
Let us set Ny — Ny — 2, then the electric theory is 3d N' = 2 CS (!) theory with
k =1/2 and the magnetic theory is 3d N/ = 2 CS theory with k = —1/2.

Now one can proceed further in integrating out the quarks by taking further
limits s; — 00. As the result one gets the extension for Kutasov-Schwimmer duality
in three dimensions: the electric theory is 3d N' = 2 CS theory with SP(2N)
gauge group and level k& (such as Ny + k is even), Ny quarks (which can be also
odd?!), a chiral superfield X in adjoint representation, and the magnetic theory is
3d N =2 CS theory with SP(K(Ny + 2(k — 1)) — 2N) gauge group and level —k,
Ny quarks,a chiral superfield in adjoint representation of the gauge group, mesons
in T4 representation of SU(Ny) global symmetry group.

2.2. Dualities for U(N) gauge groups

We now consider different limit for the equality between (10) and (11). Let us
reparameterize the parameters in the following way o; — o; +p, a4 n P QLN —
i, i =1,..., Nt and take the limit ;1 — oo after which one gets

ico N

1 du;
reds U(N) _ witws \N—1 I 16
E N,”Y( K2) oo 3 \/m (16)
N
w1+w2:|:( i — ) N !
y H 7( oo T (ui—uy HH,Y it 1+Nf*“7)
1<i<j<N Y(Ewi-uw) j=1li=1

and

K Ny i N
100 du]

red,U(N) _ 1 (21te N 1 witw
IM = }1;;12 H H '7 (I-1) }(if +041+04j+1\7f) H pp—
N' 1=14j=1 —ico ;I IVW1W2

(% )
] I K+1 E(ui—uj I I I I + +
X i(u . ) Y w;o:;z —Q Uy, w}<+1 O‘HNfJF“J')v (17)
1<i<j<N Y j=li=1

where the balancing condition reads (wy +w2)2 J}fo + Eiv:fl (ait+airn;) = Ny(wi +
w2). Considering the following reparametrization

an;—1=& + 4, an, =& -V, aan1=8& —p, oy, =& +v  (18)

with the following limit 4 — oo and v — oo one obtains the following PFs. Since
verifying dualities for U(IN) gauge groups is quite similar procedure to which was
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done above, we only comment briefly on matter content of these theories. More

detailed explanations can be found in the original papers.
The electric theory is 3d N/ = 2 SYM theory with the matter content presented

in the below table

The magnetic theory is 3d N' = 2 SYM theory with the matter content presented
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UN) | SURNNy—2) | SURWNs—2)) | UM)a UMk
Ql 7 7 1 1 1/2
Q 7 1 f 1 1/2
X | adj 1 1 0 2/(K +1)

in the below table

U(N) | SU@R(Ny —2)) | SU@R(N; —2)) | U®1) U)a U)r
7 7 i I
q T 1 7 0 -1 ey
z adj 1 1 0 0 ey

y 2 1 1 1 41 | —(Nj—2) Ry,
M; 1 f f 0 2 1+ 2;;;11

where N = K(Ny—2)— N, j=1,...,K and Ry, = (Ny — 2(N — j))/(K +1). For
K =1 as in four-dimensional case the duality goes to the Aharony duality.?2

The above duality is the duality between two 3d N' =2 SYM (not CS) theories,
namely between 3d ' = 2 SYM (electric) theory with U(N) gauge group, Ny quarks
in fundamental and anti-fundamental representation, a chiral superfield in adjoint
representation and 3d N = 2 SYM magnetic theory with U(K Ny — N) gauge group
Ny quarks in fundamental and anti-fundamental representation, a chiral superfield
in adjoint representation, mesons in (f, f) representation of SU(Ny) x SU(Ny)
global symmetry groups, chiral superfields Yj(l’Q), j=1,..., K, which coincide with
the duality suggested by Niarchos.??

One can obtain CS theories by the following integrating out the matter fields. For
example, integrating out a pair of quarks by taking the limit an, 3, @an, -3 — 00
one gets the following equality of PFs of the 3d N' = 2 CS electric theory with CS
level equals to 1 and the 3d N' = 2 CS magnetic theory with CS level equals to —1
which coincides with the results of Kapustin et al.24
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