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We present a derivation of the time evolution equations for the energy content of nonhelical magnetic

fields and the accompanying turbulent flows from first principles of incompressible magnetohydrody-

namics in the general framework of homogeneous and isotropic turbulence. This is then applied to the

early Universe, i.e., the evolution of primordial magnetic fields. Numerically integrating the equations, we

find that most of the energy is concentrated at an integral wavenumber scale kI where the turbulence turn

over time equals the Hubble time. At larger length scales L, i.e., smaller wavenumbers q ¼ 2�=L � kI,

independent of the assumed turbulent flow power spectrum, mode-mode coupling tends to develop a small

qmagnetic field tail with a Batchelor spectrum proportional to the fourth inverse power of L and therefore

a scaling for the magnetic field of B� L�5=2.
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I. INTRODUCTION

The question of the origin and time evolution of primor-
dial magnetic fields in the early Universe is an interesting
and so far at best partially resolved problem in cosmology.
It is possible that strong magnetic fields have been created
on small scales in the early Universe by a cosmological
process, for example at a phase transition [1] or, less likely,
during inflation [2] (for an overview of possible magneto-
genesis scenarios see, for example, Ref. [3] or Ref. [4]).
A central question then is whether these magnetic fields
could evolve with time and transport some of their energy
content to large scales to account for the recently claimed
detection of intergalactic magnetic fields [5,6].

Many attempts to study the evolution of primordial
magnetic fields have been performed in the past [7–16].
Numerical simulations are problematic as they lack the
resolution required to give reliable predictions. A further
complication in the study of the evolution of magnetic
fields in the early Universe is the enormous cosmic expan-
sion between a putative magnetogenesis scenario and the
present, such that the smallest errors in extrapolation lead
to large changes in the final prediction.

In this paper we take a semianalytic approach which
derives the main time evolution equations from first prin-
ciples of magnetohydrodynamics (MHD), employing some
fairly generic assumptions. Our analysis follows a similar
procedure as has been already applied to, for example, the
solar wind [17,18] or the galactic dynamo problem [19].

Two of us [20] have recently, for the first time, applied
such an approach to the evolution of primordial magnetic
fields. Considering only the most important large q

velocity-magnetic field mode-mode coupling source
term to generate magnetic fields on small q taken from
Ref. [19], and building on the result of Banerjee and
Jedamzik [14], it has been established that cosmic expan-
sion seems slow enough to allow for the generation
of large-scale magnetic fields with a white noise,

i.e., B� L�3=2, or even shallower spectrum, also in the
absence of initial magnetic and velocity fields on such
large scales [21]. However, the analysis is far from com-
plete as the role of back-reaction of the turbulent medium
onto the magnetic fields has not been accounted for. Here
we present the full analysis including all source and sink
terms for nonhelical fields.
This paper is structured as follows: in Sec. II we give

the evolution equations for the magnetic and turbulence
fields in the general framework of homogeneous and iso-
tropic noncompressible MHD. An outline of the lengthy
derivation of these equations is delegated to Appendix A,
whereas a different form more suitable for numerical inte-
grations is presented in Appendix B. In Sec. III this is then
extended to the situation in the early Universe with the
results and conclusions from these considerations finally
presented in Secs. IV and V, respectively.

II. TIME EVOLUTION OF THE MAGNETIC AND
KINETIC ENERGY CONTENT IN
HOMOGENEOUS ISOTROPIC
MAGNETOHYDRODYNAMICS

The equations describing the time evolution of the
two main observables of magnetohydrodynamics, the ve-
locity field of the turbulent medium v and the magnetic
field B, are, for an incompressible fluid (i.e., r � v ¼ 0),
given by

@tB ¼ 1

4��
�Bþr� ðv� BÞ (1)
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and

@tv ¼ �ðv � rÞvþ ðr� BÞ �B

4��
þ fv; (2)

respectively. Here � is the conductivity (which is assumed
to be very large in the following) and � the mass density of
the fluid, while fv is some viscous density force. Note that
for most part of the evolution of the early Universe incom-
pressibility is an excellent assumption due to the large
speed of sound in the relativistic plasma.

Our main interest lies in the average buildup of magnetic
and kinetic energy density, respectively, taken over an
ensemble of cosmic realizations (denoted by chevrons hi),
i.e.,

h@tMqi; h@tUqi; (3)

with Mq being the magnetic spectral energy defined

through

�B ¼ 1

8�V

Z
d3xB2ðxÞ ¼

Z d3k

8�
jB̂ðkÞj2 � �

Z
dkMk

(4)

and Uq being the kinetic spectral energy given by

�K ¼ �

2V

Z
d3xv2ðxÞ ¼ �

2

Z
d3kjv̂ðkÞj2 � �

Z
dkUk:

(5)

For both expressions V denotes the volume and we have
assumed cosmic homogeneity and isotropy which implies
that Mk and Uk are functions only of the magnitude k of
the wave vector k. Furthermore, Parseval’s theorem has
been used in both cases in order to obtain a k integral where

a hat denotes the Fourier transform normalized by V
1
2

(cf. Appendix A). With these assumptions the spectral
energy densities are therefore

Mq ¼ q2

2�
jB̂ðqÞj2 (6)

and

Uq ¼ 2�q2jv̂ðqÞj2: (7)

By performing the calculations which are presented in
Appendix A, we obtain a very general result for the homo-
geneous and isotropic case which for (3) is given by

h@tMqi ¼
Z 1

0
dk

�
�t

Z �

0
d�

�
� 1

2

q2k4

k41
sin3�hMqihUk1i þ

1

2

q4

k41
ðq2 þ k2 � qk cos�Þsin3�hMkihUk1i

� 1

4
q2ð3� cos2�Þ sin�hMkihMqi

��
(8)

and

h@tUqi ¼
Z 1

0
dk

�
�t

Z �

0
d�

�
1

4

q3k

k41
ðqksin2�þ 2k21 cos�Þ sin�hMkihMk1i þ

1

4

q4k

k41
ð3k� q cos�Þsin3�hUkihUk1i

þ 1

4

qk4

k41
ð�3qþ k cos�Þsin3�hUqihUk1i �

1

2

k4

k41
ðq2 þ k2 � qk cos�Þsin3�hMk1ihUqi þ 1

2
k2sin3�hMkihUqi

��
;

(9)

where q, k and k1 are the magnitudes of the wave vectors q,
k and k1 ¼ q� k, respectively, and � is the angle be-
tween q and k, i.e., q � k ¼ qk cos�. Equations (8) and (9)
are a set of well-defined equations since they ensure con-
servation of energy, momentum and mass density to the
lowest nontrivial order in �t [22].

III. APPLICATIONS TO THE EARLY UNIVERSE

In order to study the time evolution of magnetic fields in
the early Universewe include Expansion. For the following
considerations it is convenient to introduce the scale factor
a as the time-evolution parameter which in this paper is
normalized such that it is a ¼ 1 for the initial conditions,
i.e., at the magnetogenesis era. The focus here will be on
the long radiation dominated period in the early Universe

where most of the nontrivial evolution occurs. The deriva-
tion of the MHD equations in an expanding Universe has,
for example, been presented in Ref. [9]. These equations
contain redshifting terms proportional to powers of the
scale factor, properly accounting for, e.g., the physical
decrease of magnetic fields, i.e., B� 1=a2 due to flux-
freezing. These terms are not taken into account in Eqs. (8)
and (9) and have to be included now. However, it is known
that with a proper scaling of variables (cf. Appendix B in
Ref. [14]),

d tc�dta�1 Bc�Ba2 vc�v �c��a4 kc�ka;

(10)

the MHD equations in an expanding radiation-dominated
Universe are form-invariant to the corresponding equations
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in a static background. Our master equation is therefore
also valid in the early Universe when these comoving
(denoted above by a superscript ‘‘c’’) variables are used.
It is convenient to change the time derivative to a scale-
factor derivative

@

@tc
¼ 1

2t0a

@

@ lna
¼ H0

a

@

@ lna
; (11)

where t0 and H0 are the cosmic time and the Hubble
parameter at the initial magnetogenesis period, respec-
tively. It is noted here that due to our definition of the
Fourier transform given in Appendix A, the comoving
Fourier transforms for Bc and vc are given by

B̂ c � B̂a1=2 v̂c � v̂a�3=2: (12)

This implies that Mc
q � Mqa

�1 and Uc
q � Uqa

�1, such

that �cB and �cK are constant during the expansion of the
Universe, when dynamical evolution is excluded. In what
follows, the superscript ‘‘c’’ is dropped and all variables
are comoving, unless specifically noted otherwise.

It is now possible to rewrite (8) and (9) in comoving
coordinates as�

@Mq

@ lna

�
¼ a

H0

Z
dk

�
�t

Z
d�½. . .�

�
; (13)

�
@Uq

@ lna

�
¼ a

H0

Z
dk

�
�t

Z
d�½. . .�

�
; (14)

where the square brackets ½. . .� in (13) and (14) denote
remaining terms in (8) and (9), respectively.

Finally, a choice for �t has to be made. Following
methods applied in molecular chaos we choose �t to be
the smallest of all eddy turnover times, i.e., �t ’
minðL=vL; L=vL

AÞ where vL and vL
A are the effective fluid

and Alfvén velocities on the scale L. In particular we take

�t ’ min

�
a

H0

;
2�

kð2khUkiÞ12
;

2�

kð3=2khMkiÞ12
�
; (15)

such that we identify ð2khUkiÞ12 and ð3=2khMkiÞ12 with the
effective fluid and Alfvén velocities on scale L ¼ 2�=k.
Note that the first timescale in the brackets of Eq. (15) is
supposed to ensure causality, in practice, however, our
results are independent of this condition.

IV. RESULTS

With this at hand it is now possible to analyze the time
development of both the spectral magnetic and kinetic
energy including back-reaction by numerically integrating
Eqs. (13) and (14). We assume two different initial con-
ditions. In all cases it is assumed that magnetic fields and
turbulent velocities are created on some small scale, called
the initial integral scale k0I � k0, i.e., for q ¼ k0 both hMqi
and hUqi have a sharp peak. The two cases distinguish

themselves in the initial conditions for the small-q tail of
the turbulent flows, a tail qUq � q5 and no Uq tail at all.

Results of the evolution of Mq and Uq for these initial

conditions are shown in Fig. 1.
It is striking to note that (a) the peak and the integral

scale follows the analytical prediction very well, (b) the
approximate equipartition between magnetic and turbulent
energy on all scales is achieved and (c) the final result is
independent of the initial conditions, predicting a qMq �
q5 large scale tail for the magnetic fields. Here the last
result holds even for the case where a qUq � q3, i.e., an

initial white noise turbulent spectrum is assumed. Thus the
conclusion concerning the small q magnetic tail seems
very robust. Below analytical arguments are given to sup-
port all these results.

in
itial

k
Ifi

n
al

k I

1 100 104 106 10810 30

10 25

10 20

10 15

10 10

10 5

1

q Mpc 1 comoving

qM
q,

 q
U

q

in
itial

k
Ifi

n
al

k I

1 100 104 106 10810 30

10 25

10 20

10 15

10 10

10 5

1

q Mpc 1 comoving

qM
q,

 q
U

q

FIG. 1. Time evolution of magnetic (black) and kinetic (gray)
spectral energies according to (13) and (14), respectively.
Dashed lines denote the initial conditions (i.e., at a ¼ 1) while
the solid lines represent the situation for a ¼ 108. Upper panel:
Starting at some time where both spectral energies were con-
centrated on the same scale (which, in Ref. [1], has been shown
to be a reasonable assumption), they evolve close to equiparti-
tion, building up a q4 slope ab initio. Lower panel: Starting at
some time when the turbulence has already built up a q4 slope
after some time the magnetic spectral energy reaches equiparti-
tion with the same slope fairly well. It should be noted that for
both cases the actual value for kI from the simulation is in good
agreement with the one predicted by (17), denoted by the vertical
lines labeled ’’initial kI’’ and ’’final kI’’, respectively.
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A. Evolution of the integral scale

The simulations follow very well the proposed evolution
of the peak (i.e., integral) scale kIðaÞwith scale factor a. It
has been shown [14,20] that if the spectral energy has a
slope proportional to q��1 (�> 1) for q < kI, i.e.,

hEqi ’ E0

�
q

k0

�
��1

; (16)

where E can be eitherM orU, and E0 (i.e.,M0 orU0) is the
normalization constant given by the corresponding initial
value at k0, we have

kI ’ k0a
� 2

�þ2 (17)

for the time dependent integral scale, k0 being determined
by [20]

k0 ’ 2�H0

v0

¼
�
2�2H2

0

U0

�1
3
; (18)

and

EI ’ E0a
�2��1

�þ2 (19)

for the value of the corresponding spectral energy at kI.
Here, for initial equipartition with v0 ’ 1, it has been
assumed that E0 ¼ M0 ¼ U0 ¼ ð2k0Þ�1.

B. Large-scale magnetic tail

Large-scale (i.e., small q) tails are best discussed in
terms of Eqs. (B1) and (B2). For large scales, i.e., q �
kI ’ k, we can assume hUqi � hUki and hMqi � hMki and
therefore neglect the terms containing hMqi and hUqi in
(B1) and (B2), leaving the hMkihUk1i term in the former

and both the hMkihMk1i and hUkihUk1i terms in the latter

one.
If we now use the power-law assumption motivated

above, i.e., hMki � k��1 and hUki � k��1, it is possible
to evaluate the k1 integrals which, performing a Taylor
series in q=k, give�

@Mq

@ lna

�
’ q4

a

H0

Z
dk

�t

k2

�
2

3
hMkihUki þO

��
q

k

�
2
��

(20)

and �
@Uq

@ lna

�
’ q4

a

H0

Z
dk

�t

k2

�
hUkihUki

� �� 4

3
hMkihMki þO

��
q

k

�
2
��

: (21)

One of the main results from these considerations is the
fact that for q � kI both the magnetic and the kinetic
spectral energies have a steep spectrum which is propor-
tional to q4 or L�4, i.e., � ¼ � ¼ 5, where L is the scale of
the corresponding field (in this context a power-law spec-
trum with this specific slope is also called a Batchelor or

von Kármán spectrum). This would correspond to a behav-

ior of the form B� L�5
2 and v� L�5

2 for the scale depen-
dence of the magnetic and the turbulence fields on
large scales, respectively. For the former this would be in
good agreement with the analytical considerations
in Refs. [23,24], as well as with the numerical results in
Ref. [25], which predict the same scaling. For the turbulent
field it is an important result which is also confirmed by
simulation as it can be seen in Fig. 1: fairly independent of
the initial conditions, even starting off with the total energy
being concentrated on only one scale, a q4 slope for the
spectral energies forms.
It is important to estimate the scale factor a at which the

Batchelor spectrum can be built up. To do so, as initial
conditions we assume a sharp peak with power-law slopes
on both sides of the peak, for both U andM, i.e., for a ¼ 1
we have

hMki ¼ hUki � hEki ¼
8><
>:
E0

	
k
k0



��1

; k � k0

E0

	
k
k0


�ð��1Þ
; k > k0;

(22)

the exponent � > 5 determining the width of the peak.
Assuming furthermore that at a ’ 1 for (15) we have �t ¼
a=H0, (20) becomes

�
@Mq

@a

�
’ 2

3
q4

a

H2
0

Z dk

k2
hEki2 ’ð22Þ 2

3

a

H2
0

q4E2
0

ð�� 1Þk0 : (23)

Integrating this equation at q � k0 from a ¼ 1, when
Mq ’ 0, to aLS, the scale factor at which the final configu-

ration, i.e., (16), is approximately established, gives

Z E0

	
q
k0



4

0
dhMqi ’ 2

3

1

H2
0

q4E2
0

ð�� 1Þk0
Z aLS

1
ada: (24)

Using E0 ¼ ð2k0Þ�1 and H0 ¼ k0=ð2�Þ as stated above,
this gives the upper limit

aLS &

�
3

2�2
ð�� 1Þ þ 1

�1
2
: (25)

A relative full width at half maximum of �1
2
=k0 ¼ 1=100

corresponds to � ’ 15 and gives aLS & 5 which implies
that the q4 slope builds up after a rather short time.

C. Equipartition

Furthermore, the system tends to achieve equipartition
quite accurately. A simple argument for this at large scales
can be extracted from (20) and (21): assuming that the
magnetic and kinetic spectral energies have similar values
at k, i.e., hMki ’ hUki, and � ¼ 5 as discussed before, we
obtain

�
@Uq

@ lna

�
’
�
@Mq

@ lna

�
’ q4

a

H0

Z
dk

�
2�t

3k2
hUkihUki

�
; (26)
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which means that the time evolution of both is the same to
the fourth order in q.

This is a crucial result since it means that equipartition is
indeed possible or at least that at some point, even for the
case that Mq and Uq do not have the same magnitude, the

time development of both at large scales will qualitatively
be the same.

D. Estimate of present magnetic field strength

To estimate the magnetic field strength BðLÞ at some
scale L ¼ 2�=q we use

Mq ¼ B2ðLÞ
8�q�

(27)

and, with (17)–(19), obtain

BðLÞ ¼ ð8�q�MqÞ12 ¼ B0ð2qMqÞ12 ’ B0ðH0LÞ��
2 ; (28)

where B0 ¼ ð4��Þ12 is the effective magnetic field for
v0 ’ 1, i.e., the speed of light, for the initial equipartition
of radiation and magnetic energies which would corre-
spond to B0 ’ 3� 10�6 G. If we now acknowledge the
integral scale to be the coherence scale of the magnetic
field, then for the magnetic field strength at LI ¼ 2�=kI we
get, using (17) and (19),

BðLIÞ ¼ B0ð2kIMIÞ12 ¼ B0a
�

�þ2; (29)

and therefore for a ¼ 108 and � ¼ 5 it is LI ’ 200 pc and
hence Bð200 pcÞ & 5� 10�12 G for the QCD phase tran-
sition. It is hard to imagine how causally generated mag-
netic fields in the early Universe could yield a larger
remnant field than quoted above, unless they are generated
with substantial helicity.

V. CONCLUSIONS

Starting from first principles and reasonable assump-
tions about homogeneous and isotropic magneto-
hydrodynamic turbulence, evolution equations for the
spectral magnetic- and kinetic-energy densities have been
derived. After adapting these equations to the use in an
expanding Universe they were numerically integrated for a
number of assumed initial conditions, as possibly resulting
during an early magnetogenesis period. It has been found

that, seemingly independent of initial conditions, a BðLÞ �
L�5=2 tail on scales L 	 2�=kI always develops. This
magnetic field spectrum may therefore be regarded as the
natural one for nonhelical cosmic magnetic fields (cf. also
to Ref. [24]). At the same time most of the energy is
concentrated on the integral scale which allows a rather
generic prediction of coherence scale and strength of caus-
ally created primordial magnetic fields.
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APPENDIX A: DERIVATION OF THE MASTER
EQUATIONS (8) AND (9)

The first step in order to derive (8) and (9) is to obtain an
expression for (6) and (7). To do so we first take the Fourier
transforms of the initial equations (1) and (2), where we
define the Fourier transform of a vector field AðxÞ by

A ðxÞ ¼ V
1
2

ð2�Þ32
Z

d3kÂðkÞeik�x: (A1)

Using the convolution theorem, for a wave vector q they
are given by

@tB̂ðqÞ ¼ � 1

4��
q2B̂ðqÞ

þ iV
1
2

ð2�Þ32
Z

d3kfq� ½v̂ðq� kÞ � B̂ðkÞ�g (A2)

and

@tv̂ðqÞ ¼ � iV
1
2

ð2�Þ32
Z

d3kf½k � v̂ðq� kÞ�v̂ðkÞg

þ iV
1
2

ð2�Þ32
1

4��

Z
d3kf½k� B̂ðkÞ� � B̂ðq� kÞg:

(A3)

We solve these ordinary differential equations by using the

midpoint method which gives us B̂ðq; tÞ and v̂ðq; tÞ at the
time t ¼ t0 þ �t for some initial conditions B̂0ðqÞ ¼
B̂ðq; t0Þ and v̂0ðqÞ ¼ v̂ðq; t0Þ. In particular, if the time
derivative of some function A is @tA ¼ fðt; AðtÞÞ, the mid-
point method is given by

Aðtþ �tÞ ¼ AðtÞ þ �tfðtþ �t=2; AðtÞ þ �t=2f½t; AðtÞ�Þ:
(A4)

We use this method as it is accurate to second order in the
time step �t which is essential for energy conservation of
Eqs. (8) and (9).
In order to calculate (3) we use (6) and (7) and therefore

obtain
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h@tMqi

¼
�
@t

�
q2

2�
jB̂ðqÞj2

��
¼

�
q2

2�
½@tB̂ðqÞ� � B̂ðqÞ


�
þ H:c:

’
�
q2

2�

B̂ðq; tÞ � B̂ðq; tÞ
 � B̂ðq; t0Þ � B̂ðq; t0Þ

�t

�
; (A5)

and

h@tUqi
¼ h@t½2�q2jv̂ðqÞj2�i ¼ h2�q2½@tv̂ðqÞ� � v̂ðqÞ
i þ H:c:

’
�
2�q2

v̂ðq; tÞ � v̂ðq; tÞ
 � v̂ðq; t0Þ � v̂ðq; t0Þ

�t

�
; (A6)

which are accurate to order �t if the Midpoint Method is
used.

When the terms B̂ðq; tÞ � B̂ðq; tÞ
 and v̂ðq; tÞ � v̂ðq; tÞ

with t ¼ t0 þ�t in Eqs. (A5) and (A6) are evaluated
with the help of Eqs. (A2) and (A3) the result is a large
number of expressions of a similar structure such as

� ð�tÞ2
�
q2

Z
d3k

Z
d3k0½ðq � B̂ðk; tÞÞðq � B̂ðk0; tÞÞ

� ðv̂ðq�k; tÞ � v̂ðq�k0; tÞÞ�
�
: (A7)

Making the reasonable assumption of approximately
uncorrelated statistical chaos in homogeneous and iso-
tropic nonhelical MHD turbulence, one may write
(cf. Ref. [26])

hB̂aðk; tÞB̂bðk0; t0Þ
i ’ C1	kk0	tt0Mk

�
	ab � kakb

k2

�
(A8)

hv̂aðk; tÞv̂bðk0; t0Þ
i ’ C2	kk0	tt0Uk

�
	ab � kakb

k2

�
(A9)

hB̂aðk; tÞv̂bðk0; t0Þ
i ’ 0; (A10)

where the 	’s denote delta functions and C1 and C2 are
constants to be determined. Using Wick’s theorem for
Gaussian fields, i.e.,

hAaAbAcAdi ¼ hAaAbihAcAdi þ other permutations

(A11)

one may use the relations (A8)–(A10) to work out one
integral in expressions of the type of (A7), yielding, after
computing many terms of this sort, the final result, Eqs. (8)
and (9). Finally it is noted that C1 ¼ �=k2 and C2 ¼
�=ð4�k2Þ as determined from the definitions in Eqs. (4)
and (5).

APPENDIX B: ALTERNATIVE FORM OF THE MASTER EQUATIONS

We give here an alternative formulation of the master equations (8) and (9) in terms of k1 ¼ q� k which is more
suitable for numerical integration,

h@tMqi ¼
Z 1

0
dk

�
�t

Z qþk

jq�kj
dk1

��
k5

8qk31
� k3

4qk1
� qk3

4k31
þ kk1

8q
� qk

4k1
þ q3k

8k31

�
hMqihUk1i

þ
�
� q7

16k3k31
þ q5

16k3k1
þ q5

16kk31
þ q3k

16k31
þ 3q3

8kk1
þ q3k1

16k3
� qk3

16k31
þ qk

16k1
þ qk1

16k
� qk31

16k3

�
hMkihUk1i

þ
�

k51
16qk3

� qk31
8k3

� k31
8qk

þ q3k1
16k3

� 5qk1
8k

þ kk1
16q

�
hMqihMki

��
(B1)

and

h@tUqi ¼
Z 1

0
dk

�
�t

Z qþk

jq�kj
dk1

��
� q5

16kk31
þ q3k

8k31
þ 3q3

8kk1
� qk3

16k31
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�
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þ
�

q7
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32k3k1
þ 11q3k
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þ 5q3

16kk1
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32k31
þ 9qk

32k1
� 3qk1

32k
� qk31

32k3

�
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þ
�
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32q3k31
þ 7k5

32qk31
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32k31
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32q3
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þ kk31
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�
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þ
�
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8qk1
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16q3
� qk

16k1
þ q3k

16k31
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16q
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16q3

�
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�

þ
�
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�
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��
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