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The massive Wilson coefficients in deep-inelastic scaheare known to be expressible in
the limit of high virtualitiesQ? > nm? as convolutions between massive operator matrix elements
(OMEs) and massless Wilson coefficients [1]. Harelenotes the heavy quark mass. The gen-
eral structure of the Wilson coefficients @ a?) has been derived in [2]. These massive Wilson
coefficients are in turn convoluted with parton distribatfanctions to obtain the heavy flavor con-
tributions to DIS structure functions at leading twist. YHeave been calculated for the twist-2
heavy flavor contributions to the unpolarized structurecfioms at leading [3] and next-to-leading
order [4]* for general values of?. Since the massless Wilson coefficients are known by now at
3-loop order [6], it remains to compute the OMEs analyticaliO(a?), in order to obtain the mas-
sive Wilson coefficients at NNLO. These coefficients wilball for a consistent NNLO analysis of
the deep-inelastic world data @€ > 20Ge\?, cf. [7].

In these proceedings, we discuss recent progress obtaitigd direction. Our aim is to calcu-
late all contributing OMEs for general values of the MellariableN. An important previous step
towards this goal was the computation of the moments of thesivea OMEs folN = 2...10(14)
contributing in the fixed and variabfeflavor schemes [2]. The 3-loop heavy flavor corrections to
FL(x,Q?) in the asymptotic case were calculated in [9]. First redoltgeneral values dfl for the
color factor factord;, FZCAF were calculated in [10] for two heavy quark lines of the sanassn The
case of two different quark masses was considered in [1dpt fixed moments. Results for the
color factorsnfTFZCAF for generalN were obtained in [12, 13] and the calculation of 3-loop ladde
topologies was performed in [14]. Two-loop results ugOi@) were obtained in [15]. Here the
massive OMEs are computed for on-shell external masslegmpaThe case of a massive on-shell
external fermion line was studied at two loops in [16] in caB®ED.

In the following we will describe the methods used to perfdh@se computations. We gen-
erate the Feynman diagrams usiQ@RAF [17]. After the numerators of these diagrams are con-
tracted with appropriate projectors we end up with a largeoscalar integrals. Many of these
integrals are calculated using a variety of approacheselyam

1. Modern summation algorithms, implemented in ke henat i ca packageSi gna [18].

2. The method of hyperlogarithms for convergent integigdsieralizing the method developed
in [19] to one additional variable.

3. Mellin-Barnes integral representations [20].

4. The use of integration by parts identities [21] to expadsmtegrals in terms of a small set
of masters integrals.

We will focus here on the first two methods and show a few examplhe Feynman diagrams
with operator insertions may be turned into nested sums [P@gse infinite and finite sums may
be solved usingsi gna whenever they have a representation in terms of elementsfefethce-
and product fields. This includes divergent diagrams, dinedifferent poles and powers émay
be separated. Let us consider the scalar integrals asseidth the ladder diagrams like the one
shown in Fig[]L. In this diagram, the loop fermion is massind the momentum of the external

1For a precise implementation in Mellin space see [5].
2|n using variable flavor schemes a correct scale matchinfjisportance [8].
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Figure1: 3-loop ladder diagram containing a central local operatseition.

gluons isp, with p?> = 0. We consider the case where all powers of propagators ag &xone,
and in the numerator of the integral we only have the opetatartion(A-1)N. The result after
Feynman parameterization and calculation of the loop-nmbume integrals turns out to be [14]

%ﬂa, 1)

|la:

whereS; is the spherical factd® = exp[5(y —In(4m))], and

—Wy — W2)WI€/2W£€/2(1 — W1 — W)
)2—38/2
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Expanding the polynomial that appears raised toNtie power, one can see that the- and
Wy-integrals, can be written in terms of an Appell hypergeaintunction. After an appropri-
ate analytic continuation, we end up with the following esg@ntation of the integral in terms of
multiple sums,

; :exp(—gsyg)r(2—3e/2) ®
U INFDNT(N+) &y
N12 <N+3> (t—€/2)m(N+24£/2)min(N+3—t —£/2),
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Z r S (S+1—8&)men
rr—e/2,s—rm+1+¢/2n+1+¢/2,s—r—¢g/2 3)
m+1n+1lm+r+1+¢e/2s—r+n+1l+eg/2s+1—¢| [
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We can now expand ig, and the resulting multiple sums can then be performed ubimgackage
Si gma. The result for this and other integrals can be written imgeof harmonic sumS; [23]
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and their generalizatior&(&;N) [24, 25]:

N sian(b)k
S = 5 FS0, k=1
R
Sa(n&N) = 3 15S(EK), =1, n.eR. (4)
k=1

Omitting the explicit dependence of the harmonic sumslpwe obtain

~ AN+1)S+4 2911 1 S
2 = NI 2 R T NT 2 (NT3) T NFDINE2(NL) {_2(3'\'*5)534_ 2
_ 2
IN+11 5N 5 N 4(2N +3)
* 2(N+1)(N+2) + N+1Sl_§§} =2+ N+1§l+ (N+1)2(N+2)Sl
1 2N+3
—5(N+3)s, +8(N+1)3(N+2)} . (5)

This result was checked usifdATAD [27] for the fixed momentN = 1...10. Other, more in-
volved, integrals calculated in a similar way were given &f.R14].

The second method we have used to compute the integralsed basan algorithm originally
proposed in [19]. It is applicable when the integral turns toube finite, even in case for local
operator insertions for a fixed integer value of the Mellimiable N. We have generalized this
method to the case allowing for one non-vanishing fermiorssrend local operator insertions
in order to find the generdll-representations for convergent 3-loop topologies. Wekviroithe
o-representation and obtain integrals of the form

.
la(N) = /---/dal det; das oy da ot daz dotg 5> (1— Zai> . ©6)

The corresponding graph polynomials of a gr&phre given by
e U =731[]igr a1, whereT denotes the spanning trees@f

o V= 2 lemassivédl -

e Dodgson polynomials [28] arise from the operator insertions. The form of these poly-
nomials will depend on the specific operator insertion wecaresidering.

The integrals given by[|6) are projective integrals, whare @-parameter may be set to one
eliminating thed—distribution. The operators sit on on-shell diagrams Wiolbey specific symme-
tries. These are generally not obeyed by the operator iosefThe Feynman parameter integrals
are now performed in terms of hyperlogarithms [I_QW,Z) : C\X — C, where

e >={0p,01,...,0n} are distinct points itC which may contain integration variables.

3Cyclotomic and generalized cyclotomic harmonic sums argggarithms and their relations have been treated
in [26].
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e W is a word over the alphabét = {ag,ay, ...,an }, where each lettes corresponds to a
point ;.

L(W,z) is uniquely defined by the following properties :

L({},2=1, andL(0",z) = %Iog”(z) for n>1

O (tavit 21— L Lw
0ZL({a‘W}’Z)_z_g.L(W’Z) for ze C\X

|
If W is not of the formw = (0,0, -- ,0), thenlirgL(W,z) =0. (7)
z—
For examplel (a;,z) = log(z— g;) —log(a;).
The hyperlogarithms satisfy shuffle relations, e.g.

L ({alvaZ}vz) L ({&3}72) =L ({83,8.1,&2},2) +L ({31783,&2},2) +L ({31732783},2) . (8)

The points to which the indiceg correspond may contain further integration variables. ngysi
these properties after partial fractioning and integrabg parts, one can express any primitive for
expressions consisting of rational and hyperlogarithmiwfions in terms of different hyperloga-
rithmic functions. These primitives have to be evaluatethatrespective integration limits. Due
to the operator-insertions leading to power-type fundjdhe integrals do not fit directly into the
framework of the algorithm for general valuesMf In order to obtain the corresponding extension
a generating function is constructed by the mapping,

B 1
1-xp(ag,--,an)

(9)

plaz, 00" = 3 Xp(ay,--, an)*
k=0

Figure2: A 3-loop Benz diagram.

Performing the Feynman-parameter integrations then leeas expression which contains hyper-
logarithmsL,, in the variablex. Using this method, the scalar integral with all powers ofgagators
equal to one associated with the diagram shown in[Fig. 2espanding to a Benz-type topology,
yields

e IPER
-3L({-1,0,0,1},x) + 2L ({—1,0,1,1},x) — 2xL({0,0,1,1},x) + 3xL({0,1,0,1},X)
—xL({0,1,1,1},x) + (—34+2x)L ({1,0,0,1},x) +2xL({1,0,1,1},x) — L ({1,0,1,1,1},X)

! X{zs[zu{—l},x)—2<—1+2x>L<{1},x>—4L<{1,1},x>]
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—(5x—1)L({1,1,0,1},%) +xL({1,1,1,1},x) — 2L ({1,0,0,1,1},X) + 3L ({1,0,1,0,1},x)
+2L({1,1,0,0,1},X) +2L({1,1,0,1,1},x) — 5L ({1,1,1,0,1},x) + L ({1,1,1,1,1},X) } .

(10)

Finally, theNth coefficient of this expression ihas to be extracted analytically in order to undo
the mapping[{9). This is achieved using et Monent s option of the packagear moni ¢ Suns
[25]. One may also use guessing-methods to obtain the pamdgg difference equation based
on a huge number of moments, cf. [29]. For a more complicatagrgwith non-trivial argument
structure inx we were able to produce 1500 moments [30]. One obtains from Eqg. (10)

N 1 648+ 151N + 1458N2 + 744N3 4 212N* + 32N°5 + 2N°©
(N) = (N+1)(N+2)(N+3) (1+N)3(2+N)3(3+N)3
2(-1+ (-)N+ N+ (-1)NN) N
- N (3—(-1)"S3— S}+24§ 54
(7+ 22N+ 10N?) 1+ 4N+ 2N? (—9+4N)
T 2(1+N)2(2+N) SZ__SZ’Z_ 2(1+N)2(2+N) S+ SZ 3(1+N) BILN)
(—1+6N)SZ 54+ 207N + 246N? + 13(:1\|3+32|\14+3N5Sl
FE R (11 N)3(2+ N)2(3+ N)2
(—2+7N)
2(1+N)

l+N

—2(-1)NS 51 +
13
+443S — S + 383,81 — 1915 — 7131+ 108271,1} . (11)

Another example, where this technique has been applietipisrsin Fig.[B.

Figure 3: A second example of a 3-loop Benz topology.

In this case the result is

1 2(1-13(—)N+ (—)N22N £ N - 7(—1)NN + 3(—1)N21NN)
I(N) = NT2) (3

N (N+1)( (1+N)(2+N)

(=N (—1)N(3+2N) DN(B+N)
(2+N) (2+N)§1_2(1+N) (2+N) St 1+N)( N 2

(=)N(3+2N) (4+3N) 2

S+

(—D)N( 5+7N)
2(1+N)(2+N)

~12(-1)NS 35+ slsz+3(—1)Nsla=,+4(—1)st,1sl—4(—1)Nss,4
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4((—1)N22tN —3(—2)NN + 3(—1)N21NN) 1
- (1+N)(2+N) =22 (5’1> ~ S
2(—(—1)N2ZN —13(—2)NN + 5(—1)N2HNN) 1

1 1
_2(—1)NS.|.,1,2 (27 57 l) - (—1)NS.|.,1,1,]. <2> éa 17 1> } . (12)

Notice the presence of generalized harmonic sums and hdjidygent factors in the limit
N — oo, such as P. It can be shown, however, that the complete expressionnigecgent in this
limit and possesses a well-defined asymptotic expansioN fer . In general neither the repre-
sentation in individual nested sums or by iterated integshbws this property, but a corresponding
combination of terms does.

We calculated the contributions @(n¢T?Caf) to all massive OMEs completely [12, 13].
Furthermore, first systematic results were obtained foc#se of graphs containing two massive
fermion lines withm, = m,. A typical graph is shown in Fig] 4 in the gluonic case.

Figure4: A 3-loop graph containing two massive fermion limas= n, and an operator insertion.

One obtains
1 1|74N3—455N24+38IN—-210 1
| = 5+ - =—-Si(N)
1052 ' ¢ 4410QN — 1)N(N+1) 210

89033 + 39532 — 11444MN + 365765l N)
2822400N +1)(2N —3)(2N — 1)

Py 1
* 148176000N — 1)2NZ(N+ 1)2(2N—3)(2N—1) ﬂ(sl('\')z +S(N) + 352)
) ; (13)

2-2N-9(N—-1)N(5N —6) /2N N 4l N 4is ()
T 3RN_3)(2N_1 N TR a2 o
( )( ) J:l(j)] =1 (])J
P, =179548 N8 — 7087787 + 10654130I° — 579710N° + 682883N* — 165940693
196511442 + 902160 — 1058400, (14)

Integrals of this type usually contain finite binomial anddarse binomial sums, which even may
be nested.

In conclusion, we have seen that the methods shown here afide obtain analytic expres-
sions at general values Nffor 3—loop integrals contributing to the massive OMEs widohld not
be obtained by other methods before. We continue workindherseét of integrals that we need in
order to obtain all necessary operator matrix elementsattiqular, we are studying the possibility
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also to extend the method of hyperlogarithms. Applicatibthese methods to the more compli-
cated case of non-planar integrals are underway. The pa&agma and related packages are
continuously being upgraded to be able to meet the chalteiiige: keep arising in this endeavor.
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