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Abstract

We give a brief overview of the status of perturbative QCD calculations for deep-inelastic scattering. The radiative
corrections to the Wilson coefficients are generally available to next-to-next-to-leading order in QCD and we address
the accuracy of the strong coupling constant, the parton distributions of the nucleon and the heavy quark masses which
is required for precision predictions. We also discuss related processes at hadron colliders such as Higgs production
via weak boson fusion which can be described through structure functions of deep-inelastic scattering, building upon
an approximate, although very accurate, factorization of the perturbative QCD corrections.
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1. Deep-inelastic scattering

Deep-inelastic scattering (DIS) and the observed
scaling violations have been central to the formula-
tion of Quantum Chromodynamics (QCD) as the gauge
theory of the strong interactions [1, 2]. Over the
decades the available high precision experimental data
from lepton- and neutrino scattering off fixed targets
at CERN, FNAL and SLAC as well as from electron-
proton collisions at the HERA collider at DESY have
successfully probed QCD in a wide kinematical range.
The key observables are inclusive structure functions or
differential cross sections which provide the theoretical
description of the hard hadronic interactions in the QCD
improved parton model. Precision predictions in pertur-
bative QCD rest on the fact that we can separate the
sensitivity to dynamics from different scales, i.e., the
physics at scale of the nucleon mass from hard high-
energy scattering at a large scale Q2. In Fig. 1 this is de-
picted for lepton-proton DIS in the one-boson exchange
approximation, see e.g., Ref. [3] for the definitions of
the kinematic variables.

The factorization at a scale µ allows to express for
instance the unpolarized inclusive structure functions
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Figure 1: QCD factorization of the cross section for the scattering of
a deeply virtual boson with (space-like) momentum q (−q2 = Q2 > 0)
off a nucleon with momentum P in their center-of-mass frame, see
Eq. (1).

Fk (k = 2, 3, L) as convolutions of parton distributions
(PDFs) fi (i = q, q̄, g) and short-distance Wilson coeffi-
cient functions Ck,i,

Fk(x,Q2) = (1)∑
i=q,q̄,g

1∫
x

dz fi
( x

z
, µ2

)
Ck,i

(
z,Q2, αs(µ), µ2

)
,

up to corrections of higher twist O(1/Q2). The coeffi-
cient functions Ck,i are calculable perturbatively in QCD
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in powers of the strong coupling constant αs,

C = (2)
C(0) + αs C(1) + αs

2 C(2) + αs
3 C(3) + . . . ,

with the expansion coefficients C(0) denoted as the lead-
ing order (LO), C(1) the next-to-leading order (NLO)
and so on. The PDFs fi in Eq. (1) describe the fraction
x = Q2/(2P·q) of the nucleon momentum carried by the
quark or gluon, cf. Fig. 1. They are non-perturbative pa-
rameters like the strong coupling constant αs(MZ) and,
if required, masses of heavy quarks, see the discussion
in Sec. 2. QCD factorization has also been established
for semi-inclusive deep-inelastic scattering as well as
for DIS jet production, where the respective cross sec-
tions d2σ/dxdQ2 are subject to a decomposition analo-
gous to Eq. (1). Although, in the latter cases, the process
dependent hard parton scattering cross sections need to
be augmented by additional prescriptions for the final
state partons, e.g., a jet algorithm or fragmentation func-
tions.

Over the years QCD predictions for DIS observables
have reached an unprecedented level of precision. The
Wilson coefficients in Eq. (2) have been computed to
higher orders in perturbation theory so that the effect of
radiative corrections on those observables is well under-
stood and largely under control. In the case of inclusive
unpolarized DIS, the coefficient functions Ck,i are avail-
able to O(αs

2), i.e. to NNLO [4, 5, 6, 7]. For photon
and charged current W±-boson exchange, even the hard
corrections at order O(αs

3) have been obtained [8, 9].
For completeness, we also mention that the approach
to polarized DIS is completely analogous. In particular
for the structure function g1 one may apply the obvious
replacements fi → ∆ fi and Ck,i → ∆Cg1,i in Eqs. (1)
and (2). At NNLO, the coefficient functions ∆Cg1,i are
available from [10].

In specific kinematical limits such as at high energies
(small-x) or near threshold (large x) resummations of
logarithmic corrections to all orders in perturbation the-
ory exist to improve the perturbative predictions. Soft
gluon resummation, i.e. in the limit x→ 1, has been ad-
dressed to next-to-next-to-next-to-leading logarithmic
(N3LL) accuracy in [11, 12]. The resummation at high
energies based on the concept of kt-factorization has
been carried out to NLL [13].

Another important issue concerns the production of
heavy quarks in DIS, which introduces a second hard
scale, the heavy quark mass mq. The pair-production
of charm-quarks accounts for a considerable part of the
inclusive DIS cross section measured at HERA, espe-
cially at small x, through the photon-gluon fusion pro-
cess γ ∗g → cc̄ X, at not too large values of Q2. The

Wilson coefficients of the heavy-quark structure func-
tions are known exactly to NLO since long, both for
the neutral [14] and the charged current [15] case, while
the NNLO results are, at present, approximate only
and based on the logarithmically enhanced terms near
threshold [16, 17, 18].

For semi-inclusive observables, the QCD correc-
tions are typically known to NLO. This corresponds to
O(αs

n+1) since the underlying Born cross section be-
haves as d2σ(0)/dxdQ2 ∼ O(αs

n) due to the n addi-
tional final state partons. Processes considered include
the electro-production of hadrons with high transverse
momentum [19, 20] or DIS n-jet cross sections. The
latter is subject of continuing interest since the begin-
ning of HERA operations, see e.g., [21, 22, 23, 24]. The
calculation of the full NNLO QCD corrections for DIS
1-jet inclusive production is still in progress (see [25]
and references therein).

The available higher order QCD predictions for DIS
generally display the anticipated features of apparent
convergence of the perturbative expansion and stabil-
ity under scale variation in a typical range, say Q/2 ≤
µ ≤ 2Q. The latter property is commonly used as a
means to estimate the residual theory uncertainty, based
on the fact that physical observables like the structure
functions Fk(x,Q2) in Eq. (1) cannot depend on the fac-
torization scale. In the perturbative approach, this im-
plies that any dependence on µ in Fk(x,Q2) has to van-
ish at least to the order in αs considered,

d
d ln µ2 Fk(x,Q2) = O(αl+1

s ) . (3)

Similar arguments, of course, also apply to the depen-
dence on the renormalization scale. General experience
shows, that theory uncertainties of better than O(10%)
according to Eq. (3) for cross sections at hadron col-
liders (like DIS) require radiative corrections at least to
NNLO accuracy in QCD.

Altogether, we are in the comfortable position to con-
front experimental data with theory at a very high level
of precision. In these comparisons, we no longer test
QCD. Rather we use perturbative QCD as an essen-
tial and established part of our theory toolkit to deduce
important information about PDFs or the value of the
strong coupling constant αs(MZ). Of course, this is a
situation that, generally, needs to be addressed also be-
yond DIS, since experimental data from the hadron col-
liders Tevatron at FNAL and the LHC at CERN help to
further constrain the non-perturbative input to QCD pre-
cision predictions. For the rest of this review we focus
on DIS and kinematically related processes, though.
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Figure 2: The perturbative expansion of the scale derivatives (6) of the
singlet distributions q ≡

∑
i=q,q̄ fi and g ≡ fg. Plot taken from [26].

2. Non-perturbative parameters

The PDFs fi in Eq. (1) are non-perturbative objects
as well as the QCD scale ΛQCD or, equivalently the
value of the strong coupling constant αs(MZ) and, also
the masses of heavy quarks mq, which are not directly
observable due to confinement. These fundamental pa-
rameters of QCD are indispensable ingredients in any
cross section prediction. They have to be obtained from
global fits to experimental data or determined, e.g., by
lattice computations.

Within perturbation theory, however, using renormal-
ization, some information about their scale dependence
is available, once a suitable scheme has been fixed,
e.g., the MS scheme, which is nowadays the commonly
adopted choice. Then we have for αs the famous QCD
beta-function [1] at our disposal,

d
d ln µ2 αs(µ) = β(αs) , (4)

and the evolution equations for heavy-quark masses
d

d ln µ2 mq(µ) = γq(αs) mq(µ) , (5)

both with perturbatively calculable coefficients known
to N3LO, see [27] for the beta-function coefficients
and [28, 29] for the mass anomalous dimension γq.

Another popular scheme for heavy-quark masses is
the so-called on-shell scheme, where the pole-mass mq

is chosen to coincide with the pole of the heavy-quark
propagator at each order in perturbative QCD. Such
definition, however, has its intrinsic theoretical limita-
tions with ambiguities of the order O(ΛQCD) implying a
strong dependence of the value of the mass parameter on
the order of perturbation theory. The MS scheme Eq. (5)
for the heavy-quark mass is favored, because predic-
tions for hard scattering cross sections in terms of the
MS mass display better apparent convergence properties
and greater perturbative stability at higher orders [30],
i.e. features much desired in the computation of radia-
tive corrections as outlined above in Sec. 1.

Finally, for the PDFs we have the well-known evolu-
tion equations

d
d ln µ2

(
fqi (x, µ2)
fg(x, µ2)

)
=

∑
j

1∫
x

dz
z

(
Pqiq j (z) Pqig(z)
Pgq j (z) Pgg(z)

) (
fq j (x/z, µ2)
fg(x/z, µ2)

)
.

where the splitting functions Pi j are known to
NNLO [31, 26]. These describe the different possible
parton splittings in the collinear limit, i.e. the mixing of
the respective partonic operators under renormalization,
and are, therefore universal quantities. Evolution equa-
tions for polarized DIS with spin dependent splitting
functions ∆Pi j (known to NLO completely [32, 33] and
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for ∆Pqq and ∆Pqg to NNLO [34]) derive from Eq. (6)
with the simple replacements fi → ∆ fi and Pi j → ∆Pi j.

The perturbative expansion of the evolution Eq. (6)
is illustrated in Fig. 2 for the singlet distributions q ≡∑

i=q,q̄ fi and g ≡ fg, which displays the apparent con-
vergence upon considering the QCD corrections to the
splitting functions through NNLO. Perturbative stabil-
ity is observed down to values of x ' 10−5, which is
amply enough for the currently accessible range in col-
lider phenomenology. Yet smaller values of x require
corrections beyond NNLO or, alternatively, small-x re-
summations beyond NLL accuracy.

The scale dependence of the fundamental parameters
αs(MZ) and mq as well as for the PDFs fi in Eqs. (4)–
(6) is used to determine those from global fits to exper-
imental data at a given order in QCD, typically at least
to NNLO. Let us briefly comment on the current status
in turn. Analyses of the available DIS world data for a
determination of αs(MZ) are performed by a number of
groups and summarized in Tab. 1.

αs(MZ)
BBG [35] (val.) 0.1134 + 0.0019

− 0.0021
ABKM09 [36] 0.1135 ± 0.0014
ABM11 [37] 0.1134 ± 0.0011
JR [38] 0.1124 ± 0.0020
MSTW [39] 0.1171 ± 0.0014
world average (2009) [40] 0.1184 ± 0.0007

(2011) [41] 0.1183 ± 0.0010

Table 1: Summary of recent NNLO QCD analyses of the DIS world
data.

The values of αs(MZ) obtained from the analysis of
DIS world data are consistent within their errors with
the exception of MSTW [39]. The reason for this dif-
ference and also the difference with the world average
(cf. Tab. 1) is discussed in great detail in [37]. Mea-
surements of DIS jet cross sections offer an interesting
alternative for the extraction of αs(MZ), although avail-
able QCD theory predictions are only accurate to NLO.
See [42, 43] for the latest analyses.

Available DIS data, especially those from the HERA
collider also allows for a determination of the charm-
quark mass. Starting from inclusive cross section data
and a theory description of the heavy quark structure
functions Fk(x,Q2,mc) in analogy to Eq. (1) in terms of
a running quark mass, cf. Eq. (5), the MS charm-quark
mass mc(mc) has been determined from a variant of the
ABKM fit [36]. The phenomenological study of [30]
yields to NLO in QCD

mc(mc) = (6)

1.26 ± 0.09(exp) ± 0.11(th) GeV ,

and to approximate NNLO (cf. Sec. 1)

mc(mc) = (7)
1.01 ± 0.09(exp) ± 0.03(th) GeV ,

where the quoted experimental uncertainty results from
the propagation of the statistical and systematic errors
in the data with account of error correlations whenever
available while the theoretical uncertainty is estimated
from the residual scale dependence, cf. Eq. (3), for
the choice µ2 = Q2 + κm2

c with a range κ ∈ [0, 8]
These numbers in Eqs. (6) and (7) are to be compared to
the world average of the particle data group (PDG) [3]
quoted in the MS scheme as mc(mc) = 1.27 +0.07

−0.09 GeV ,
which is entirely based on lattice computations or analy-
ses of experimental data with time-like kinematics from
e+e−-collisions, e.g. with the help of QCD sum rules.
It is therefore interesting to note that the DIS results
in Eqs. (6) and (7) for hadronic processes with space-
like kinematics are consistent with but systematically
lower than the PDG value. It should be noted, though,
that there is a significant correlation of the value of mc

with the value of αs(MZ) in all analyses currently avail-
able which use perturbative QCD results, i.e., QCD sum
rules as well as [30].

Last but not least, the available DIS world data al-
lows for a determination of the PDFs using the QCD
evolution Eq. (6). To that end, analyses rely on a variety
of data predominantly from DIS experiments in order
to cover the entire kinematic range in x also combining
scattering data with different beams and different tar-
gets to allow for the separation of the individual quark
flavors.

Of particular interest in applications for a proton-
proton collider such as the LHC is the gluon PDF as
it drives many important search channels, e.g., the cross
section for Higgs boson production in gluon-gluon fu-
sion [44, 45]. It has become obvious, that currently the
largest differences between the predictions for the Higgs
boson or top-quark pair production of various PDF sets
are due to differences in the gluon PDF as well as in the
value of αs(MZ). Fig. 3 illustrates this for the NNLO
gluon PDF at a low scale Q = 2 GeV where differences
for the gluon in the range x > 0.1 lead to larger differ-
ences at a higher scale of Q = 165 GeV at even smaller
x > 0.05 due to QCD evolution (6), see Fig. 4. These
findings are of direct relevance for the production of a
Higgs boson in the mass range MH ' O(160) GeV. De-
tailed further discussions of this vast subject and stud-
ies on the origin of such differences in PDFs are given
in [37].
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Figure 3: Comparison of the NNLO gluon distributions at Q2 =

(2 GeV)2 for the ratios xg(x,Q2)/xg(x,Q2)ABKM including the 1σ
uncertainty bands for ABKM [36] (solid line), HERAPDF [46]
(dash-dotted line, without error band), JR [38] (dashed line) and
MSTW08 [47] (dotted line). Plot taken from [48].

3. Higgs production via vector-boson fusion

The production of a Higgs boson via vector-boson fu-
sion (VBF) provides very promising signals for exper-
imental searches with two jets at large rapidity separa-
tion and the Higgs decay products being centrally pro-
duced in the detector along with little hadronic activity.
VBF has the second largest cross section in size. It is a
pure electroweak process at LO and it has an interesting
relation to DIS.

The QCD radiative corrections to the total cross-
section of VBF can be factorized to a very good approx-
imation as a double DIS process, see Fig. 5, where two
(virtual) vector-bosons Vi (independently) emitted from
the hadronic initial states fuse into a Higgs boson. This
defines the so-called structure function approach [49],
which builds on the absence (or smallness) of the QCD
interference between the two inclusive final states X1
and X2. Then, the total cross section is given as a prod-
uct of the matrix element for V1V2 → H and of the DIS
hadronic tensor Wµν, commonly expressed in terms of
the standard DIS structure functions Fk(x,Q2).

Of course, this factorization does not hold exactly
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Figure 4: Same as Fig. 4 for at Q2 = (165 GeV)2. Plot taken
from [48].
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Figure 5: Higgs production via the VBF process.

already at LO, because of interference between iden-
tical final state quarks, e.g., uu → Huu or between
processes where either a W or a Z can be exchanged,
e.g., ud → Hud. At LO, they can however, be easily
computed. The typical accuracy of the NLO QCD pre-
dictions can be estimated in the 5 − 10% range. The
dominant contributions to VBF at NNLO accuracy have
been obtained in [50, 51]. They give rise to dramatic re-
ductions of the theoretical uncertainties, which are sta-
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Figure 6: The total VBF cross sections at the LHC,
√

s = 7 TeV,
at LO, NLO and NNLO in QCD with the scale uncertainty from the
variation µr , µ f ∈ [Q/4, 4Q]. The MSTW2008 [47] PDF set (68%
CL) has been used. Numbers are in pb. Plot taken from [50].

bilized at NNLO at the level of O(2%), see Fig. 6. This
is about the same accuracy as the level of ambiguity at
which the Higgs production signal via VBF can be de-
fined phenomenologically due to the particular require-
ments for the final state.

Although the structure function approach to VBF, is
not truly exact at NNLO it includes the bulk of the ra-
diative corrections so that the remaining contributions,
are both, parametrically small and kinematically sup-
pressed. Detailed estimates have been provided in [50],
so that VBF is currently the most accurately known
cross section for Higgs production at the LHC.

Among the uncertainties in the cross section pre-
diction, the PDF dependence is clearly the dominating
source of uncertainty, see Fig. 7. We observe that over
a large range of Higgs masses, MH ' 100 . . . 300 GeV,
there are differences between these sets of order O(3%),
since the quark PDFs are rather well constrained in
the relevant x-region. This deteriorates towards larger
Higgs masses and, generally, the PDF uncertainties are
also larger for the lower running energies of the LHC.
Generally, the non-perturbative parameters (PDFs and
αs) needed for precision predictions of Higgs produc-
tion in VBF are under better control than, e.g., for the
gluon-gluon fusion process.
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Figure 7: The PDF uncertainty of the VBF cross sections at the LHC,
√

s = 7 TeV, at NNLO in QCD for PDF sets of ABKM [36], JR09 [38,
52] and MSTW2008 [47] (68 % CL) All results have been normalized
to the best fit of MSTW2008. Plot taken from [50].

4. Summary

We have briefly summarized the current status of per-
turbative QCD predictions for observables in DIS. To
date, we can build on a very mature understanding of the
theory, which is confronted with high precision exper-
imental data in order to provide important information
on the dynamics of quarks and gluons in nucleons as
well as on the strong coupling constant and heavy quark
masses. Especially the data accumulated at HERA has
a very high potential in this respect.

We have also discussed, how kinematical situations
resembling DIS are found for specific reactions at
hadron colliders, e.g., for the Higgs boson production in
VBF. In such situations, knowledge on perturbative cor-
rections in DIS can be successfully applied to achieve
significantly improved theory predictions.
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