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Abstract

We discuss a Lattice QCD mixed action investigation employing Wil-
son maximally twisted mass sea and overlap valence fermions. Using
four values of the lattice spacing, we demonstrate that the overlap
Dirac operator assumes a point-like locality in the continuum limit.
We also show that by adopting suitable matching conditions for the
sea and valence theories a consistent continuum limit for the pion de-
cay constant and light baryon masses can be obtained. Finally, we
confront results for sea-valence mixed meson masses and the valence
scalar correlator with corresponding expressions of chiral perturbation
theory. This allows us to extract low energy constants of mixed ac-
tion chiral perturbation which characterize the strength of unitarity
violations in our mixed action setup.
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1 Introduction

The discovery that despite the no-go theorem of Ref. [I], an exact chiral sym-
metry can be established for lattice regulated field theories without violating
essential field theoretical conditions [2], is certainly one of the major concep-
tual breakthroughs within lattice field theory in the last years. The funda-
mental theoretical development for this achievement is the Ginsparg-Wilson
relation [3]. The theoretical and conceptual advantages of a lattice Dirac
operator obeying this relation have been pointed out in Refs. [4] Bl [6 [7]. A
practical solution — suitable for numerical simulations — of an operator satisfy-
ing the Ginsparg-Wilson relation, termed overlap Neuberger-Dirac operator,
was found in Refs. [8, 9].

Unfortunately, soon after this exciting development in lattice field the-
ory, it turned out that for numerical simulations overlap fermions are very
expensive. In fact, the numerical cost is so demanding that many groups
working in lattice QCD are nowadays still using lattice discretizations based
on computationally much cheaper Wilson or staggered like fermiond]. Al
though with such much simpler lattice fermions, presently, simulations very
close to or even at the physical value of the pion mass can be performed, see
e.g. Ref. [I3], it would be nevertheless highly desirable to take advantage of
the conceptually much cleaner overlap fermions, or other Ginsparg-Wilson
fermions that can be applied in practice, to investigate problems where chiral
symmetry or topological aspects play a significant role. Given the high nu-
merical demand of overlap fermions, such simulations are, however, restricted
so far to the future, when supercomputers of much higher performance than
available today, in combination with, hopefully, much improved algorithms
are developed.

An intermediate step towards the goal to employ overlap fermions is to
use them only in the valence quark sector, while generating gauge field config-
urations with much cheaper sea quarks, e.g. Wilson or staggered like quarks.
Such a situation is called mized action setup. The basic idea in such a setup
is to relate the sea and valence quark actions by a suitable matching condi-
tion, e.g. by demanding that at a given value of the lattice spacing the pion
mass is the same in both discretizations. With such a condition, in principle,
the continuum limit of a mixed action setup is well defined and should give
correct answers for all physical observables of interest.

However, at any non-zero value of the lattice spacing care has to be taken
when using mixed actions. Since the sea and valence actions are different,

1See, however, the work in a chiral invariant Higgs- Yukawa model, where extensive use
of the overlap operator is made [10} 1T} [12].



there are unitarity violations the size of which is unknown a priori and should
be determined. Also, the eigenvalue spectra of the sea and valence lattice
Dirac operators are not matched, which can lead to problems especially for
the zero mode contributions of the chiral invariant overlap Dirac operator. In
addition, the locality property of the overlap Dirac operator [14] needs to be
determined in order to see whether hadronic quantities could be affected by
finite values of the exponential decay rate. All these aspects demand therefore
a principal investigation of a mixed action before large scale simulations can
be started.

In this paper, we want to report on one such basic mixed action analysis@,
namely using maximally twisted mass fermions [25] in the sea sector and
overlap fermions in the valence sector. In a previous work [26, 27|, a first
study of this mixed action setup has been performed and particular difficulties
with such an approach have been reported, which arise from the fact that
the exact zero modes of the overlap valence Dirac operator are not matched
exactly by the sea quark twisted mass Dirac operator. This phenomenon
appears at typical values of the lattice spacing currently used in simulations,
ie. 0.04fm < a < 0.1fm. In such a situation, special care must be taken, in
particular in the way the sea and valence quark theories are matched.

Here we want to extend the analysis of Ref. [27] in several directions. The
first is that we add a new and finer value of the lattice spacing than available
in Ref. [27] to the analysis of the continuum limit scaling test of the pion
decay constant. As we will discuss below, the results of the analysis with
this new value of the lattice spacing confirm the findings of Ref. [27] and
strengthen the conclusion that there are critical values for the pion mass and
the physical volume below which simulations can strongly suffer from the
effects of the mismatch of the zero modes between sea and valence sectors.
We will also demonstrate that the improved matching condition, suggested
in Ref. [27], indeed works well for the continuum limit of the pion decay
constant and the nucleon and A masses which are new observables added to
the study of the properties of the mixed action we are considering here.

As a second aspect, we want to show that the overlap Dirac operator,
which is only exponentially localized at non-zero lattice spacing [14], reaches
the expected point-like locality property in the continuum limit. We will
use four values of the lattice spacing to perform such a continuum limit
extrapolation and, in particular, compare the localization range of the overlap

2Mixed actions have been used by various groups. Here we mention studies using
domain wall sea and overlap valence fermions [I5], [16], Wilson clover sea and overlap
valence quarks [I7, [18], domain wall valence fermions on a staggered sea [19, 20, [21].
Moreover, another class of mixed actions involves using variants of the sea action in the
valence sector, such as Osterwalder-Seiler quarks on a twisted mass sea [22], 23] [24].



Dirac operator with hadronic scales, i.e. the pion and the nucleon masses.
To our knowledge, this is the first unquenched continuum limit study of the
locality properties of the overlap Dirac operator.

As a third and also new investigation, we study the meson masses con-
structed in the mixed action theory and confront them with expressions of
mixed action chiral perturbation theory. This allows us to compute a num-
ber of low energy constants of the mixed action effective chiral Lagrangian.
In addition, we will look at the non-singlet scalar correlator to test for pos-
sible unitarity violation which are inherent in mixed action simulations, as
mentioned above.

The main goal of the paper is to provide a basic and principal investigation
of a mixed action employing overlap fermions in the valence sector. The
results of this investigation can and will help any further calculation aiming
at computing physical quantities in that it provides important information
on the properties of mixed actions which can help to perform safe simulations
in the future.

The outline of the paper is as follows. Sec. 2 discusses some theoretical
aspects of our setup and gives parameters of our lattices. In Sec. 3, we look at
the continuum limit behaviour of the locality of the overlap Dirac operator.
Sec. 4 reports the results of our new and finest lattice spacing by including
them in a continuum limit scaling test of the pion decay constant. In Sec. 5,
we discuss mixed meson masses and unitarity violations in the non-singlet
scalar correlator. In Sec. 6, we employ our mixed action setup in the baryon
sector and perform a continuum limit scaling test for nucleon and A masses.
Sec. 7 concludes and summarizes our main findings.

2 Simulation setup

2.1 Overlap Fermions

The fundamental Nielsen-Ninomiya theorem [I], 28], formulated in 1981, ap-
parently excluded the possibility of simulating chiral fermions on the lattice,
without violating essential properties, such as the absence of doubler modes
or the locality of the theory. However, already in 1982 it was shown by
Ginsparg and Wilson [3] that a remnant of chiral symmetry is present on the
lattice without the doublers, if the corresponding lattice Dirac operator D
obeys an equation now called the Ginsparg-Wilson relation:

5D + D5 = aDv;D. (1)

For many years, though, no practical solution to this equation had been
known. The situation changed in the second part of the 1990s when the
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Ginsparg-Wilson relation was reconsidered and its conceptional advantages
pointed out |4} 6] 8, 9]. Moreover, in Ref. [2] the key observation was made
that any lattice Dirac operator satisfying the Ginsparg-Wilson relation leads
to an exact chiral symmetry at non-vanishing value of the lattice spacing.
Neuberger found a particular closed form of a lattice Dirac operator D —
called overlap Dirac operator — that obeys the Ginsparg-Wilson relation and
that can be employed in practical simulations. The massless overlap Dirac
operator is given byf 18, 9]:

A

1

Doy (0) = - (1 - A(ATA)—W). (2)
a

In the kernel operator A we choose the standard Wilson-Dirac operator:

A =1 + 5 — aﬁwﬂson(O), (3)

where s is a parameter which satisfies |s| < 1 and can be tuned to optimize
locality properties [14] (see Sec. 3 for a detailed test of locality in our setup).
The Wilson-Dirac operator is defined by:

2 1 * *
DWilson(mO) = 5 (’yﬂ(vu + vﬂ) - avuvu) + my, (4)
where my is the bare Wilson quark mass and V, (V},) are the forward (back-
ward) covariant derivatives. The massive overlap Dirac operator with the
bare overlap quark mass m,, reads:

Doy (mey) = (1 _ ‘m;) Doy(0) + moy. (5)

The most important property of overlap fermions is the fact that chiral
symmetry in a lattice modified form can be established with very important
consequences, among them the absence of O(a) lattice artefacts.

From the technical side, an important feature of overlap fermions is that
the explicit construction of the overlap Dirac operator involves an approxima-
tion (in our case the Chebyshev polynomial approximation) of the operator
(ATA)~Y/2 that needs to be realized up to machine precision, in order to
consider the lattice chiral symmetry to be exact. This leads to a large com-
putational cost of overlap fermions, around two orders of magnitude larger
than of e.g. Wilson twisted mass fermions. For a comparison of overlap and
Wilson twisted mass fermions in terms of computing cost, we refer to [29].

Further problems occur in simulations with dynamical overlap fermions.
The overlap Dirac operator develops discontinuities when changing topologi-
cal sectors and the proposed solutions to alleviate this problem [30}, 31}, 32, 33|

3For an early review of the overlap fermions formalism, see e.g. Ref. [T].



lead to a further growth of the computational cost. The discontinuity prob-
lem can also be avoided by fixing topology [34] 35|, which, however, still
needs very computer time expensive simulations and introduces additional
O(1/V) finite volume effects. The mixed action approach, which uses compu-
tationally cheap sea quark simulations on which then valence overlap quarks
are evaluated, is another way of avoiding the large computational costs of
dynamical overlap simulations. This is the setup considered in this paper. Of
course, in this approach exact chiral symmetry is only realized in the valence
sector.

Since the pseudoscalar decay constant will play an important role in the
following, we discuss this observable here. For overlap fermions, the pseu-
doscalar decay constant f°¥ can be extracted using the PCAC relation and
does not require the computation of any renormalization constants (see e.g.

Ref. [36]):

2Mgy
(mgv)?
where m2” is the mass of the charged pseudoscalar meson and |(0|P|7)oy| the
matrix element of the pseudoscalar current, both extracted from the two-
point pseudoscalar correlation function Cpp(t), built of two mass-degenerate
overlap valence quarks.

fov_
. =

0P| m)ov , (6)

2.2 Wilson Twisted Mass Fermions

Wilson Twisted Mass (tm) fermions [37] were originally introduced to deal
with the problem of unphysically small eigenvalues (zero modes) of the Wilson-
Dirac operator. As pointed out in Ref. [25] an essential advantage of this
formulation of lattice QCD is also the possibility to obtain automatic O(a)-
improvement, by tuning just one parameter — the bare Wilson quark mass
to its critical value. This property has been confirmed in detailed contin-
uum limit scaling studies in the quenched approximation [38] and with two
dynamical quarks [39]. What is more, the twisted mass discretization can
reduce the effects of explicit chiral symmetry breaking by the Wilson term
in the renormalization process. In fact, the problem of operators belonging
to different chiral representations can be suppressed or even avoided in this
formulation. Among the disadvantages of this formulation are the explicit
breaking of parity and isospin symmetry, being, however, O(a?) cut-off ef-
fects [25], 140, 4T, [42] 39], which were observed to be substantial only in the
neutral pion mass.

Twisted mass fermions are obtained by adding a chirally rotated mass



term to the Wilson-Dirac operator in Eq. () in the following way:

-Dtm - bWilson(mO) + ,L.M/YEJTP) ) (7)

where p is the twisted mass parameter and 73 is the third Pauli matrix acting
in flavour space.

A comprehensive simulation programme has been undertaken by the Eu-
ropean Twisted Mass (ETM) collaboration, including simulations with dy-
namical up and down quarks (N; = 2) [43], 44} 39] and with dynamical up,
down, strange and charm quarks (Ny =2+ 1+ 1) [45, [46].

The charged pseudoscalar meson decay constant can be obtained in a
similar way as in the case of overlap fermions, without the need to compute
any renormalization factors:

24

(m3)?

where m™ is the pseudoscalar meson mass and |(0|P|7*)y,| the matrix el-
ement of the pseudoscalar current, both extracted from the two-point pseu-
doscalar correlation function Cpp(t), built of two mass-degenerate tm valence
quarks.

ft = {0 P75 ) (8)

2.3 Mixed action setup

Our mixed action setup consists of two mass-degenerate flavours of Wilson
twisted mass quarks at maximal twist in the sea sector and overlap valence
fermions. The parameters of our dynamical ensembles are provided in Tab.[Il
The ensembles were generated by the ETM Collaboration [39], using the
tree-level Symanzik improved gauge action and Ny = 2 flavours of twisted
mass fermions, tuned to maximal twist by setting the hopping parameter
k = 1/(8 + 2amy) to its critical value, at which the PCAC quark mass
vanishes [43].

The light-quark ensembles, labeled in Tab. [I] with a subscript ¢, cor-
respond to a fixed physical situation with roughly fixed pseudoscalar me-
son mass mgrg ~ 0.8 (where 7y is the Sommer parameter [47]) and lat-
tice size L ~ 1.3fm. The non-perturbatively renormalized [48] quark mass
ugﬁs(,u = 2GeV) ~ 20 MeV, which in infinite volume gives a pseudoscalar
meson mass of around 300 MeV. The chirally extrapolated values of the
Sommer parameter for our ensembles are ro/a = 5.25(2) at § = 3.90,
ro/a = 6.61(2) at f = 4.05 and r9/a = 8.33(5) at § = 4.20, which cor-
responds to lattice spacings a ~ 0.079fm, a ~ 0.063 fm and a ~ 0.051 fm,



respectively [39]. At 8 = 4.35, we only have one sea quark mass available,
which yields ro/a = 9.82(4) and a lattice spacing a ~ 0.042 fm.

For our investigations of locality (Sec.[3]), we use ensembles with L/a = 32
at: f = 3.9, ap = 0.004 (ensemble Byss), 8 = 4.05, ap = 0.003 (Crs2),
f = 4.2, au = 0.0065 (with a heavier quark mass, ensemble Dy 35) and
B =4.35, ap = 0.00175 (Ey). In addition, we use two additional volumes at
B = 3.9, ap = 0.004 (with linear lattice extent of 0.6 fm (Byg) and 1.6 fm
(Brao)), to check finite size effects in the context of locality.

We have also used one small-volume ensemble with a heavier quark mass,
labeled as Bj,. It corresponds to the same lattice size and lattice spacing as
By, but the renormalized quark mass is ug/ls(,u = 2GeV) ~ 40 MeV, which
corresponds to m,rg &~ 1.0 and a pseudoscalar meson mass m, ~ 450 MeV
in infinite volume.

Finally, to explicitly check whether one is safe against the effects of zero
modes of the overlap operator, discussed in Ref. [27], we have also considered
an ensemble B, that corresponds to a physical extent of the lattice of L ~ 2fm
and a rather heavy renormalized quark mass of ug/ls(u =2GeV) =~ 45 MeV,
which yields m,ro ~ 1.0 and a pseudoscalar meson mass of m, =~ 480 MeV
in infinite volume. For this ensemble, m,L ~ 4.7 and hence the effects of
zero modes should be very much suppressed [27].

Our setup for the overlap fermion valence sector has been described in
detail in Ref. [49]. Here we only briefly mention that we performed one
iteration of HYP smearing [50] of gauge links to reduce the condition number
of ATA. To assure the best locality properties, we set s = 0 in Eq. (@) (for
details, see the next section).

We have produced all-to-all overlap and twisted mass propagators for a
wide range of quark masses, which allowed us to compute three types of
correlation functions: sea-sea (unitary tm), valence-valence (overlap) and
valence-sea (mixed overlap-tm).

3 Locality of the overlap operator

The aim of this section is a comprehensive investigation of the locality of the
overlap lattice Dirac operator. We will use ensembles at four values of the
lattice spacing, which will allow us to perform a continuum limit study of
the effective decay rate of the overlap operator to see whether indeed point-
like locality is recovered in the continuum limit. We will also investigate
the influence of the parameter s in Eq. (3], as well as finite size effects, for
which we use four different physical volumes. Finally, we will perform a
comparison of the decay rate with hadronic scales of the theory, in particular



Label 3 (L/a)*xT/a aj Kerit m™ry  L/rg mi™L
By 3.90 163 x 32 0.0040 0.160856  0.84 3.0 2.5
Cy 4.05 203 x 40 0.0030  0.157010  0.83 3.0 24
Dy 4.20 243 x 48 0.0020  0.154073  0.82 2.9 24
E, 4.35 323 x 64 0.00175 0.151740  0.74 3.3 24
By, 3.90 163 x 32 0.0074  0.160856  1.03 3.0 3.1
By 3.90 243 x 48 0.0085  0.160856  1.02 4.6 4.7
Bg 3.90 8 x 16 0.0040  0.160856 - 1.5 -
Bio  3.90 203 x 40 0.0040  0.160856  0.73 3.8 2.8
Bysz  3.90 323 x 64 0.0040  0.160856  0.70 6.1 4.3
Crs2 405 323 x 64 0.0030  0.157010  0.69 4.8 3.3
Dy s 4.20 323 x 64 0.0065 0.154073  1.10 3.8 4.2

Table 1: The parameters of dynamical Ny = 2 maximally twisted mass en-
sembles used in this work. We give the label, the values of the inverse cou-
pling 3, the lattice volume L3 x T, the twisted mass parameter au, the
critical hopping parameter ke = 1/(8 + 2amei), the approximate values of
the pseudoscalar meson mass and of the lattice size in units of the Sommer
scale 19 and the product m!™L. As demonstrated in Ref. [27], the values of
mi™ L provide a very good estimator for the the role of the zero modes of the
overlap operator: they can be large (if m™L < 3), potentially large in some
observables (if 3 < m™[ < 4) or almost negligibly small (if m™L > 4).

the pseudoscalar and the nucleon masses, in order to achieve a quantitative
measure for the decay rate relative to physical scales. Such a comparison
is clearly of importance: as long as the decay rate is smaller than, say, a
hadron mass, computations with the overlap operator are not very useful.
If, as expected, the overlap operator converges in the continuum limit to the
Dirac operator with point-like locality, there must exist a value of the lattice
spacing, where the decay rate is much larger than the hadronic scale. It is
therefore one goal of this paper to determine the ratio of the hadronic mass
and the decay rate and to determine this ratio at the values of the lattice
spacings used here.

In this section, we will closely follow the investigation of the locality prop-
erty of the overlap operator of Ref. [I4]. While for small enough values of
the lattice spacing, the locality of the overlap operator can be analytically
proven, for coarser values the locality property needs to be determined nu-
merically. In fact, in Ref. [14] it has been demonstrated that the locality
property can be maintained to rather coarse values of the lattice spacing of



about @ ~ 0.1 fm, which has been pushed to even coarser values of a ~ 0.2
fm in [51]. Since the values of the lattice spacings employed in this work are
all below 0.1 fm, we expect that the valence overlap operator is exponentially
localized for all ensembles considered, an expectation which will be confirmed
below.

3.1 Effective decay rate

It is clear that the overlap Dirac operator (denoted D in this section) is not
local in a geometrical sense, which would mean that there exists a finite &
such that the following requirement is fulfilled:

= D(n,m)¥(m), (9)

D(n,m) =0 for all points n, m such that |n —m| > &,

for some norm ||-|| to be defined below. However, from the point of view
of continuum limit behaviour of physical quantities, such geometrical local-
ity is not necessary. It is sufficient if the Dirac operator D(n,m) decays
exponentially fast, i.e.:

ID(n,m)|| < C e Pln=m (10)

with some decay rate p (in lattice units, with corresponding physical decay
rate p = p/a) and normalization factor C.

For the norm in Eq. (@), we use the taxi-driver distance for periodic
boundary conditions:

Inll, = me{|nu| [Ny —mul},  0<mn, <N, (11)

where N, is the number of lattice sites in direction p. We also define the
norm of the operator as the row sum norm:

|D(n,m)|| = nax ZZ ’D (n,m)" (12)

1<a<3v 1 =1

where p, v denote the Lorentz indices and a,b the colour indices. For the
same value of the taxi-driver distance, the operator norm can take several
values. Hence, we also define the maximum norm:

[ Dl inax (d) = max||D(n —m,0)]|. (13)

[n—mll;=d

From now on, we will only consider the maximum norm, since it corresponds
to the most restrictive case, i.e. proving locality using the maximum norm
implies locality for any other choice of the norm.
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3.2 Continuum limit analysis

In this subsection, we will perform a continuum limit scaling test of the decay
rate of the overlap operator using ensembles By 32, Cy 32, Dj 32, ¢ of Tab. [l
These ensembles correspond to four lattice spacings, at different physical
volumes, but keeping constant the lattice size L/a = 32.

The Dirac operator is local if it fulfills Eq. (I0). We define the effective
decay rate peg as follows:

(Dl ()
e = (|rD|rmax<m+1>)' (14)

Larger values of the decay rate imply better locality properties.
The full decay property of the overlap operator, including small distances,
is determined by a sum of exponential decays with corresponding decay rates:

1Dl

e = 3 Crepill = D), = Cerlel, (15)

1
Therefore, the desired decay rate is only attained at asymptotically large
distances, where the effective decay rate p.g will be constant as a function of
the taxi-driver distance.

In Fig.[Il we show the effective decay rate as a function of the taxi-driver
distance for four different values of the lattice spacing. Our typical statistics
was around 50 configurations well separated in Monte Carlo time. In order to
observe the expected plateau-like behaviour of peg, it is necessary to have a
large value for L/a. If L/a is too small, the signal is dominated by hypercubic
artefacts and the extracted values of p are not reliable. We have studied this
effect in free-field theory, for different values of L/a and we have concluded
that L/a = 32 is necessary to observe a stable plateau of the effective decay
rate (see Sec. for details).

Moreover, from Fig. [I] it is clear that the determination of the effective
decay rate is not straightforward, i.e. the observed large fluctuations have to
be taken into account in the analysis as a systematic error. To this end, we
follow the strategy of Refs. [39, 52]. As a first step, we fit the effective decay
rates obtained at different values of the taxi-driver distance to a constant,
including at least 4 consecutive points. For this, we fit the value of the decay
rate and the corresponding statistical error using a jackknife procedure. For
each fit, we also compute the corresponding value of x? and the confidence
level CL, defined as:

CL(g = x*n=d.o.f)=1-7(q/2,n/2), (16)

11
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Figure 1: Effective decay rate p [fm~!] as a function of the taxi driver distance
[fm] for four different values of the lattice spacing. The blue line is the final fit
obtained following the method explained in the text. The fitting intervals [fm]
are indicated in Tab.[Bl The error bars are often smaller than the symbol size;
therefore the large fluctuations induce significant systematic uncertainties in
the determination of the effective decay rate.

where d.o.f. denotes the number of degrees of freedom for a given fit and
v(q/2,n/2) is the lower incomplete Gamma function.

In this way, we obtain a large sample of fitted values of the effective decay
rate from which we can construct weighted distributions using two kinds of
weights, the confidence level (CL) or a function of x? which we choose as
exp(x?)/d.o.f. — thus damping the influence of bad fits. From this weighted
distribution, we extract the mean and the median of the distribution. In
practice, for our final values of the effective decay rates (shaded entry in
Tab. 2]), we look for the “best fits”, i.e. the ones closest to the mean and
median of the weighted distribution and satisfying the constraint that their
confidence level is at least 80%. The statistical error is then the jackknife er-
ror of the best fit, while the systematic error is given by the 68.3% confidence
interval of the weighted distribution. The final error is computed by adding

12



both errors in quadrature. We also analyzed the effect of adding a cut in the
x axis in order to avoid possible finite volume effects at large values of the
taxi driver distance (cut at ||z|| = L or @, i.e. the maximum distance in
a L3 x (2L) box in the continuum, with periodic boundary conditions), and
we found results that are fully compatible with the ones without the cut,
however, with a decrease of the systematic error.

Combining all these possibilities to extract the effective decay rate by
using the mean and median from the weighted distribution (labeled mean
and median in Tab. 2)) using either the confidence level or x?/d.o.f., mean
and median from "best fit“ labeled fit(mean) and fit(median) in Tab. ), we
thus have in total 8 different ways of computing the effective decay rate and
its statistical [l and systematic error, see Tab.

In Fig.[2l we show the comparison of the final results for the effective decay
rate obtained using these 8 different methods, for the case of the ensemble
E,. All methods lead to compatible results both in the central value, as
well as in the total error, which gives us confidence that we indeed have the
systematic errors of the effective decay rate under control.

For the continuum limit scaling test of the effective decay rate, we decided
to use method 4 of Tab. 2 taking the value for p that yields a fitted p as
close as possible to the median of the CL-weighted histogram. However, we
want to emphasize that all other variants would be equally good choices.

Before discussing the numerical results for the effective decay rate, we
show in Fig. Bl the exponential decay of the maximum norm of the overlap
Dirac operator as a function of the taxi-driver distance. We use four different
lattice spacings, ranging from 0.079 to 0.042 fm, while keeping the value of
L/a = 32 fixed, as discussed above. We observe that decreasing the lattice
spacing leads to an increasing slope of || Dyy|| This signals the continuum
limit restoration of point-like locality.

In Tab. Bl we summarize the results obtained for the values of the decay
rate p, together with their statistical, systematic and total errors. As already
suspected from Fig. [[] the total error is dominated by the systematic part.

Using data from Tab. B, we perform the continuum limit scaling test of
the inverse decay rate (locality radius) 1/p. The values at non-zero lattice
spacings can be interpreted as the physical length that correspond to the
slowest decrease of the Dirac operator norm. The value of the locality radius
extrapolated to a = 0 is 0.007(9) fm, i.e. compatible with zero. Thus, in
the continuum limit, point-like locality is indeed restored. If we consider the

max’

4The statistical error quoted for the values of the mean and the median extracted from
the distributions were obtained by analyzing the weighted distribution of all the statistical
errors of the different fits computed with jackknife.
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different methods of extracting the ef-
fective decay rate. The method num-
bering is explained in Tab.[2l The er-
rors are statistical (smaller error) and
systematic (larger error).

# pand dp,.. weight

1 mean CL

2 median CL

3 fit(mean) CL
4 fit (median) CL

5 mean exp(x?/aor))

6 median exp(x?/aor))

7 fit(mean)  exp(x?/aor))

8 fit (median) exp(x?/ar))

Table 2: Different methods used to
calculate the value of the effective
decay rate p and the corresponding

CIror.
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Figure 3: Exponential decay of the maximum norm of the overlap Dirac

operator for ensembles By 3a, Cy32, Dy,

,329 EZ-

lattice artefacts and therefore perform a fit adding a term quadratic in a,
instead of a simple linear fit, we obtain a compatible result: -0.002(37) fm,
but with a much larger error, indicating that we are not sensitive to O(a?)
cut-off effects in the effective decay rates.

14



p OstatP  OsystP op 1/p interval
[fm~!] [fm™!] [fm~!] [fm™!] [fm] [fm]
Brs» 7117 0183 0.557 0.586 0.141(12) [2.923,3.634
Crsz 8684 0065 0333 0339 0.115(4) [1.953,2.205
Dz 10555 0.037 0.141 0.146  0.094(1) [1.326,1.785
E, 12677 0.056 0311 0316 0.079(2) [1.176,1.302

[ial i i i Wi LAY

Table 3: Results for the decay rate p and the corresponding errors: statistical
Ostat 0, Systematic dgystp, total dp. We also give the inverse decay rate (with its
combined statistical and systematic error in parentheses) and the fit interval
for the best fit.
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Figure 4: Continuum limit scaling of the inverse decay rate 1/p.

3.3 Comparison of decay rates and hadron masses

The relevance of the decay rate p of the overlap operator can be quantified
when compared to the size of a hadron. The locality radius, .. = 1/p, is
expected to be sufficiently smaller than the hadron size in order to extract the
hadron mass without being affected by non-locality problems. To illustrate
this point, we consider the approximation in which the size of the hadron is
related to the inverse of its mass m. There is a similarity of the asymptotic
exponential decay of zero-momentum correlation functions (with Euclidean
time) and the likewise asymptotic exponential decay of the overlap Dirac
operator norm (with taxi-driver distance). At large Euclidean time or taxi-
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driver distance one finds (barring effects from periodic boundary conditions):

ID(|In])]| = A el Clip=0)= Aem
pp=tn PON = e (17)
© D+ D) =N+ 1)

where m corresponds to the mass of the lightest hadron with given quantum
numbers and p.g denotes the effective decay rate.

In this simplified picture, in order to have an extraction of a hadron
mass which is not influenced by a possibly too slow decay rate of the overlap
operator, the decay rate is expected to be larger than the measured hadron
mass: p > ma.

In terms of the Compton wavelength of the hadron Ac = 1/m and the
locality radius 7, = 1/p we want A¢ > 7,.. When the condition Ao > 7 is
met, once we have reached the asymptotic Euclidean time region to extract
masses, the norm of the overlap operator has decayed already sufficiently
strongly such as not to influence the hadron mass measurement.

We now show that the condition A¢c > 7. is indeed satisfied in our
mixed action simulations, considering the masses of the lightest particles in
the meson and baryon sectors. We take the unitary values of the pion and
nucleon mass, given in Ref. [53]. Since we match the pion mass in our mixed
action setup, the values of the pion mass are the same as in the unitary setup,
by definition, whereas the masses of the nucleon can differ from the unitary
ones by O(a?) effects. These turn out to be very small in practice — see Sec.
for details. We summarize the values for the pion mass, the nucleon mass,
the decay rate and the ratios of the masses and the decay rate in Tab. [

In Fig. Bl we show the ratio am/p as a function of the lattice spacing
a in a fixed physical situation, see above. Both for the cases of the pion
and the nucleon masses, the values of the ratio are below one (slightly above
one in the case of the nucleon at f = 3.9) and the continuum limit value
is compatible with zero. This suggests that the overlap Dirac operator is
sufficiently local in our mixed action setup to allow for a clean computation
of these masses. However, working at a coarser lattice spacing or considering
heavier hadrons, one could enter the regime where the size of the hadron of
interest is smaller than the locality radius. When using overlap fermions,
it is thus crucial to monitor that the locality radius is sufficiently smaller
than the hadron size for all the values of the lattice spacing which are being
considered.

16



Ensemble am, amy /p amy amy/p

B, 0.159(2) 0.283(24) 0.511(6) 1.056(90)
C, 0.121(4) 0.221(11) 0.409(6) 0.908(41)
Dy 0.098(2)  0.182(4)  0.305(4) 0.756(28)

B 0.075(2)  0.141(5) . -
cont.limit — —0.025(21) — 0.17(16)
cont.limit (quadratic) — —0.10(9) — —0.3(1.2)

Table 4: The pion masses m, and nucleon masses my in lattice units and
the ratios of these masses divided by the decay rate of the overlap Dirac
operator am, /p and amy /p. The continuum limit values quoted in the table
correspond to a linear extrapolation in the first case and in the second case
we added a quadratic term to take into account possible higher order lattice
artefacts.

0'4 T T T T T 1'4 T T T T T
0.35 | -0.025(21) ] Ll 0.17(16) ]
0.3} P
0.25 | 'E , L . {' -
< 02y - 1 Sos o .
< 015} e E <§ 0.6 + i
0-1 04 i
0.05 E T
V) E—— 02w 1
-0.05 , 1 1 1 1 0 N 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
a [fm] a [fm]

Figure 5: Continuum limit scaling of am/p for the pion (left) and nucleon
(right) masses. In these plots only the linear fits are shown.

3.4 Dependence on the s parameter

The overlap Dirac operator is constructed from the Wilson Dirac operator
taken at large negative mass shift, depending on the s parameter (see Eq. (),
which has to fulfill |s| < 1, as shown in Ref. [54]. In this subsection, we
analyze the influence of the s-parameter on the decay rate p of the overlap
operator norm. This allows to choose the optimal value of s for simulations,
i.e. the one that gives the highest value of p. We compare the case when
our gauge field configurations were HYP smeared (1 iteration) — which is the
case for the results in the previous sections — with the one of un-smeared
configurations. Since HYP smearing brings the plaquette values closer to
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Figure 6: Exponential decay of the norm of the overlap Dirac operator
(normalized by the value at ||z|| = 0) for several values of the s parameter
as a function of the taxi-driver distance. The graph represents our results
for the Ensemble B,. (left) 1 iteration of HYP smearing was applied to our
gauge field configurations. (right) No HYP smearing applied.

unity and lifts the low-lying eigenvalues of the kernel Wilson-Dirac operator,
improved locality can be expected and is one of the motivations of using HYP
smearing in our mixed action setup.

In Fig.[6l we plot the dependence of the norm of the overlap Dirac operator
on the taxi-driver distance, for the ensemble with the coarsest lattice spacing
By. We compare several values of the s parameter for HYP smeared and
original, non-smeared configurations. In all cases, we observe an exponential
decay, with a significant dependence on the s parameter. The resulting values
of the decay rate p, which are extracted using the strategy described above,
are shown in Fig.[{l For the case of HYP smeared configurations, the optimal
value of s is the free-field optimal value s = 0, in accordance with Ref. [55],
while for the original configurations s = 0.4. In general, we see a strong
dependence of p on the s-parameter and it seems from Fig. [{ that the main
difference between HYP-smeared and non-smeared gauge field configurations
is solely a shift in the s-parameter. In particular, within the errors, there
seems to be no clear gain of using smeared or non-smeared configurations
for the effective decay rate. Nevertheless, we do observe that in the HYP-
smeared case the norm of the Dirac operator ||D,,|| reaches lower values for
the same values of the taxi driver distance than in the Non-HYP smeared
case, as is shown in Fig.
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Figure 7: The dependence of the decay rate p on the value of the s parameter
for HYP and non HYP smeared configurations. The lines are just to guide
the eye.

3.5 Finite Volume Effects

Since our locality analysis was performed for different physical volumes (from
ca. 1.3 to 2.5 fm), it is natural to ask whether some of these volumes are
not too small for a reliable calculation of the decay rate. In order to see
whether finite size effects affect the results for the decay rate, we extended
our analysis for ensembles Bysa, Cy32, Dyse and E; to the corresponding
ensembles with smaller physical volumes: Byg, By, By 2, C; and Dy.

We illustrate in Fig. [8 the outcome of this analysis by comparing results
for ensembles Cy and Cy 32 (although they are practically the same at other
values of ). The upper plots show that in both cases we observe an ex-
ponential decay of the overlap Dirac operator norm. However, as the lower
plots show, for the case of L/a = 20, we observe no plateau of the effective
decay rate and hence we cannot perform meaningful fits and extract a reliable
value of the decay ratdl. Further investigation of the problem in free-field
theory for several values of L/a indicates the presence of large hypercubic
artefacts, reaching taxi-driver distances as large as ||z|| /a ~ 20. Moreover,
it is natural to expect that at ||z|| /a = L/a finite volume effects start to be-

STf we insist on extracting a value, it is compatible with the one of L/a = 32, but within
a large systematic error — it therefore shows that our way of extracting the systematic error
is reliable. We emphasize that even in the case of L/a = 32, we have to take into account
systematic effects, which dominate over statistical errors.
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Figure 8: (upper) Exponential decay of the norm of the overlap Dirac op-

erator (normalized by the value at ||z|| = 0) and the effective decay rate p
(lower) as a function of the taxi driver distance [fm] for § = 4.05, L/a = 20
(left) and L/a = 32 (right). In the lower left plot, we observe no plateau. In
the right plot, the plateau is present and hence we can perform meaningful

fits.

come large. Hence, the plateau region of the effective decay rates is located
approximately between |[|z|| /a = 20 and 32, as observed in the lower right
plot of Fig. Bl This conclusion is valid for all values of 3, as can be seen
in Fig. [ and it motivated our choice of L/a = 32 for all lattice spacings,
rather than keeping the physical extent L fixed. Indeed, we observe that
the decay rate does not depend in a significant way on the volume once the
lattice size is sufficiently large. Therefore, for the range of lattice spacings
considered in this work, we expect that the finite size effects in the decay
rate are negligible when working on L/a = 32 lattices. We have also checked
that performing the continuum limit with the physical volume fixed to 1.3
fm yields a compatible result, but with much worse precision, due to large
hypercubic artefacts for L/a =16 (8 = 3.9) and L/a = 20 (8 = 4.05).
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4 Pion decay constant and the role of the zero
modes

In Ref. [27], we have reported the results of a continuum limit scaling test
of the pion decay constant f,, using maximally twisted mass (MTM) sea
fermions and two kinds of valence quarks: MTM (unitary setup) and overlap
(mixed action setup). In the mixed action setup, both kinds of fermion ac-
tions were matched, using the pion mass or by employing alternative match-
ing conditions. While in the matched mixed action setup the value of f;
(or any other observable) at finite lattice spacing might be different for two
different fermion discretizations, one expects that this difference vanishes
in the continuum limit, provided that the matching conditions were chosen
properly. Let us shortly summarize the findings of Ref. [27].

In order to compare the continuum limit of f, for the unitary and the
mixed action setups, we matched them by employing several matching con-
ditions.

1. Naive matching condition — we extracted the pion mass from the cor-
relator constructed from the pseudoscalar interpolating field (PP cor-
relator Cpp(t)) for both MTM and overlap valence quarks. We defined
the matching point as the overlap valence quark mass that yields the
same PP correlator pion mass as in the unitary case.

2. Improved matching condition — the unitary pion mass was extracted
from the PP correlator, but the overlap valence pion mass was ex-
tracted from a correlator defined as Cpp_g5(t) = Cpp(t) — Css(t). In
such a correlator (PP-SS correlator), the effects of zero modes exactly
cancel, since zero modes couple in the same way to the pseudoscalar
and scalar correlators. We defined the matching point as the overlap
valence quark mass that yields the same PP-SS correlator pion mass
as the PP correlator pion mass of the unitary case.

3. Alternative matching condition — matching was performed using the
PP correlator, but at a heavier quark mass, using partially quenched
MTM data. In this way, one also suppresses the effects of zero modes,
since their leading contribution is proportional to the squared inverse
quark mass.

For the regime of parameters that we had chosen, we found that using the
naive matching condition leads to incompatible continuum limits for rqft™
and ro f2V, if both are extracted from the PP correlator. This was attributed
to the effects of zero modes that couple strongly to this correlator when
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Figure 9: Continuum limit scaling of rf,. We used the improved match-
ing condition and extracted f°¥ from the PP-SS correlator. The solid line
represents a linear extrapolation in a? to the continuum limit.

CmeatCh CmeatCh CmeatCh
Ensemble amy o . o
naive improved alternative
By 0.1592(24) 0.007 0.011 0.009
Cy 0.1209(40) 0.005 0.006 0.006
D, 0.0980(19) 0.002 0.004 0.004
E, 0.0749(16) 0.004 0.004 -

Table 5: The pseudoscalar masses and overlap matching quark masses for
different ensembles and different matching conditions. Results for ensembles
By, Cp and Dy are taken from Ref. [27]. The ensemble E, at a very fine value
of the lattice spacing has been newly analyzed in this work.

overlap valence quarks are used. These zero mode contributions are not
matched by the MTM sea quark action, at least not at the values of the
lattice spacing used in Ref. [27]. To test this hypothesis, we employed the
improved matching condition and extracted f2V from the PP-SS correlator.
In this way, we found compatible continuum limits. By investigating the
three matching conditions described above, we finally concluded that each of
them can lead to compatible continuum limits of f and f°', provided that
the latter is extracted from the PP-SS correlator, which does not have the
contribution of zero modes.

The aim of the remainder of this subsection is to update this analysis
with the fourth lattice spacing (ensemble F, at 8 = 4.35). We followed the
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same procedure as in the case of the coarser lattice spacing ensembles (B,
Cy, Dy) — we extracted the quark mass dependence of the overlap pion mass
from the PP-SS correlator and found the matching mass, employing thus the
improved matching condition. The values of the matching mass, employing
different matching conditions are summarized in Tab. At this matching
mass, we computed the pion decay constant f°' from Eq. (6) and compared
it to the unitary value f™, computed from Eq. (§). The results for our 4
lattice spacings are presented in Fig.

We obtained a result which is fully consistent with our finding in Ref. [27].
Both the unitary setup and the mixed action setup lead to compatible con-
tinuum limits (compatible between themselves and with the values found in
Ref. [27]). Let us emphasize again that the continuum limits are compatible
only when f2¥ is extracted from the PP-SS correlator, i.e. when the contri-
bution of zero modes is removed. The necessity of using proper matching
conditions as found in our work should, in our opinion, be taken into ac-
count for any calculation in a mixed action setup which uses chiral invariant
fermions in the quark sector.

In order to further corroborate this conclusion we also tried the naive
matching condition, using solely the PP correlator, for a larger volume with
L ~ 2fm and a pion m