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The determination of renormalization factors is of cruémportance. They relate the observ-
ables obtained on finite, discrete lattices to their meakuoeinterparts in the continuum in a
suitable renormalization scheme. Therefore, they have toomputed as precisely as possible.
A widely used approach is the nonperturbative Rome-Souph@ammethod. It requires, however,
a careful treatment of lattice artifacts. They are alwaysspnt because simulations are done at
lattice spacinga and momentag with ap not necessarily small. In this paper we try to suppress
these artifacts by subtraction of one-loop contributienigitice perturbation theory. We compare
results obtained from a complete one-loop subtraction thitise calculated for a subtraction of
0o(a?).
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1. Introduction

Renormalization factors relate observables computed e fattices to their continuum coun-
terparts in specific renormalization schemes. Therefbwr tletermination should be as precise
as possible in order to allow for a reliable comparison withegimental results. One approach
is based on lattice perturbation theofly [1]. However, ifexsf from its intrinsic complexity, slow
convergence and the impossibility to handle mixing with éowdimensional operators. There-
fore, nonperturbative methods have been developed in shedars. Among them the so-called
Rome-Southampton methdd [2] (or RI-MOM scheme) is widelydusecause of its simple imple-
mentation. It requires, however, gauge fixing.

In a recent papef[]3] some of us have given a comprehensieassion and comparison of
perturbative and nonperturbative renormalization. Ongéefconclusions was the possibility to
suppress the unavoidable lattice artifacts by subtra¢hiegy perturbatively. For simple operators
this can be done in one-loop order completely by computiegctirresponding diagrams numer-
ically. While being very effective this procedure is rathievolved and not suited as a general
method for more complex operators, especially for opesatoth more than one covariant deriva-
tive. A more general approach could be based on the sulotnaatione-loop terms of the ordef
with a being the lattice spacing. The computation of those terradban pioneered by the Cyprus
group [#] and applied to various operators for differentaars.

In this paper we apply this “reduced” subtraction procedargome exemplary operators and
compare the results with those of the complete one-loopatiin as given inJ3]. We investigate
the point operatorg’ = Ud, 0)/ = Uy, d, 0} = Uy, d and), = oy, d for light quarks (,d).
The corresponding Z factors have been measured (and gtesdthpolated) g8 = 5.20,5.25,5.29
and 540. We used clover improved Wilson fermions with plaquetieige action. All results are
computed in Landau gauge. The clover paramgigrused in the perturbative calculation is set to
its lowest order valuesy = 1.

2. Renormalization group invariant operators

In the RI-MOM scheme the renormalization constzris obtained by imposing the condition

1

15! (TR(P) Taom(P)) =1 (2.1)

at p? = u?, whererl is the corresponding amputated Green function of the opetatinder study.
The Z factors relate the renormalized to the unrenormaleskn functions

Mr(p) = 2421 (p), (2.2)
with Zq being the quark field renormalization constant determined b
tr(—iy, yasin(ap, )aS(p
Zq(p) _ ( Z)\ A ( )\) ( ))’ (23)
125, sirf(ap,)

(S 1is the inverse quark propagator). Usifig]2.1) we comLfiem

Z,'2 %ztr(r (P) Mgorn(P)) = 1. (2.4)
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For operators which carry at least one space-time index tfie correspondin@(4)— multiplet
has dimension greater than 1) we use an averaging procesldeseribed in[]3].

We define the so-called renormalization group invariantlfR@erator, which is independent
of scaleM and scheme”’, by [B]

OR8! — AZ7 (M) 67 (M) = ZR%)(a) e (2.5)
with /260
P gy('\/l)2>_y° g7 (M) <V(g’) Vo>
AZ (M)_<2[30 — exp /0 99 (57(q) * Bog (2.6)
and

ZRCl @) = AZ7 (M) Zi,,d M, a). (2.7)

g”,y” andB~ are the coupling constant, the anomalous dimensions ar@Hinection in scheme
.7, respectively yp and 3, are scheme independent and denote the corresponding lovdest
coefficients). Relationd (3.5)] (2.6) ar{d {2.7) allow us ampute the Z factor of the operater
in any scheme and at any scale we like, oAGE&' is known. Therefore, the knowledge BR®! is
very useful for the renormalization procedure in geneméally, ZR®' depends only on the lattice
spacinga. Computed on a finite lattice, however, it suffers from tatartifacts. For a precise
determination it is essential to have these discretizagioors under control.

Most quantities on the lattice are computed within the dted&RI’-MOM scheme. However,
being not covariant, this scheme is not very suitable for maing the anomalous dimensions.
Therefore, we replac¢ (2.7) by

ZR%(@) = AZ7 (M = 1p) Z&) _vom (M = 1p) Zigee "™ (1, ) (2.8)
For the intermediate schem& we have chosen a momentum subtraction scheme. On a lattice
with linear extent, the scaleup should fulfill the relation

1/L% < Noep < 5 < 1/a, (2.9)

then zR®!(a) would be independent gf, and from the resulting plateau we could read off the
corresponding final value. The formula which is used to camfhe perturbative conversion factor
ZF{f,fMOM(p) is given in [3] together with all needed coefficients of fhdunction and anomalous
dimensions. We will not give them here - the reader is refetoghis reference.

3. Perturbative subtraction of order a2

As shown in [B] the complete one-loop subtraction of latécgfacts results in a very weak
p-dependence of th&RC!' which allows a rather precise determination. In the abserfidis
procedure there is the question whether a “reduced” sutiiracan do a similar job. It could
be based on a one-loop calculation including all possible?) terms performed by the Cyprus
group [4]. Recently, it has been demonstrated that for scetexted operators and actions the
subtraction of those terms shows encouraging reqylts [5].



Perturbative subtraction of lattice artifacts in the contation of renormalization constants H. Perlt

Let us denote th®©(a?) part of the one-loop contribution to the renormalizatiomstant by

Zﬁ%op(p, a). Then we define the subtracted Z factor as

/ / 2

ZE;rgMOM(p7 a)MC,sub — ZE;r;MOM(Q a)MC - gf Zﬁﬁoop( p, a) (31)

whereg, can be chosen to be either the bare lattice coumlingthe boosted couplingg defined
by g3 = g°/P(g), P(g) is the measured plaquette gt The final renormalization group indepen-
dent Z factor is then computed frorh (3.1) usifig](2.7), wheesewpect slightly different numbers

depending on the choice of couplimg. As suggested by the results i} [3] we chogse= gg.

The subtraction termzfiz) (p,a) can be calculated to a very high precision. Therefore, tie on

loop
significant errors t&Z[, (p,@)mc sub are due to the Monte Carlo simulations. In Fig{ire 1
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Figure 1. Unsubtracted and subtracted renormalization constantaéovector operatofV (left) and the
tensor operatog’" (right).

we show the effect of subtraction (complete a@Di@?)) for the vector and tensor operators. The
complete one-loop subtraction results in a clear plateabdthZRC! factors. Using th@©(a?) sub-
traction there remains a more or less pronounced curvafaresmallp? both subtraction methods
agree, as they should.

4. Fit procedure

Compared to the complete one-loop subtraction we exgfaetM (p, a)umc sub as computed

from (@.1) to contain highep®(n > 2) terms constrained only by hypercubic symmetry. Therefore,
we parametrize the subtracted data for efcim terms of hypercubic structures as follows (see

e3)

ZZr wom(P) ZE;;;MOM (p.a)mc.sub = Z°%(a) /DZ7 (p)+ 1S+ d /S
+a’S/S+aatS+aty (4.1)
+ca° S+ 4 S+ 0%,

with §, = zf' p. The parameters; - cg describe the lattice artifacts. Together with the target
parameteZR®!(a) we have nine parameters for this general case. In view ofrtlitet number of
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data points for each singJ&value (5.20, 5.25, 5.29, 5.40) we apply the ansatz (4.1) {6 ehlues
simultaneously with
Z%%(a)/pz” (p) — Z3%'(8) /BZ¢ (p), (4.2)

wherek labels the corresponding value. The parametecsare taken to be independent®f This
enhances the ratio (number of data points)/(number of fémpaters) significantly!

Of course, there is a certain degree of freedom in the fit gho@e One choice regards the
interval p2,i, < p? < pZ,ax Used for the fit. Inspection of data and of the resultd]in [3jg@sts to
use p2,, = 10 Ge\? for all B values and all considered operators. B, we choose the cor-
responding maximal available momentum. Another intenggtioint is to investigate whether the
O(a?) subtraction has been sufficient to subtract (almosgy’alependence. Therefore, we perform
two kinds of fits: one with all hypercubic structures undensideration(ZR¢!(a),c;, c,, cs, s, Cs,
Cs,C7,Cg) and one with the? dependence omitte@R®'(a), ¢4, cs, Cg, C7, Cg)-

Additionally, the renormalization factors are influencgdtite choice forgAys. This quantity
entersAZ” (M) in (2.8) via the corresponding coupligy’ (M) (for details se€[]3]). We use two
values: as standard value we taleé\;s = 0.73, suggested by][6], as a second value we choose
roAys = 0.78, close to the result given ifi[7]. The Sommer saalés chosen asy = 0.5fm.
The relation between the lattice spaciagnd the inverse lattice coupling is given byrg/a =
6.050(8 = 5.20),6.603(3 = 5.25),6.983 3 = 5.29) and 82853 = 5.40) [f].

5. Results

In Figure [ we show the results for our fit procedures for theiagroAys = 0.73. The
ZRC! factors for the operatorg and T coincide within errors well with the complete one-loop
subtraction calculation. The renormalization factors$and A differ more significantly. Now,
we compare the different fit procedures using the perturblgtisubtractedO(a?) contributions
(see [3]1)). Generally, one can state that fitting adip*,a%) structures still leads to reasonable
results with smaller errors. This would mean that the selia of one-loopO(a?) terms takes
into account (almost) all lattice artifacts proportionale®. In addition, we do not find (at least
for the operators considered) a remarkable differenceyuaither a single fit for each individu@l
data set or a combined fit for all for values.

In order to estimate the quality of the fit we compute the iedadifference

0Z(p) = (Zdad P) — Ziit(P)) / Zaata P) (5.1)

whereZgai( p) are the data o, _\om(P) ZRisMOM (p,@)mc.sub Zit(P) is the result of the cor-
responding fit. In Figur§] 3 we show these differences for fheratorsc and &7 (the other Z
factors for different3 behave similarly). One recognizes that #&(p) are essentially in the per
mill range. Moreover, the figures suggest that the fidta®, a®) structures seems to be sufficient
compared to fitting all structures ip (4.1).

In Table[] we give the results for a fit to the higher order dattartifact termgO(a*, ab),
where theZRC! are obtained from each singJ@ data set. The results are given in the form
valuglerrl)(err2), whereerrl is the error of the fit parameters in the applied nonlineaalfit
gorithm. err2 denotes the change in the results if one uses the fit rang&8 G@? which is not

totally excluded. It can serve as an indicator of systenetior.
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Figure 2: ZRC! for the local point operatorS,V,A andT at ro/\izs = 0.73. The legends denote: “comb.”
uses the fitansatg (3.1)f (#.2), “single” is based[or} (4.1¢&ehB, “all” fits the general hypercubic structure
and 'O(a* a®)” only possiblea* anda® parts. The data points for “complete sub.” are obtained fiiwerfit

procedure discussed iﬂ [3]; they serve as reference.

0.006
n
0.004 | o . ]
(0]
0.002 | ee 2°° om ¢ i
oy © 99%° o o
o Bo Lm WO O ess o
M @ m B 00 s "
N -0.002 - EWE ° ¢ ®
- [ ) ] [ 1
-0.004 | ]
l
L] gﬁ all =520 m
0006 - O(a*,a%) =520 o ~
-0.008 | al,l =540 e _
O(a*,a®) =540 ©
-0.01 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100
P?*[GeV?

0 Zr

-0.005

-0.01 +

-0.015 ¢

-0.02

. [ ]
W@:méé&g;;;;ggo ° 1

DEEDDDDE
all, 5 =5.20
O(a,a®%) B =5.20
a  all f=540
O(a*,a®) B = 5.40

FO @ O m

20

'iU 60 80
p?[GeV?|

100

Figure3: Relative errorZ for the scalar operata?® (left) and the tensor operater’ (right) forrg Nys =
0.73. “all” denotes the fit to the general hypercubic strucauré “O(a*, a®)” only to possiblea* anda® parts.

Our fit procedure suggests that a “reduced” perturbativéraction with a subsequent fit of
O(a*,a®) lattice artifacts leads to reliable results. This algaritban be used for operators with
higher numbers of derivatives where a complete one-loopraction is not available. However, it



Perturbative subtraction of lattice artifacts in the contation of renormalization constants H. Perlt

Op. | ro/ys | Z°¢ ‘B:azo Z"e ‘B:5-25 ZRGI‘ﬁ:szsa Z"e ‘B:5.4o

0S| 073 0.45925)(1) 0.45423)(3) 0.45233)(3) 0.45037)(1)

oV | 073 0.72675)(3) 0.73429)(5) 0.736811)(7) | 0.75284)(5)

oh | 073 0.75934)(—11) | 0.76544)(—1) | 0.76747)(—1) | 0.78033)(—4)

o’ | 073 0.90383)(1) 0.91489)(21) | 0.915415)(9) | 0.93873)(2)

0S| 0.78 0.46996)(—4) | 0.465Q06)(—2) | 0.46335)(—2) | 0.45796)(—4)

oV | 078 0.72655)(4) 0.734Q9)(5) 0.736611)(7) | 0.75275)(5)

oh | 078 0.7591(4)(—12) | 0.76524)(0) 0.76727)(—1) | 0.78023)(—4)

o7 | 078 0.891Q6)(13) 0.904211)(26) | 0.908518)(11) | 0.93324)(7)

Table 1: ZR®! for the point-like operators under consideration. Theltesuie obtained from a fit t9(a*, a°)
structures and for each singbedata set. The fit range in momentum space is 1085ey?. The results are
given in the formvaluglerrl)(err2) whereerrl denotes the error from the nonlinear &tr2 is the shift to
valueif the fit is performed for 8 Ge¥< p?. The shown numbers fafaluecorrespond to the (green) full
circles in Figurdp.

requires a careful investigation of the prerequisites aedparameter choices for each new opera-
tor. Finally, one should add that the computation of@{g’a?) terms in a one-loop calculation for
those operators is also challenging.
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