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Abstract

We study the QCD corrections at next-to-next-to-leadirtieo{NNLO) to the cross section for the
hadronic pair-production of top quarks. We present newlteguthe high-energy limit using the
well-known framework ok;-factorization. We combine these findings with the knowresold
corrections and present improved approximate NNLO reswks the full Kinematic range. This
approach is employed to quantify the residual theoretioakttainty of the approximate NNLO
results which amounts to about 4% for the Tevatron and 5%hELHC cross-section predictions.
Our analytic results in the high-energy limit will provide anportant check on future computa-
tions of the complete NNLO cross sections.
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The cross section for top-quark pair production has beersuned very precisely at the hadron
colliders Tevatron and LHC with an experimental accuraallelnging the precision provided by
the perturbative QCD corrections at next-to-leading of8lrO), which have been known for a
long time [112], see alsd [3],4]. Much recent activity hasrbeencerned with improvements of the
theoretical status beyond NLO, see [5] and refs. thereie.ddminant terms at higher orders have
been used to derive approximate QCD corrections to nereit-to-leading order (NNLO) for the
inclusive cross section[6]. These consist of large thrieslomarithms at next-to-next-to-leading
logarithmic accuracy (NNLL) which can even be resummed t@iers in perturbation theory
and could provide sufficiently precise phenomenologicatimtions. Yet, recent phenomenolog-
ical studies based on threshold resummation to NNLL [7-Hlehreported somewhat differing
predictions and, moreover, have proposed different metlstonating the residual theoretical
uncertainty which is predominantly due to uncalculatechbigorders (beyond NNLO) and the
effects of hard radiation not accounted for by thresholdaeckd logarithms.

In this letter we consider the constraints on hadronic hdkwpr production imposed by the
high-energy factorization of the cross sectionl [12, 13].isT#rovides important complementary
information on the hard partonic scattering processesarithit when the center-of-mass energy
is much larger than the top-quark mass. It allows to exteerdipus approximations of the exact
(yet unknown) NNLO results to the entire kinematical rangd thus to obtain a more realistic
uncertainty inherent in those approximate NNLO results.

The hadronic cross section for top-quark pair productia@oimsputed by the convolution of the
partonic scaling function§; with the parton luminositieg;;,

S
2
Onuny(SM) =5 5 [ dszi(sSH) fiy(smuas), (1)
e

where S denotes the hadronic center-of-mass energy squaredmahd top-quark mass in the
on-shell (pole-mass) scheme. The parton luminosiijeare defined as

S
1 /dS S S
LI](S?S»“) = é/_éfi/hl (é?“) fj/hz <_§7“) ) (2)
S

with the standard parton distribution functions (PD|11:,§D,172(X, K. The QCD coupling constant

ds is evaluated at the scajein theMS scheme with; light flavors, and the renormalization and
factorization have been identified (i.e.= 1, = H;). Up to NNLO, the scaling functions can be
expanded as

flj - fI(JO) + 4T[as{ fi(jlo) + L|\/| fI(Jll)} + (4T[as)2 { fi(jZO) + L|\/| fi(j21) + LEA fI(JZZ)} + O(ass) 9 (3)

where we abbreviatey = In(p?/m?). The dependence dry, included by the functionﬁ(fl) and

fi(jzz) is known exactly from([[i7, 14, 15].
For the high-energy factorization one considers Mellin reatsw with respect tgp = 4n?/s,

1
fij(w, W) = / dpp® 1 fij(p,1). (4)
0
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The resummation of the high-energy logarithmsifor p — 0, or, equivalently, of the singular
terms in Mellin space a® — 0, is based on the framework of PDFs un-integrated in theswense
momentunk; and the concept d¢-factorization. Itis often also denoted to as smaksummation
referring to the context of deep-inelastic scattering (DI$e procedure involves two steps, i.e.,
the computation of amplitudes with the initial particle&siiell ink;, and the subsequent convolu-
tion with a gluon PDF which has the corrections for sngailiicluded. For hadronic heavy-quark
production, this leads to an expression for the cross seatid/ellin space as a product of the
(smallx resummed) gluon PDF and the corresponding impact factaerdipg onw through an
anomalous dimensioy,. which is determined by the well-known BFKL kernel.

For the purpose of this letter we are interested in the NNL&2ljgtions of high-energy factor-
ization in the framework of standard collinear factorigati This requires the computation of the
leading terms in Mellin space as— 0. Using the heavy-quark impact factor bf [13], the analytic
result for inclusive heavy flavor hadro-production at NL(, [he FORM routines ofi [16, 17],
and the PSLQ algorithm as implemented imM.E we arrive at the following expressions for the
scaling functions at high energies for a genera(ISL) gauge theory, where we defidg= N2 — 1.

At Born level we have up to orded(w?),
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Note that subleading terms i, i.e.. O(wP®) and higher are not predicted by BFKL evolution.
These terms are however required for the asymptotic behisvidNLO.
At NLO up to orderO(w’) with n, denoting the number of light flavors the functions read,
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Finally, at NNLO we have up to orded(w 1),
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where(; denote the values of the Riemann zeta-function and the aot@, is calculated from
dp
Cr, = / "Rl = ~01333 22)

whereF4(x) is given in eq. (19) of [4] and the value f@, has been determined numerically.
All of the above formulae may be easily converted to momergpace with the replacements
1/0? — —Inp and Yw — consp, cf. eq. [4). At NNLO, the leading terms (l).proportional to

1/ in the NNLO quantitiesfi(jz) follow directly from [13]. In addition, the new next-to-ldang

terms (NLLy) proportional to Yw in the scale dependent parlt‘igl) in fi(jzz) have been derived
using standard renormalization group methods, Sge [7 514, This leaves the unknown NLL

terms denoted b§2x C>(< g% andC>(< gg in eqs. [(1B),[(16) and (19). Itis a general feature of small-
X expansions that the formally subleading terms are nunibricaportant, and that the ratio of
NLL to the LLy term is large, see, e.g., egs.](14),1(17) and (20). Thereforestimate for these
unknown terms is phenomenologically required.

We estlmateCX ), C& g(% andCs gg as follows. It has been observed (and also exploited con-
structively) [12] that the impact factors in the high enefggtorization for a number of different
processes with initial state hadrons are related to eadr.dtihparticular, the Abelian part of the
impact factor for heavy-quark hadro-production is coneédty a simple rescaling proportional to
N, from the one for heavy-quark DIS evaluated at the scal@?f n? for the photon virtuality.

In the latter case, that is for the deep-inelastic produaatioa heavy-quark pair via scattering
off a virtual photon off an initial quark or gluon, the Nklterms at NNLO have recently been
addressed in [18]. In DIS the heavy-quark coefficient flordiare subject to an exact factoriza-
tion [19] in the asymptotic limiQ? > n? into the respective coefficient functions with massless
guarks and heavy-quark operator matrix elements (OMEsg afproximate NNLO results for
those heavy-quark coefficient functions are based on tleedwoop results of [20,21] and can be
extended to good accuracy to all scales for the photon Vityuan particular also to the scale
Q? =, see[18] for details. We can use this information to estinthe ratiogy gq andry gq of

the NLLy to the LLy terms forfég % and fg(q % in egs. [(16),[(19). Subsequently, we multiply these
ratios with the exact Lj.terms of eqs.[(16)[(19) which assumes, of course, that theAhelian
contributions to the NLk terms for heavy-quark hadro-production do not lead to §iicamt devi-
ations. This assumption is motivated by the fact that thgtekms of the scaling functions at high
energy are related by simple replacements of color faotaogs,féé = 4NV, fg to LLy accu-
racy. Also, in cases where the Nj.are known exactly, e.g., the three- Ioop splitting funcsifi2e],
such relations still hold to a good approximation. In thig/wee arrive at,

20 737813 251 .

C)((7g()1 Ix ,09 (121500 54012) W|th rx7gq = —56, ceey —77, (23)
20 1,324403 251 .

C)((ygg) = X,g <m - %ZZ) W|th rxygg = —48, ce —82, (24)

where the terms in brackets derive from thelterm of eqs.[(T16)[(19) proportional tg/d? with
N, = 3 andV, = 8 substituted. The uncertainty ranges in the estimates fgrandry gq from [18]
are mainly driven by the finite number of Mellin moments cathg available for the heavy-quark
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OMEs [21], which limit the extrapolation t@? = m?. For C>(<,29(3 in eq. [24) these findings are
also corroborated by the results of a Padé estimate. Sed28pfor definitions and the use of
Padé estimates at higher orders in perturbations theoryus#/eeqs.[(6)[ (11) as input for[@ 1]

Padé estimate dfééo) to derive the value ofy gy = —5.1 and we have also checked that the Padé

procedure predicts the Nilterms offg(al), fééz), fg(él) and fg(éz) in egs. [(1¥),[(1B) [{20) and (1)
even with an accuracy of 5%.

For fég—o) we can neither establish directly a relation to heavy-quA& nor can we perform
a Padé estimate due to the vanishing NLO limit. Thereforeuseethe same range of values for
the ratiory gg given in eq. [(2#), however rescaled a factod dlerived from the respective ratios

of the NLLy to the LLy terms forfég) and fc(lg) in egs. [(b),[(6). The motivation for this procedure
is again, the above mentioned relations of the variousrsgélinctions under simple exchange of

color factors, see [12,13]. Thus we use

@ 1/502417 251
Ceag = rx70'qn(273375 1215Z2)

where the brackets contain the Ltesult of eq.[(IB3) with the substitutidd, = 3 andV, = 8. As
a check, we note that this procedure, if applied to the abosetioned Padé estimate fd)éél)

and fééz) predicts the NLI terms in fc%l) and fO(ICZTZ) of egs. [(I#), [(Ib) again with an accuracy
of typically 5%. Therefore, we conclude that the rangerigyq quoted in eq.[(25) is a rather
conservative one.

Let us now employ the above findings. Specifically, we are@stied in combining the approx-
imations in the two kinematical regions, i.e., at threshanid at high energy (smat)in order to
arrive at smoothly interpolating functional forms for treabng functions. Whenever possible, we
compare to the exact results in order to check the qualitye&pproach. We choose the following

ansatz forfi(j') at one- and two-loops,

(1) | ¢(Dthresh ok e(ULLx  NY

fi7 = pf; m LTS v (26)
2) | ¢(2)thresh ok @LLx  ((2NLx  NY

fii7 = pf; +B <—Inpfij + fij c ny>, (27)

wheref = /1—p is the heavy-quark velocity angl= (1/p — 1) is the distance from threshold.
For the parton channeig = qq,gg the parameterk, | take the valuek = 3,1 = 0 and forij = gq
we havek = 5,1 = 1. These values reflect the exact functional dependendg amd p in the

respective kinematical limits. The well-known threshokpansions are denoteﬁfj')threSh and

given, e.g., in[[16]. The high-energy asymptotic behavsosplit in LLx and NLLy parts fi(')""X

i
and fi(j')NLLX corresponding to eqd.](7)=(21). The highail proportional to congt(or 1/w in

Mellin space) is smoothly matched with a factpl/(C+nY). The suppression parametgr€ in
egs. [(26),[(2I7) take the following values at NLO as a best rfiififjf)o),

y=0.99, C=20.9 forgq and y=118, C=97.3 forgg, (28)

and at NNLO fitted tof,*”,
y=137, C=479 forqq, y=0.90, C=164 forgqg and y=0.84, C=126 forgg.
(29)



0.12 : T I T I T I T I T I T I T I T I T I |: 0.08 L T I T I T I T I T I T I T I T I T I |_
- f (10 exact —— = [ fq®Dexact —— ]
01 E qu(lvo) approx ------ 3 006 -_f (2D approx  ------ =
- qq . - .
0.08 £ fgqO thresh oo 1 004 '_f (21) thresh oo 7
0.06 =3 3 r ]
004 F 4 002 P E
002 L k 3 o F .
°F i -002 [ 3
002 F b 0,04 N N R T R R B
4 2 4 6 -4 2 2 6
10 10 1 10 10 10 10 10 1 10 10 10
n n
- T I T I T I T I T I T I T I T I T I ] - T I T I T I T I T I T I T I T I T I I_
0.03 Ff 00exact — 4 004 [f evexact —— =
0025 E .00 approx - E F fgq® D approx. ----= ]
0.02 E_f <1o thresh e 3 002 [renthresh o .
0015 [ 3 0t ]
001 [ 3 s ]
E q -0.02 [ —
0.005 [ 3 - ]
-0 ; ................................................ _; -0.04 :_ -
0005 B 0 g g 006 DLl ol vl vl wb vl wlwl )]
-4 2
10 4 10 2 1 10 104 10 10 10 1 10 10 10
n n
0.16 : T I T I T I T I T I T I T I T I T I |: : T I T I T I T I T I T I T I T I T I |:
0.14 3 = f 00 exact —— 4 015 e f @D exact —— 7
012 Ef f (1 0) approx =------ E 01 E fo @D approx ------ =
0.1 ;—f “0.0 thresh - = E f @0 thresh o ]
008 F 3 o005 E 3
0.06 E— _E 0 E_ —E
0.04 £ = E 3
002 F 5 005 E E
- ——— 4 o1 E E
002 F 3 2 3
-0.04 E .1 il L L L L il L L = -0.15 — i
-4 -2 4 4 2
10 10 1 10 10 10 10 10 1 10 10 10
n n

Figure 1: Comparison of exact results fdifjlo) and fi(j21) with the threshold expansions and the approxi-
mations defined in eq4. (26) aid27).

In Fig.[d we show the results of this procedure for the scaﬁr@tionsf( % and f(J Y n
particular, we compare the exact results with the approtiansa of eqs.@)ﬂj?) using the values
of egs. [28) and_(29) for the parametgandC. The plots in FiglIl show a perfect match at both
end of the kinematical range with an accuracy at the per teiliel and even better as— 4m? and

for s> mP. This is very a strong check in particular on the resultsﬁi(ﬁp which are known nu-
merically from renormalization group methods [7]. Someidewns between the approximations
of egs. [26),[(27) and the exact results in the central rafige~00.1...10 are visible in Figl 1.
However, these have generally a small impact on cross segtedictions for hadron colliders,
because the necessary convolution with the parton luntiessh eq.[(1l) is a non-local operation
and has a smoothening effect. Moreover, the parton luntieesire steeply falling functions gs
grows large, giving numerically the most weight to the thiadd region, which is after all the ra-
tional behind phenomenology based on the threshold restiotmén summary, the plots in Figl 1



demonstrate that the chosen approach of combining thehtbiceexpansion and the high-energy
asymptotics leads to very good approximations of the exaatirg) functions.
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Figure 2: The threshold expansions f6*® and the approximations defined in eds] (32) 4nd (33). The
two curves (solid=A, dashed=B) correspond to the choicethfoconstants given in egb._{34)4(36).

The main object of our interest are the scaling functicqffg). Here we aim at defining an
uncertainty band which combines both, the threshold appraton and the high-energy limit,
and also accounts for an error estimate due to the uncadcutegxt term in the expansions in

either kinematical region. At largg, this is achieved with the NLLterms infc%o) fééo) and fééo)

which contain the values @If%, C)E?got% andCﬁyzgog) with the conservatively estimated ranges given

in eqgs. [ZB)H(25). The known threshold contributions fa tanctionsfia """ and f{3""es"

on the other hand contain the complete tower of logarithityiemhanced terms in B, where
k=1,...,4, as well as all Coulomb corrections at two loops propogida 1/82 and 1/ which

dominate a$ — 0. Therefore, an estimate for an additional contributioorofer O(consg) (and
(20)thresh (20)thresh

vanishing asp — 1) to be added tdqq and fgg serves as check on their inherent
uncertainty. A0, 1] Pade estimate based on the exact NLO restéi@ and fééo) yields for these
constanCéz% andcggé in the normalization of eq[{3) the values,
fol (1276 256 ,. 86, 20 8  \°
(200 _ ‘a9 _ P22, 2 2
Cogg = (4n)4< 5 172In2+ 3 In“2 312 gnf+3nfln2) , (30)
fof (4444 2136 283, \?
(200 _ _aq _ _ 2o
Cogy = G ( 1 ——In2+ 192Irf 2 = 12) , (31)



while the default values in phenomenological studies atallystaken ai:éz%: Cézgé =0, see,

e.g., the discussion in_[15]. We neglect thgchannel in these considerations, since it is very
small near threshold anyway.

Thus, on the basis of eq. (27) and the discussion above wehaKellowing two variants for
the unknown fullp andn dependence of the two-loop scaling functions,

y

fi(jZO)A/B _ fi(j20)thresh +C[(3,2i?)A/B B3 fi(jZ)LLX <_Inp+r;\vi/jBC:]LnV>’ forij =qq,gg, (32)
20A/B 20)thresh 2)LL aB NY

(2088 _ g (20thresh | g5 ¢(2) x<_|np+rx,§qc+ny), (33)

where we take the same parameteedC for the respective channel as determinedf;%l) in

eq. [29) and the values foyj andcéfi?) are chosen as
(20A A (20B _ ~(20) B _
Cogg =0 Txgg= —30, Coqn = Cpqr "xaa= —51,  (34)
Mgq = —5.6, regq = —7-7, (35)
(20A _ A (20B _ ~(20) B _
C[lgg =0, Mgg = 4.8, C[lgg = CB,gg’ Megg = 8.2. (36)

The results for eqs[(82) and (33) are displayed in Hig. 2. dlheve procedure leads to the
bands shown which widen significantly for large center-@fssrenergies and rise with the same
slope ass>> n?¥ due to the known logarithmic dependencemof the LL terms. It is evident

from Fig.[2 and the numerical size of the various constarézﬁcg— andCézgé in egs. [(3D),[(31) as

well ascii%, C>((7290c)1 andCﬁ?g(g in egs. [2B)-H25) that the uncertainty in the latter is daatiirg even

in the range of) = 1...100. Therefore a more accurate determinatioﬁ:ﬁ%, c&?g% andCﬁ?g(g,
preferably a computation from first principles, is highlys@table. To a minor extent, the bands
in Fig.[2 depend on the chosen matching, i.e., on[ed. (29). edewy the values foy andC in
eq. [29) are all of the same order and, as we have shown inlBigs part of our procedure leads

to reasonable descriptions in all cases where exact regeltsvailable.

TEV v/S=1.96TeV LHC /S=7TeV LHC /S=8TeV LHC /S= 14TeV

+0.26 +0.16 +2.9 +5.9 +37 +80 +9.0 +233
thresh | 6.90 75 "o 1a 1304 755 29 1905 7755 T80 7953 T35, 1533

(A+B)/2 | 7.01 7057 *03¢ (“o03) | 1385 Ty, Tg3 (F31) | 2025 T35 T3¢ (127) | 84551575 523 (F3id)

Table 1:The total cross section for top-quark pair-production ap¢aximate) NNLO using a pole mass
m= 173 GeV and the ABM11 PDF set [24] with errors showroas AGscaie+ A0ppr(+A0A 8) The scale
uncertaintyAdscale IS based on maximal and minimal shifts for the choipes m/2 anduy = 2m, Aoppgis
the 1o combined PDFéts error and théAo g is the deviation of the central value for either variant A or B
of egs. [3R) and(33). All rates are in pb.

Let us finally investigate the implications for the total sssections of top-quark pair-production
at Tevatron and the LHC. To that end, we have implemented gpeoaimate scaling functions
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TEV v/S=1.96TeV LHC v/S=7TeV LHC v/S=8TeV LHC v/S=14TeV

thresh | 7.10 573 018 1354 759 725 1976 745 178 8205 "5 "534
(A+B)/2 | 7.26 “030 1013 (“504) | 1464 159782 (137) | 2137 152787 (173) | 8857 1335 1580 (14a3)

Table 2:Same as Tahbl 1 for a running masg@m) = 164 GeV in theMSscheme.

TEV v/S=1.96TeV LHC v/S=7TeV LHC v/S=8TeV LHC v/S=14TeV

1030 +0.17 133 144 141 158 199 1152
thresh | 7.13 757 012 1643 795 45 2346 T156 29 9082 756 “187

(A+B)/2 | 7.27 “535 015 (“aos) | 1749 335 *4g (*4p) | 2499 “1g5 85 (F75) | 967.2 7535 “176 (Faz0)

Table 3:Same as Tab] 1 for the MSTW PDF det][25].

fég—o), fééo) andfééo) as defined in eqd.(B2) arid{33) in a new version of the programmBr [15],
which otherwise uses the exact results for the scaling foimgtat NLO as well as fofi(fl) and

fi(jzz). Any difference that would arise from using the approximaxeression eq[(27) for the
scaling functions‘i(jﬂ) instead is marginal, cf. Fig] 1.

As a central prediction we take the average of the two vagidefined in eqs[(32) and (33)
which we denote as '(A+B)/2’ and compare to previous estimatf [7/15] based on threshold
approximation and labeled as 'thresh’. The new NNLO appration accounts for the effect of all
parton channels which are also non-zero at NLO, includiegythchannel, which picks up some
contribution of the high-energy region at NNLO. However, maglect any effect of new parton
channels at NNLO, i.eqq, qq andq;q; (for unlike flavorsi # j). The theoretical uncertainty is
determined from the scale variation considering the clagice m/2 andp = 2m and taking the
maximum and minimum of respective shifts of the cross sastid his is sufficient since at NNLO
the; dependence is generally weak and the scale uncertaintyimyndaiven by they, variation.

Choosing a pole mass of= 173 GeV and the ABM11 PDF sét [24] at NNLO our predictions
are shown in TaliJ1. Comparing the threshold approximatiohthe new estimate '(A+B)/2’ we
see that there are generally small positive shifts in thescsections due to the high-energy tail. As
expected, the effect of the high-energy limit is rather nsvdehich nicely illustrates and confirms
the stability of predictions based on soft gluon resumnmatMve note that the small shifts in the
central values of the cross section predictions are in liite the inherent uncertainty attributed
to previous approximations|[7]. For the Tevatron these athtuO(1 — 2%) consistent with the
previously observed small effect of hard radiation (notoacted for by threshold resummation)
on the total cross section tifrjet production[[26=28]. For the LHC at all center-of-massrgies
V/S=7,8 and 14 TeV these shifts are larger of the or@és — 8%) due to the parton luminosities
Lij giving more weight to the (positive) high-energy tail ofsdhling functions in egl.{1). The scale
uncertainties in the new estimate '(A+B)/2’ increase coraddo previous analyses — sometimes
by up to a factor of two. To a large extent this increase is dubégg-channel, where the high-
energy tail is numerically more important than the thredhebion, cf. Fig[R. Taking, e.g., the
values aty/S= 7TeV in Tab[1, the cross sections split up into the contidms of the individual



channels as

O(asB)/2(M=mM) = 1385pb = (106.4pb)gg+ (28.3pb)gg+ (3.8pb)gg; (38)
O(aB)/2(L=2m) = 1283pb = (1085pb)gg+ (28.5pb)qgt (—8.7pb)qgg- (39)

The relatively larger impact of thgg channel can be understood from the fact that the scale de-
pendence of its high-energy tail is not entirely compertsatehe accuracy given here and, thus,
leads to an increase of the scale uncertainty comparedlteresiudies. This also underlines the
importance of considering the high-energy regime, ignanegrevious analyses [=111], for all
LHC predictions. Compared to NLO predictions however, wiedbserve a significant improve-
ment. For the new estimate '(A+B)/2’ we also quote the syst@runcertainty from choosing
either variant A or B in eq[(32) and{B83). We see for all cabes those shifts are comparable to
or smaller than the scale uncertainty.

In Tab[2 we repeat the computation for the correspondingingmass om= 164 GeV in the
MSscheme and similar conclusions hold with respect to thepatif observed changes. In partic-
ular, we note that in this mass scheme better scale staisibtghieved, corroborating the findings
of [Z]. This implies that the NNLO approximation uncertaimng considerably larger than the scale
dependence for the case of LHC wifS= 14 TeV. Finally in Tab[B we choose the MSTW PDF
set [25] for comparison. While the Tevatron predictions oftbsets are largely in agreement, the
difference in the LHC predictions can be attributed to défeces in the parametrization of the
gluon PDFs at moderately largeand different central values fars, see also[24] for more PDF
comparisons.

In summary we present a phenomenological study of heavgkduadro-production includ-
ing new results in the high-energy limit as> m?. We have provided approximate NNLO QCD
corrections for the full kinematic range based on those r@wstraints from high-energy factoriza-
tion combined with existing results for the threshold regior s > 4m?. Our investigations have
guantified the largest residual uncertainty in the two-lsogling functions at largg due to our
incomplete knowledge of the subleading ‘smélterms in fi(zo)' In view of this it is therefore an

j
important task to compute the exact result for those Ntdrms, fi(jzo) in eq. [27), e.g., follow-

ing [12,/13] or by using the available NNLO QCD predictions feavy-quark hadro-production
in the small mass limit [29, 30]. This would immediately remadhe major source of the current
residual uncertainty. Other improvements of the theoaéticcuracy relying on generalizations of
the resummations at threshold and high-energy, e.g., dtentines of [31], 32] and [33], can be
considered as well.

For the predictions of the total cross section of top-quarik-production at Tevatron and the
LHC the current available information leads to uncertasiin the approximate NNLO results
which are of the order 4% for Tevatron and 5 % for the LHC. Ferimportant corrections to be
considered in phenomenological studies and not accounteldefe arise from the electro-weak
radiative corrections at NLQ [34-36] as well as from bouradeseffects and the resummation of
Coulomb type corrections [10,37,138].

At present, our approximate results represent the most ledendNLO predictions for heavy-
quark hadro-production. The phenomenological importaridhis process motivates further im-
provements to reduce the theoretical uncertainty and a auwfbdirections for future research
have been proposed. The improved QCD corrections have bgdamented in a new version of

10



the program HTHOR [15] which is publicly available for download from [39] ordm the authors
upon request.

Note added:

While we were finishing this paper, numerically determinechplete results for the parton channel
qq — tt at NNLO have been presented in [40] including the double ee@iksiongq — ttg/q for

g # q. These numerical results are not sufficient for a comparisaihe high-energy region
n > 100, where the parton channel with double real emisgiprs> ttqq dominates. However, the
results are consistent for smallgvalues. Also the NNLO result of [40] is included as an option
in the new version of WTHOR [15].
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