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Abstract

Collisions at the LHC produce many-particle final states] #or precise predictions the one-loop

N-point corrections are needed. We study here the tensoctieddor Feynman integrals witN > 6.

A general, recursive solution by Binoth et al. expreddgmint Feynman integrals of rarikin terms

of (N —1)-point Feynman integrals of ranlkR— 1) (for N > 6). We show that the coefficients can

be obtained analytically from suitable representationthefmetric tensor. Contractions of the tensor
integrals with external momenta can be efficiently expreéss® well. We consider our approach

particularly well suited for automatization.

PACS index categories: 12.15.Ji, 12.20.Ds, 12.38.Bx

1 Introduction

In a recent articlel]1], we have worked out an algebraic nmatioopresent one-loop tensor 5-point
functions in terms of scalar one-loop 1-point to 4-pointdtions. The tensor integrals are defined as

d R r
| H1HR - — / d%k ﬂr:lklJ (1.1)
" Tl

with denominatorg;j, havingchords g,

cj = (k—qj)?—nt+ie. (1.2)
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In a subsequent article][2] we have calculated contractidriee N = 5-point tensor Feynman in-
tegrals with external momenta, resulting in the analytialeation of sums over products of scalar
products of the chords and signed minors, yielding compautssions for them. The present article
is based on the observation that those sums are valid farampN. This allows us to extend our
formalism toN-point tensor integrals withl > 6.

Following ideas presented inl[3], an iterative approach heen systematically worked out in
[4]. TheN-point tensor integrals are represented there in ternisl ef 1)-point tensor integrals with
smaller rank for arbitrarjd > 6 as

N
IR = =y cpE (1.3)
r=1

wherer indicates the line scratched froif**2"**. Equation (61) of[[4] will be our starting point; it
contains an implicit solution for the coefficier(t#‘:

A H AV 1 1202
Zlcj 0 = 594 - (1.4)
]:

The subscript4], indicating explicitly the 4-dimensional metric tensorillvbe skipped in the fol-
lowing. We stress, however, that soft and collinear diveegs will be regulated by dimensional
regularisation as described [ [4]. Further, we will ggt= 0 throughout this article, in notations of
[4] ry =0, andA‘j’ = —q‘j’. In the present work we develop a procedure to sdlvé (1.4ytealy
for arbitraryN > 6. Explicit examples will be given fol = 7 andN = 8.

Assume a representation of the metric tensor in the form

1 N—-1
59 = ZlGijqi”qu (1.5)
I, ]=

is available. Then, necessarily, the vector
b N A
C = Gijqi (1.6)
PR

is a solution of[(1.4). An additional requirement accordingq. (62) in[[4] has to be fulfilled for this
vector:

ct=o, (1.7)

which we will verify for the solutions we obtain.

Our approach consists in finding an object which, contragitdchordsg, andqy, results in ¢ -
gp). This yields a representation of the metric tensor requakst (1.5), from which the coefficients
Cll“’ can be obtained. For ad-point function withN external momenta one has to do witd — 1)
vectors,gy = 0. ForN = 5 one has in general 4 independent vectors from which one @astract
uniguely the metric tensor in 4 dimensions. Ror- 5 one hagN — 5) “scratched” vectors which are
not supposed to enter the construction of the metric tehsarertheless the contraction of the metric
tensor with any pair of the availabl®& — 1) vectors must result in their scalar product. Given the
above mentioned sums this is directly seen.



It might be interesting here to recall the correspondingtieh for 5-point functions.[5], which
can be considered as an inhomogeneous analogueto (1.3):

5
|E_l)11~-~llr _ |EI_)11---Hr—1 . Qgr . Z Ulll---ﬂr—lvs_ gr, (18)
s=1

reducing 5-point functions to 4-point functions of lowenka Here the vectors

Qt — iq'“((lT):’ 0=0--5, (1.9)
LH : qH@ st=1---5. (1.10)
250, ®

have been introduced arid . )5 are Cayley determinants with elements
Yij = — (0 — qj)%+mf + . (1.11)

In the following, setting up sums over scalar products rpliid with Cayley determinants, we will
implicitly use the relation

1
(G-a5) = 5 [Yij = Yin— Yaj + Y] . (1.12)

which is valid if gy = 0. Therefore we have to assume this from the very beginniegeNheless, if
gn # 0 one has to consider the same sumNofr+ N + 1; puttinggn+1 = 0 and scratching line and
columnN + 1 in the Cayley’s one still ha (1.12) farj < N.

More on recursion relations among tensor integrals can teda [6,7]8].

2 6-point functions

6-point functions of arbitrary tensor rank are well knowee .g. [[9@0@. Eq. [1.3) reads in this
case

6
|é11H2---HR — Z C#Hélzm“R’r. (21)
=
In (4.6) of [10], theCH = CH = —vH' is given:
o,u > H (
C = q
: i; i

0
02)6
0 Y
(5)6
Here the indexo indicates a certain redundancy, i.e. the ve@ors not unique. This reflects the
property of eq. (58) of[4] to have only a “pseudo-inverse’e Will now verify this equation in order

0=0...6. (2.2)

Throughout this article, greek indices are running from Blfavhile latin indices are running from 1 t9.
2In [9] it is also indicated how 7-point functions may be eatkd.



to demonstrate our approach. Due[fo|1.3), we have to findudieolof (1.4). To be systematic, we
first collect the following set of sums, with=1...n:

— Oi 1 0 1

|le Oa- 0i) (0o - 0 (Oj)n = E(Qa'Qb) (O>n—z(>n(Yan—Ynn) (Yon — Ynn) » (2.3)
n—1 ;

Z (Oa- q)(Qb‘Qi)(S}) = %(%'%) (2) +%()n(5as—dws> (Yon — Yon) (2.4)
i,j=1 n n

n—-1

S

) 3000 8e) (Gu-d). (@5)

S

@aa-an(s) = 3w

1

i)

In fact (2.4) and[(2]5) have been written in [2] for= 5, but as mentioned above it turns out that all
the sums written in 2] are as well valid for anyForn= 6 itis () = 0. Indeed equationE (2.3)-(2.5)
have to be considered as identities in terms offpeand the property)s = 0 has to be taken into
account as special property for tif¢ in (I.11). Thus we can finally write the metric tensor as

1 oi
éguv - Z|5] =1 (816( I) q| q] ) (26)
1 oi
50" =i () (2.7)
1 .
59" =i (@) (2.8)

and due to[(1]6), equatioris (2.6) ahd{2.7) yield the satuff2) foro = 0 ando = s+# 0, respec-
tively, while (2.8) yields another option; see also (75)1d]} In this case we have

e
CH =S '3O8 _pH  s=1..6 (2.9)
2,97,

in the notation of[(1.10). We remark th@6 in 2.9) is a Gram determinant of a 5-point function,
which may become small in certain domains of phase spacee, M&r have a certain choice=
1,...6, so that one presumably will find arfor which (3) is not small.

It is interesting to note that the in (2.2) foro = 0 ando > 0 agree. One may see this, starting
from the identity (see also (A.11) af [10] or (A.13) 6f[12])

@ G(SD 6 (8)6@); (?)6@5)6 (2.10)
(@)s o1

(0)s  (Y)s
] (<2>)6 (0, BREN

Multiplying with qi“ and summing overproves our statement since

(o)
iiq{‘ (?) = 0. (2.12)

or




The last identity follows from the vanishing of all scalapgucts of [2.1R) with any non-vanishing
chord; see also (A.2) of [2]:

5
i;(Qa'Qi> (?)6 = —%(Yag—YGG) ()g=0, a=1,...5. (2.13)

A similar calculation shows thdt(2.9) indeed differs frd2nd). The reason why different representa-
tions are of interest is a possible optimization of the nucseiSome representations may have small
determinants in the denominator, while others don't.

It remains to verify[(17). Foi(212) witlr = 0 we use

5.(a). 0, ¢34

GCOH 0' ESRSYLe =0 2.15
Z Zq. g ;) =0 (2.15)
r=1 r=1i 6

062

such that

due to [(2.1P). Fof(2]9) the proof is simpler since all we nised

6
Z(ST) —0 s=1..6 (2.16)
r=1 S 6

3 7-point functions

For the 7-point functions we first investigate the corresog representation of (2.2) far = 0.
Eq. (A.9) of [2] can be written for arbitrany ands= 1...n as an identity in terms of thé;:

n—-1 Osi
pRCRICRS <on)n

1 Os
5(0a" Gb) <Os) i (3.1)

_% { [@ (o Yon) + @ e 505)} (Yon — Yan)

; Kg)n(Yan—YmH (g)nwas—ans)} <6os—5ns>}.

As was observed for the 6-point function in the discussio@d) - (2.%), the vanishing of certain
determinants simplifies the result considerably. Quiteegally with dimension 4 of the chords, all
()p» N> 7, have rank 6, i.e. any (signed) minor of order 7 vanishep [Mf2e () is of order 8 and thus
also the(8)7, (5), and(3), vanisffl, and therefore the whole curly bracket [n{3.1) vanisheh wie

result
6 Osi) 1 <Os)
) = Z(g.- _ 3.2
2, (Oa-Gi) (G- qj (051 : 2(qa Ob) 0s) (3.2)

3See also[11].



In general, it is(8§)7 # 0 and one can write

1 6 1 /o0s
gtV = ( ) a'q’, (3.3)
29~ 2,9, \osi), T
from which we read off
6 1 <OSi)
O,u _ U

=V — q . (3.4)

A, o)

This is exactly the result as in (2.2 & 0), only that now a line and a column of tl(%)7 is scratched
in addition - a very natural result. Even more, we also findatveespondence df (2.2) far=s> 0

in the form
6 1 /os
CHH = < )q-“. (3.5)
A, )

In order to show thaf(3l4) and(3.5) are equal, we proceedraté 6-point function, starting from
anextensionald of -10),

Os\ (Osj\  (0Os\ [Osj 0s\ /Osj
<t5)7<055)7 - (05)7<t5i )7+ <i5)7<05t)7 59

or
(%2 ) 7 (?;J) 7 (OS) ((());j ) 7
)y ey (09) _loa)y @7)
(85) 7 ((t)s) 7 1S/ 7 (85) 7 ((t)s) 7

Multiplying with qi“ and summing overproves the statement since

6 0s
s, o

Eq. (3.8) follows again from the vanishing of all scalar prot$ of [3.8) with any non-vanishing
chords as given in (A.6) of [2]:

= Slaa(®), - H{ (o) oo

Forn = 7 the order of the determinants on the right-hand side_a} (8.8, but their rank is 6 and thus
they all vanish.

Similarly we proceed for the analogue bf (2.9), which wawprofor the 6-point function. We start
from a relation like[(3.11), which was not directly needed2h put occurred there in an intermediate
step:

.nf (Cla-qi)(Qb-qJ')<:Dn = %(Qa‘Qb) (i)n (3.10)

i,]=1

4See[[12] for extensionals.



with s,t = 1...n. According to the above discussion, it(§, = ({)7 = (;); =0, such that again the

curly bracket in[(3.10) vanishes. Sin(:})7 # 0in general - itis a 5-point Gram determinant - we can
write

1, < 1 /di y
9= (S”) oo, (3.11)

i,|]=1\&

from which we read off

=S %(S“) of = Qi+ (3.12)
i; (st)? Sr/ 7

in the notation of[(119) and (1.110). Again this result cop@sds exactS?/ td(2]19), only that another line
and column are scratched from t®7 The upper indicesandt of G in (3.12) indicate again the
redundancy in the determination of this vector. They canibengany values withirg,t =1---7. In
fact this vector differs again fromi(3.4) arid (3.5). Finadlymilarly to the case of the 6-point function
one proved(1]7) fag>H

4 8-point functions

For the 8-point functions - and analogeously ffor- 8 - the calculation follows the same lines as for
the 7-point function. Again, at first we investigate the es@ntation corresponding fo (2.2) foe= 0.
Eq. (A.13) of [2] can be written fos,t = 1...nas

b = Z Ga-i)(Gb - O <8:Dn
= %Qa Ob) <8§)n (4.1)
G L(E) o) () (@80 + ({g) (3w (o)
+[(3) @ + (%) o) — (55) (@) 8-

+K:8)n<6as—6ns) —(to) (8a— &) + (fg)n(van—vnn)} (605—&19}-

For n = 8, the determinants in the curly bracket bf {(4.1) are of ofdevhile their rank is only 6.
Therefore they all vanish and so does the curly brac:ket.eﬂ@ic)8 =0, we obtain

1 ’ 1 (Osti)
gtV = HgY, 4.2
from which we read off
71 /odi
CHH = ( ) q = QMK (4.3)
AT, o



Similarly, we proceed in order to obtain the relation cqoaling to[(2.P). Here we start from (A.14)
of [2] which we write fors,t,u=1...nas

sui
CIa 0i)(Ob-qj) (stuj)
n

(G- G (S“‘) (4.4)

4. su
s =

Il
HM ‘

I\JII—‘“

stu

4 { (i)n<5au—5nu> - (:J)nwax—ém) - Cj)nwas—ans)} (8~ G
+{<:)n(5ﬂ‘ ‘(i)n“au—%) —(tu) (8- 6@} (8 — &)

+Kiﬂ)n<6as—6ns> —(ﬁj)nwm—ém) —(fj)nwau—anu)} (@i}

Again, the curly bracket if_(4.4) vanishe@ﬂ)8 is also the Gram determinant of a 5-point function,
obtained from the 8-point function under consideration ¢natching lines and columrsst andu. It
does not vanish in general. Thus we obtain

1 L1 /i
LoV _ Hov
2= 2,720, (e (49

from which we read off

71 /i
sup $u
C “_iZ: ). (Stur) = QfUH, (4.6)

in the notation of[(1J9) and (1.10). Here again the uppercess, t andu stand for the redundancy of
the vector and can be freely chosen.

5 Contractionsof tensor integralswith external momenta

In [2] and [13] we have advertised the contraction of tensdegrals with external momenta for
the calculation of Feynman diagrams. This led us to a sydtersiudy of sums over products of
contracted chords and signed minors. These sums have fauhd present work a generalisation
by exploiting the fact that they are valid not only for the aifie valuen = 5 as was assumed for the
5-point functions. Indeed, they are correct for anyin the following, we demonstrate that due to
this property we cannot only derive as above specific reptagens of the metric tensor, but also
the contraction with external momenta can be performedearstime way foN-point functions with

N > 6, quite similarly as it was done for 5-point functions. Jiastthe purpose of demonstration we
confine ourselves to tensors up to rank 3 of the 7-point foncti

For the vector integral (11.3) yields

7
~ 3 CHI, (5.1)
r=1

whereCH = C** can be chosen, e.g., from(312), and thes the scalar 6- pomt function obtained
from the scalar 7-point function by scratching lineFor the contraction off' with a chordgh we

8



need the generalization of (A.15) 6f [2] far=

Z%7r§

(a-CF) = O (gl)nTg(qa-qi>(::)n (5.2)
= g (&), @ —(3) @ () Ge-aw).

with s,t,r = 1...n. Eq. [5.2) has a surprising consequence. According to thstaaction in[4], the
original tensor remains unchanged no matter how the v&tds chosen, as long as conditiofis {1.5)
and [1.Y) are fulfilled. Thus, contracti@y with some chordy,, one still may select theedundancy
indices s,t. The optimal choice is apparentiyt # a,N. In this case only the first term in the square
bracket of [5.R) remains and morem@)n cancels, i.e. the redundancy disappears and formally we
can write

(Qa‘cr):%(5ar—5l\lr)~ (5.3)

As a result, only 2 terms remain in the sum (1.3) after theremtibn . SinceC; carries the first index
p1 of tensors of any rank this scalar product will occur in alpkgations.
For the tensor of rank 2, ed. (1.3) yields

354t (), ] -

=1 I’S)?

7 7

uv Vs

1 =— S gt =-y cH
=1 =1

where the square bracket is the 6-point vector accordif@I.(ForC? we have taken for convenience
the form resulting from(2]9). Here again (b.2) with= 7 can be used for the projection of the 6-point
vector. The only freedom we have now, however, is the chdice Gontracting with another vector
Op the choices # r,b, N is optimal with the resultN = 7)

rS rs
G- z af %)N =3 %—m)—%gg:(@r—mr). (55)

Only the sums over the basic functioigssurvive. The reason for the appearance of the second term
in (5.8) is that for = b the 6-point function as a scratched 7-point function is @sted with a vector,
which is not among the vectors defining the 6-point functiemg forr = N all 6-point vectors are
nonvanishing. Thus there remains the redundancy isdex

Similarly we proceed for the tensor of degree 3:

UVA ! VA I ! L

_ HpVAY Ul v

177 ==y g = Zcr quj
r=1 r= t=1j=1

The vector of the 5-point function can be writtenlas [1]

-|§v”] . (5.6)

7 Ol’tu
)\ It Ortl 7 rtu
__Ziq' o) A (5.7)
u=1 Ort



According to [5.¥), we see that the only new sum needed fopithjection i§

& = Slawa(%), - 5{(8) om0

+ (gi) i (Gau— Ohu) — (8;) i (Gat — Ont) — (8:3) n (Oas— 5,15)}, (5.8)

ands,t,u=1...n, withn=7 here.

We would like to close this section with few general remarksom the very beginning we work
with the original tensors, i.e. we do not consider candeltest of scalar products appearing in the
numerator against propagators in the denominaotors, ie.devnot intend to cancel “reducible”
terms. As a consquence, no shifts of integration momentaeeded.

Additionally, no shifts of integration momenta are needetthe iterations fronN-point to(N —1)-
point functions. This is nicely seen from _(5.6) and [5.7). rkikeg only with the original Gram
determinany),, of the diagram under consideration, the “scratches” arglginione in the(),. For
this purpose it is important to recall that all our sums ase ahlid for the “last” value o§,t,--- = N.

Assume that in[(5]7),t # N, then four vectors contribute in the sum for the 5-point ggate.
gn = O is still valid. If otherwiser = N, then the lineN is scratched andy = 0 is not available
anymore. In this case five vectogs contribute in the sum for the vector of the 5-point function,
which is just what is needed hefe [1], since the general iatem rules of course allow all chords to
be different from 0.

In order to take advantage of the above formalism, the cottres of tensor integrals with ex-
ternal momenta should be implemented in a software packaeilling blocks, which are param-
eterised by the chords,b--- =1...(N—1). In fact it does not matter if 4 or 5 vectors contribute
since this is automatically taken into account by the Krdweed-functions in the sums liké (5.2) and
(5.8). If a calculation is organized such that the tensagrdls are contracted exclusively by external
momenta (or chords), a quite efficient numerics will result.

6 Conclusions

For tensoiN-point functions of rank > 6 we found an analytic form for the coefficier@s® appear-
ing in the iterative schemg& (1.3). The crucial point in theddion is the observation that sums over
products of scalar products of chords and signed minoretkeearlier fom =5, also hold identically
for arbitraryn. Applying recurrence relations directly to the evaluatidmigher rank tensors, the ap-
pearance of vanishing Cayley determinants makes theiicapipin cumbersome, as indicated(inl[11].
In the present approach the vanishing of certain Cayleyah@t@nts is obviously quite welcome, re-
ducing the sums for the vecto®' considerably. As a result we obtain, for aNy expressions with
inverse 5-point Gram determinants with an arbitrary choicthe scratched lines. Also the inverses
(8§j:j)N and (gtjjj)N are admitted. The sums at our disposal also allow to perf@miractions of the
tensor integrals with external momenta quite efficienthyparticular use can be made of the freedom
to choose the vecto@ to find the optimal form for these contractions. For highekreensors this
property appears of particular relevance because to easbrtendex corresponds a summation over
the nonvanishing chords. For the tensor of rank 7 of the Atdanction, e.g., this corresponds to
6’ = 279936 terms. All these terms are summed here analyticalyproduct of 7 terms, which will
certainly save a big amount of computer time and storage.

5See also (A.17) of [2].
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