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Abstract

N=1 super Liouville field theory is one of the simplest non-rational conformal
field theories. It possesses various important extensions and interesting applications,
e.g. to the AGT relation with 4D gauge theory or the construction of the OSP(1]2)
WZW model. In both setups, the N=1 Liouville field is accompanied by an addi-
tional free fermion. Recently, Belavin et al. suggested a bosonization of the product
theory in terms of two bosonic Liouville fields. While one of these Liouville fields
is standard, the second turns out to be imaginary (or time-like). We extend the
proposal to the R sector and perform extensive checks based on detailed comparison
of 3-point functions involving several super-conformal primaries and descendants.
On the basis of such strong evidence we sketch a number of interesting potential
applications of this intriguing bozonization.
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1 Introduction

In this work we consider an interesting bosonization of A’'=1 Liouville field theory that
was proposed recently in [1]. A'=1 Liouville field theory contains one fermionic field ¢ in
addition to the Liouville field ¢. These fields are coupled through the standard interaction
term. For bosonization we need to add another free fermion 1. The product theory appears
naturally in several applications of N'=1 Liouville field theory. In particular, it has been
used in [2] and [3] to compute various structure constants of the OSP(1|2) WZW model.
More recently, it was considered in the context of the AGT correspondence [4] between
supersymmetric 4D gauge theories and 2D conformal field theory [5, 6, 7, 8, 1].

In the bosonization, the two fermionic fields ¢ and 7 are replaced by a single boson Y.
What Belavin et al. proposed was that the two bosonic fields ¢ and Y can me mapped
to a new set of bosonic fields, X and X, where X is an ordinary (non-suspersymmetric)
Liouville field and X an imaginary cousin. The latter may be thought of as a Liouville field
which takes values in imaginary numbers. Because of its internal structure, we shall often
refer to the fully bosonic model as double Liouville theory and to the factor associated
with the field X as imaginary Liouville theory.

Imaginary Liouville theory is far from being an established model of 2-dimensional
conformal field theory. In fact, there exist several different proposals for its structure
constants but consistency (crossing symmetry) has never been established (see discussion
in section 3). It is remarkable that one version of imaginary Liouville theory now appears
through the bosonization of a consistent local conformal field theory.

The relation between AN'=1 and double Liouville theory has a suggestive ancestor in
rational conformal field theory. In that context, double Liouville theory gets replaced by
a product of two minimal models and N'=1 Liouville theory by its rational counterpart.
We can give a highly suggestive argument for their relation if we represent both models
as coset conformal field theories. It is well known that ordinary minimal models arise
through the cosets

MM, = (SU2)x x SU(2)1)/SU(2)k+1

where £ = 1,2,.... This family of rational models includes the Ising model MM; for
a single fermion n when k& = 1. Similarly, N'=1 supersymmetric minimal models are

obtained from the coset
SMMy = (SU(2), x SU(2)2)/SU(2) k42 -
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If we allow ourselves to extend and reduce both numerator and denominator by the

required additional factors we can easily see that
SMM;,_1 X MM; ~ MM, x MM,,_; . (1.1)

Similar relations between ’generalized minimal models’ and Virasoro minimal models were
first discussed in [9], [10] and later (it seems independently) by [11],[12]. More recently,
results for the 4D gauge theories [8] inspired Wyllard [13] to propose an extension to
cosets of the type (SU(N), x SU(N),)/SU(N),+, where & is a free parameter. Soon
after this paper had appeared, the case of N = 2, p = 2 was considered in more detail by
Belavin et al. [1].

Let us now describe the content of this work in more detail. We shall begin with a
brief review of Liouville field theory and its N'=1 supersymmetric version in the next
section. Both theories were solved long ago, see section 2 for references to the original
literature. Then we turn to imaginary Liouville theory. As mentioned before, this model
is very poorly understood. After a few historical comments we shall describe the 3-point
functions that were proposed by Zamolodchikov in [14]. Our new results are formulated
and analyzed in section 4. There we shall spell out a precise relation between an infinite
tower of fields in /=1 Liouville field theory and double Liouville theory. This relation
will be checked through extensive comparison of 3-point functions on both sides of the
correspondence. Applications and extensions of our results are sketched in the concluding

section.

2 Review of Liouville field theory

In this section we simply review some basic facts about Liouville field theory and
its N'=1 supersymmetric cousin. Most importantly, we shall discuss the spectrum of
primary fields along with their 2- and 3-point functions. For a more details see the
reviews [15, 16, 17].

2.1 Bosonic Liouville field theory

Liouville field theory involves a single scalar field with an exponential interaction term.

On a 2-dimensional world-sheet with metric 4% and curvature R, the action of Liouville



theory takes the form
1
SL[X] = o / o/ (Y0, X0 X + RQX + dmpupe®) (2.1)
b

where py, and b are two (real) parameters of the model. The second term in this action
describes the background charge of a linear dilaton. The value of the constant () must
be adjusted to the choice of b in order for Sy, to define a conformal quantum field theory.
We shall state the relation in a moment.

Liouville theory should be considered as a marginal deformation of the free linear
dilaton theory. The Virasoro field of a linear dilaton theory is given by the familiar

expression

T(z) = —(0X)>+Q0*X .

The modes of this field form a Virasoro algebra with central charge ¢, = 1 + 6Q?*. Fur-

thermore, the usual closed string vertex operators
Va(2) = :exp2aX(z,2): have h, = a(Q —a) = h, . (2.2)

Here and in the following we shall not explicitly display the dependence of our vertex
operators on the complex conjugate z of the world-sheet coordinate z. Note the conformal
weights h, h are real if o is of the form o = @ /2+iP. In order for the exponential potential
in the Liouville action to be marginal, i.e. (hy, hy) = (1,1), we must now also adjust the

parameter () to the choice of b in such a way that
Q=b+b"' .

Weyl invariance of the classical action Sy, leads to the relation Q. = b~! and the additional
shift by b may be considered as a quantum correction of the classical relation. The extra
term, which certainly becomes small in the semi-classical limit b — 0, renders () = Q.+ b
(and hence the central charge) invariant under the replacement b — b1,

The solution of Liouville field theory is completely described by the 2- and 3-point
functions of the model. The vertex operators V,, are introduced such that their 2-point

function is canonically normalized, i.e.
<Va2 (Zg)val (2’1)> = |212|_4ha1 2 (5(0&1 + Qg — Q) + DL(OZl)(S(OfQ — Oél)) (23)
where

(Q-20) v(2ab — b?)
b2 y(2 — 2ab~! + b72)

D) = (mpur (1)) (2.4)



Here and throughout the main text we use y(z) = I'(x)/I'(1 — z). In order to spell out
the 3-point functions we need to introduce Barnes’ double I'-function I'y(y). It may be

defined through the following integral representation,

*dr eI — e @T/2 (Q — y)2 9 Y
Inl = — — 22 T 2 2.
nl'y(y) /0 - [(1 =T 5 e - (2.5)

for all b € R. The integral exists when 0 < Re(y) and it defines an analytic function which
may be extended onto the entire complex y-plane. Under shifts by b*', the function I,

behaves according to

1
b-its

Ty(y) , Ty(y+b7") = \/ﬁwfz)(y) : (2.6)

b3

Fb(y‘l'b) = \/%W

These shift equations let I', appear as an interesting generalization of the usual I" function
which may also be characterized through its behavior under shifts of the argument. But in
contrast to the ordinary I' function, Barnes’ double I" function satisfies two such equations
which are independent if b is not rational. We furthermore deduce from egs. (2.6) that I',

has poles at
Ynm = —nb—mbt for n,m = 0,1,2,... . (2.7)

From Branes’ double Gamma function one may construct the following basic building

block of the 3-point function,
Ty(a) = Toalb, b)) To(Q — afb, b))t . (2.8)

The properties of the double I'-function imply that T possesses the following integral

representation

InTy(y) = /OOO dt [(Q _ y)2 ot _ sinh® (§ —y) ' (2.9)

t 2 sinh % sinh
Moreover, we deduce from the two shift properties (2.6) of the double I'-function that
To(y+b) = by b To(y) , Toly+07") = 40T T(y) . (2.10)

Note that the second equation can be obtained from the first with the help of the self-
duality property Yp(y) = YTp-1(y).



After this preparation it is easy to spell out the 3-point function of primary fields in
Liouville field theory [18, 19],
Cr(as, ag, a1lb
(Vo (20) Vo (20) Vi (1)) = —— 22020110 (211)

o ‘312 |2h12 ‘213‘2h13 |223 |2h23

with his = ha, + ha, — ha, etc. and coupling constants C7, of the form

215" TOY, (2a1) Ty (2002) Ty (203)
_ 2\72—2b b Lo (2a1) Ty (200) Ty (203
Crlag, az, arlb) = [mus ()b ] Ty (o2 — Q) YTy (a12) Ty (ar3) Tp (cz3)

Here and in the following, the contant Y9 is given by Tp = T} (0). Furthermore, the

. (2.12)

parameters ooz and a;; are certain linear combinations of «;,
193 :a1+a2+a3 , (19 :a1+a2 — Q3 etc.

The solution (2.12) was first proposed by H. Dorn and H.J. Otto [18] and by A. and Al
Zamolodchikov [19], based on extensive earlier work by many authors (see e.g. the reviews
[20, 15, 16] for references). Full crossing symmetry of the conjectured 3-point function
was established much later in two steps by Ponsot and Teschner [21] and by Teschner
[15, 22]. The proof of consistency of the DOZZ structure constants for Liouville field
theory was completed recently by establishing modular invariance of 1-point functions on

a torus [23].

2.2 N=1 Liouville field theory

N=1 supersymmetric Liouvilel field involves one real superfield that contains a real
bosonic scalar ¢, the two components ¢ and 9 of a Majorana fermion and an auxiliary
field F'. After integrating out the latter and fixing the world-sheet metric, the action of
N=1 super Liouville field theory takes the form

Ssrle,¥] = % / d*z [000¢ + YO + YOU] + 2ipb? / d*zpipe’ (2.13)

The background charge for the boson ¢ is related to the parameter b by @ = b+ 1/b.
As in the case of bosonic Liouville field theory, the supersymmetric cousin is obtained by
perturbing a free field theory, namely the product of a linear dilaton with a 2-dimensional
Ising model. The spectrum of the Ising model contains six conformal blocks including the
identity field, the two components 1 and 1) of the fermion and the energy density 1),

which are all part of the Neveu-Schwarz (NS) sector. In addition, there are two blocks in
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the Ramond (R) sector. These are generated from the spin field ¢™ = ¢ and the so-called
disorder field ¢~ = u. After multiplication with the linear dilator, the model contains an
N'=1 super-conformal symmetry with central charge cs;, = 2(1+2Q?). The holomorphic
half of this symmetry is generated by modes of the following fields

T(:) = 5 ((09) ~ Qo+ 00v) | Gl2) = —i(dp—Qov) . (214)

Anti-holomorphic fields can be constructed similarly. The interacting theory has been
solved soon after the DOZZ proposal had been put out, see [24, 25]. Vertex operators in

the NS sector are super-descendents of
bo(2) = expap(z,2) . with A, =a(Q—a)/2=A, (2.15)
The 2-point function of these NS primary fields takes the form
(bas(22)0as(21)) = |z1o| 2127 [§(e1 + @2 — Q) + 0(az — 1) Dys(an)] ,  (2.16)

with

i)
~—
~—

ae T(b(a — 9o -
— (2.17)

Dys(a) = —(WW(%))T T(—b( _i))f‘(—l(a— ) .

Whereas the first term in eq. (2.16) is fixed by normalization, the second term involving

0l

Dy s contains dynamical information on the phase shift of tachyonic modes upon reflection

off the Liouville wall.

To spell out the 3-point functions of the model we need to build two new special
functions from the Y-function we introduced in the previous subsection, see eq. (2.9).
These are given by

THS(x) = To(2)T5(2E9) | TH(z) = To(ZE)To(TH—) . (2.18)

2

Properties of these new functions can easily be derived from the properties of T, we
listed above. In particular, we note that the functions TY* and T} possess the following

behavior under shifts of their argument,
TS +0) = by (5 + )T (x) . Ti(e+b) = by ()T () (2.19)

TN+ =biyd+ 2T . TR+ D) =0 @) . (220)



The functions Y55, TH suffice to state the 3-point structure constants of the NS sector,

CNS(a37 Qa, 041|b)

(Da5(23)Pas (22) P (1)) = (2.21)

- |212 |2h12 ‘213|2h13 ‘223‘2h23

é'Ns(Oé?), Qa, 041|b)

- | 210|202 25| 2151 | g [ 225 (2.22)

<¢O¢3 (23)Q~50c2 (22)¢a1 (Zl)>

where q;oz = {G—%a [G_j—%a ¢a]}a and

Q—«
T (@)} 0TS (20) TS (200) TS (2015)
opbE—1 TNS (193 — Q)T (r12) TNS () TS ()

2
(2.23)

1
CNS(Q370527041“3) = 5[

Q-aj23

~ . Uy Qb):| b Tg TII;IS(QOQ)T})\IS(QOQ)TII)\IS(2OK3)
Cys(as,as,aq|b) = 1 |=——7 | —=—
(0, 2, 0 fb) [256 17 ( 2 T (23 — Q)T (12) Tk (aes) T3t (ans)

Any 3-point function of descendent fields can be written in terms of the correlator (2.21)
or (2.22) and 3-point blocks which are completely determined by the super-conformal
Ward identities (see e.g. [26]).

Let us now turn to the R sector of the model. As we recalled before, the 2-dimensional
Ising model possesses two local fields of conformal weight A = 1/16 = A which we denoted
by ¢t =0 and ¢~ = p, see chapter 12 of [27] for more details. Using these spin fields, we

can define the following two vertex operators in the R sector of N'=1 Liouville theory

_ 1 1 _
YE5(2) = ¢F(2,2) (e with AR = 504(@ —a)+ 6= AR (2.24)

Our conventions are the same as in [25, 28] and they imply

GiSi () =8 TST(), Gast(o) = —iseTsT), 0= (F-a) . )

The 2-point functions of the vertex operators 3¢ possess the following form
(S5, ()55 (21)) = |2na) 27527 [8(0n + a2 — Q) + 6(az — 1) Dr(an)] (2:26)

with a reflection coefficient given by

1)) 7 P(; o - (2.27)

QO
N—
SN—
—
—~
[ ST
SIS IS

Dg(a) = (pumy(



Let us also provide explicit expressions for the 3-point functions involving two RR fields.
These were determined in [24, 25, 29] and we shall simply quote the results along with all
the necessary notations,

Cﬁ(as; g, a1/b)
‘2A12+i |2823 | 74 |2813 .

(bas (23) 20, (22) 50, (21)) =

|212

(2.28)
|Z23

The structure constants C}% are constructed from the special functions TN° and TR as

follows,
Lrpm o] 52 T TR(200) T (200) TS (2003)
CE(Qa: by = = [HTbQypl-b b 1o b b
(035 02, 0 [D) 2 [ 2 (5 } T (o — Q)T (u2) TS (aos) T (eui3)
(2.29)
£ 1 [ET 2] U TP (200) T (200) TI5(205)
212 2 T3 (23 — Q)T (ang) Vi (aas) TiH(aus)

Crossing symmetry of 4-point functions in the NS sector of N'=1 Liouville theory with
structure constants (2.23) and (2.29) was first checked numerically, see [30, 31], and later
proved analytically in [32, 33] using braiding and fusion properties of the 4-point blocks.
In the case of 4-point functions containing R fields, crossing symmetry of N'=1 Liouville
theory was verified numerically in [34]. The first step necessary for an analytical proof

was presented in [35] where braiding properties of the 4-point blocks were derived.

3 Imaginary Liouville theory

Before we can state the main results of this work, we need one more ingredient, namely
a version of Liouville field theory with central charge ¢ < 1. In contrast to the models we
described in the previous section, the status of the theory we are about to discuss is less
clear. In particular, the issue of crossing symmetry has not been settled. We shall begin
our exposition with a few historical comments in the first subsection. Then we continue

by listing the proposed structure constants without much further discussion.

3.1 Some comments on history

In usual Liouville theory, the parameter b is taken to be real so that the corresponding
central charge ¢ > 25. The explicit expressions for 2- and 3-point functions admit analytic

continuation to complex values of b with a non-vanishing real part. Formally, the central



charge takes values 1 < ¢ in this regime. Purely imaginary values of b have been a subject
of several previous studies mostly because such values are relevant for time-like Liouville
field theory and tachyon condensation in string theory, see e.g. [36, 37, 38, 39, 40, 41, 42]
and further references in the more recent papers.

At least for b = 4, it is possible to define the theory by taking a limit starting with
b = e +1. The resulting theory has central charge ¢ = 1 and it agrees with a certain limit
of unitary minimal models. This limit was shown to satisfy crossing symmetry [43]. It is
likely that similar limits can be taken for other purely imaginary values of i. But even if
such limits describe consistent local quantum theories, they would at most be defined for
a discrete set of b-parameters.

There is an alternative approach to defining Liouville theory for imaginary b, i.e.
for ¢ < 1. In order to describe how this works, let us recall a few facts about the
usual construction of the 3-point couplings in Liouville field theory. The main idea is to
evaluate crossing symmetry for 4-point functions with three physical and one degenerate
field insertions. The operator product of a physical with a degenerate field involves a
finite set of terms whose coefficients can be computed in free field theory. More precisely,
if we take the degenerate field to be V_y+1 /5, then the 4-point function must satisfy a
second order differential equation and hence only two terms can possibly arise on the left

hand side of the operator product, e.g.

+
. = ¢ (@) .

Va(w, w) V—b/Q(za Z) - z:t: m Va:':b/g(z, Z) + . e (31)

where hy = Fba + Q(—b/2 Fb/2). A similar expansion for the second degenerate field

is obtained by replacing b — b~'. We can even be more specific about the operator

expansions of degenerate fields because the coefficients ¢* may be determined through a

simple free field computation in the linear dilaton background. One finds that

(@) = —pn [ 2 (Vaya(0.0) ValL: 1) Y 2) Vgraja-a(o6,00) oo

Y(1 4+ b?) (1 — 2ba)
Y(2 + b — 2ba)

= —uLm (3.2)

see [16] for more details. The result in the second line is obtained using the explicit
integral formulas that were derived by Dotsenko and Fateev. The corresponding field

is then degenerate and it possesses an operator product consisting of two terms only.
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Teschner’s trick converts the crossing symmetry condition into a much simpler algebraic
condition. Moreover, since we have already computed the coefficients of operator products
with degenerate fields, the crossing symmetry equation is in fact linear in the unknown
generic 3-point couplings. One component of these conditions for the degenerate field

V_y/2 reads as follows

b _ _
0 = CL(Oél + 5, a3, Oé4) Gy (Oél)P+_ + CL(Oél - 5, g, Oé4) C;_(al)PIi_ s (33)
where Pff = Foigb/2,05-b/2] _l;/lz 32] Faizb/2.05+0/2] _%2 ZZ]

Note that the combination on the right hand side must vanish because in a consistent
model, the off-diagonal bulk mode (ay —b/2, aq +b/2) does not exist and hence it cannot
propagate in the intermediate channel. The required special entries of the Fusing matrix
can be expressed through a combination of I" functions. Once the expressions for ¢* and
P are inserted (note that they only involve I" functions), the crossing symmetry condition

may be written as follows,

Crlon+bag,a3) (0201 +))y(2001)  y(b(azs — b))
Crar, as, a3) Ty (14 02)y(b(onas — Q)) v(bas)y(baa)

(3.4)

with v(x) = I'(z)/I'(1 — x), as before. The constraint takes the form of a shift equation
that describes how the coupling changes if one of its arguments is shifted by b. Using
the symmetry b <+ b~ we obtain a second shift equation that encodes how the 3-point
couplings behave under shifts by b=!. For irrational values of b, the two shift equations
determine the couplings completely, at least if we require that they are analytic in the
momenta. The unique solution turns out to be analytic in b as well so that it may be
extended to all real values of the parameter b.

We are now prepared to take a fresh look at the problem of constructing imaginary
Liouville theory. While the structure constants (2.12) are not analytic in b so that their
extension to imaginary b (or ¢ < 1) may be ill-defined, the coefficients of the shift equation
(3.4) involve only I' functions so that a continuation to imaginary values of b is straight
forward. If we postulate that the 3-point couplings of imaginary Liouville theory are
analytic in the parameters «; and exists for all ¢ < 1, then there is again a unique

solution [14]. We shall describe this solution in the following subsection.
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3.2 Zamolodchikov’s solution

Imaginary Liouville theory may be thought of as a model whose action is formally
given by
SelX] = - [ oy (—qabaaxabx + ROX + 47we—2b—’<) (3.5)
TJs

One can obtain it the usual action of ordinary Liouville theory by the formal replacements

X — —iX, b— —ib and Q — iQ. Vertex operators in this model take the form

Va(z) = 2XED with g = —a(Q — a) = ha . (3.6)
They are obtained from the vertex operators of ordinary Liouville theory if we replace
a by @« — —a. For conformal invariance, the parameter Q must be adjusted to the

parameter b such that

A A~

Q=b"—b . (3.7)

In terms of these parameters, the central charge of the Virasoro algebra is now given by
ce=1-6Q2.

As we have argued in the previous subsection, it is somewhat natural to introduce the
3-point coupling of this imaginary Liouville theory such that it the shift equation (3.4) is

satisfied. In terms of the real parameters & and I;, the shift equation reads

~

Cr(6n — b, iy, 3) _ Y(b(2d1 — b))v(2ba1) Y (b(Aas + b))
Cr(a, g, G3) ey (1 — 62)y(b(Ge3 — Q)) Y(bAnz)y(bas)

Here we have simply carried out the substitutions we listed after egs. (3.5) and (3.6). If

we shift & by 3 and invert the relation we obtain,
Ce(dy + b, y, ) iy (b(Gnzs — b~' +20)) y(b(Aus + b))y (b(daz + b))

= : _ L & . (3.9
Cr(ay, dg, a3) V(%) (b(261))7(2b(G1 + b)) v(bia3) 39

Note that all the factors that depend on linear combination of the variables &; are the
same as in eq. (3.4), except for a simple shift by b. Factors depending on «a; are not
universal since they are effected by the normalization of vertex operators. Following [14]

we fix the normalization such that

(Va(z2)Va(z1)) = |22 ™G (@) |

. o\ E y(2ab + b)) (2 — b2
G(Oé) — (71'#5’7(—62)) 7( — )V(A_ A) )
Y(2 4 2ab~1 — b72) (b?)

12



The expression on the left hand side is obtained from the second term in eq. (2.4) by
our standard substitutions. Once this normalization is adopted, the associated 3-point

couplings take the form

Cp(Gs, o, anlb) = (mm (—82>> 52<b+b1><d123+35>7<j<82b)2> P (3.10)
T (iazs — b7 +20) Ty (A1 +5) Ty (o +5) T (s + )

: TOT; (20 +5) Ty (262 + ) 1; (265 + )

It is easy to check that these structure constants solve the shift equations (3.9), though
with a different a;-dependent prefactor. This concludes our presentation of imaginary

Liouville theory.

4 Bosonization of N'=1 Liouville field theory

It is well known [27] that a certain orbifold of the product of two real fermions can be
bosonized, i.e. it is equivalent to a compactified free boson with compactification radius
R = 1. We will now show that a similar bosonization exists for an orbifold of the product
of N'=1 Liouville field theory with a free fermion 7. In this case, the bosonic description
involves two Liouville fields, one with real and the other with imaginary parameter b. This
relation was first conjectured in [1] for the Neveu-Schwarz sector of the supersymmetric
Liouville field theory. We will extend the correspondence to the Ramond sector and

perform extensive tests for a number of local 3-point functions.

4.1 Product of =1 Liouville and a fermion

Before we discuss the product of N'=1 Liouville theory and a free fermion 7, let us
briefly review a few things about a product of fermions. As before, we shall denote one
of our fermions by 1, ¢ and the other by n,7. Both 1) and n are assumed to possess the
same standard operator product, i.e.

P(2)p(w) ~ » o n(z)n(w) ~

Z— W Z—Ww

While the first fermion v is assumed to be real, i.e. T = ¥* = 1), we will modify the

usual conjugation for 1 such that ' = —n. In this sense, the fermion 7 may be considered
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imaginary. Note that the usual conjugation n* = 7 differs from the conjugation | by a
simple automorphism of the fermionic theory. In fact, the map n — —n preserves the
operator product of the fermion 7. While the algebraic properties of the two fermions are
identical, we will use a different bilinear form on their state spaces, one that preserves
T rather than the usual *. As one can easily see, this form is indefinite. Our choice
will be motivated a posteriori through the relation with double Liouville theory (see
next subsection). Alternatively, one may observe that an imaginary fermion 7 emerges
naturally in the reduction from the OSP(1]2) WZW model to N'=1 Liouville field theory
(see formula (2.17) of [2]).

The theory of a single fermion possesses six conformal primaries, namely the identity,
the fermion fields, the energy density and two spin fields. The latter will be denoted by
¢ and o* for fermions ¢ and 7, respectively. In order to fix our conventions for o, let

us state the analogue of the relations (2.25)

1 T _ 1 .
+ eFia 0':':, noo.:l: - 6:I:z4

CEWG V2

Here, 19 and 7y denote the zero modes of the fermionic fields n and 7, respectively. Due

ot . (4.1)

to the conjugation rules of the fermion, i.e. nT_n = —n, and ﬁT_n = —1,, the norms of the
R fields satisfy (07 |oc~) = —(c7|o™). Hence, one of the states |0*) has negative norm.
Coming back to the product theory between the fermion ¢ and 7, we note that it

contains a closed subset of even local fields given by
7 ' T v
Ly s gm s om s ¥m s gm s i, pymi 5 1= = o(ToT £¢T0T) (4.2)
The associated conformal blocks give rise to a modular invariant partition function

Ztermion (¢, @) = X0.0) + X(2.1)1* + X(0,2) + X(%,o)‘2 +2|x ? (4.3)

11 11y
D) 16’16

where x(nn) = XpX7 are the characters of ¢ = 1/2 Virasoro representations with lowest
weight h = hy, and h' = h;. All the fields that are included in Ziermion can be bosonized
through a single bosonic field Y at compactification radius R = 1 [27]. The exponential
fields exp(ikY") possess a rather simple expression in terms of x = ¢ + in along with the
two spin fields 7+ we introduced in eq. (4.2). For k € Z and k > 0 one finds

k—1

i L oy, 560 <
:ekyzzznﬂﬁ())(@()x: . (4.4)

1=0
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When k € Z + % we need to use the spin fields r*. For k > 1 /2 one has

k12
kY H Ha(l)xa@))—(: _ (4.5)
i=1

We shall now replace the first fermion by N'=1 Liouville field theory with a Liouville
field ¢ and a fermion . The total central charge of our product theory is

1 1\?
c:c5L+§:2+3(b+g) =8+3b+3b7%. (4.6)

In our construction of fields we restrict to the even ones, just as for the free fermion model
we described above. For k =0,1/2,1,3/2,... we set

®H)(2,2) =t exp (ap(z, Z) + ikY (2,2)) : . (4.7)

The fields @ differ from those introduced in [1] by their normalization (see also comments

below). For negative & = —1/2,—1,—-3/2,... we introduce o through the simple
prescription
oM(2,2) = 057 (2,2) =1 exp ((Q — a)p(2,2) — ikY (2, %)) : . (4.8)

Up to the normalization we mentioned before, the fields ") also agree with those
defined in [1]. The conformal weight of P is given by
K1 k2

Aa+3:§a(Q—a)+?.

We note that fields with |k| < 1/2 are primary with respect to the product of the N'=1

super-conformal algebra and the free fermion 7. These primary fields are given by oY) =

o and

(_%)_ +3+ _ oy (%)_i — (—%)_ +o+ .
Dy ¥ = (o8 —07%y) Po?’ = xoXoPa ¥ = (c78f +07%]) . (4.9)
7

For all other values of k, the fields ¥ are descendent fields. Our explicit computations
below will only involve the case of k = £1,4+3/2. Using the definition (4.7) and eq. (2.14)

one can rewrite the first few fields as descendents with respect to the super-conformal
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algebra and the fermion 7, see also [1],

95Y) = Q13()| GGy + (§ £ PPy si_s + (5 + P)(n
|‘I’£vi§)> = X—l)Z—1|(I’r(Jz§)> = Qf%(a) [%L—lGoE—léo + 2(% + P)’G_1G_,
+V2Qu3(a)(§ £ P)(n1G1 —71G1) gﬁig(a)(ﬁ—li—léo — 7-1L-1Gy)

+ QL4 ()i + 2(§ £ P)(LaGoGoy + Gl 1Go) | |00)

Here we wrote equations between states rather than fields by means of the usual state-
field correspondence. The variable P is related to o through o = @)/2 + P. Finally, the
pre-factor Q(a) is given by

i+7=2|k|
Qo) = ng 11 (sign(k)(2a — Q) +ib+ jb71), (4.10)

i,j=1,
2k| —i—j€2N

where sign(k) = k/|k| denotes the sign of k when k # 0 and we set sign(0)=1. The first

two constants take the values

(MY

ng=2" mns=2"2 (4.11)

(SIS

There exists a straightforward but cumbersome algorithm that computes the numbers ny

for higher values of k. In [1], the factors € were absorbed in the normalization of the
fields 4.

4.2 Relation with double Liouville theory

We are now prepared to state the main result of this work. It relates the model
described in the previous subsection to a product of a Liouville field theory with ¢ > 25
and an imaginary Liouville theory with ¢ < 1. We shall often refer to this product as

double Liouville theory. According to [1], the b-parameters of the two factors must be

2 o\ L 2
(€ (2) -
W = 0. (b ) = = (4.12)

chosen as

So that the central charge is

2 2
W, @ o, 2N e LY 5 o
c=c; +c; —2+6<b +b(1)) 6<b 5(2)> =8+ 30" +3b° .
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Note that the sum of central charges agrees with the central charge (4.6) of the model
we discussed in the previous subsection. Moreover, as was observed in [9, 10, 11}, the
two Virasoro algebras of double Liouville theory can actually be reconstructed from the

super-conformal currents 7" and G along with the fermion 7,

1 14202 & b«
L — — L, - —— MMy L = n—r Gy
" 1—0? 2_262T:_00T ! ! _'_1_627‘:2—:007] G7
(4.13)
1 1+262 & il
L(z) = L, — S Mp—r Ty - n—T’GT"
" b2 gy £ e T T;X,n

Similar formulas apply to the anti-holomorphic sector, of course. As anticipated in the

previous subsection, we now note that the familiar relation (Lgf))T = L(_Z)n requires T to
act as )l = —n_, on the modes of the fermion 7. In other words, the Virasoro modes in
double Liouville theory possess the usual conjugation rules provided that the modes L,
and G, do and we take n to be imaginary.

Given such a close relation between their chiral algebras it seems natural to look for

relations between vertex operators. Following [1] let us introduce
V&k)('z’ Z) = Voo i 2(2, 2) V@(2)+k/28(2)(27 Z) (4.14)

where 2k is an integer, « is a complex parameter and we defined
o ) bo
1) , a® — ]
V2 —2b? V2 —2b?

The conformal dimension of the vertex operators (4.14) is easy to compute with the help

al (4.15)

of the expressions (2.2) and (3.6) for conformal weights in (imaginary) Liouville theory,

h(a<1>+kb(1>/2) + ﬁ(d(2)+k/28(2)) = (04(1) + kb(l)/2)(Q(l) —all - kb(l)/2)
Core A 1 k?
—(@® + k/20?)(Q — a® — k/20?) = Za(Q — ) + 5 .

These weights agree with the weights of the fields % we introduced in the previous

) and

section. Hence, with proper normalizations, the 2-point functions of the fields o
v agree. In addition, it is not difficult to check that the fields oL are primary with
respect to Virasoro algebras (4.13) of the Liouville field theory and its imaginary cousin.

Given these observations it is certainly tempting to contemplate that the relation
W (2, 2) = NW v (2, 2) (4.16)
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might hold in arbitrary correlation functions. Through comparison of 3-point functions we
shall provide very strong support in favor of this proposal. These computations determine

the normalization N to take the form

NE = (—1)k N (4.17)

«

when k € N, i.e. in the NS sector of the theory, and

NI

NF = 2

. N, (4.18)
in R sector, i.e. when k takes the values £k € N + % The common factor N is given by

[7pny (6)?)] (a2 /(1) [wMV (-(3(2))2)} R

n 2 [mn (4] booe (1527

NFE) = (4.19)
The factors n; were introduced in eq. (4.11), at least for some special values of k. In
order to check that the fields ® and V& can be identified in all correlation functions,

we must verify that their 3-point functions agree,
w(ki)r(b) (g BUDBU) = NP NN (V) Vi vy (4.20)

at least up to some constant x(b) that can be absorbed through an appropriate normal-
ization of the vacuum state, see eq. (4.22) for a concrete formula. The factors w will
be shown to satisfy @* = 1. Given the complexity of the fields ®*), checking eq. (4.20)
is a rather non-trivial task. We are not prepared to establish the relation (4.20) for all
possible 3-point functions, but we have performed a number of highly non-trivial tests.

These are described in the next subsection.

4.3 Comparison of 3-point functions

Our goal is to check relation (4.16) in a few selected examples, involving both NS
and R sector fields and also super-descendent fields. Most computations are somewhat

lengthy but in principle straight forward to carry out.

4.3.1 NS sector

In our first example, we take all three fields of the N'=1 Liouville theory to be super-

primaries in the NS sector. These are multiplied with the identity field of the free fermion

18



theory, i.e. we consider a 3-point correlator with ol = o) = 0. Since we have checked
already that the conformal dimensions on both sides of the correspondence (4.16) match,
we shall put the fields at the points z3 = 0o, 20 = 1 and 2; = 0 so that we can omit all

dependence on world-sheet coordinates. The 3-point function of oY is given by

<(I>g_[0)q)(0)(1)(0)> = CNs(Oég, g, O41|b)

3 a2 aq

with Cyg as given in equation (2.23). We will use the notation &; = @ — «; for reflected
momentum of the fields located at infinity. The other side of the correspondence (4.16)

is given by

(VO vO vy — ol af?, oV M) Crad, 6, 4P b).

The arguments a§”) and b*) that appear in the arguments of the structure constants were
introduced in eqgs. (4.15) and (4.12). Explicit expressions for the structure constants can

be found in egs. (2.12) and (3.10). Using the identities

Tb(l) (Oz(l))

— = B(a)T;%(a), (4.21)
Ty (@ +5)
where ey
1o, Pa@-a) (1 —B2\ 1
Bla) = 35 b =% ( ) |
Tg@;rg 2

stated in (A.9) of [1], one can check that
Cr(as”, ol aiVpD) (6P, a5, 617 @) = Ay COns(ag, as, an|b)

with

o

—a ba

- 2o ()) (e (55)) ()2
1= 0 o .

()7 (Z)) 7 (2

Comparison of this a-dependent factor with the product of the three normalizations /\/'O(é?)

we introduced in the previous subsection gives

NONONO A, = k(D) .
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The function x(b) depends on the parameter b, but it is independent of the labels «;.
Explicitly, it is given by

2 [mpry ((0)° —20? b’ +1
k(b) = [ (8 g} Y AR : (4.22)
; 1—-b 2
[ ()]
In conclusion, we have established eq. (4.20) for k; = 0 with @(0,0,0) = 1.

Let us now proceed to the next and slightly more complicated example of the relation

A‘O

(4.16) in which at least one of the vertex operators involves super-descendents in the N'=1

Liouville field. More specifically, let us insert one of the operators Y

along with two
of the operators o, Looking back at the explicit formulas we spelled out at the end of
section 4.1, we observe that only the second term from these expressions can contribute

since (n) = (17) = (n7) = 0. Hence we obtain
<(I)((3?3) (I)((llz) (I)((3?1)> = QI2(O‘2><¢5£3G—%G—%¢0@¢&1> = a2_2 éNS(a37 Q, a1|b)

where the evaluation of the correlator in the N'=1 Liouville theory uses the structure

constants (2.23). On the other side of our correspondence (4.16) one finds
) 1 R
0 y o 1 2 ~(2
(Vad Vi VD) = Culad?, o+ =, ol b) Ce(af?, as” + o, 6l 6)

If we insert the explicit formulas (2.12) and (3.10) for the structure constants C, and C
along with the shift properties (2.6) and the identity

bba bba Tb(l) (Oé(l) + %)
(5 (52) % Yier (4 + gy + 1)
where B(«) is the function defined after eq. (4.21), we can check that
CINCINCAIN I 0 @, L o)e -
Crlag’, oy’ + 5 ) Cr(as™, by + oK. 0') = Ay Cys(as, as, a;[b)

equation where A, are given by

A2:_<7T,LLL7<1 22)) E (ﬁMvgzﬁ 1))1 5
) A T ()7 o

As in the previous subsection, it is not difficult to see that the functions A, may be

| =2

factorized into a product of three a-dependent factors N, i.e.
0 .
NéS)Néi)Né?)Ag =ir(b) ag? .
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The constant x(b) was introduced in eq. (4.22) above. Combining these results we conclude
that eq. (4.20) also holds for k; = k3 = 0 and ky = 1 with the same constant «(b) as in
the previous computation and w(0, 1,0) = 1.

As a final check for fields from the NS sector we want to consider a correlation function
in which two fields have k =1,

(g 2L ©L)) = 0 ()2 (a)

2

X ((% + P2+ Py)* (¢, 1171100y N-171_10ay) + (Pay G_1G_100, G_1G_1¢0,)

T+ (§+ PG+ P2) (003G 300s 3G _100) + (6371G_16271G_101)) )

It can be reduced to the basic structure constants with the help of the super-conformal
Ward identities [26]

a
+
NI

(s Grpa(z D)) = 3 (57 ) (=" (Grorpa pal=2) 1)

3
=}

—€ <()03 902(272) Gk—m¢1>)> k> -1,

(P3G ppa(z,2) p1) =

hE

( ’f—%m”” ) 2" (Grmps p2(2, Z) 1)

3
]
o

[NIES

- hem+ _
— ()Y (FEm ) s 0n(2,2) Gyer), K>

m=0
I(k—3)
_ _ _1_. _
(Gorps @2(2,2) 1) = el pa(2,2) Grpr) + 3 (K1) #7373 Gy a00(2,2) 1),

m=-—1
where € denotes the parity of the field ¢, and I(n) = n for n + 1 > 0 while [(n) = oo for
n+ 1 < 0. The result reads

(@) @) o)) = Q7% (1) (a2) (% + P)X(E + Po)* + (A — Ay — Ay)?
+2(2 + P)(§ + P) (A3 — Ay — A1) Cns (s, a2, 01 |D)

Q 2(Q 2
QL P 4P —P)2 (24P +P+P
_ (% 1 g 3)% (5 1 p 3) Cys(as, as, aq|b).

402 a3
On the other side we find
0) w@ 1
(Ve VG V)
1 p 1 1 .
_ o o, 0w ) L) ~(2) - (2) @

21



As before, comparing structure constants and using eqgs. (4.21) and (4.23) we can check
that

1
CL(ai(il)a O‘él)_‘_g’ a(l) |b(1 ) ( 2(32)a d§2)+281(2)’ d§2)+281(2) |6(2)) - ASCNS(O‘?n Qg, Oz1|b),
where
Q- a123 2b ba1232+2
()T (o (52) T (2)5()
1))
((3) +(57)

11

2 2z
<t (25) T ) @+ ar - a0 -+ aa g - QP

Thus we have

G+P+P-P)? (4 + P+ P+ Py)?
ool '

NONOND A5 = k(b)

Once more we have established an instance of eq. (4.20), this time for k3 = 0 and ky =
ks = 1. The constant factor x(b) is given by the same expression as in the previous two
cases and @w(0,1,1) = 1.

4.3.2 R sector

So far we have only looked at operators ¥ with k € Z that involve fields from the NS
sector of the N'=1 Liouville field theory. The correspondence (4.16) we have formulated
also involves fields from the R sector. These appear for values k € Z + % Actually,
correlators of fields in the R sector have been one of the crucial motivations for this work,
see next section. Therefore, we would like to perform a few tests involving o with
kelZ+1.

The simplest possible 3-point function involving R sector fields is the correlation func-
tion

(@0 82 BL) = (60, 055,07 5,) + (60, 03 Tay0r 0 (4.24)
involving two fields from the R sector along with one from the NS sector. The primary
fields X% of the A'=1 Liouville field theory are accompanied by the spin fields o* of the
free fermion. We added a subscript to these fields in order to keep track of the insertion

points. The fields o5 and ¢ are inserted at z = 1 and z = 0, respectively. The field

inserted at z = oo involves the identity field of the free fermion model. Hence, for the
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3-point function we consider, we only need to insert 2-point functions of the free fermion

model. In passing from the left hand side of eq. (4.24) we have inserted the definition
1

of <I>£yi2) and we used that (¢F07) = 0. Assuming that ¢* have been normalized, the

remaining 2-point functions are (o5 (1)o7 (0)) = 1 so that we obtain

() 2 B57) = (day TELIL) + (s TaTa) = 20 (asiaz,anlp). (4.25)

Q2 aq

The relevant correlation functions in A'=1 Liouville field theories were spelled out after
eq. (2.28). With their help we find

Cg_)(ag; A9, Oé1|b) = (CE(OQ,, Q9] Oél|b) + C}E(Oég; g, Oé1|b))

N —

Q-aj23

L (2)) T 20 T 20 13520
2 27\ T3t (a2 — Q) T3 (@12) T35 () T3 (curs)

Similarly, we can compute

1 _1
(@F) o’ o*') = 20 (a5 @, e ) (4.26)
where
_ 1 _
O (assan,nb) = 5 (Ci s an, e [b) = O ag; az, cu D)

Q—aja:
L (QDY ) T TOYR(200) Y (200) TYS(205)
TNS(

5 2 i 2 X123 — Q)T?S(alg)’r?(agg)ﬁf?(alg)

On the other hand we can compute the 3-point functions of the corresponding fields in
double Liouville theory. Using the explicit formulae (2.12) and the relations (4.21), (4.23)

one may check that

pM pM 1 1 .
V) Vst Vi) = Cufal ol =7 ol = ) CelafY, o £ ol - )

= ATC}(%:F)(O(;),; g, Oé1|b)

where

Q—aja3+b/2+b/2 b3 —1/241/2)

2(ma(#) T (e(3) T (@)

4 —o 1
() 7 (B£)) T b0 (12,)5
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As in all our previous computations, it is straight forward to show that the functions
AT may be factorized into a product of three a-dependent factors N, up to the familiar

a-independent term (4.22) | i.e
+1 _1
NONGDINS P A% = 2k(0) .

Combining these results we conclude once more that eq. (4.20) holds, with the familiar
k(b) and a factor w(0,+1/2,—1/2) = 1.

Next let us consider two correlation functions containing the field @&%). In this case
in order to express the correlators in terms of the structure constants (4.25), (4.26) one
should use the Ward identities [44, 28]

oo

(Gaff a2 2) 98) = e (R a(2,2) Gug®y + S0 (1113) 2" (95 Gua(2,2) 1),
b=}

S () 7 (A G2 6 = 30 () 27 Gyl a2 )

p=0 p=0

3" (57) e el 2) G
p=0

where ¢l denotes a R field and ¢ is the parity of the NS field. Similar Ward identities
apply to the fermion 7. With the help of these identities one can see that the simplest

correlator with ®(3) has only a few non-vanishing terms

1 3 z g
@i ol o) = 0p(e) (@0l (2PPLLGL G+ 5@+ 2RPG0
2

1
2

N

1O + 2P ) (LGl + G_li_léo)) o2y,
so that

3
D)) =

2

(@5

(B0 = 80— 80) = @+ 2R)(Pr + P)/2)" (@ Vo0l ?)

i(Q+ 2P + 2P, +2P3)*(Q + 2P, — 2P, £ 2P3)* o
= C% (ag; a3, aub)
A(2P, + 20+ b-1)2(2P, + b + 2b-1)2
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The second correlator is more complicated,
+1 3 _ _
(@ 9 2L) = 23%(01) (o)
1
(o (6 ;

X (2_1(Q + 2P1)2G_1G_1 + 2_%Q%(Q1)(Q + 2P1)(7]_1G_1 — ’f_]_lG_l)

G+ (2 +P) 11+ (§+P)(n_.G_

1
2

N

1 1
2 2

—04Gy )l

=

+2P1_2L_1G0E_1GO + 92% (041)7]_17_]_1 + ﬂQ%(Ql)Pl_l(ﬂ_lfz_léo — ’f_]_lL_lG(])
FPTUQ + 2P (L1 GoGy + 5_1E_1C:0))c1>§2’> .
Using the Ward identities we arrive at
1 3
(@57 o) @) = 032 ()2 (a) (b+ 267 +2R) (26 + b7 +2P) (P + §)
2 1 1
+2(P+ %) (A3 — 20— M) = (AT P)2P+Q) (P + %) ) (q)((faﬂ o) q)((x21)>

(2P, + 2P, £ 2P; +3b+b"1)2(2P, + 2P, £ 2P5 + b+ 3b™1)2 C™®) (ay; as, aq|b)
8(2P, + 2P, F 2P+ Q) 2(2P, + b+ b7 1)2(2P, + 20+ b= 1)2(2P, + b+ 2b71)?

Within double Liouville theory we find

(41 ) 31

= 3
<Vd32) A4 Vi) = CL(ozél)i—T,agl), a§1)+T|b(1))
A 0. 3
Colaf) o aff a4 ) = 4200 (aaia )

4p2) 452

= 3 b p 3pM
VST VO VE) = CrlafE ol + e+ 2

=

)

N I TN IR YC N RS Vo
Cr(ay i—4g(2),a2 —I——%@),al +4Z;(2)|b ) = A5 Cr7 (ag; a3, 01 |b)
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Q—a—3b/2Fb/2 b(a+3/2+1/2)

o () T (en() 7 A()(%)
Q—a
(%) 2(B2) b (2
(Q+ 2Py 4 2P, £ 2P5)*(Q 4 2P, — 2P, + 2P3)?
8 (2P, +2b+ b=1)2(2P, + b+ 2071)2

Q—a—5b/2Fb/2 b(at5/2+1/2)

e - ()T (o (o2) " 5 o)
‘.

() 7(B22) 77 b1 (125) 52

(2P 4+ 2P, F 2P + Q)?(2P, + 2P, £ 2P + 3b+ b 1)* (2P + 2P, £ 2P + b+ 3b71)?
32(2P + b+ b 1)2(2P; + 20+ b-1)2(2P; + b+ 2b-1)2

Comparing with the correlators from the first part of the computation in A'=1 Liouville

theory we obtain,

(Q + 2P, + 2P, + 2P5)*(Q + 2P, — 2P, + 2P;)?
8 (2P, + 20+ b=1)2(2P; + b+ 2b~1)? ’

1 3
Nay P NSONGE AF = 26(0)

1 3
Ny NN A = an(n)

(2P + 2P, F 2P + Q)?(2P, + 2P, £ 2P + 3b+ b 1)* (2P, + 2P, £ 2P3 + b+ 3b71)?
32(2Py+ b+ b 1)2(2P, + 2b+ b-1)2(2P; + b+ 2b-1)2

so that we verified two additional cases of eq. (4.20) with w(£1/2,0,3/2) = —i and
w(£1/2,1,3/2) = 1. This concludes the tests of our main correspondence (4.16).

5 Outlook and Conclusions

The main result of this work is our formula (4.16) that relates fields in the product
of N'=1 Liouville field theory with a free fermion to primaries in double Liouville field
theory. We have tested this proposal through a number of non-trivial calculations. The
correspondence (4.16) extends related observations in [1] to the R sector. In addition,
we have been able to normalize the fields in both R and NS sector such that the 3-point
functions agree up to a simple b-dependent factor ~ k. Since this factor does not depend
on the fields we insert, it can be absorbed through a normalization of the vacuum state.

Our results may be extended in a number of different directions. It clearly seems

worthwhile to study the correspondence (4.16) for correlation functions e.g. on discs with
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non-trivial boundary conditions or higher genus surfaces. N'=1 Liouville field theory
possesses one continuous family of boundary conditions which preserve the A'=1 super-
conformal algebra. Though boundary conditions in imaginary Liouville theory have not
received as much attention as the bulk model, see however [39], it seems likely that
double Liouville theory admits conformal boundary conditions that are parametrized by
two continuous labels. A subset of these boundary conditions should preserve the larger
N=1 super-conformal symmetry along with simple gluing conditions for the fermion 7.

In an interesting recent paper [45] Gaiotto engineers a conformal interface between
the minimal models MM, and MM,,_;. Gaiotto’s construction makes essential use of the
relation (1.1) between the product theory and supersymmetric minimal models. It seems
likely that a similar interface between Liouville theory and its imaginary version also
exists. Constructing this interface explicitly might be of some interest as it could provide
more insight into the relation between standard Liouville field theory and its imaginary
cousin.

The main motivation for this work, however, came from the results of [2] which relate
correlators of the OSP(1|2) WZW model at level k to those of N'=1 Liuoville theory
with b= = 2k — 3. In order to compute N-point functions of primaries V(u|z) in the
WZW model, one needs to calculate higher correlators in a product of N'=1 Liouville field
theory with a free fermion. The latter involve N fields from the physical spectrum of the
supersymmetric Liouville theory along with N-2 degenerate ones whose insertion points
y; = y;(1,) depend on the complex parameters p,,. It turns out that all these fields must

be takes from the R sector of the model. More precisely, one finds

N N N-2

TLVi el ~ 6 m) I 5 (

v=1 v=1 7=1

V() — i () [T 0% ) . (61)
2b
up to some simple factors. In the present article we have argued that the correlation
functions on the right hand side can be calculated in double Liouville theory. We believe
that such a relation between the OSP(1]2) WZW model and double Liouville theory could
become a crucial ingredient in finding a supersymmetric analogue of the celebrated FZZ-
duality between the SL(2)/U(1) black hole sigma model and sine-Liouville field theory,
much along the lines of [46]. In this context it is crucial to observe that, according to eq.

(4.16), the degenerate fields we have to insert at points y; on the right hand side of the
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correspondence (5.1) are trivial in imaginary Liouville theory, i.e.
o) () ~ V.
Ciy)~Voi(y) .
2b
Hence, the imaginary Liouville theory is merely a spectator throughout most of the com-
putations performed in [46]. Consequently, we can express correlation functions in the
OSP(1]2) WZW model through a product of sine-Liouville and imaginary Liouville the-
ory. It then remains to rewrite the latter in terms of a more conventional theory. We

shall return to these issues in a forthcoming paper.
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