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1. Introduction

We consider Feynman integralsirdimensional Minkowski space with one time- afial— 1)
Euclidean space dimensiorss= D — 4 ande € R with |¢| <« 1, and with at most one mass. Here
the discrete Mellin parameter comes from local operator insertions. As worked out in detai
in [19, 25] these integrals can be transformed to integriatlseoform

aj)(g,n)
f( E n, M / dxg .. /deZI 1ﬂ| :I.([)I(::l(xbxm)i;(( ))] ’ (1.1)

with ke N, rq,...,r« € N and wheregB(¢) is given by a rational function iag, i.e., B(€) € Q(¢),
and similarlya; | (€,n) = njn+a; for somen;; € {0,1} anda;; € Q(¢), see also [26] in the case
no local operator insertions are presedfs,n,M) is a factor, which depends on the dimensional
parameteg, the integer parameterand the masM. B (xq,...,Xm), Q(X1,...,Xn) are polynomials
in the x. Integrals of the type[ (1.1) emerge in the calculation ofalapzed and polarized mas-
sive operator matrix elements (OMES) [2, 6, 10-14, 22, 24] ianother single scale higher loop
calculations. In [14,22] 3-loop moments of the corresppngdDMESs have been calculated.

In addition, such integralg (3.1) can be transformed to @rdyypergeometric multi-sums of
the fornt

e ol bivaen) M (te) .- T (b
Len=3 .5 Y . kgl Z «(€,n,M) Fty ) Tl 1.2)

n=1 n=1 k1:l

Here the upper bounds;(n),...,Ly(n,ks,...,k._1) are integer linear (i.e., linear combinations of
the variables over the integers) in the dependent parasneter, andt,  are linear combinations
of theny,...,n;, of theky,..., ky, and ofe overQ.

Finally, if the sums [(Z]2) are uniformly convergent, one lé imost common tactics is as
follows. First one expands the summand][of](1.2), say

F(n,n,...,0,va, ..., Vk) = R(n,ng,... i) + R(nng, ..., vi)et+ ... (1.3)
with t € Z by using formulas such as

_ T(nri+e) < (—¢€) 12 k
F(n+1+e)_mand8(n 1+¢e)= —exp Z _ﬁk;)(—s) S an)
k
(1.4)
with € = re for somer € Q. HereB(x,y) = F(X)I'(y)/I'(x+Y) denotes the Beta-function and
S ..a(n) is a special instance of the harmonic sums [15, 40] defined by

D signimy)t "t sign(my)ic

=1 i =1y
with mq,...,mg being nonzero integers. Then one applies the summatiors sigeach of the
coefficients in [[1]3). I.e., thi¢h coefficient of thee-expansion of[(1]2) yields

L Ll (nkl “““ kvl |
z Z Z > ZF nNg,....NkVa, ..., V).
=1k= =]

1For convenience, we assume that the summand is written terthe Gamma functiofi (x). Later, also Pochham-
mer symbols or binomial coefficients are used which can @¢essary) be rewritten in terms of Gamma-functions.
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Then the essential problem is the simplification of thesesstmspecial functions, like, e.g., har-
monic sumsS-sums [30]

n Xill ik— XL
S’nl,m,r’r]((xlw"axkan) — z IWJ_ z ? (16)
i1=1"1 k=1

cyclotomic harmonic sums [4], or more generally to indefimiested sums and products [38]. For
various special cases, this simplification can be carri¢avith efficient methods available, e.g., in
For m see in [30, 40].
More general sums can be handled with the Mathematica padkegl uat eMul ti Sum[3, 23]
based on the summation packegjegma [36]. With the underlying difference field algorithms [7,
29, 34, 35, 37, 38] generalizing the hypergeometric sunonaiaradigms [32] to multi-summation
we are currently simplifying sums up to nesting depth 7. Tdragact representation of the output,
i.e., the elimination of all algebraic relations among thisiag indefinite nested sums and products
can be guaranteed by difference field theory [39]. For haimsumms, cyclotomic sums-sums
and cyclotomicS-sums and their infinite versions (quasi-)shuffle algebrasitlized; see e.g., [4,
5,17, 20, 21] and references therein. In this regard, thé&faatica packagear noni cSuns is
heavily used [1]. This general machinery has been appliegtetrivial massive 3-loop diagrams
arising, e.g., in [2,6,12, 24].
Another possibility is the method of hyperlogarithms [28iah can be used to evaluate integrals
of the form [1.]1) for specific values € N if one can set = 0. An adaption of this method for
symbolicn has been described and applied to massive 3-loop laddengyiaf].
In this article we follow another promising approach for #tlen expansion

1. Calculate a recurrence irfor the multi-integral [(1]1) or multi-sunj (3.2)
2. Given this recurrence and initial values (using, e.@Rbhal uat eMul t i Sumpackage),

calculate thee-expansion by a recurrence solver for Laurent expansions.

In [25] we followed this approach by calculating recurremoémulti-sums using techniques of [42]
and efficient algorithms developed in [41]. Subsequently,present two new techniques to com-
pute such recurrences. In the first approach we apply an eatiaend optimized version [1]
of the multivariate Almkvist—Zeilberger algorithm [9] talculate recurrences for Feynman in-
tegrals in the form[(1]1). In the second approach we use a conframework [33] within the
summation package Sigma that combines difference fielE%nd holonomic summation tech-
niques [28,43] to compute recurrences for Feynman integnahe form [1R). Two new packages,
Mul ti | nt egrat e by J. Ablinger andRhoSumby M. Round facilitate these tasks completely
automatically for the integral or sum representation, eetipely.

The outline of the article is as follows. In Sectifjn 2 we preégbe general idea of how the
Laurent series representation can be calculated from We@ gecurrence representation. With this
knowledge, we illustrate our integration and summationhoas in Sectionf] 3 ardl 4, respectively.

2. Finding Laurent series solutions of linear recurrences

One of the key ingredients of the summation and integratmistunder consideration is a
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recurrence solver far-expansions. To illustrate the ideas of the solver, we damnghe single sum

2 B(5+k,n) 2 F(nr(§+k) 2
y(&n)_k; (If+n)2 _kZl(kJrn)Zr( +k+n)

= Fo(n) +Fi(nN)e+F(n)g?+... (2.1)

which is related, e.g., to sums arising in [12]. In order tawdethe coefficientss(n), we compute
in a first step a recurrence relation using the summationgge®i gma. Internally, it activates a
difference field version of Zeilberger’s creative telesogmaradigm [32]. In our example it turns
out that.”(&,n) satisfies for all integen > 1, as an analytic function ia throughout an annular
region centered by 0, the recurrence

ao(e,n).7(g,n)+ai(g,n).(g,n+1)+a(e,n).(g,n+2)

_ —4(2n+3) (e+4n°+12n+8)T (§+1)F(n+1) 2.2)
B (n+1)(n+2)2(e+2n+2)r (§+n+1) '

with ag(g,n) = —4n(n+1), a;(e,n) =4(n+1)(e —2n— 3), anday(&,n) = (¢ — 2n— 4)2. Next,
we compute thes-expansionhg(n) + hy(n)e 4 hy(n)e? + ... of the right hand side of[(3.2) by
formulas such a§(3.4); here we ggtn) = 2507, hl( ) = (A 3sn) 2(2”+3>2> ), ha(n) =

(+1)(n+2) " (n+1)2(n+2)?
2n+3)?Si(n) | (2n+3)Si(n) (2n+3 ) (2n+3 ;
(((n_’:l) (n+(2)2+ (:+1))(n£2) + (nn+1)gn+(2) + (nH’; (n2|-2) ). As a consequence, for the Laurent series

expansion?’(g,n) = Fp(n) + F1(n)e + ... the following relation holds:

a0(€,n) [Fo(n) FFR(n)e+...]+ale,n) [Fo(n+l) YR+ 1)et...] 05
+ap(g,n) [Fo(n+ 2) +Fi(n+2)e+...] = ho(n) +hy(n)e +hy(n)e? + ... .

Next, we expand the first two initial valuesf . (g,n), n=1,2:

L) =2—l+ (3 -l)e+(-L2+ L 1162+

S(£,2) = ———+(%—§—%)s+(23—1§2—31—zg—2—2)52+
by using the packageval uat eMul t i Sum[23] in Mathematica; alternatively, one could use the
packageSunmmer [40] in Form. Then given the recurrende {2.3) and the firgtahivalues [24)
(to be more precise the polynomiage, n), the first coefficientd (n), and the first values of their
expansions), we are ready to calculate the first three cigefficof the alh series expansior (2.1).
Namely, by setting = 0 in [.3), it follows that the constant tera(n) satisfies the recurrence

(2.4)

ap(0,n)Fy(n) + a1 (0,n)Fo(n+ 1) +ax(0,n)Fo(n+2) = hp(n). (2.5)

Note that together withy(1) = 2— (> andFy(2) = Q — 3 the sequencEy(n) is completely deter-
mined. At this point we exploit algorithms from [7, 8, 31, 3Bhich can constructively decide if a
solution with certain initial values is expressible in teraf indefinite nested products and sums.
More precisely, withSi grma one obtains
2(—1)"S »(n 1N
Fo(n) = (DS | (=D 2.6)

n n

2Here(; stands for the Riemann Zeta functitr) = 35 ; &.
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Now, plugging in the partial solution

S(g,n) = 2(—1):1&2@ + (—12”52 +Fi(n)e+Fo(n)e?+ ...

into (2.3) and movindr(n) to the right hand side yields

ao(e,n) [Fu(n)e + Fa(n)e? +...] +au(e,n) [Fu(n+ 1e+ Fo(n+ 1)e? + ... |
+ap(e,n) [Fi(n+2)e +Fo(n+2)e? +...] = hy(n)e + hi(n)e? +... (2.7)

with hy(n) = 420350 : 24115 o

(n+1)(n+2) n+1)2(n+2)
M, (n) = “(eoni8)@nid) | niaPSin) | (@ni9S0? | (23S | (~1(2S on)+E)
1 (n+1)3(n+2)3 (+1)2(n+2)2  (n+1)(n+2) (n+1)(n+2) n+2 :

Observe that the coefficients and the inhomogeneous sithe oéturrence (3.7) have all the factor
€. Hence dividing the recurrence throughwe obtain again a recurrence of the fofm}(2.3) where
the explicitly givenh; are changed t& andF; is the new constant term. In other words, we can
repeat this construction process farn). Namely, by coefficient comparisdfy (n) is uniquely
determined by

ao(0,n)Fy(n) +a1(0,n)Fy(n+ 1) + ax(0,n)Fy(n+2) = hy(n)

and the initial values given irf (2.4). Solving the recureendth these initial values leads for all
n > 1 to the sum representation
5&3([1) 3S., 1(n)
Fi(n) = (-1)" - ’
() = (-1)"(Z5 -
Similarly, one can loop further and calculates, e.qg., treffagentsFo(n), ..., Fs(n) (in terms of{y,
(3, (5, {7 and harmonic sums up to weight 8) in about 30 minutes.

)+(—1)”5251(n) 2(=1)"S1 (S 2(n)
n

+ . . (2.8)

More generally, let”(g,n) be a function

e which is for each integen with n > A analytic ine throughout an annular region centered
by 0; let.7(g,n) = 37° Fi(n)¢' be its Laurent series expansion for someZ;

e which satisfies (as-expansion) the recurrence
a0(£7n)y(€7 n) + - +ad(£,n)y(£,n+d) = ht(n)gt 4 ht+1(n)£t+1_. _

for polynomialsa; (g, n) € K|e,t] with ag(0, n) # 0 for alln> A and for functionsy (n) where
the first coefficientsy (n), h1(n) ..., hy(n) with n > A are expressible in terms of indefinite
nested sums and products.

Then there is the following algorithm [25, Cor. 1] implemedin Si gna:

Input: the polynomialsa(€,n) and the product-sum expressidmgn) (t <i < u) as above; the
valuescj (t <i<u,A <j<A+d)suchthat?(e,j) :Ctjst+Ct+1,j£t+1+---+cu,js“+...
Output: the maximalk € {—oo,t,t+1,...,u} such that the coefficientg(n),R.1(n)...,FK(n) of
the e-expansion of¥(€,n) can be expressed in terms of indefinite nested sums and psodtic
r #+ —oo, these representations of the coefficients are computditidyp

For rigorous proofs, further details concerning efficienggneralizations, and the function call
within the package Sigma we refer to [25].
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3. Calculating e-expansions for multi-integrals

We aim at computing a recurrence relation for multi-intégy the form [L]1) and finding a
Laurent-series solution that agrees with the input infed¢itare we exploit an enhanced version [1]
of the multivariate Almkvist—Zeilberger algorithm [9] wdti contains as input class these integrals.
More generally, it can handle integrands being hyperexpibaiein the integration variables;
(i.e., the logarithmic derivative of the integrand w.xtis a rational function in the; andn) and
hypergeometric in the discrete paramatefi.e., the shift quotient w.r.th of the integrand is a
rational function in the andn).

In order to illustrate the basic ideas, consider the doutikgial

F(&,n) / / 11—11 X)" d 1dx2:?Fo(n)+Fl(n)g+|:2(n)gz+_“ (3.1)
1

F(n X1,X2):=

First, one applies the multivariate Almkvist—Zeilbergégaaithm. To be more precise, givehe N
one looks for polynomialg; (n) and rational function& (n, x1,x2) such that

eo(n)F(na)(laXZ) + ez(n)F (n+ l,X]_,XZ) + -t ed(n)F(n+ d,X]_,XZ)
= Dya(R1F (N, X1,%2)) + Dyx2(RoF (N, X1, %2));

hereD,, stands for the differentiation w.rx;. Internally, a clever ansatz is performed with undeter-
mined coefficients which amounts to solving a linear systémgoations. To hunt for a solution,
one starts witld = 0 and increases the recurrence ordistep by step until a solution is found. In
our particular case, fat = 1, one gets

X2(X1 - Xo + 1) n+l
(:|.—|—X;|_)£

—(n + l)F (n,X]_,Xz) + (n+ 2)F (n+ 1, X1,X2) = DX10+ DX2 (32)
Applying now the two integral signs on both sides|[of[3.2)ple#o the following recurrence

1 1
—(n+1)f(.s,n)+(n+2)f(s,n+1):/0 (x1+1)”+1*£dx1—/0 0dx. 3.3)

11(g,n)

Note that the right hand side df (B.2) consists again of aeginal. However, the nested depth is
decreased from two to one. By recursion, we treat now thipleinintegral again by the method
under consideration. In this case, we find

n2_ —2"2(log(2)(n+2)—1)—1 2"1(log(2)?(n+2)%—2log(2) (n+2)+2) -1
l1(g,n) = 2n++21+( (n+2)2 )£+( ( (n+2)3 ) )£2+"'

Finally, plugging this result into[(3.3) gives a recurrerbat fits into the input class of the re-
currence solver presented in Sect[bn 2. Together with tpareed initial values (which can be
calculated easily)

F(€,0) =2+ (£ —2log(2)) e + (%-’"092(2)— 3'079(2)> g2+ ...
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we are in the position to calculate the first three coeffisi&t{in) of the expansion[(3.1).

In order to calculate this integral within Mathematica, exa packages have to be load in:
the Si gma package to use the recurrence solver from Segfion 2, anBvtaeuat eMul t i Sum
package to deal with expansions. Finally, we load in the agelul ti | nt egr at e which
contains an efficient implementation of the multivariatenktjuist—Zeilberger algorithm with the
help of homomorphic image testing; see [1]. In additionpitndines all the steps described above
(together with variations of the presented method) to perfihe e-expansion.

1= << Sigma.m
Sigma - A summation package by Carsten Schne@dRrISC

InRl= << EvaluateM ultiSums.m
EvaluateMultiSums by Carsten Schneidef-RISC

3= << Multilntegrate.m
Multiintegrate by Jakob Ablinger & RISC

Now we are ready to calculate the expansion of the integ@l@br he coefficients are returned in

list form, i.e.,{Fo(n),F1(n),F(n)}:
(143 x)"

(14x)¢
)<1 2In2< 1+ ) z (1+1i1)2+212: (142:111)2>7
}

1 n ig
outia= { (2 = T +1)
(n+1) ij—=1 +11 z +11 i 71 11 1
+ 1)
1+11)

(n+
(nil) <In22 <11: 1“ ) 72In2< 2:1 (1+1,)2 ) o (1+11) +2 z

i ij=1 ij=1

In[4]:= soI=mAZExpandedIntegraIe[ ,n,{g,0, 2}, {{x1, 0, 1}, {x2, O, 1}}]

n

M=

Note that the involved sums can be rewritten in term&stims, see@.G), using the command
Tr ansf or mroSSuns from the packagélar moni cSuns:

Ini5l:= << HarmonicSums.m
HarmonicSums by Jakob Ablinger® RISC

ins}:= TransformToSSums[sol |
S1(2,n)  Si(n) = 2071 —S1(2,n) 27! ) S2(2,n)  Sp(nm) | (271 -1)
n+1 n+1 (n4+1)3 "’

1
n+1 n+1  (nt+1)2 (n+1)2’|n < n+1 (n+1)2
In22 <s1(2,n) on ; )an(i S2(2,n) ontl ) S3(2,n) S3(n) = 2°*! 1

2(n+1)  (n+1)2 nt+1  (n+1)3

outel= {

n+1 n+1 (n+1)% (n+1)4}

The proposed method extends to integrals with higher rgestipth. We conclude this approach

by the calculation the coefficien(n),F1(n),F(n) of the e-expansion of the following triple
integral:

/ // X1 (X +xox3)" L = dxdxedxs = Fo(n) + Fi(n)e + Fa(n)e? + ...
1+X3

Integrals of this type emerge as partial integrals, e.g.3flmop ladder topologies.
In7]:= mAZExpandedIntegrate[% n,{€,0,2},
{{x1,0,1},{x2,0,1},{x3,0,1}}]//TransformToSSums//ReduceToBasis
. s 27 (30+4) 51(n) 51(2:0) 2 (3n46n+2) | 4n2i0n14 25,(n)
Out[7)= {(n+1)2(n+2)2 mr1)’(mt2)? (n+1)(n+2) T @ e T Tmrr@ree (n+1)+(ni2)3 T @& D@ee

S,(n) (—1)"S_, (n) 25, (2.0) +1(3n+4) S:(2.n) (—1) S,(2.0)
EeT T e n2(- - )+t e

AT~ D~ e T G

2°(3n+4) 5:(2.0) (~1 : 2 a5 27 (miteni2) s
((n+1)2(n+2)2 + 2(n+1)(n+2) + 2(n+1)(n+2)2 2(n+1)(n+2)2)|n2 + ((n+1)2(ni2)3 (0+1)3(n+2)®  (n+1)(n+2)? +

n(_ S.i(n)
+ (0" (mrtjerer T wrEr 3)+ @r)@t2?  @rl)mt2)

2.n S5(2,n n)? (3n+4)(3n%+9n+7
Wt~ a2 N2 gz <n+1(>4<n+2>4)
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2n (7n3+30n2+44n+22) 2(2n+3)S:(n) |, Sa(n)—S»(2n) S3(n) 2(2n+3)8; (2,n) S3(2.n)
)i m2)" T2 2 Dmer T @)@ T (mr 2 mt2? T ati)(nt2)
S11(1,2,n) n S_1(n) 28_5(n) S_11(n) S2(—2,n) S11(—1,2n)
t et TV (@mteer T moarr T et~ e~ mnea) )

Here the commanBeduceToBasi s ensures that no algebraic relations exist among the arising
Ssums; see also [1,4,5,17, 20].

4. Calculating e-expansions for multi-sums

In our second strategy we rely on a common summation framel88i of the difference field
and holonomic approach [9, 28]. The input class of the pregasethod covers multi-sums of the
form (I:2). More generally, the summand itself can be anesgion in terms of indefinite nested
sums and products. To illustrate this approach we aim atilzing the first coefficients of the
double sum

N—3n-k=2 ()i (A1 (j ks 1) (n-K) (1—g)k(2—g)j

S (&,n) = ‘

?
= Fo(n) +Fi(n)e + Fa(n)e? + ...
0 =1 M(—k+n-1)(3-£);.k(5+3) Fo(n) +Fu(n) (n)

=
i

j+k

F(n,k)

First one considers the inner sufin, k) which itself is an analytic function ia for each integen
andk with n > 3 and 0< k < n— 3. First, we hunt for a recurrence relationknAs described in
Section[R one can use the package Sigma and calculates

(k+1)(& — 2k— 2)(k—n+2)F (n,K)
—(k—n+1) (e — ek+en— & — 4k* + 2kn— 14k — 14)F (n,k + 1)
—2(e4+k+2)(k—n+1)(k—n+2)F(n k+2) = ep(n,k) +e1(n,k)e + ex(n, k)% +... (4.1)

with
Q) — 16(k—n+ 1) (k—n+ 2) (K?n+ 4k? + 2kn+ 22k — 4n + 28)
== (22K 32K+ 472 |
e (k) = 8(k—n-+1)(k—n+2)(2k5n+ 10k5 + 18k*n + 134* + 433+ 698 — 32k%n -+ 1760 — 220kn+ 214k — 184n+ 1000)

(k+2)3(k+3)3(k+4)3 '
16(k?n + 4k? + 2kn+ 22k — 4n+ 28) Sy (k)
(k+1)(k+2)2(k+ 3)2(k+4)2k!
- 2(5k1°n + 4k + 142N+ 230 + 160&8n + 3814E + 955K n+ 3133X’ + 3286K°n

oK) = —%(k+ DKI(k—n+1)(k—nt2)(

+ 1508208 + 64970 + 452886 + 64724 n+ 857364 + 114243+ 985264° — 29328&2n
4606320 — 1171&n+ 121344+ 595 — 30144) /((k+ 1)3(k+2)4 (k+ 3)4(k+ 4)*k1)).

In addition, one computes a mixed recurrence, i.e., besitiés ink we allow in addition one shift
in n, but keepgk unchanged. Using again Sigma, one obtains

(k—n)(— &%+ ek— en+ 2k? — 2kn+ 2k + 2n? + 2n+ 2) F (n,K)
+(e—n=-1)(e+2n+2)(k—n+1)F(n+1,k)
—2(e+k+1)(k—n)(k—n+1)F(nk+1) = fo(n,k) + fr(n,K)e + fa(n,K)e* ... (4.2)
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with
o 16(k — n)(k—n+1) (k? — 2kn+ 2k — 4n— 1)
o(n.k) = (k+1)(k+2)2(k+ 3)2 :
bl — 8(k—n)(k—n+1)(2k5 — 4k*n+ 12k* — 26k3n+ 17k — 56k?n — 17k% — 42kn— 47k — 4n — 19)
1(nk) = - K+ 12(k+2)3(k+ 3)° ’
1 16(k? — 2kn+ 2k — 4n— 1) S (k)
fa(nl) = == (k+ Dk (k—n)(k—n+1)( - (12 220 37K
+ 2(5k8 — 10N+ 10" — 188SEn 4 745¢ — 1300¢n + 2644¢C — 4456¢n + 4855 — 8162n
+4150¢ — 7644@n + 635 — 2816nN— 944K+ 96n7192>/((k+ 1) (k+2)*(k+ 3)4k!>>.
We emphasize that these two recurrences together with itied waluesF (4,0) = —1—2 + g—gfs —
29¢?

2% andF(4,1) = — &+ 38 1L | enables one to calculate the first three coefficients of
the e-expansion for eack (n,k) withn>4 and 0< k< n-3.

Given the two recurrences above (with this particular stwdshifts), one can apply the algo-
rithm from [33] to calculate a recurrence fof (¢,n). Using again Sigma, one gets the relation

g(e+22%(2n+1)(e—n-3)(e—n—2)(e+2n+2)(e —n—1)2.7(g,n+1)
+4e(e+2)(n+1)3(n+3)(2n+3)(e —n—2)(e —n—1).7(&,n)
= ho(n) + hy(n)e + hy(n)e? + h3(n)F (n, 0)
+hg(n)F(n,1) + hs(n)F (n,n—3)+hg(nN)F(n,n—2)+... (4.3)

with
64(15n° -+ 5n® — 188" — 194 + 655n° + 112" — 266n° — 16607 — 12241 — 288)
ho(n) = — 9(n—1)2r2 ’
32(15n13187n12- 45111320010 215094 248123317+ 15451° - 630615 - 544*+ 668613+ 777612+ 648n-864)
hy(n) == 27(n—1)3n3
ho(r) 16(4n? 4 160 — 2300 — 188n° — 219® + 208" 4 50315 + 12n° — 445n* — 96n° + 34007 + 2721+ 64) S(n)
2(N) =
(n—1)2n?

- (4(708116 +-916n'° — 9426 — 157113+ 300032 +- 618291 — 4910110 — 11510%° + 44049°

+121347 - 7890° - 573801° — 418321° — 140407 + 16848Y + 6048 3456) ) / (27(n— 1)*n"),

4€2 (2n643n5 —14n%—on®—4on?-1150-62) (n+1)2  8e(2n*+10n3-15n2-300+8) (n+ 1) 32(3n2+10n+8) (n+1)3
hs(n) :(7 n—1 + n—1 - n—1 )’

ha(n) = — 32(3n+4)(n+1)3 + 8(2n® — 6n? — 250 — 12) (n+ 1)3e — 4(2n° — 3n* + 16n° + 320 — 181 — 31) (n+ 1)%¢?,
hs(n) =16(n— 2)2(3n° + n* — 7n—4) (n+1)* — 4(2n" — 15n® + 46n° — 18" — 125n° 4-86n? + 960 — 16) (n+ 1)%¢
+2(16n® — 580" — 7n°+ 221n° — 59n* — 325n° — 26n° + 146 + 60) €2,
he(n) =32(3n* — 8n® — 10n% + 20n+ 16) (n+ 1)° — 8(2n° — 13n° 4- 27n* ++ 56n° + 14n° 4 66n + 60) (n+ 1)%¢
+8(6n’ — 23n° — 43n° + 46n” + 68n° — 23n? — 430 12) €2,

for the different command calls withi&i gna we refer to [33, 36]. As indicated above, the algo-
rithm itself only uses the two recurrence relations](4.1J ¢h?) and thus the occurring expres-
sionsF(n,0),F(n,1),F(n,n—3),F(n,n—2) remain unevaluated. Next, one applies the proposed
method recursive on these sums. Since these objects arkestimm the input sun”’(g,n), the
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termination of our method is guaranteed. E.g., the calicuaif thee-expansion

§ CUIrrm() (2-),

F(n,0) = c
(n,0) JZl r(n—1)(3— ),(§+3)J

- S Si(n)? S S
=4(n—-1) (4(5n—n1) o (n—(:rl]))n) +(1- n)((nﬁrl))n o (n—(il))n + (n—(;]))n + lTln)g
n)2

_ Sin? | 35 35 3S 23 125%1(n) o2
n_61 ( o (nﬁq.))n + 2(n—1)n + ((nii)n o (nf(lr)])n)sl(n) + 2(nf(]r.]))n B (nfELr)])n o (nf:ll)n )8 LERE

_|_

boils down to the method described in Sectipn 2. Similarlg proceeds foF (n,1) andF (n,n—
3),F(n,n—2). This finally leads to the following simplified right and side@.3):

0x €0t (32n(n+ 1)2(3n+4) (N + 3n+ 4) — 128+ 1)3(3n+4)81(n))£
+ (f 32(2n* +7n—2)(n+1)3S;(n) + 16(4n° + 12n* — 27n — 120n* — 130 — 28)(n+ 1)*S,(n)
—8n(12n°+ 58n° — 27n* — 566n° — 112577 — 804n — 156)(n+ 1) — 32(3n+ 4)(n+ 1)3Sl(n)2) 4.

Note that the left hand side df (}}.3) and its right hand sideghe simplification) can be divided
by ¢, i.e., the coefficient of”(¢,n+ 1) evaluated at = 0 does not vanish. Hence together with the
expanded initial values” (g,3) = —§ + & +... and.7(g,4) = — 3t + g€ +... one can activate
our recurrence solver for Laurent series to calculate tBetfiro coefficients of the-expansion

—2(2n+3n2+3n+6
F (€)=~ Gt S0 — 420+ S (n) + 20T 4 ( ((n+1)2(n+2)2 Js

3 2

e L0 g SO0~ 200+ D (0)— MG e
Summarizing, in the presented method one constructs stefepysuitable inhomogeneous recur-
rences from the innermost sum to the outermost3su¥a one can see already for double sums, this
construction is quite involved and is fairly complicated foore nested sums (e.g., taking care of
poles, estimating how far one should exphrat exploiting a refined difference field theory [37]).
The new packag&hoSumdeals with all these aspects using as backbone the packagems,
Har noni cSuns, andEval uat eMul t i Suns. After loading

ingl:= << RhoSum.m
RhoSum - Package for Refined Holonomic Summat®iRISC

we can perform the calculation from above with the functiatt c
(- (LA +k+Dr (n—k) (1), (2-5),

inj9l= FindSum| — L, 1,n—k—2},{k,0,n—3}},{n}, {3}, {=},
F(—k+n-1)G3-e)u (5+3) Expandin — {ep.0.1}
Out[9]= { — Wsl( ) 4(2n+ 1)32 (n) + %7
—2(2n%+3n?+3n+6 6n°+423n%+27n+12 n(n+1)(5n+14
((n+1)2(n+2)2 )Sl(n)+( 1) (@t2) ) 2(n) - (n+1)(n+2)51( n)? —2(2n + 1)S3 (n) — 22+ DGoE (n>+<2)2 )}

3In [28] this idea has been considered for homogeneous esmes with polynomial coefficients. In our ap-
proach [33] we observed that setting up the recurrence mystehe special form given above (instead of allowing
a general holonomic system) one can derive an efficientigthgowithout using Grébner basis. In this way, the holo-
nomic approach could be extended in [33] to handle also imyameous recurrences formulated in difference fields. In
order to take into account tteeexpansion of the inhomogeneous sides, new ideas have tided atoSi gna.

4E.g., in the illustrated example from above one has to stacticulate three coefficients of tlreexpansion and
ends up only with the first two coefficients.

10
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A more involved problem is, e.g.,

—2 | n—4+ji—j i =&Y N idjgane . .
n-2 | n=4+j1 J(_l) j1-ip+n—4g="7 (le)( J+Jj12+n 4)r(—%—J+11—12+n—1)r(—s—1+n—1)r(—§—1+11+n)
&% & (e+1)(e+2)T (25 ) T (E+A)T (= ja+]o+ DT (~2e—j+]a+n)

F(%+3)2F(_3_2£)r(_%)F(S)F(j—jl+1)r(—s+j1+1)r(j2+1) 2 4 . B
’ r(5-itiven)r (~5-iti-iotn) =F e " +F e "+ Fag " +R+...

Sums of this type occur, e.g., in case of 3-loop topologieth wne massive and one massless
fermion line. If we insert this sum into Mathematica in theighle f, then we get the following
expansion. The constant term is too large to present it here.

infzop= FindSum[f, {{j2, 1, n—4+j1—j},{j1,0,j},{i,0,n—2}},{n},{2},{} Expandin — {ep,—3,—1}

a(n®-5n’+6n-4) | 2(-1)(n*-20°+n’12018)  g(—1)*(n—3)S;(n)

oupor= { — @ 2@ I 9m—2)(n—D)n° T T %@
16(—1)8 »(m) | (~1)(10-n)Si(m)? , ((~1)"(170°~179n%+240n-96)
a2 T smoom +( 27(n—2)(n—1)n° + 9(n72);4(n71)n2)sl(n)
(—1)*(~20°+19n* ~5n°+1110>-190n+84) | 2(8n°63n"+163n°~218n>+1400-36) | (_1)(14—n)S,(n)
+ @ 2@ Do + (a2 (@ 1) + —S@anz
(71)11(227“)31(11)3 (—1)“ n®-299n%+412n—168
54(n—2)n? +( (108(1172)(n71)n3 ) 9(n72)21(n71)n2)si(n)2
_6n24+5n— (—1)*(—313n*+1708n%—-2262n2+1740n—648 —1)%(7n+46)Sy(n
+ (27(nE2)j(f171§2n2 + ( 162(n—2)(n—1)n? ) +1 )1é(n72)122 ( ))Sl(n)

4 —289n°4-2430n° —6803n*+10222n° —8536n2+4176n—1008
324(n—2)?(n—1)%n®

(~1)" (47507 ~17680°+2423n° ~6170n" + 179120~ 218560°+16744n-5184)  2(—1)"(11n18)S,.4(n)
648(n—2)2(n—1)n® - 9(n—2)n?
16(—1)°s,(n)  4(—1)*(9n°+22n>-43n+18) 2(—1)*(3n—16)S_3(n)
+5-2(n)( 9(1172)1:1 - 27(n—2)(n—1)n° ) - 9(n—2)n? ’
6n130n? 350424 , (~1)°(n®—641n°+1646n>—976n+192) (—1)*(470-8)S4(n)
+( ;(n72)1;(n71;1n3 + 108(n—2)2(n—1)n0° )S2(n) + 27(1172)1123

4(—1)"S 54(n _n®15n%_6n (=1)*(n*—2n*+n%—12n+8 —1)%(3—n)S;(n
- A 3(1172)11( Ly (6(nj25)2(nf1;;§ + 52(1172)(1171)113 )4 %é,fzﬁ,z( >)Zﬁ}

+

The above expressions can be analytically continued to xmp@lues of the Mellin variable
using relations given in [16, 18-20].

5. Conclusion

Massive Feynman integrals with operation insertion canXmessed in terms of multi-in-
tegrals and multi-sums over hypergeometric and hyperexq@l functions. We presented new
methods to calculate the first coefficients of #rexpansion of such multi-sums and multi-integrals.
Here the multivariate Almkvist-Zeilberger algorithm arttetcommon framework of the holo-
nomic and difference field algorithms have been enhancedltulate recurrences. Then a re-
currence solver for Laurent series expansion is used t@atxthe alln coefficients of thegs-
expansion. Besides of the usage of the Mathematica packiggsa, Har noni cSuns and
Eval uat eMul ti Suns, two new packagebul ti | nt egr at e andRho have been developed
that can carry out these calculations in a completely auticrfeshion.
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