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Abstract

A review of CP violation in the B system and strategies to determine the unitarity

triangle of the CKM matrix is given. We begin with an introduction to the description

of CP violation in the Standard Model of electroweak interactions, and discuss the basic

features of the theoretical framework to deal with non-leptonic B decays, which play the

main rôle in this review. After a brief look at CP violation in the kaon system and a

discussion of the rare decays K+ → π+νν and KL → π0νν, we turn to the formalism

of B0
d,s–B

0
d,s mixing, allowing us to explore important B-factory benchmark modes and

the Bs-meson system. We then focus on charged B decays, B → πK modes and the

phenomenology of U -spin related B decays, including the Bd → π+π−, Bs → K+K−

system. Finally, we discuss a particularly simple – but very predictive – scenario for

new physics, which is provided by models with “minimal flavour violation”. In this

framework, various bounds can be derived and interesting connections between the B

system and the rare kaon decays K+ → π+νν and KL → π0νν arise.

(To appear in Physics Reports)

∗E-mail: Robert.Fleischer@desy.de

http://arxiv.org/abs/hep-ph/0207108v1




i

Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 CP Violation in Cosmology and Beyond K and B Decays . . . . . . . . . 2

1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 CP Violation in the Standard Model 4

2.1 Charged-Current Interactions . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 The Strong CP Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Parametrizations of the CKM Matrix . . . . . . . . . . . . . . . . . . . . 5

2.3.1 Standard Parametrization . . . . . . . . . . . . . . . . . . . . . . 6

2.3.2 Fritzsch–Xing Parametrization . . . . . . . . . . . . . . . . . . . . 7

2.3.3 Wolfenstein Parametrization . . . . . . . . . . . . . . . . . . . . . 7

2.4 Requirements for CP Violation . . . . . . . . . . . . . . . . . . . . . . . 9

2.5 The Unitarity Triangles of the CKM Matrix . . . . . . . . . . . . . . . . 9

2.6 Towards an Allowed Range in the ρ–η Plane . . . . . . . . . . . . . . . . 12

3 Non-leptonic B Decays 16

3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.2 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.3 Low-energy Effective Hamiltonians . . . . . . . . . . . . . . . . . . . . . 17

3.3.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.3.2 Tree Decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3.3 Decays with Tree and Penguin Contributions . . . . . . . . . . . . 22

3.4 Penguins with Internal Charm- and Up-Quark Exchanges . . . . . . . . . 25

3.5 Electroweak Penguin Effects . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.6 Factorization of Hadronic Matrix Elements . . . . . . . . . . . . . . . . . 28

4 A Brief Look at the Kaon System 29

4.1 CP-violating Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 The Rare Decays K+ → π+νν and KL → π0νν . . . . . . . . . . . . . . . 32

5 Time Evolution of Neutral B Decays 34

5.1 Solution of the Schrödinger Equation . . . . . . . . . . . . . . . . . . . . 34

5.2 Mixing Parameters and Decay Rates . . . . . . . . . . . . . . . . . . . . 36

5.3 Determination of Rt from ∆Md . . . . . . . . . . . . . . . . . . . . . . . 37

5.4 CP-violating Asymmetries . . . . . . . . . . . . . . . . . . . . . . . . . . 38

5.5 Impact of Physics Beyond the Standard Model . . . . . . . . . . . . . . . 40



ii CONTENTS

6 Important Benchmark Modes for the B-Factories 42

6.1 The B → J/ψK System . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

6.1.1 Extracting β from Bd → J/ψKS . . . . . . . . . . . . . . . . . . . 42

6.1.2 Isospin Relations between Bd → J/ψKS and B± → J/ψK± . . . . 45

6.1.3 New Physics in the B → J/ψK Decay Amplitudes . . . . . . . . 47

6.1.4 Observables for a General Analysis of New Physics . . . . . . . . 49

6.1.5 Possible Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6.1.6 Bd → J/ψ[→ ℓ+ℓ−]K∗[→ π0KS] Decays . . . . . . . . . . . . . . . 52

6.2 The B → φK System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6.2.1 Decay Amplitudes in the Standard Model . . . . . . . . . . . . . 54

6.2.2 Effects of Physics Beyond the Standard Model . . . . . . . . . . . 57

6.2.3 Observables for a General Analysis of New Physics . . . . . . . . 59

6.2.4 Possible Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

6.3 The B → ππ System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.3.1 Probing α through Bd → π+π− . . . . . . . . . . . . . . . . . . . 60

6.3.2 Isospin Relations between B → ππ Amplitudes . . . . . . . . . . 62

6.3.3 Extracting α from B → ρπ Modes . . . . . . . . . . . . . . . . . . 64

6.3.4 Other Approaches to Extract α . . . . . . . . . . . . . . . . . . . 65

6.4 Bd → D(∗)±π∓ Decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

7 A Closer Look at the Bs System 70

7.1 General Remarks and Differences to the Bd System . . . . . . . . . . . . 70

7.2 ∆Ms and Constraints in the ρ–η Plane . . . . . . . . . . . . . . . . . . . 70

7.3 ∆Γs and Untagged Decay Rates . . . . . . . . . . . . . . . . . . . . . . . 72

7.4 Impact of New Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7.5 Strategies using Pure Tree Decays of Bs-Mesons . . . . . . . . . . . . . . 74

7.6 The Golden Mode Bs → J/ψφ . . . . . . . . . . . . . . . . . . . . . . . . 75

7.6.1 Structure of the Angular Distribution . . . . . . . . . . . . . . . . 75

7.6.2 Structure of the Observables . . . . . . . . . . . . . . . . . . . . . 77

7.6.3 CP Asymmetries and Manifestation of New Physics . . . . . . . . 77

7.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

8 CP Violation in Charged B Decays 79

8.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

8.2 Extracting γ from B± → K±D Decays . . . . . . . . . . . . . . . . . . . 81

8.2.1 Triangle Relations and Experimental Problems . . . . . . . . . . . 81

8.2.2 Alternative Approaches and Constraints on γ . . . . . . . . . . . 82

8.3 Extracting γ from B±
c → D±

s D Decays . . . . . . . . . . . . . . . . . . . 84



CONTENTS iii

8.3.1 Ideal Realization of Triangle Relations . . . . . . . . . . . . . . . 84

8.3.2 U -Spin Relations and Experimental Remarks . . . . . . . . . . . . 85

8.4 Impact of New Physics: D0–D0 Mixing enters the Stage . . . . . . . . . . 86

8.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

9 Phenomenology of B → πK Decays 88

9.1 General Remarks and Experimental Status . . . . . . . . . . . . . . . . . 88

9.2 The Bd → π∓K±, B± → π±K System . . . . . . . . . . . . . . . . . . . 90

9.2.1 Amplitude Structure and Isospin Relations . . . . . . . . . . . . . 90

9.2.2 A Simple Bound on γ . . . . . . . . . . . . . . . . . . . . . . . . . 92

9.2.3 Impact of Rescattering Processes . . . . . . . . . . . . . . . . . . 94

9.2.4 More Refined Strategies to Probe γ . . . . . . . . . . . . . . . . . 97

9.3 The Charged and Neutral B → πK Systems . . . . . . . . . . . . . . . . 99

9.3.1 Parametrization of Decay Amplitudes and Observables . . . . . . 99

9.3.2 Theoretical Advantages . . . . . . . . . . . . . . . . . . . . . . . . 100

9.3.3 Strategies to Probe γ . . . . . . . . . . . . . . . . . . . . . . . . . 101

9.3.4 Constraints in the ρ–η Plane . . . . . . . . . . . . . . . . . . . . . 104

9.3.5 Bounds on Strong Phases . . . . . . . . . . . . . . . . . . . . . . 105

9.4 Towards Calculations of B → πK, ππ Decays . . . . . . . . . . . . . . . . 107

9.5 Impact of New Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

9.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

10 Phenomenology of U-spin-related B Decays 113

10.1 The Bs(d) → J/ψKS System . . . . . . . . . . . . . . . . . . . . . . . . . 114

10.1.1 Amplitude Structure . . . . . . . . . . . . . . . . . . . . . . . . . 114

10.1.2 Extraction of γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

10.1.3 Theoretical Uncertainties . . . . . . . . . . . . . . . . . . . . . . . 116

10.2 The Bd(s) → D+
d(s)D

−
d(s) and Bd(s) → K0K0 Systems . . . . . . . . . . . . 117

10.2.1 Extracting γ from Bd(s) → D+
d(s)D

−
d(s) Decays . . . . . . . . . . . . 117

10.2.2 Extracting γ from Bd(s) → K0K0 Decays . . . . . . . . . . . . . . 119

10.3 The Bd → π+π−, Bs → K+K− System . . . . . . . . . . . . . . . . . . . 119

10.3.1 Extraction of β and γ . . . . . . . . . . . . . . . . . . . . . . . . 119

10.3.2 Minimal Use of the U -Spin Symmetry . . . . . . . . . . . . . . . . 120

10.3.3 Theoretical Uncertainties . . . . . . . . . . . . . . . . . . . . . . . 122

10.3.4 Searching for New Physics . . . . . . . . . . . . . . . . . . . . . . 124

10.3.5 Replacing Bs → K+K− through Bd → π∓K± . . . . . . . . . . . 124

10.4 The B(s) → πK System . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

10.5 Other U -Spin Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . 130

10.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131



iv CONTENTS

11 Models with Minimal Flavour Violation 132

11.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

11.2 The Universal Unitarity Triangle . . . . . . . . . . . . . . . . . . . . . . 134

11.3 Bounds on sin 2β . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

11.4 K → πνν Decays and Connections with B Physics . . . . . . . . . . . . 138

11.4.1 The Decay K+ → π+νν . . . . . . . . . . . . . . . . . . . . . . . 139

11.4.2 Unitarity Triangle from KL → π0νν and K+ → π+νν . . . . . . . 139

11.4.3 BR(KL → π0νν) from aψKS
and BR(K+ → π+νν) . . . . . . . . . 140

11.4.4 Upper Bound on BR(KL → π0νν) from BR(B → Xsνν) . . . . . 143

11.4.5 Towards a Determination of X . . . . . . . . . . . . . . . . . . . 144

11.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

12 Further Interesting Aspects of B Physics 145

13 Conclusions and Outlook 145



1

1 Introduction

The violation of the CP symmetry, where C and P denote the charge-conjugation and

parity-transformation operators, respectively, is one of the fundamental and most excit-

ing phenomena in particle physics. Although weak interactions are not invariant under

P (and C) transformations, as discovered in 1957, it was believed for several years that

the product CP was preserved. Consider, for instance, the process

π+ → e+νe
C−→ π− → e−νCe

P−→ π− → e−νe, (1.1)

where the left-handed νCe state is not observed in nature; only after performing an

additional parity transformation we obtain the usual right-handed electron antineutrino.

Consequently, it appears as if CP was conserved in weak interactions. However, in

1964, it was then discovered through the observation of KL → π+π− decays that weak

interactions are not invariant under CP transformations [1].

1.1 Motivation

Since its discovery in 1964, CP violation has only been accessible in the kaon system, and

we still have few experimental insights into this exciting phenomenon. However, a new

era has just begun through the observation of CP violation in the B system [2, 3], which

will provide several decisive tests of the Standard-Model description of CP violation. In

this respect, it is obviously crucial to have CP-violating B-decay processes available that

can be analysed reliably within the framework of the Standard Model. As an interesting

by-product, strategies to explore CP violation with the help of B decays provide usually

also valuable insights into hadron dynamics, including aspects such as “factorization”

and final-state interaction effects. A remarkable bridge to the kaon system is provided by

the loop-induced decays K+ → π+νν and KL → π0νν, which are very clean and exhibit

interesting correlations with CP violation in the “gold-plated” channel Bd → J/ψKS.

These issues will be the main focus of this review. For a collection of basic references on

CP violation and alternative reviews, the reader is referred to [4]–[8].

At present, we are still in the early stage of the B-factory era in particle physics:

in the summer of 2000, the BaBar (SLAC) and Belle (KEK) collaborations reported

their first results, and the CLEO-III detector (Cornell) started taking data. In the

summer of 2001, BaBar and Belle could establish CP violation in the B system, and run

II of the Tevatron (Fermilab) is expected to provide data soon, allowing – in addition

to studies of Bu- and Bd-mesons – a promising exploration of the Bs system. Several

interesting aspects will also be left for “second-generation” B experiments at hadron

colliders, BTeV (Fermilab) and LHCb (CERN), which should enter the stage around

2005. Detailed studies of the B-physics potentials of BaBar, run II of the Tevatron, and
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the LHC can be found in [9]. The rare kaon decays K+ → π+νν and KL → π0νν will be

studied in dedicated experiments at Brookhaven, Fermilab and KEK. The experimental

prospects for these modes were recently reviewed in [10].

The reason why studies of CP-violating effects are so exciting is very simple: physics

beyond the Standard Model is usually associated with new sources for CP violation. Im-

portant examples are non-minimal supersymmetry, left-right-symmetric models, models

with extended Higgs sectors, and many other scenarios for “new” physics [11]. Moreover,

the indirect constraints on CP-violating effects in B decays that are implied by the CP

violation in the kaon system and B0
d–B

0
d mixing may also be affected strongly by new

physics which does not yield additional sources for CP violation, for instance by models

with “minimal flavour violation” (MFV) [12, 13]. Then we would encounter discrepan-

cies with the directly measured CP asymmetries in B decays. Therefore, explorations

of CP violation may well indicate physics beyond the Standard Model, or may be very

helpful to distinguish between various realizations of one particular kind of new physics

after the corresponding new-physics particles have been observed directly. In this con-

text, it is worth mentioning that the evidence for neutrino masses we got over the recent

years points also towards physics beyond the Standard Model [14], raising – among other

things – the question of CP violation in the neutrino sector [15]. In the more distant

future, these fascinating topics may be studied at dedicated ν-factories.

1.2 CP Violation in Cosmology and Beyond K and B Decays

Interestingly, indirect information on CP violation is also provided by cosmology. One

of the characteristic features of our Universe is the dominance of matter over antimatter.

From the observed baryon to photon number of the Universe, it can be concluded that

there was, a few microseconds after the Big Bang, a very small excess of about 10−10

of matter with respect to antimatter. As was pointed out by Sakharov [16], one of the

necessary conditions to generate such an asymmetry of the Universe is – in addition to

baryon number violation and deviations from thermal equilibrium – that the elementary

interactions violate CP (and C) [17]. Model calculations indicate, however, that the CP

violation present in the Standard Model is too small to generate the observed matter–

antimatter asymmetry of O(10−10) [18]. It is conceivable that the particular kind of new

physics underlying the baryon asymmetry is associated with very short-distance scales.

In this case, it could not be seen in CP-violating effects in weak meson decays. However,

as we have noted above, there are also plenty of scenarios for physics beyond the Standard

Model that would affect these processes. Moreover, we do not understand the observed

patterns of quark and lepton masses, their mixings and the origin of flavour dynamics

in general. It is likely that the new physics required to understand these features is also

related to new sources for CP violation.
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Let us note that not onlyK- and B-meson decays allow an exploration of CP violation

in the laboratory. There are of course also other systems which are interesting in this

respect, for example the D-meson system [19, 20], where CP-violating and mixing effects

are very small in the Standard Model, electric dipole moments [21], or CP violation in

hyperon decays [22]. However, apart from D0–D0 mixing, which may also affect a certain

B-physics approach to explore CP violation, we shall not consider these topics in further

detail and refer the reader to the corresponding papers and references therein.

1.3 Outline

This review can be divided into three main parts, where Sections 2–5 set the stage for our

discussion, Sections 6–8 give an up-dated presentation of various “standard” approaches,

and Sections 9–12 deal with more recent developments.

To be more specific, the outline is as follows: in Section 2, we discuss the description

of CP violation within the framework of the Standard Model, where the key elements

are the quark-mixing matrix and the associated unitarity triangles. Since non-leptonic

B decays play the main rôle for the exploration of CP violation in the B system, we

discuss the basic features of the theoretical framework to deal with these transitions in

Section 3. Before turning to CP-violating effects in B decays, we have a brief look at

the present status of CP violation in the kaon system in Section 4, where we also give

an introduction to the rare decays K+ → π+νν and KL → π0νν. In Section 5, we then

discuss the formalism to describe the time evolution of neutral B decays, arising from

B0
d,s–B

0
d,s mixing, and introduce the corresponding CP-violating observables.

The formalism developed in Section 5 is applied to important B-factory benchmark

modes in Section 6, where we present detailed discussions of the B → J/ψK, B → φK

and B → ππ systems, as well as of Bd → D(∗)±π∓ decays. Because of its outstanding

rôle for B-physics experiments at hadron machines, we have devoted a separate section

to the Bs system: in Section 7, we discuss contraints on the unitarity triangles implied by

B0
s–B

0
s mixing, the width difference ∆Γs between the Bs mass eigenstates, “untagged”

Bs decay rates, and strategies to explore CP violation with pure tree decays and the

“golden” mode Bs → J/ψφ. In Section 8, we turn to CP-violating effects in decays

of charged B-mesons. In the case of B±
u → K±D and B±

c → D±
s D modes, hadronic

uncertainties can be eliminated with the help of certain amplitude relations, thereby

allowing studies of CP violation. There we give also a brief discussion of D0–D0 mixing.

Amplitude relations play also a key rôle in the subsequent two sections: in Section 9,

we turn to the phenomenology of B → πK decays, whereas we focus on certain U -

spin-related decays in Section 10, including the Bs(d) → J/ψKS, Bd(s) → D+
d(s)D

−
d(s),

Bd(s) → K0K0 and Bd → π+π−, Bs → K+K− systems, as well as B(s) → πK modes.

The physics potential of B → πK decays is particularly interesting for the B-factories,
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while the U -spin-related modes – in particular the Bd → π+π−, Bs → K+K− system

– is very promising for run II of the Tevatron and ideally suited for BTeV and LHCb.

Although general features of the impact of physics beyond the Standard Model on the

decays listed above will be emphasized throughout this review in a model-independent

way, in Section 11, we discuss a particularly simple – but very predictive – scenario for

new physics in more detail, which is provided by models with “minimal flavour violation”.

Within this framework, interesting bounds on CP violation in Bd → J/ψKS decays can

be derived, and remarkable connections with the rare kaon decays K+ → π+νν and

KL → π0νν arise. Finally, we make a few remarks on further interesting aspects of B

physics in Section 12, and give the conclusions and a brief outlook in Section 13.

2 CP Violation in the Standard Model

2.1 Charged-Current Interactions

In the framework of the Standard Model of electroweak interactions [23], which is based

on the spontaneously broken gauge group

SU(2)L × U(1)Y
SSB−→ U(1)em, (2.1)

CP violation is related to the Cabibbo–Kobayashi–Maskawa (CKM) matrix [24, 25],

connecting the electroweak eigenstates (d′, s′, b′) of the down, strange and bottom quarks

with their mass eigenstates (d, s, b) through the following unitary transformation:






d′

s′

b′







=







Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb






·







d

s

b







≡ V̂CKM ·







d

s

b






. (2.2)

The elements of the CKM matrix describe charged-current couplings, as can be seen

easily by expressing the non-leptonic charged-current interaction Lagrangian in terms of

the mass eigenstates appearing in (2.2):

LCC
int = − g2√

2

(

uL, cL, tL
)

γµ V̂CKM







dL

sL

bL






W †
µ + h.c., (2.3)

where the gauge coupling g2 is related to SU(2)L, and the W (†)
µ field corresponds to the

charged W -bosons. In Fig. 1, we show the b → uW vertex and its CP conjugate. The

important feature is that these processes are related by the replacement

Vub
CP−→ V ∗

ub. (2.4)

Consequently, in the Standard Model, CP violation is due to complex phases of CKM

matrix elements. The origin of these phases, as the origin of quark mixing and flavour

dynamics in general, lies of course beyond the Standard Model.
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b u

Vub

b u

V ∗
ub

W W

Figure 1: Charged-current interactions in the Standard Model.

2.2 The Strong CP Problem

The CP-violating effects discussed in this review are essentially due to phases appearing

in the CKM matrix, i.e. they arise from weak interactions. However, there is also another

source for CP violation in the Standard Model: in Quantum Chromodynamics (QCD),

which is described by the gauge group SU(3)C, topologically non-trivial quantum fluc-

tuations, so-called instantons, induce a parity- and time-reversal-violating term of the

QCD Lagrange density of the following form:

Sθ = θ
g2
s

32π2
Ga
µνG̃

aµν . (2.5)

Here θ is the “QCD vacuum angle”, gs the QCD gauge coupling, Ga
µν the QCD field

strength tensor, and G̃aµν its dual. Observable quantities depend on the parameter

θ ≡ θ − arg(detMq), (2.6)

where Mq is the non-diagonal quark-mass matrix in the electroweak basis. The exper-

imental limits on the electric dipole moment of the neutron imply θ ∼< 10−10. Since

QCD gauge invariance would perfectly allow a value of θ = O(1), we arrive at a very

puzzling situation, suggesting a formidable fine tuning of the θ parameter to yield such

an extremely tiny value of θ. A detailed discussion of this “strong CP problem”, as well

as ideas to overcome it, can be found, for instance, in [26].

2.3 Parametrizations of the CKM Matrix

As we have seen in (2.4), within the Standard Model, CP violation is related to complex

phases of CKM matrix elements. However, the phase structure of the CKM matrix is

not unique, as we may perform the phase transformations

VUD → exp(iξU)VUD exp(−iξD), (2.7)
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which correspond to the following redefinitions of the up- and down-type quark fields:

U → exp(iξU)U, D → exp(iξD)D. (2.8)

Using these transformations, it can be shown that the general N -generation quark-

mixing-matrix is described by (N − 1)2 parameters, consisting of

1

2
N(N − 1) (2.9)

Euler-type angles, and
1

2
(N − 1)(N − 2) (2.10)

complex phases. In the two-generation case [24], we have therefore to deal with a real

matrix, involving just one Euler-type angle, and arrive at the well-known Cabibbo matrix

V̂C =

(

cos θC sin θC
− sin θC cos θC

)

, (2.11)

where sin θC = 0.22 can be determined from semi-leptonic K → πe+νe decays.

2.3.1 Standard Parametrization

In the case of three generations, three Euler-type angles and one complex phase are

needed to parametrize the CKM matrix. This complex phase allows us to accommodate

CP violation in the Standard Model, as was pointed out by Kobayashi and Maskawa

in 1973 [25]. In the “standard parametrization” [27], the three-generation CKM matrix

takes the following form:

V̂CKM =







c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13
s12s23 − c12c23s13e

iδ13 −c12s23 − s12c23s13e
iδ13 c23c13






, (2.12)

where cij ≡ cos θij and sij ≡ sin θij . Performing appropriate redefinitions of the quark-

field phases, the real angles θ12, θ23 and θ13 can all be made to lie in the first quadrant.

The advantage of this parametrization is that the generation labels i, j = 1, 2, 3 are

introduced in such a way that the mixing between two chosen generations vanishes if the

corresponding mixing angle θij is set to zero. In particular, for θ23 = θ13 = 0, the third

generation decouples, and we arrive at a situation characterized by the Cabibbo matrix

given in (2.11).
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Figure 2: Hierarchy of the quark transitions mediated through charged currents.

2.3.2 Fritzsch–Xing Parametrization

Another interesting parametrization of the CKM matrix was proposed by Fritzsch and

Xing [28]:

V̂CKM =







susdc+ cucde
−iϕ sucdc− cusde

−iϕ sus

cusdc− sucde
−iϕ cucdc+ susde

−iϕ cus

−sds −cds c






. (2.13)

It is inspired by the hierarchical structure of the quark-mass spectrum, and is particularly

useful in the context of models for fermion masses and mixings. The characteristic feature

of this parametrization is that the complex phase arises only in the 2 × 2 submatrix

involving the up, down, strange and charm quarks.

2.3.3 Wolfenstein Parametrization

In Fig. 2, we have illustrated the hierarchy of the strengths of the quark transitions

mediated through charged-current interactions: transitions within the same generation

are governed by CKM elements of O(1), those between the first and the second generation

are suppressed by CKM factors of O(10−1), those between the second and the third

generation are suppressed by O(10−2), and the transitions between the first and the

third generation are even suppressed by CKM factors of O(10−3). In the standard

parametrization (2.12), this hierarchy is reflected by

s12 = 0.222 ≫ s23 = O(10−2) ≫ s13 = O(10−3). (2.14)

If we introduce a set of new parameters λ, A, ρ and η by imposing the relations [29, 30]

s12 ≡ λ = 0.222, s23 ≡ Aλ2, s13e
−iδ13 ≡ Aλ3(ρ− iη), (2.15)

and go back to the standard parametrization (2.12), we obtain an exact parametrization

of the CKM matrix as a function of λ (andA, ρ, η). Now we can expand straightforwardly
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each CKM element in the small parameter λ. Neglecting terms of O(λ4), we arrive at

the famous “Wolfenstein parametrization” of the CKM matrix [31]:

V̂CKM =







1 − 1
2
λ2 λ Aλ3(ρ− iη)

−λ 1 − 1
2
λ2 Aλ2

Aλ3(1 − ρ− iη) −Aλ2 1







+ O(λ4). (2.16)

Since this parametrization makes the hierarchy of the CKM matrix explicit, it is very

useful for phenomenological applications.

In several cases, next-to-leading order corrections in λ play an important rôle. Using

the exact parametrization following from (2.15), they can be calculated in a similar

manner by expanding each CKM element to the desired accuracy in λ [8, 30]:

Vud = 1 − 1

2
λ2 − 1

8
λ4 + O(λ6), Vus = λ+ O(λ7), Vub = Aλ3(ρ− i η),

Vcd = −λ+
1

2
A2λ5 [1 − 2(ρ+ iη)] + O(λ7),

Vcs = 1 − 1

2
λ2 − 1

8
λ4(1 + 4A2) + O(λ6), (2.17)

Vcb = Aλ2 + O(λ8), Vtd = Aλ3
[

1 − (ρ+ iη)
(

1 − 1

2
λ2
)]

+ O(λ7),

Vts = −Aλ2 +
1

2
A(1 − 2ρ)λ4 − iηAλ4 + O(λ6), Vtb = 1 − 1

2
A2λ4 + O(λ6).

It should be noted that here

Vub = Aλ3(ρ− iη) (2.18)

receives by definition no power corrections in λ. Introducing the following modified

Wolfenstein parameters [30]:

ρ ≡ ρ
(

1 − 1

2
λ2
)

, η ≡ η
(

1 − 1

2
λ2
)

, (2.19)

we may simply write, up to corrections of O(λ7),

Vtd = Aλ3(1 − ρ− i η). (2.20)

Moreover, we have to an excellent accuracy

Vus = λ and Vcb = Aλ2, (2.21)

as these CKM elements receive only corrections at the λ7 and λ8 levels, respectively. In

comparison with other generalizations of the Wolfenstein parametrization found in the

literature, the advantage of (2.17) is the absence of relevant corrections to Vus and Vcb,

and that Vub and Vtd take similar forms as in (2.16).

Let us finally note that physical observables, for instance CP-violating asymmetries,

cannot depend on the chosen parametrization of the CKM matrix, i.e. on the phase

transformations given in (2.8).
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2.4 Requirements for CP Violation

As we have seen in Subsection 2.3, at least three generations are required to accommodate

CP violation in the Standard Model. However, still more conditions have to be satisfied

for observable CP-violating effects. They can be summarized as follows [32, 33]:

(m2
t −m2

c)(m
2
t −m2

u)(m
2
c −m2

u)

×(m2
b −m2

s)(m
2
b −m2

d)(m
2
s −m2

d) × JCP 6= 0, (2.22)

where

JCP = |Im(ViαVjβV
∗
iβV

∗
jα)| (i 6= j, α 6= β) . (2.23)

The factors in (2.22) involving the quark masses are related to the fact that the CP-

violating phase of the CKM matrix could be eliminated through an appropriate unitary

transformation of quark fields if any two quarks with the same charge had the same

mass. Consequently, the origin of CP violation is not only closely related to the number of

fermion generations, but also to the hierarchy of quark masses and cannot be understood

in a deeper way unless we have insights into these very fundamental issues, usually

referred to as the “flavour problem”.

The second ingredient of (2.22), the “Jarlskog Parameter” JCP [32], can be interpreted

as a measure of the strength of CP violation in the Standard Model. It does not depend

on the chosen quark-field parametrization, i.e. is invariant under (2.8), and the unitarity

of the CKM matrix implies that all combinations |Im(ViαVjβV
∗
iβV

∗
jα)| are equal. Using

the Standard and Wolfenstein parametrizations, we obtain

JCP = s12s13s23c12c23c
2
13 sin δ13 = λ6A2η = O(10−5), (2.24)

where we have taken into account the present experimental information on the Wolfen-

stein parameters in the quantitative estimate (see Subsection 2.6). Consequently, CP

violation is a small effect in the Standard Model. Typically, new complex couplings are

present in scenarios for new physics, yielding additional sources for CP violation.

2.5 The Unitarity Triangles of the CKM Matrix

Concerning tests of the Kobayashi–Maskawa picture of CP violation, the central targets

are the “unitarity triangles” of the CKM matrix. The unitarity of the CKM matrix,

which is described by

V̂ †
CKM · V̂CKM = 1̂ = V̂CKM · V̂ †

CKM, (2.25)

implies a set of 12 equations, consisting of 6 normalization relations and 6 orthogonality

relations:
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• Normalization relations:

|Vud|2 + |Vcd|2 + |Vtd|2 = 1 [1st column] (2.26)

|Vus|2 + |Vcs|2 + |Vts|2 = 1 [2nd column] (2.27)

|Vub|2 + |Vcb|2 + |Vtb|2 = 1 [3rd column] (2.28)

|Vud|2 + |Vus|2 + |Vub|2 = 1 [1st row] (2.29)

|Vcd|2 + |Vcs|2 + |Vcb|2 = 1 [2nd row] (2.30)

|Vtd|2 + |Vts|2 + |Vtb|2 = 1 [3rd row]. (2.31)

• Orthogonality relations:

VudV
∗
us + VcdV

∗
cs + VtdV

∗
ts = 0 [1st and 2nd column] (2.32)

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 [1st and 3nd column] (2.33)

VusV
∗
ub + VcsV

∗
cb + VtsV

∗
tb = 0 [2nd and 3rd column] (2.34)

V ∗
udVcd + V ∗

usVcs + V ∗
ubVcb = 0 [1st and 2nd row] (2.35)

V ∗
ubVtb + V ∗

usVts + V ∗
udVtd = 0 [1st and 3rd row] (2.36)

V ∗
cdVtd + V ∗

csVts + V ∗
cbVtb = 0 [2nd and 3rd row]. (2.37)

The orthogonality relations are of particular interest, since they can be represented as

six “unitarity triangles” in the complex plane [34]. It should be noted that the set of

equations (2.26)–(2.37) is invariant under the phase transformations specified in (2.7).

If one performs such transformations, the triangles corresponding to (2.32)–(2.37) are

rotated in the complex plane. However, the angles and sides of these triangles remain

unchanged and are therefore physical observables. It can be shown that all six unitarity

triangles have the same area [35], which is given by the Jarlskog parameter as follows:

A∆ =
1

2
JCP. (2.38)

The shape of the unitarity triangles can be analysed with the help of the Wolfenstein

parametrization, implying the following structure for (2.32)–(2.34) and (2.35)–(2.37):

O(λ) + O(λ) + O(λ5) = 0 (2.39)

O(λ3) + O(λ3) + O(λ3) = 0 (2.40)

O(λ4) + O(λ2) + O(λ2) = 0. (2.41)
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Figure 3: The two non-squashed unitarity triangles of the CKM matrix: (a) and (b)

correspond to the orthogonality relations (2.33) and (2.36), respectively.

Consequently, only in the triangles corresponding to (2.33) and (2.36), all three sides are

of comparable magnitude O(λ3), while in the remaining triangles, one side is suppressed

with respect to the others by O(λ2) or O(λ4). The two “non-squashed” orthogonality

relations (2.33) and (2.36) agree at the λ3 level and differ only through O(λ5) corrections.

If we neglect these subleading contributions, we arrive at the unitarity triangle of the

CKM matrix [35, 36], which appears usually in the literature. To be more specific, at

leading non-vanishing order in λ, i.e. O(λ3), (2.33) and (2.36) imply the triangle relation

(ρ + iη)Aλ3 + (−Aλ3) + (1 − ρ− iη)Aλ3 = 0. (2.42)

If we now rescale all terms by Aλ3, the basis of the resulting triangle, which coincides

with the real axis, is normalized to one, and its apex is given by (ρ, η).

In the era of “second-generation” B experiments, the experimental accuracy will be

so tremendous that we will also have to take into account the next-to-leading order terms

of the Wolfenstein expansion, and will have to distinguish between the unitarity triangles

described by (2.33) and (2.36). To this end, the generalized Wolfenstein parametrization

introduced in Subsection 2.3.3 is particularly convenient. If we keep terms up to O(λ5)

in the orthogonality relations (2.33) and (2.36), and rescale them as above by Aλ3,

we arrive at the two unitarity triangles illustrated in Fig. 3, which differ at the λ2

level. In the unitarity triangle corresponding to (2.33), we have just to switch to the

modified Wolfenstein parameters (2.19), i.e. the apex is given by (ρ, η) instead of (ρ, η).

Consequently, here we have a straightforward generalization of the unitarity triangle,

and whenever we refer to a unitarity triangle in the remainder of this review, we mean

the one shown in Fig. 3 (a). On the other hand, in the case of (2.36), the apex is still

given by (ρ, η), whereas the angle γ′ differs from γ through

γ − γ′ ≡ δγ = λ2η, (2.43)

implying a small angle between the basis of the triangle and the real axis.
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Figure 4: Contours to determine the unitarity triangle in the ρ–η plane.

The angles α, β, γ and δγ can be probed directly through CP-violating effects in B

decays. Whereas β is very accessible and various promising strategies to extract γ were

proposed, an experimentally feasible measurement of α is unfortunately difficult. The

small angle δγ plays a key rôle for CP violation in the Bs-meson system.

2.6 Towards an Allowed Range in the ρ–η Plane

Let us now discuss how the apex of the unitarity triangle can be constrained in the ρ–η

plane without using direct measurements of the angles α, β and γ. To accomplish this

task, measurements of the sides Rb and Rt have to be performed. These quantities can

be expressed in terms of CKM matrix elements as follows:

Rb ≡
∣
∣
∣
∣
∣

VudV
∗
ub

VcdV
∗
cb

∣
∣
∣
∣
∣

=

(

1 − λ2

2

)

1

λ

∣
∣
∣
∣

Vub
Vcb

∣
∣
∣
∣ =

√

ρ2 + η2 (2.44)

Rt ≡
∣
∣
∣
∣
∣

VtdV
∗
tb

VcdV
∗
cb

∣
∣
∣
∣
∣

=
1

λ

∣
∣
∣
∣

Vtd
Vcb

∣
∣
∣
∣ =

√

(1 − ρ)2 + η2, (2.45)

and will show up at several places throughout this review. Other useful expressions are

Vub = Aλ3

(

Rb

1 − λ2/2

)

e−iγ , Vtd = Aλ3Rte
−iβ, (2.46)

since they make the dependence on γ and β explicit; they correspond to the phase

convention chosen both in the standard parametrization (2.12) and in the generalized

Wolfenstein parametrization (2.17). Moreover, taking into account (2.15), we obtain

δ13 = γ. (2.47)
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Looking at (2.44) and (2.45), we observe that these expressions describe circles in

the ρ–η plane around (0, 0) and (1, 0) with radii Rb and Rt, respectively. Employing,

moreover, an observable ε, which measures “indirect” CP violation in the neutral kaon

system, as we will discuss in more detail in Section 4, a hyperbola in the ρ–η plane can

be fixed. These contours are sketched in Fig. 4; their intersection gives the apex of the

unitarity triangle. As can be seen in Fig. 4, an upper bound on Rb implies [30]

(sin β)max = Rmax
b , (sin 2β)max = 2Rmax

b

√

1 − (Rmax
b )2, (2.48)

where the quantity sin 2β is of particular interest, since it governs CP violation in the

“gold-plated” decay Bd → J/ψKS, as we will see in Subsection 6.1

The CKM matrix element |Vcb|, which is required – among other things – for the

normalization of (2.44) and (2.45), can be extracted with the help of the “Heavy-Quark

Effective Theory” (HQET) from semi-leptonic B decays into charmed mesons [37]. The

key rôle is played by the decay B0
d → D∗+ℓ−νℓ, which is particularly clean. Measuring

its differential rate at maximum q2, which denotes the mass squared of the lepton–

antineutrino system, |Vcb| can be extracted with corrections based on the HQET. An

alternative strategy is provided by inclusive b→ c ℓ−νℓ decays. In a recent analysis [38],

the following average over the presently available measurements performed by the CLEO

and LEP collaborations was obtained:

|Vcb| = (41.0 ± 1.6) × 10−3 ⇒ A = 0.832 ± 0.033, (2.49)

where we have used (2.21) with λ = 0.222 to evaluate the CKM parameter A.

In order to determine |Vub|, semi-leptonic b → u transitions are used. The CLEO

collaboration has employed the exclusive decay B0
d → ρ+ℓ−νℓ, where the extraction of

|Vub| requires models for decay form factors [39]. On the other hand, the LEP collabora-

tions have obtained a value for |Vub| by developing algorithms to be sensitive to a large

fraction of the inclusive b→ u ℓ−νℓ rate [40]. The corresponding results are given by

|Vub| =

{

(32.5 ± 2.9 ± 5.5) × 10−4 (CLEO [39])

(41.3 ± 6.3 ± 3.1) × 10−4 (LEP [40]),
(2.50)

where the second uncertainty has a theoretical origin. In [38], the following average

value has been obtained: |Vub| = (35.5±3.6)×10−4. On the other hand, in the review of

the Particle Data Group [41], a more conservative uncertainty is given for |Vub|, yielding

|Vub/Vcb| = 0.090 ± 0.025. In this review, we shall follow [8], and take

|Vub/Vcb| = 0.085 ± 0.018 ⇒ Rb = 0.38 ± 0.08, (2.51)

which lies between these two “limiting” cases. Using (2.48), we obtain the bounds

β ∼< 28◦, sin 2β ∼< 0.82. (2.52)



14 2 CP VIOLATION IN THE STANDARD MODEL

As we have just seen, Rb can be determined through semi-leptonic b → u ℓ−νℓ and

b → c ℓ−νℓ decays. The second side Rt of the unitarity triangle shown in Fig. 3 (a) can

be determined through B0
d,s–B

0
d,s mixing, which will be discussed in Sections 5 and 7.

The present data imply

Rt = O(1). (2.53)

In particular the experimental constraints on B0
s–B

0
s mixing play an important rôle,

excluding values for γ larger than 90◦ [42].

Because of theoretical und experimental uncertainties, things are not as simple as

sketched in Fig. 4. Instead of contours, we have actually to deal with bands, whose

intersection gives an allowed range in the ρ–η plane. Moreover, there are strong corre-

lations between theoretical and experimental uncertainties. For instance, the circle and

the hyperbola fixed through B0
d–B

0
d mixing and ε, respectively, depend on |Vcb|, the top-

quark mass, perturbative QCD corrections, and certain non-perturbative parameters,

as we will see below. It is hence rather involved to convert the experimental informa-

tion into an allowed range in the ρ–η plane, and various analyses can be found in the

literature:

• The simple scanning approach, where experimental and theoretical parameters are

both scanned independently within reasonable ranges (see, for example, [8]).

• The Gaussian approach, where experimental and theoretical input parameters are

both treated with Gaussian errors (see, for instance, [42]).

• The “BaBar 95% Scanning Method” [43, 44], where one sets the theoretical input

parameters to some fixed values and determines the 95% C.L. range in the ρ–η

plane by using a Gaussian error analysis for the experimental input parameters.

This procedure is repeated for all possible sets of theoretical input parameters lying

within their allowed ranges, and an envelope of the 95% C.L. regions is obtained.

• The Bayesian approach [38], where the theoretical uncertainties are taken into

account in a way similar to the experimental ones through probability distribution

functions (p.d.f.). If the uncertainties are dominated by statistical effects or if there

are many comparable contributions to the systematic error, a Gaussian model is

chosen. On the other hand, a uniform p.d.f. is employed when the parameter can

be assumed to lie (almost) certainly within a given range, with points that can be

considered as being equally probable.

• The statistical approach developed in [45], allowing a non-Bayesian treatment of

theoretical parameters and theoretical systematics of measurements. Using a like-

lihood function L(ymod) = Lexp(xexp − xtheo(ymod))Ltheo(yQCD), χ2 ≡ −2 lnL(ymod)

is minimized in the fitting procedure. The experimental likelihood Lexp measures
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the agreement between measurements xexp and theoretical predictions xtheo, which

are functions of model parameters ymod. On the other hand, the theoretical likeli-

hood Ltheo expresses the knowledge of QCD parameters yQCD ∈ {ymod}, where the

allowed ranges are specified through the theoretical uncertainties. The agreement

between theory and experiment is gauged by the global minimum χ2
min;ymod

, which

is determined by varying all model parameters ymod. Besides a detailed discussion

of the technicalities of this procedure, also comparisons with other approaches can

be found in [45]. A similar comment applies to [38].

Group α β γ sin 2α sin 2β

Buras [8] 78.8◦–120◦ 15.1◦–28.6◦ 37.9◦–76.5◦ −0.87–0.38 0.50–0.84

Ali & London [42] 77◦–127◦ 14◦–35◦ 34◦–81◦ −0.96–0.45 0.46–0.94

Höcker et al. [45] 80◦–126◦ 14◦–27◦ 34◦–82◦ −0.95–0.33 0.47–0.81

Table 1: Recent results of fits to the parameters of the unitarity triangle.

In Table 1, we have collected recent results, which agree rather well with one another.

On the other hand, considerably narrower ranges are given by Ciuchini et al. in [38]:

γ = (54.8 ± 6.2)◦, sin 2α = −0.42 ± 0.23, sin 2β = 0.698 ± 0.066, (2.54)

corresponding to

ρ = 0.224 ± 0.038, η = 0.317 ± 0.040. (2.55)

The question of combining the theoretical and experimental uncertainties in the

“standard analysis” of the unitarity triangle illustrated in Fig. 4 in an optimal way

and to obtain a realistic range in the ρ–η plane will certainly continue to be a hot topic

in the future. This is also reflected by the vast debate going on at present, dealing with

the key issue of how to deal with the corresponding uncertainties (for instance, Bayesian

[38] vs. non-Bayesian [45] approach). The importance of CP violation in B decays is

related to the fact that such effects allow us to determine the angles of the unitarity tri-

angle directly. Comparing the thus obtained values with the indirect ranges determined

as sketched above, we may well encounter discrepancies, which may shed light on the

physics beyond the Standard Model. In this context, non-leptonic B-meson decays play

the key rôle.

We shall come back to the allowed range in the ρ–η plane in Section 7, where we

discuss the important impact of B0
s–B

0
s mixing in more detail (see Fig. 22), and in

Section 11, where we consider models with minimal flavour violation [12, 13], a simple

class of extensions of the Standard Model. In this framework, various interesting bounds

on the unitarity triangle, sin 2β and K → πνν decays can be derived [46, 47].
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3 Non-leptonic B Decays

3.1 Preliminaries

We may divide weak decays of B-mesons into leptonic, semi-leptonic and non-leptonic

transitions. The first ones, the leptonic modes B− → ℓ νℓ, allow – at least in principle –

a determination of the B-meson decay constant fB, which is defined by

〈0|uγ5γµb|B−(p)〉 = ifBpµ. (3.1)

However, the corresponding rates suffer from a helicity suppression proportional to

(mℓ/MB)2, and are hence very small. For ℓ = e and µ, we have branching ratios at

the 10−10 and 10−7 levels, respectively. Consequently, these decays are very hard to

measure. In the case of ℓ = τ , the helicity suppression is not effective, but the experi-

mental reconstruction of the τ -leptons is unfortunately very challenging [48].

Using heavy-quark arguments, exclusive and inclusive semi-leptonic decays caused by

b → c ℓ−νℓ and b → u ℓ−νℓ quark-level transitions allow extractions of the CKM matrix

elements |Vcb| and |Vub|, respectively, as we have seen in Subsection 2.6.

With respect to testing the Standard-Model description of CP violation, the major

rôle is played by non-leptonic B decays. At the quark level, they are mediated by the

following processes:

b→ q1 q2 d (s), (3.2)

where q1, q2 ∈ {u, d, c, s} are quark-flavour labels. In this section, we discuss the basic

features of the theoretical framework to deal with such non-leptonic transitions.

3.2 Classification

There are two kinds of topologies contributing to non-leptonic B decays: “tree-diagram-

like” and “penguin” topologies. The latter consist of gluonic (QCD) and electroweak

(EW) penguins, which originate from strong and electroweak interactions, respectively.

In Figs. 5–7, the corresponding leading-order Feynman diagrams are shown. Depending

on their flavour content, we may classify b→ q1 q2 d (s) transitions as follows:

• q1 6= q2 ∈ {u, c}: only tree diagrams contribute.

• q1 = q2 ∈ {u, c}: tree and penguin diagrams contribute.

• q1 = q2 ∈ {d, s}: only penguin diagrams contribute.
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b q1

q2

d (s)

W

Figure 5: Tree diagrams (q1, q2 ∈ {u, c}).

b d (s)
u, c, t

W

G

q1

q2 = q1

Figure 6: QCD penguin diagrams (q1 = q2 ∈ {u, d, c, s}).

3.3 Low-energy Effective Hamiltonians

3.3.1 General Remarks

In order to analyse non-leptonic B decays theoretically, we employ low-energy effective

Hamiltonians, which are calculated by making use of the operator product expansion [49].

This formalism yields transition matrix elements of the following structure:

〈f |Heff |i〉 =
GF√

2
λCKM

∑

k

Ck(µ)〈f |Qk(µ)|i〉 ≡ GF√
2
λCKM

[

~CT (µ) · 〈 ~Q(µ)〉
]

. (3.3)

The operator product expansion allows us to disentangle the short-distance contributions

to this transition amplitude from the long-distance ones, which are described by pertur-

bative Wilson coefficient functions Ck(µ) and non-perturbative hadronic matrix elements

〈f |Qk(µ)|i〉, respectively. As usual, GF is the Fermi constant, λCKM a CKM factor, and

µ an appropriate renormalization scale. This scale separates, roughly speaking, the

short-distance contributions from the long-distance pieces. The Qk are local operators,

which are generated by electroweak and strong interactions and govern “effectively” the

b d (s)
u, c, t

W

Z, γ

q1

q2 = q1

b d (s)
u, c, t

W

Z, γ

q1

q2 = q1

Figure 7: EW penguin diagrams (q1 = q2 ∈ {u, d, c, s}).
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decay in question. The Wilson coefficients Ck(µ) can be considered as scale-dependent

couplings related to the vertices described by the Qk.

In general, the Wilson coefficients, which describe essentially the whole short-distance

dynamics of the transition amplitude (3.3), include contributions from virtual W - and

Z-bosons, as well as from virtual top quarks. Mathematically, these contributions are

related to appropriate “Inami–Lim functions” [50]. If extensions of the Standard Model

are considered, also new particles, such as charged Higgs or supersymmetric particles,

may contribute to the Ck(µ). The resulting dependence on the masses of these particles

can be calculated by evaluating penguin and box diagrams with full W , Z, top-quark

and possible new-particle exchanges [51]. The µ dependence of the Wilson coefficients is

governed by the properly included short-distance QCD corrections. This µ dependence

has to cancel that of the non-perturbative hadronic matrix elements 〈f |Qk(µ)|i〉, since the

physical transition amplitude (3.3) cannot depend on the choice of the renormalization

scale. In this cancellation, usually several terms on the right-hand side of (3.3) are

involved. The Ck(µ) depend, in general, also on the employed renormalization scheme.

This dependence has again to be cancelled by the one of the hadronic matrix elements.

3.3.2 Tree Decays

Let us consider the decay B0
d → D+K− as an example. At the quark level, it originates

from b → cus transitions, as can be seen in Fig. 8. Consequently, according to the

classification introduced in Subsection 3.2, it is a pure “tree” decay, receiving no penguin

contributions. In order to derive the relevant low-energy effective Hamiltonian, we have

to consider the quark-level process in Fig. 8, yielding the following transition amplitude:

− g2
2

8
V ∗
usVcb [sγν(1 − γ5)u]

[

gνµ
k2 −M2

W

]

[cγµ(1 − γ5)b] . (3.4)

Because of k2 ≈ m2
b ≪M2

W , we may write

gνµ
k2 −M2

W

−→ − gνµ
M2

W

≡ −
(

8GF√
2g2

2

)

gνµ, (3.5)

i.e. we may “integrate out” the W -boson in (3.4), and arrive at

Heff =
GF√

2
V ∗
usVcb [sαγµ(1 − γ5)uα] [cβγ

µ(1 − γ5)bβ]

≡ GF√
2
V ∗
usVcb(sαuα)V–A(cβbβ)V–A ≡ GF√

2
V ∗
usVcbO2 , (3.6)

where α and β denote SU(3)C colour indices. Effectively, the vertex shown in Fig. 8 is

now described by the “current–current” operator O2, as illustrated in Fig. 9.
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Figure 8: Feynman diagram contributing at leading order to B0
d → D+K−.

2

b c

u
s

O

Figure 9: The vertex described by the current–current operator O2.

If we take into account QCD effects, we have to distinguish between factorizable and

non-factorizable QCD vertex corrections. In the former case, the gluons are exchanged

separately within the su and cb quark currents, whereas the gluons are interchanged

between these currents in the non-factorizable case. The factorizable QCD corrections

just renormalize the O2 operator. However, the non-factorizable QCD corrections induce

another “current–current” operator through “operator mixing”. It is given by

O1 = [sαγµ(1 − γ5)uβ] [cβγ
µ(1 − γ5)bα] , (3.7)

i.e. it differs from O2 through its colour structure. Consequently, if we take into account

QCD corrections, the low-energy effective Hamiltonian takes the following form:

Heff =
GF√

2
V ∗
usVcb [C1(µ)O1 + C2(µ)O2] , (3.8)

where C1(µ) 6= 0 and C2(µ) 6= 1 are due to QCD renormalization effects. This Hamil-

tonian applies to all decay processes, which are mediated by b → cus transitions. The

amplitudes of different channels belonging to this decay class arise from different hadronic

matrix elements of O1 and O2. An approach to deal with these quantities, referred to as

“factorization”, will be discussed in more detail in Subsection 3.6.

Let us now have a closer look at the evaluation of the Wilson coefficients [52]. To

this end, we first have to calculate the QCD corrections to the vertices shown in Figs. 8
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and 9, yielding the QCD-corrected transition amplitude

AQCD = ~AT (µ) · 〈 ~O〉0, (3.9)

and the QCD-corrected matrix elements

〈 ~O(µ)〉 = M̂(µ) · 〈 ~O〉0, (3.10)

respectively. Here the column vector 〈 ~O〉0 contains the tree-level matrix elements of the

operators O1 and O2. The Wilson coefficients are now obtained by expressing the QCD-

corrected transition amplitude (3.9) in terms of the QCD-corrected matrix elements

(3.10) as in (3.3):

AQCD = ~CT (µ) · 〈 ~O(µ)〉, (3.11)

yielding
~C(µ) = ~AT (µ) · M̂−1(µ). (3.12)

This procedure is called “matching” of the full theory onto an effective theory, which is

described by the low-energy effective Hamiltonian Heff . At the one-loop level, the results

for the Ck(µ) obtained this way are given by

C1(µ) = −3
(
αs
4π

)

ln

(

M2
W

µ2

)

, C2(µ) = 1 +
3

NC

(
αs
4π

)

ln

(

M2
W

µ2

)

, (3.13)

where NC denotes the number of quark colours, i.e. NC = 3 for the QCD gauge group

SU(3)C.

The characteristic feature of the expressions given in (3.13) are the terms proportional

to αs ln(M2
W/µ

2). Although the renormalization scale µ can, in principle, be chosen

arbitrarily, it is natural to use µ = O(mb) in analyses of B decays. For such scales, we

have to deal with large logarithms in (3.13). Sloppily speaking, these large logarithms

compensate the smallness of the running QCD coupling αs(µ). In order to obtain a

reliable result, these terms have to be resummed to all orders in αs, which can be

accomplished with the help of renormalization-group techniques. Here one exploits that

the transition amplitude (3.3) cannot depend on the chosen renormalization scale µ. The

general expression for the Ck(µ) can be written as

~C(µ) = Û(µ,MW ) · ~C(MW ), (3.14)

where ~C(MW ) denotes the initial conditions, depending on the short-distance physics at

high-energy scales. The evolution matrix is given by

Û(µ,MW ) = Tg

{

exp

[
∫ gs(µ)

gs(MW )
dg′

γ̂T (g′)

β(g′)

]}

, (3.15)
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where gs is the QCD coupling, the operator Tg denotes coupling-constant ordering such

that the couplings increase from right to left, the QCD “beta function” β(g) governs the

renormalization-group evolution of g,

µ
d

dµ
g(µ) = β(g(µ)), (3.16)

and γ̂ is the “anomalous dimension matrix” of the operators ~O, entering in

d

dg
~C(g) =

γ̂T (g)

β(g)
· ~C(g). (3.17)

Using these renormalization-group techniques, it is possible to sum up the following

terms of the Wilson coefficients in a systematic way:

αns

[

ln
(

µ

MW

)]n

(LO), αns

[

ln
(

µ

MW

)]n−1

(NLO), . . . , (3.18)

where the abbreviations LO and NLO refer to the “leading logarithmic” and “next-

to-leading logarithmic” approximations, respectively. For many applications, the LO

corrections are not sufficient. Important examples are the meaningful use of the QCD

scale parameter ΛMS [53] extracted from various high-energy processes, and the penguin

processes discussed below, where the matching procedure required to calculate the top-

quark mass dependence of the Wilson coefficients can only be performed properly by

going beyond the LO approximation. In this case, also dependences of the Wilson

coefficients on the employed renormalization schemes show up, which have to be cancelled

through the hadronic matrix elements of the corresponding operators. Moreover, scale

dependences can usually be reduced by going beyond LO.

Let us, in order to see the structure of the NLO Wilson coefficients, give the result

for the current–current operators. Here it is convenient to introduce operators O± with

coefficients C±(µ), which do not mix under renormalization and are defined by

O± ≡ 1

2
(O2 ± O1) with C±(µ) = C2(µ) ± C1(µ). (3.19)

The NLO renormalization-group evolution from MW to µ = O(mb) is described by

C±(µ) = U±(µ,MW )C±(MW ), (3.20)

with

U±(µ,MW ) =

[

1 +
αs(µ)

4π
J±

] [

αs(MW )

αs(µ)

]d± [

1 − αs(MW )

4π
J±

]

(3.21)

and

C±(MW ) = 1 +
αs(MW )

4π
B±. (3.22)
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Here

J± =
d±
β0
β1 −

γ
(1)
±

2β0
, d± =

γ
(0)
±

2β0
, B± =

NC ∓ 1

2NC
[±11 + κ±] , (3.23)

with

β0 =
11NC − 2f

3
, β1 =

34

3
N2

C − 10

3
NCf − 2

[

N2
C − 1

2NC

]

f (3.24)

and

γ
(0)
± = ±12

[
NC ∓ 1

2NC

]

, γ
(1)
± =

NC ∓ 1

2NC

[

−21 ± 57

NC

∓ 19

3
NC ± 4

3
f − 2β0κ±

]

. (3.25)

The parameter f denotes the number of active quark flavours (5 in our example, as

the top quark is integrated out), and κ± distinguishes between different renormalization

schemes [54]. The β and γ coefficients in (3.23)–(3.25) arise from the expansions

β(gs) = −β0
g3
s

16π2
− β1

g5
s

(16π2)2 + . . . , γ±(αs) = γ
(0)
±

(
αs
4π

)

+ γ
(1)
±

(
αs
4π

)2

+ . . . , (3.26)

where the former governs the NLO effective QCD coupling

αs(µ)

4π
=

1

β0 ln(µ2/Λ2
MS

)
− β1

β3
0

[

ln ln(µ2/Λ2
MS

)

ln2(µ2/Λ2
MS

)

]

. (3.27)

If we set J± and B± in (3.21) and (3.22) equal to zero, we obtain the LO result.

This example shows that things are getting rather complicated and technical at the

NLO level. However, for the phenomenological considerations of this review, we have

just to be familiar with the general structure of the appropriate low-energy effective

Hamiltonians. For detailed discussions of the renormalization-group techniques sketched

above, we refer the interested reader to the excellent presentations given in [55, 56].

3.3.3 Decays with Tree and Penguin Contributions

In the exploration of CP violation in the B system, non-leptonic decays receiving both

tree and penguin contributions, i.e. |∆B| = 1, ∆C = ∆U = 0 modes (see Subsection 3.2),

play a key rôle. This feature is due to the fact that CP asymmetries originate from

certain interference effects, which are provided by such channels. Because of the penguin

topologies, the operator basis is now much larger than in (3.8), where we considered a

pure “tree” decay. We have to deal with

Heff =
GF√

2




∑

j=u,c

V ∗
jrVjb

{
2∑

k=1

Ck(µ)Qjr
k +

10∑

k=3

Ck(µ)Qr
k

}

 , (3.28)

where the four-quark operators Qjr
k (j ∈ {u, c}, r ∈ {d, s}) can be divided as follows:
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• Current–current operators:

Qjr
1 = (rαjβ)V–A(jβbα)V–A

Qjr
2 = (rαjα)V–A(jβbβ)V–A.

(3.29)

• QCD penguin operators:

Qr
3 = (rαbα)V–A

∑

q′(q
′
βq

′
β)V–A

Qr
4 = (rαbβ)V–A

∑

q′(q
′
βq

′
α)V–A

Qr
5 = (rαbα)V–A

∑

q′(q
′
βq

′
β)V+A

Qr
6 = (rαbβ)V–A

∑

q′(q
′
βq

′
α)V+A.

(3.30)

• EW penguin operators (eq′: electrical quark charges):

Qr
7 = 3

2
(rαbα)V–A

∑

q′ eq′(q
′
βq

′
β)V+A

Qr
8 = 3

2
(rαbβ)V–A

∑

q′ eq′(q
′
βq

′
α)V+A

Qr
9 = 3

2
(rαbα)V–A

∑

q′ eq′(q
′
βq

′
β)V–A

Qr
10 = 3

2
(rαbβ)V–A

∑

q′ eq′(q
′
βq

′
α)V–A.

(3.31)

The current–current operators, which are related to the tree processes shown in Fig. 5,

are analogous to the operators O1 and O2 we encountered in (3.6) and (3.7); they have

just a different flavour content. The QCD and EW penguin operators are associated

with the QCD and EW penguin processes shown in Figs. 6 and 7, respectively. In the

latter case, also certain box diagrams contribute, which are not shown explicitly in Fig. 7.

Note that the unitarity of the CKM matrix, implying

V ∗
trVtb = −V ∗

urVub − V ∗
crVcb, (3.32)

has been used in (3.28) to eliminate the CKM factor V ∗
trVtb, which is related to penguin

topologies with internal top-quark exchanges.

The Wilson coefficient functions, including both LO and NLO QCD corrections and

LO corrections in the QED coupling α, were calculated in [57, 58]. In Table 2, we have

collected the values for these coefficients for up-dated input parameters, as obtained in

[56], where also a very detailed discussion of the technicalities of the corresponding calcu-

lations can be found. The next-to-leading order results are given for two renormalization

schemes, the näıve dimensional regularization scheme (NDR) and the ’t Hooft–Veltman

scheme (HV), corresponding to anticommuting and non-anticommuting γ5 in D 6= 4

dimensions, respectively [59]. As usual, mb(mb) denotes the running b-quark mass in the

MS scheme [53], and α = 1/129 is the QED coupling.

The results listed in Table 2 correspond to the Standard Model. In scenarios for

new physics, we usually have to deal with new operators, i.e. the operator basis (3.29)–

(3.31) is enlarged. The ∆F = 1 case, including also the B-meson decays with tree
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Λ
(5)

MS
= 160 MeV Λ

(5)

MS
= 225 MeV Λ

(5)

MS
= 290 MeV

Scheme LO NDR HV LO NDR HV LO NDR HV

C1 -0.283 -0.171 -0.209 -0.308 -0.185 -0.228 -0.331 -0.198 -0.245

C2 1.131 1.075 1.095 1.144 1.082 1.105 1.156 1.089 1.114

C3 0.013 0.013 0.012 0.014 0.014 0.013 0.016 0.016 0.014

C4 -0.028 -0.033 -0.027 -0.030 -0.035 -0.029 -0.032 -0.038 -0.032

C5 0.008 0.008 0.008 0.009 0.009 0.009 0.009 0.009 0.010

C6 -0.035 -0.037 -0.030 -0.038 -0.041 -0.033 -0.041 -0.045 -0.036

C7/α 0.043 -0.003 0.006 0.045 -0.002 0.005 0.047 -0.002 0.005

C8/α 0.043 0.049 0.055 0.048 0.054 0.060 0.053 0.059 0.065

C9/α -1.268 -1.283 -1.273 -1.280 -1.292 -1.283 -1.290 -1.300 -1.293

C10/α 0.302 0.243 0.245 0.328 0.263 0.266 0.352 0.281 0.284

Table 2: The |∆B| = 1, ∆C = ∆U = 0 Wilson coefficients at µ = mb(mb) = 4.40 GeV

for mt = 170 GeV as obtained in [56].

and penguin contributions discussed here, was considered in [60], where the two-loop

anomalous dimension matrices for the dim-6 four-quark operators were calculated. The

corresponding results for the ∆F = 2 case can be found in [60, 61].

Let us now return to the Standard Model. Roughly speaking, the origin of the

penguin operators in (3.28) is due to the penguin topologies in Figs. 6 and 7 with

internal top-quark exchanges. In the matching procedure, the top quark is integrated

out – together with the W - and Z-bosons – at a scale µ = O(MW ). Consequently,

these particles do not show up explicitly in the low-energy effective Hamiltonian (3.28).

However, their presence is included in the initial values of the renormalization group

evolution (3.14), leading in particular to a top-quark mass dependence of the penguin

coefficients. As can be seen in Figs. 6 and 7, there are also penguin topologies with

internal up- and charm-quark exchanges. Within the language of effective field theory,

these contributions show up as penguin matrix elements of the current–current operators

Qjr
1,2 with internal j-quark exchanges (j ∈ {u, c}), as illustrated in Fig. 10. Their proper

treatment requires us to go beyond the LO approximation, representing another example

for the importance of NLO calculations [62, 63]. Following these lines, we arrive at the

renormalization-scheme independent expression

〈 ~QT (µ) · ~C(µ)〉pen =
10∑

k=3

〈Qk〉0Ck(µ) +
αs(µ)

8π

[
10

9
−G(mj , k, µ)

]

×
{(

−1

3
〈Q3〉0 + 〈Q4〉0 −

1

3
〈Q5〉0 + 〈Q6〉0

)

C2(µ)
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+
8

9

α

αs(µ)
(〈Q7〉0 + 〈Q9〉0)

(

3C1(µ) + C2(µ)
)
}

, (3.33)

where

G(m, k, µ) = −4

1∫

0

dx x(1 − x) ln

[

m2 − x(1 − x)k2

µ2

]

(3.34)

describes the loop process shown in Fig. 10, with k denoting the four-momentum of

the gluons and photons. The Ck(µ) are the renormalization-scheme independent Wilson

coefficients introduced in [57]. Expression (3.33) is at the basis of the implementation

of the “Bander–Silverman–Soni (BSS) mechanism” [64] in the operator language. It

allows us to estimate CP-conserving strong phases, which are an essential ingredient for

“direct” CP violation, through the absorptive part of the function G(mj , k, µ). Several

applications of the BSS mechanism can be found in the literature (see, for instance,

[62]–[70]). Let us discuss the impact of penguin topologies with internal charm- and

up-quark exchanges in more detail in the following subsection.

3.4 Penguins with Internal Charm- and Up-Quark Exchanges

Looking at Figs. 6 and 7, we observe that the amplitude for a generic b → r penguin

process can be written as follows (r ∈ {d, s}):

A(r)
pen = V ∗

crVcbP
(r)
c + V ∗

urVubP
(r)
u + V ∗

trVtbP
(r)
t , (3.35)

were the P
(r)
j denote the strong amplitudes of penguin topologies with internal j-quark

exchanges. To be more specific, P
(r)
t describes the hadronic matrix elements of the

penguin operators (3.30) and (3.31), whereas P (r)
c and P (r)

u are related to the matrix

elements shown in Fig. 10, which are associated with (3.33). Using the unitarity relation

(3.32) to eliminate V ∗
urVub, we obtain

A(r)
pen = V ∗

trVtb

[

1 +

(

V ∗
crVcb
V ∗
trVtb

)

∆Pr

]
[

P
(r)
t − P (r)

u

]

, (3.36)

where

∆Pr ≡
P (r)
c − P (r)

u

P
(r)
t − P

(r)
u

. (3.37)

Moreover, the generalized Wolfenstein parametrization (2.17) with (2.46) yields

V ∗
cdVcb
V ∗
tdVtb

= −e
−iβ

Rt

[

1 + O(λ4)
]

,
V ∗
csVcb
V ∗
tsVtb

= −
[

1 + O(λ2)
]

. (3.38)

In the limit of degenerate up- and charm-quark masses, ∆Pr would vanish because of

the “Glashow–Iliopoulos–Maiani (GIM) mechanism” [71]. However, since mu ≈ 5 MeV,
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b r

Qjr
1,2

j j

G, γ
q

q

Figure 10: The one-loop QCD and QED time-like penguin matrix elements of the

current–current operators Qjr
1,2 (j ∈ {u, c}, r ∈ {d, s}, q ∈ {u, d, c, s}).

B+ D0

Ds
+

π+
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1,2
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d

u

Qc
1,2

(b)

Figure 11: Illustration of a rescattering process of the kind B+ → {D0D+
s } → π+K0

(a), which is contained in penguin topologies with internal charm-quark exchanges (b).

whereas mc ≈ 1.3 GeV, this GIM cancellation is incomplete, and ∆Pr may well be size-

able, thereby affecting (3.36) significantly. Estimates using the BSS mechanism sketched

above yield that |∆Pr| may be as large as O(0.5), with a large CP-conserving strong

phase [72]. Consequently, the assumption made in many analyses that QCD penguin

processes are dominated by internal top-quark exchanges is not justified, and penguin

topologies with internal charm and up quarks have also an important phenomenological

impact [72]. An interesting example is the decay Bd → K0K0, where the Standard

Model would predict vanishing CP violation, if top-quark penguins played the dominant

rôle. However, this feature is spoiled by a sizeable value of ∆Pd [73]. Using additional

information provided by Bs → K0K0, or considering the Bd,s → K∗0K∗0 system, weak

phases can still be extracted with the help of U -spin flavour-symmetry arguments [74],

as we will see in Subsection 10.2. The importance of “charming” penguins, i.e. penguin

topologies with internal charm-quark exchanges, was also emphasized in [75]–[77].

The amplitudes P (r)
u and P (r)

c may also receive large contributions from rescattering
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processes [78], which can be considered as long-distance penguin topologies with internal

up and charm quarks [79]. An important example is the decay B+ → π+K0, which

receives rescattering contributions of the following kind:

B+ → {D0D+
s , D

0D∗+
s , D∗0D∗+

s , . . .} → π+K0 (3.39)

B+ → {π0K+, π0K∗+, ρ0K∗+, . . .} → π+K0. (3.40)

Here the dots include also intermediate multibody states. In the first class of rescattering

processes, (3.39), we have to deal with decays that are caused by the Qc
1,2 current–current

operators through insertions into tree-diagram-like topologies, and may rescatter into the

final state π+K0. These final-state interaction effects are related to penguin topologies

with internal charm-quark exchanges, as can be seen in Fig. 11. In the case of (3.40),

we have to deal both with analogous penguin topologies, where all charm quarks are

replaced by up quarks, and with annihilation topologies. These issues received a lot of

attention in the context of extractions of γ from B → πK decays (see Section 9), and

require also careful attention for several other modes.

3.5 Electroweak Penguin Effects

Since the ratio α/αs = O(10−2) of the QED and QCD couplings is very small, we would

näıvely expect that EW penguins should play a minor rôle in comparison with QCD

penguins. This would actually be the case if the top quark was not heavy. However,

the Wilson coefficient of the EW penguin operator Qr
9 increases strongly with the top-

quark mass mt. As can be seen in Table 2, calculated for mt = 170 GeV, C9 becomes

comparable in magnitude with Wilson coefficients of QCD penguin operators.

Because of this feature, we obtain interesting EW penguin effects in several non-

leptonic B decays [63] (for a review, see [80]). A prominent example is B− → φK−,

which is governed by QCD penguins [65]. However, EW penguins may contribute to

this channel in “colour-allowed” form, thereby reducing its branching ratio by O(30%)

[63, 81]. There are even decays, which are dominated by EW penguins, for example

B− → φπ− [82] and B0
s → φπ0 [83]. Unfortunately, the corresponding branching ratios

of O(10−8) and O(10−7), respectively, are very small. On the other hand, the B− → φK−

mode has already been observed by the B-factories, with branching ratios at the 10−5

level. We shall come back to this channel in Subsection 6.2.

EW penguins have also an important impact on the phenomenology of B → πK

decays [84, 85]. As we will see in Section 9, these modes provide several strategies

to extract the CKM angle γ. Alternatively, if γ is used as an input, EW penguin

amplitudes can be determined from B → πK branching ratios [86, 87], thereby allowing

an interesting comparison with the Standard-Model predictions. In [88], in addition to

strategies for extracting the CKM angle γ and obtaining experimental insights into the
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world of EW penguins, also a transparent expression for the ratio of EW penguin to tree

amplitudes was derived.

3.6 Factorization of Hadronic Matrix Elements

In order to discuss “factorization”, let us consider again the decay B0
d → D+K−, which

we encountered already in the discussion of the low-energy effective Hamiltonian (3.8).

The problem in the evaluation of the B0
d → D+K− transition amplitude is the calculation

of the hadronic matrix elements of the O1,2 operators between the 〈K−D+| final and |B0
d〉

initial states. Making use of the well-known SU(NC) colour-algebra relation

T aαβT
a
γδ =

1

2

(

δαδδβγ −
1

NC
δαβδγδ

)

(3.41)

to re-write the operator O1, we obtain

〈K−D+|Heff |B0
d〉 =

GF√
2
V ∗
usVcb

[

a1〈K−D+|(sαuα)V–A(cβbβ)V–A|B0
d〉

+ 2C1〈K−D+|(sα T aαβ uβ)V–A(cγ T
a
γδ bδ)V–A|B0

d〉
]

, (3.42)

with

a1 =
C1

NC
+ C2. (3.43)

It is now straightforward to “factorize” the hadronic matrix elements:

〈K−D+|(sαuα)V–A(cβbβ)V–A|B0
d〉
∣
∣
∣
fact

= 〈K−| [sαγµ(1 − γ5)uα] |0〉〈D+| [cβγµ(1 − γ5)bβ ] |B0
d〉

∝ fK [decay constant] × FBD(M2
K ; 0+) [form factor], (3.44)

〈K−D+|(sα T aαβ uβ)V–A(cγ T
a
γδ bδ)V–A|B0

d〉
∣
∣
∣
fact

= 0. (3.45)

The quantity introduced in (3.43) is a phenomenological “colour factor”, governing

“colour-allowed” decays [89, 90]. The B0
d → D+K− mode belongs to this category,

since the colour indizes of the K−-meson and the B0
d–D

+ system in Fig. 8 run inde-

pendently from each other. In the case of “colour-suppressed” transitions, for instance

B0
d → D0π0, this is not the case, and we have to deal with the combination

a2 = C1 +
C2

NC
. (3.46)

The coefficients a1 and a2 were analysed beyond the leading logarithmic approximation

in different renormalization schemes in [54]. Whereas a1 = 1.01 ± 0.02 is very stable
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under changes of ΛMS and the renormalization scale and scheme, a2 = O(0.2) is affected

sizeably by such variations.

The phenomenological concept of the “factorization” of hadronic matrix elements in

weak non-leptonic decays has a long history (see, for example, [89]–[95]). One possibility

to justify it is provided by the large NC limit [96], where the transition amplitudes

factorize at leading order in a 1/NC-expansion, which can also be combined with the

framework of “Heavy-Meson Chiral Perturbation Theory” [97]. Recently, an interesting

approach was proposed in [98]–[100], representing an important step towards a rigorous

theoretical description of a large class of non-leptonic two-body B decays. Within this

framework, the physical idea [92] that factorization should hold for hadrons containing a

heavy quark Q with mQ ≫ ΛQCD is confirmed, and a formalism to calculate the relevant

amplitudes at the leading order of a ΛQCD/mQ-expansion is provided. Let us consider

a decay B → M1M2, where M1 picks up the spectator quark. If M1 is either a heavy

(D) or a light (π, K) meson, and M2 a light (π, K) meson, it can be shown that the

corresponding transition amplitude takes the following generic form [98]:

A(B →M1M2) = [näıve factorization]× [1 + calculable O(αs) + O(ΛQCD/mb)] . (3.47)

While the O(αs) terms, containing also radiative non-factorizable corrections to “näıve”

factorization, can be calculated in a systematic way, the main limitation is due to the

O(ΛQCD/mb) terms. A very detailed discussion of B decays into heavy–light final states

within this “QCD factorization” approach, including also the B0
d → D+K− mode con-

sidered above, was given in [99], whereas the implications for B → πK, ππ modes were

studied in [100]. Another QCD approach to deal with non-leptonic B decays into charm-

less final states – the perturbative hard-scattering (or “PQCD”) approach – was devel-

oped independently in [101]–[103], and differs from the “QCD factorization” formalism

in some technical aspects. As far as phenomenological applications are concerned, the

crucial question is obviously the importance of the O(ΛQCD/mb) terms, which are hard

to estimate. We shall come back to these issues in more detail in Section 9.

4 A Brief Look at the Kaon System

In 1964, CP violation was discovered in the famous experiment by Christenson et al. [1],

who have observed KL → π+π− decays. If the CP symmetry was conserved by weak

interactions, as was believed until the experimental discovery of CP violation, the mass

eigenstates KS and KL of the Hamiltonian describing K0–K0 mixing were eigenstates of

the CP operator with eigenvalues +1 and −1, respectively. Consequently, since π+π− is

a CP-even final state, the detection of KL → π+π− decays signals the non-invariance of

weak interactions under CP transformations, i.e. CP violation.
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Since we are mainly concerned with B decays in this review, the discussion of CP

violation in the kaon system will be rather brief, and we refer the reader for more detailed

presentations to [7, 8, 104]. The major aspects of kaon physics we have to deal with are

the CP-violating parameter ε, which plays an important rôle to constrain the unitarity

triangle, as we have already seen in Subsection 2.6, and the rare kaon decays K+ → π+νν

and KL → π0νν, providing interesting relations to the B-meson system, as we will discuss

in Section 11.

4.1 CP-violating Observables

In the neutral kaon system, CP violation is described by two complex quantities, called

ε and ε′, which are defined by the following ratios of decay amplitudes:

A(KL → π+π−)

A(KS → π+π−)
≈ ε+ ε′,

A(KL → π0π0)

A(KS → π0π0)
≈ ε− 2 ε′. (4.1)

These parameters are related to “indirect” and “direct” CP violation, as illustrated in

Fig. 12, where K1 and K2 denote the CP eigenstates of the neutral kaon system with CP

eigenvalues +1 and −1, respectively. Here indirect CP violation is due to the fact that

the mass eigenstate KL of the neutral kaon system is not a CP eigenstate because of the

small admixture of the CP-even K1 state, which may decay through a CP-conserving

transition into a ππ final state. On the other hand, direct CP violation originates from

direct transitions of the CP-odd K2 state into the CP-even ππ final state.

After the discovery of indirect CP violation in KL → π+π−, it was also observed in

KL → π0π0, πℓνℓ, π
+π−γ modes, and recently in KL → π+π−e+e− transitions. All these

effects can be described by

ε = (2.280 ± 0.013) × ei
π
4 × 10−3. (4.2)

As we have noted in Subsection 2.6, this observable fixes a hyperbola in the ρ–η plane,

which is given as follows [8]:

η
[

(1 − ρ)A2η2S0(xt) + Pc(ε)
]

A2B̂K = 0.204, (4.3)

(CP) (−) (+) (+)

direct: ε′

indirect: ε
KL = K2 + εK1

{

π+π−

π0π0

Figure 12: Indirect and direct CP violation in KL → ππ decays.
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and plays an important rôle to constrain the unitarity triangle. In this expression,

η2 = 0.57 is a perturbative QCD factor [105], S0(xt) ≈ 2.38 with xt ≡ m2
t/M

2
W is the

Inami–Lim function [50] resulting from box diagrams with (t,W±) exchanges (see Fig. 13

for the analogous diagrams contributing to B0
q–B

0
q mixing), and Pc(ε) = 0.30±0.05 [106]

summarizes the contributions not proportional to V ∗
tsVtd. The renormalization-group

invariant quantity

B̂K ≡ BK(µ)
[

α(3)
s (µ)

]−2/9
[

1 +
α(3)
s (µ)

4π
J3

]

(4.4)

parametrizes the relevant hadronic matrix element through

〈K0|(sd)V−A(sd)V−A|K0〉 ≡ 8

3
BK(µ)f 2

KM
2
K , (4.5)

where α(3)
s (µ) is the QCD coupling for three active quark flavours, J3 = 1.895 in the

NDR scheme [105], fK = 160 MeV is the kaon decay constant, and MK the kaon mass.

A reasonable range for B̂K is [8]

B̂K = 0.85 ± 0.15, (4.6)

which agrees well with recent lattice results (for reviews, see [38, 107]), is slightly above

the large–NC estimates [108], and a bit below the chiral quark-model estimates [109].

The numerical value in (4.3) and the value for Pc(ε) differ slightly from those given in

[8] due to λ = 0.222 used here instead of λ = 0.22 used in that paper [47]. This increase

of λ is made in order to be closer to the experimental value of |Vud| [38, 45].

Direct CP violation in K → ππ transitions is measured by the quantity Re(ε′/ε),

which is governed by the competition between QCD and EW penguins. For large top-

quark masses, a cancellation between these contributions arises, suppressing Re(ε′/ε)

strongly [110]. In 1999, new measurements of this observable have demonstrated that it

is different from zero, thereby establishing direct CP violation and excluding “superweak”

models [111]. The present results read as follows:

Re(ε′/ε) =

{

(20.7 ± 2.8) × 10−4 (KTeV Collaboration [112]),

(15.3 ± 2.6) × 10−4 (NA48 Collaboration [113]).
(4.7)

Taking into account also the previous measurements yields a world average of

Re(ε′/ε) = (17.2 ± 1.8) × 10−4. (4.8)

Although the short-distance contributions to Re(ε′/ε) are now fully under control [57, 58],

the theoretical predictions are unfortunately affected by large uncertainties arising from

hadronic matrix elements. In units of 10−4, the various estimates for Re(ε′/ε) that

can be found in the literature range from 5 to 40, demonstrating the unsatisfactory
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present theoretical status of this observable (for reviews, see [8, 114]). Consequently, it

does not allow a stringent test of the CP-violating sector of the Standard Model, unless

better techniques to deal with the hadronic matrix elements of the relevant operators

are available. A nice representation of the experimental results on Re(ε′/ε) through

contours in a plane of hadronic parameters, which may be useful in this respect, was

recently proposed in [115].

4.2 The Rare Decays K+ → π+νν and KL → π0νν

In order to test the Standard-Model description of CP violation, the decays K+ → π+νν

and KL → π0νν are considerably more promising than Re(ε′/ε). Within the Standard

Model, these loop-induced modes originate from Z-penguins and box diagrams, and are

governed by a single short-distance function X0(xt) ≈ 1.5. The K → πνν modes are

particularly interesting since they provide remarkable relations to the B system and are

very clean from a theoretical point of view. The latter feature arises from the fact that the

required hadronic matrix elements are just quark-current matrix elements between pion

and kaon states, which can be determined from very accessible semi-leptonic K decays.

Moreover, it was shown that other long-distance contributions are negligible [116], as

well as contributions from higher dimensional operators [117, 118]. Consequently, the

major theoretical uncertainties affecting analyses of K → πνν modes originate from the

scale ambiguities associated with perturbative QCD calculations. The inclusion of NLO

QCD corrections has reduced these uncertainties considerably [119, 120], thereby making

K → πνν modes an important probe of the Standard Model.

The derivation of the K → πνν branching ratios has recently been reviewed in [8].

Within the Standard Model, the predictions are given as follows:

BR(K+ → π+νν) = (7.5± 2.9)× 10−11, BR(KL → π0νν) = (2.6± 1.2)× 10−11. (4.9)

The former channel has already been observed at Brookhaven [121], with

BR(K+ → π+νν) =
(

1.5+3.4
−1.2

)

× 10−10. (4.10)

For a review of the experimental prospects concerning these modes, see [10].

Interestingly, the K → πνν branching ratios allow a determination of sin 2β [122].

To this end, it is useful to introduce the following “reduced” branching ratios:

B1 ≡
1

κ+
BR(K+ → π+νν), B2 ≡

1

κL
BR(KL → π0νν), (4.11)

where

κ+ = rK+

[

3α2BR(K+ → π0e+νe)

2 π2 sin4 ΘW

]

λ8 = 4.42 × 10−11, (4.12)
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and

κL =

[

rKL

rK+

τ(KL)

τ(K+)

]

κ+ = 1.93 × 10−10. (4.13)

Here rK+ = 0.901 and rKL
= 0.944 describe isospin-breaking corrections, which arise in

relating K+ → π+νν and KL → π0νν to K+ → π0e+νe, respectively. In the Standard

Model, we have to an excellent approximation

sin 2β =
2 rs

1 + r2
s

(4.14)

with

rs =
√
σ





√

σ(B1 − B2) − Pc(νν)
√
B2



 , (4.15)

where the quantity Pc(νν) = 0.40±0.06 describes the internal charm-quark contribution

to K+ → π+νν [120], and

σ =
1

(1 − λ2/2)2
. (4.16)

In writing (4.14), we have assumed that sin 2β > 0, as expected in the Standard Model.

Note that the numerical values in (4.12) and (4.13), as well as the value for Pc(νν), differ

slightly from those given in [120, 122] due to λ = 0.222 used here instead of λ = 0.22

used in these papers [47].

The strength of expression (4.14) is its theoretical cleanness, allowing a precise deter-

mination of sin 2β free of hadronic uncertainties, and independent of other parameters,

such as |Vcb|, |Vub/Vcb| and mt. Moreover, it provides a remarkable bridge to CP violation

in the B system, since sin 2β can also be determined in a clean way through CP-violating

effects in Bd → J/ψKS decays, as we will see in Subsection 6.1. The comparison of these

two determinations of sin 2β with each other is particularly well suited for tests of CP

violation in the Standard Model, and offers a powerful tool to probe the physics beyond

it [122, 123]. We shall return to this exciting issue in more detail in Section 11, where we

discuss various aspects of the unitarity triangle, sin 2β and K → πνν decays in models

with minimal flavour violation [47]. There we will also derive a generalization of (4.14).

In order to obtain the whole picture of CP violation, it is essential to study this

phenomenon outside the kaon system. In this respect, the B system – the central topic

of this review – is most promising. Let us turn to decays of neutral B-mesons first.
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5 Time Evolution of Neutral B Decays

A characteristic feature of the neutral Bq-meson system is B0
q–B

0
q mixing (q ∈ {d, s}).

Within the Standard Model, this phenomenon is induced at lowest order through the box

diagrams shown in Fig. 13. The Wigner–Weisskopf formalism [124] yields the following

effective Schrödinger equation:

i
d

d t

(

a(t)

b(t)

)

=








M

(q)
0 M

(q)
12

M
(q)∗
12 M

(q)
0



− i

2




Γ

(q)
0 Γ

(q)
12

Γ
(q)∗
12 Γ

(q)
0







 ·
(

a(t)

b(t)

)

, (5.1)

which describes the time evolution of the state vector

|ψq(t)〉 = a(t)
∣
∣
∣B0

q

〉

+ b(t)
∣
∣
∣B0

q

〉

. (5.2)

q W b

b W q

u, c, t u, c, t

q b

b q

u, c, t

u, c, t

W W

Figure 13: Box diagrams contributing to B0
q–B

0
q mixing (q ∈ {d, s}).

5.1 Solution of the Schrödinger Equation

It is a straightforward exercise to calculate the eigenstates
∣
∣
∣B

(q)
±

〉

and eigenvalues λ
(q)
± of

the Hamiltonian given in (5.1):

∣
∣
∣B

(q)
±

〉

=
1

√

1 + |αq|2
(∣
∣
∣B0

q

〉

± αq
∣
∣
∣B0

q

〉)

(5.3)

λ
(q)
± =

(

M
(q)
0 − i

2
Γ

(q)
0

)

±
(

M
(q)
12 − i

2
Γ

(q)
12

)

αq, (5.4)

where

αqe
+i

(

Θ
(q)
Γ12

+n′π

)

=

√
√
√
√
√
√

4
∣
∣
∣M

(q)
12

∣
∣
∣

2
e
−i2δΘ

(q)

M/Γ +
∣
∣
∣Γ

(q)
12

∣
∣
∣

2

4
∣
∣
∣M

(q)
12

∣
∣
∣

2
+
∣
∣
∣Γ

(q)
12

∣
∣
∣

2
− 4

∣
∣
∣M

(q)
12

∣
∣
∣

∣
∣
∣Γ

(q)
12

∣
∣
∣ sin δΘ

(q)
M/Γ

. (5.5)

Here M
(q)
12 ≡ e

iΘ
(q)
M12 |M (q)

12 |, Γ
(q)
12 ≡ e

iΘ
(q)
Γ12 |Γ(q)

12 | and δΘ
(q)
M/Γ ≡ Θ

(q)
M12

− Θ
(q)
Γ12

. The n′ ∈ {0, 1}
parametrizes the sign of the square root appearing in (5.5).
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Calculating the dispersive parts of the box diagrams, which are dominated to an

excellent approximation by the internal top-quark exchanges, gives [125]

M
(q)
12 =

G2
FM

2
W

12π2
ηBMBqB̂Bqf

2
Bq

(V ∗
tqVtb)

2S0(xt) e
i(π−φCP(Bq)). (5.6)

Here ηB = 0.55 is a perturbative QCD factor [105, 126], which is common to M
(d)
12 and

M
(s)
12 , and MBq denotes the Bq-meson mass. The non-perturbative parameter B̂Bq is

the counterpart of B̂K introduced in (4.4), parametrizing 〈B0
q |(bq)V−A(bq)V−A|B0

q 〉, and

fBq is the Bq decay constant. There is a vast literature on the calculations of these

parameters, using lattice [38, 127] and QCD sum-rule techniques [128]; both approaches

give compatible results. A reasonable range for the combination relevant for (5.6) is [8]

√

B̂Bd
fBd

= (230 ± 40) MeV. (5.7)

Finally, the Inami–Lim function S0(xt) ≈ 2.38 appeared already in Subsection 4.1, and

the convention-dependent phase φCP(Bq) is defined through

(CP)
∣
∣
∣B0

q

〉

= eiφCP(Bq)
∣
∣
∣B0

q

〉

. (5.8)

Evaluating the absorptive parts of the box diagrams yields

Γ
(q)
12

M
(q)
12

≈ − 3π

2S0(xt)

m2
b

M2
W

= O(m2
b/m

2
t ) ≪ 1, (5.9)

where we have taken into account that S0(xt) ∝ xt = m2
t/M

2
W . If we expand (5.5) in

powers of this small quantity and neglect second-order terms, we arrive at

αq =



1 +
1

2

∣
∣
∣
∣
∣
∣

Γ
(q)
12

M
(q)
12

∣
∣
∣
∣
∣
∣

sin δΘ
(q)
M/Γ



 e
−i

(

Θ
(q)
M12

+n′π

)

. (5.10)

The deviation of |αq| from 1 describes CP violation in B0
q–B

0
q oscillations, and can be

probed through “wrong-charge” lepton asymmetries:

A(q)
SL ≡ Γ(B0

q (t) → ℓ−νX) − Γ(B0
q (t) → ℓ+νX)

Γ(B0
q (t) → ℓ−νX) + Γ(B0

q (t) → ℓ+νX)
=

|αq|4 − 1

|αq|4 + 1
≈
∣
∣
∣
∣
∣
∣

Γ
(q)
12

M
(q)
12

∣
∣
∣
∣
∣
∣

sin δΘ
(q)
M/Γ. (5.11)

Note that the time dependences cancel in (5.11). Because of |Γ(q)
12 |/|M (q)

12 | ∝ m2
b/m

2
t and

sin δΘ
(q)
M/Γ ∝ m2

c/m
2
b , the asymmetry A(q)

SL is suppressed by a factor m2
c/m

2
t = O(10−4),

and is hence very small in the Standard Model. Consequently, it represents an interesting

probe to search for new physics. A recent analysis of the CLEO collaboration [129] yields

A(d)
SL/4 = −0.0035 ± 0.0103 ± 0.0015. (5.12)
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5.2 Mixing Parameters and Decay Rates

The time evolution of initially, i.e. at time t = 0, pure B0
q - and B0

q -meson states is given

as follows:

∣
∣
∣B0

q (t)
〉

= f
(q)
+ (t)

∣
∣
∣B0

q

〉

+ αqf
(q)
− (t)

∣
∣
∣B0

q

〉

(5.13)

∣
∣
∣B0

q (t)
〉

=
1

αq
f

(q)
− (t)

∣
∣
∣B0

q

〉

+ f
(q)
+ (t)

∣
∣
∣B0

q

〉

, (5.14)

where

f
(q)
± (t) =

1

2

[

e−iλ
(q)
+ t ± e−iλ

(q)
−
t
]

. (5.15)

These time-dependent state vectors allow the calculation of the corresponding transition

rates. To this end, it is useful to introduce

∣
∣
∣g

(q)
± (t)

∣
∣
∣

2
=

1

4

[

e−Γ
(q)
L t + e−Γ

(q)
H t ± 2 e−Γqt cos(∆Mqt)

]

(5.16)

g
(q)
− (t) g

(q)
+ (t)∗ =

1

4

[

e−Γ
(q)
L
t − e−Γ

(q)
H
t + 2 i e−Γqt sin(∆Mqt)

]

, (5.17)

and

ξ
(q)
f = e

−iΘ
(q)
M12

A(B0
q → f)

A(B0
q → f)

, ξ
(q)

f
= e

−iΘ
(q)
M12

A(B0
q → f)

A(B0
q → f)

, (5.18)

where

Θ
(q)
M12

= π + 2 arg
(

V ∗
tqVtb

)

− φCP(Bq) (5.19)

can be read off from (5.6). Whereas Θ
(q)
M12

depends on the chosen CKM and CP phase

conventions, ξ
(q)
f and ξ

(q)

f
are convention-independent observables.

In (5.19), it has been taken into account that S0(xt) > 0, and it has been assumed

implicitly that the bag parameter B̂Bd
is positive. As emphasized in [130], for B̂Bd

< 0,

Θ
(q)
M12

given in (5.19) would be shifted by π. However, this case appears to be very

unlikely. Indeed, all existing non-perturbative methods give B̂Bd
> 0, which we shall

also assume in this review. A similar comment applies to B̂K . On the other hand, in the

case of models with minimal flavour violation, the Inami–Lim function S0(xt) is replaced

by a new parameter Ftt, which needs not be positive. In this case, the shift of (5.19) by

π has to be taken into account [47], and leads to subtleties, as discussed in Section 11.

The g
(q)
± (t) are related to the f

(q)
± (t). However, whereas the latter functions depend

on n′, the g
(q)
± (t) do not depend on this parameter. The n′-dependence is cancelled by

introducing the positive mass difference

∆Mq ≡M
(q)
H −M

(q)
L = 2

∣
∣
∣M

(q)
12

∣
∣
∣ > 0 (5.20)
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of the mass eigenstates |BH
q 〉 (“heavy”) and |BL

q 〉 (“light”). The quantities Γ
(q)
H and Γ

(q)
L

denote the corresponding decay widths. Their difference can be expressed as

∆Γq ≡ Γ
(q)
H − Γ

(q)
L =

4 Re
[

M
(q)
12 Γ

(q)∗
12

]

∆Mq

, (5.21)

whereas their average is given by

Γq ≡
Γ

(q)
H + Γ

(q)
L

2
= Γ

(q)
0 . (5.22)

There is the following interesting relation:

∆Γq
Γq

≈ − 3π

2S0(xt)

m2
b

M2
W

xq = O(10−2) × xq, (5.23)

where

xq ≡
∆Mq

Γq
=

{

0.75 ± 0.02 (q = d)

O(20) (q = s)
(5.24)

denotes the B0
q–B

0
q “mixing parameter”. Consequently, there may be a sizeable width

difference in the Bs system, whereas ∆Γd is expected to be negligibly small. We shall

come back to ∆Γs in Section 7.

Combining the formulae listed above, we arrive at the following transition rates for

decays of initially, i.e. at t = 0, present B0
q - or B0

q -mesons:

Γ(
(—)

B0
q (t) → f) =

[∣
∣
∣g

(q)
∓ (t)

∣
∣
∣

2
+
∣
∣
∣ξ

(q)
f

∣
∣
∣

2 ∣∣
∣g

(q)
± (t)

∣
∣
∣

2 − 2 Re
{

ξ
(q)
f g

(q)
± (t)g

(q)
∓ (t)∗

}]

Γ̃f , (5.25)

where the time-independent rate Γ̃f corresponds to the “unevolved” decay amplitude

A(B0
q → f), which can be calculated by performing the usual phase-space integrations.

The rates into the CP-conjugate final state f can be obtained straightforwardly from

(5.25) through the substitutions

Γ̃f → Γ̃f , ξ
(q)
f → ξ

(q)

f
. (5.26)

5.3 Determination of Rt from ∆Md

As we have noted in our discussion of the constraints on the apex of the unitarity triangle

in the ρ–η plane (see Subsection 2.6), the mass difference of the eigenstates of the Bd

system allows us to determine Rt. This feature is nicely described by [8, 13, 46, 47]

Rt = 1.10 × R0

A

1
√

|S0(xt)|
with R0 ≡

√

∆Md

0.50/ps




230 MeV
√

B̂dfBd





√

0.55

ηB
, (5.27)
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where we have kept the Inami–Lim function S0(xt) ≈ 2.38 explicitly, which will be

useful for the discussion of models with minimal flavour violation in Section 11. The

experimental range for ∆Md is given by [131]

∆Md = (0.487 ± 0.009) ps−1. (5.28)

Alternatively, Rt may be fixed through the ratio ∆Md/∆Ms with the help of SU(3)

flavour-symmetry arguments. Concerning theoretical uncertainties, this approach, which

will be discussed together with the Bs system in Section 7, is much cleaner.

5.4 CP-violating Asymmetries

A particularly simple and interesting situation arises if we restrict ourselves to decays of

neutral Bq-mesons into CP self-conjugate final states |f〉, satisfying the relation

(CP)|f〉 = ± |f〉. (5.29)

Consequently, we have ξ
(q)
f = ξ

(q)

f
in this case (see (5.18)). Using (5.25), the corresponding

time-dependent CP asymmetry can be expressed as follows:

aCP(t) ≡ Γ(B0
q (t) → f) − Γ(B0

q (t) → f)

Γ(B0
q (t) → f) + Γ(B0

q (t) → f)
(5.30)

=

[

Adir
CP(Bq → f) cos(∆Mqt) + Amix

CP (Bq → f) sin(∆Mqt)

cosh(∆Γqt/2) −A∆Γ(Bq → f) sinh(∆Γqt/2)

]

.

In this expression, we have separated the “direct” from the “mixing-induced” CP-

violating contributions, which are described by

Adir
CP(Bq → f) ≡

1 − |ξ(q)
f |2

1 + |ξ(q)
f |2

and Amix
CP (Bq → f) ≡

2 Im ξ
(q)
f

1 + |ξ(q)
f |2

, (5.31)

respectively. The terminology “direct CP violation” refers to CP-violating effects, which

arise directly at the decay-amplitude level and are due to interference between different

CKM amplitudes; it is the same kind of CP violation, which is probed in the neutral kaon

system by Re(ε′/ε). On the other hand, “mixing-induced CP violation” originates from

interference effects between B0
q–B

0
q mixing and decay processes. The width difference

∆Γq, which may be sizeable in the Bs system, provides another observable

A∆Γ(Bq → f) ≡
2 Re ξ

(q)
f

1 + |ξ(q)
f |2

, (5.32)
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which is, however, not independent from Adir
CP(Bq → f) and Amix

CP (Bq → f), statisfying

the following relation:

[

Adir
CP(Bq → f)

]2
+
[

Amix
CP (Bq → f)

]2
+
[

A∆Γ(Bq → f)
]2

= 1. (5.33)

In order to calculate the observable ξ
(q)
f , which contains essentially all the informa-

tion needed to evaluate the CP asymmetry (5.30), we employ the low-energy effective

Hamiltonian (3.28), yielding the transition amplitude

A
(

B0
q → f

)

=
〈

f
∣
∣
∣Heff(∆B = −1)

∣
∣
∣B0

q

〉

= (5.34)

〈

f

∣
∣
∣
∣
∣
∣

GF√
2




∑

j=u,c

V ∗
jrVjb

{
2∑

k=1

Ck(µ)Qjr
k (µ) +

10∑

k=3

Ck(µ)Qr
k(µ)

}



∣
∣
∣
∣
∣
∣

B0
q

〉

,

where r ∈ {d, s} distinguishes between b→ d and b→ s transitions. On the other hand,

we have also

A
(

B0
q → f

)

=
〈

f
∣
∣
∣Heff(∆B = −1)†

∣
∣
∣B0

q

〉

= (5.35)

〈

f

∣
∣
∣
∣
∣
∣

GF√
2




∑

j=u,c

VjrV
∗
jb

{
2∑

k=1

Ck(µ)Qjr†
k (µ) +

10∑

k=3

Ck(µ)Qr†
k (µ)

}



∣
∣
∣
∣
∣
∣

B0
q

〉

.

If we perform appropriate CP transformations in this expression, i.e. insert the operator

(CP)†(CP) = 1̂ both after 〈f | and in front of |B0
q 〉, we obtain

A
(

B0
q → f

)

= ±eiφCP(Bq)× (5.36)

〈

f

∣
∣
∣
∣
∣
∣

GF√
2




∑

j=u,c

VjrV
∗
jb

{
2∑

k=1

Ck(µ)Qjr
k (µ) +

10∑

k=3

Ck(µ)Qr
k(µ)

}



∣
∣
∣
∣
∣
∣

B0
q

〉

,

where we have applied the relation

(CP)
(

Qjr
k

)†
(CP)† = Qjr

k , (5.37)

and have furthermore taken into account (5.8). Using now (5.18) and (5.19), we finally

arrive at

ξ
(q)
f = ∓ e−iφq







∑

j=u,c
V ∗
jrVjb〈f |Qjr|B0

q 〉
∑

j=u,c
VjrV ∗

jb〈f |Qjr|B0
q 〉






, (5.38)

where

Qjr ≡
2∑

k=1

Ck(µ)Qjr
k +

10∑

k=3

Ck(µ)Qr
k, (5.39)
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and where

φq ≡ 2 arg(V ∗
tqVtb) =

{

+2β (q = d)

−2δγ (q = s)
(5.40)

is related to the weak B0
q–B

0
q mixing phase. For the interpretaion of β and δγ in terms of

the unitarity triangles of the CKM matrix, see Fig. 3. Note that the phase-convention-

dependent quantity φCP(Bq) cancels in (5.38).

In general, the observable ξ
(q)
f suffers from large hadronic uncertainties, which are

introduced by the hadronic matrix elements in (5.38). However, if the decay Bq → f is

dominated by a single CKM amplitude, i.e.

A(B0
q → f) = e−iφf/2

(

eiδf |Mf |
)

, (5.41)

the strong matrix element eiδf |Mf | with the CP-conserving strong phase δf cancels, and

ξ
(q)
f takes the simple form

ξ
(q)
f = ∓ exp [−i (φq − φf)] . (5.42)

If the V ∗
jrVjb amplitude plays the dominant rôle in B0

q → f , we have

φf = 2 arg(V ∗
jrVjb) =

{

−2γ (j = u)

0 (j = c).
(5.43)

In (5.40) and (5.43), we have employed (2.46), corresponding to the phase convention

chosen in the standard and the generalized Wolfenstein parametrizations of the CKM

matrix. However, the results for the observable ξ
(q)
f arising from (5.42) do of course not

depend on the choice of the phase convention of the CKM matrix.

Since B0
q–B

0
q mixing plays an important rôle for new physics to manifest itself in

mixing-induced CP asymmetries of neutral Bq decays, let us leave the framework of the

Standard Model for a moment in the next Subsection, following closely [132].

5.5 Impact of Physics Beyond the Standard Model

The generic way of introducing physics beyond the Standard Model into analyses of non-

leptonic B decays is to use the language of effective field theory and to write down all

possible dim-6 operators. Of course, this has been known already for a long time and lists

of the dim-6 operators involving all the Standard-Model particles have been published

in the literature [133]. After having introduced these additional operators, we have to

construct the generalization of the relevant Standard-Model effective Hamiltonian at the

scale of the b quark, where we encounter again dim-6 operators, with Wilson coefficients

containing now a Standard-Model contribution, and a possible piece of new physics.

The problem with this generic point of view is that the operator basis is enlarged to

such an extent that this general approach becomes almost useless for phenomenological
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applications. However, we are dealing with non-leptonic decays, in which we are, be-

cause of our ignorance of the hadronic matrix elements, sensitive neither to the helicity

structure of the operators nor to their colour structure. The only information that is

relevant in this case is the flavour structure, and hence we introduce the notation

[(q3q2)(q1Q)] =
∑

[Wilson coeff.] × [dim-6 operator mediating Q→ q1q2q3]. (5.44)

This sum is renormalization-group invariant, and involves, at the scale of the b quark,

Standard-Model as well as possible non-Standard-Model contributions. In particular, it

allows us to estimate the relative size of a possible new-physics contribution.

This language can also be applied to the ∆B = ±2 operators mediating B0
d–B

0
d

mixing, yielding

H(d)
eff (∆B = +2) = Gd

[

(bd)(bd)
]

(5.45)

as the relevant flavour structure. Within the Standard Model, (5.45) originates from the

box diagrams shown in Fig. 13 for q = d, which are strongly suppressed by the CKM

factor (VtdV
∗
tb)

2, as well as by a loop factor

g2
2

64π2
=

GFM
2
W√

128π2
≈ 1 × 10−3, (5.46)

making the Standard-Model contribution very small, of the order of

G
(d)
SM =

GF√
2

(

GFM
2
W√

128π2

)

(VtdV
∗
tb)

2. (5.47)

Here we did not include the Inami–Lim function S0(xt) and the perturbative QCD cor-

rections for simplicity (see Subsection 5.1), as we are now only interested in order of

magnitude estimates. Because of the strongly suppressed Standard-Model piece, a new-

physics contribution may well be of similar size. If Λ denotes the characteristic scale of

physics beyond the Standard Model, we have

G
(d)
NP =

GF√
2

(

GFM
2
W√

128π2

)

M2
W

Λ2
e−i2ψd , (5.48)

where ψd is a possible weak phase, which is induced by the new-physics contribution.

Finally, we arrive at

Gd =
GF√

2

(

GFM
2
W√

128π2

)[

(VtdV
∗
tb)

2 +
M2

W

Λ2
e−i2ψd

]

≡ |Rd|e−iφ
NP
d , (5.49)

where the weak phase φNP
d is the generalization of (5.40), entering the mixing-induced

CP asymmetries. Using (2.46), we obtain

tanφNP
d =

sin 2β + ̺2
d sin 2ψd

cos 2β + ̺2
d cos 2ψd

(5.50)
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with

̺d =
(

1

λ3ARt

)(
MW

Λ

)

. (5.51)

Since ̺d can be of order one even for large Λ, there can be a large phase shift in the

mixing phase. If we assume, for example, ARt = 1, this term equals 1 for a new-

physics scale of Λ ∼ 8 TeV. Such contributions affect of course not only the CP-violating

phase φNP
d , but also the “strength” |Rd| of B0

d–B
0
d mixing, which would manifest itself

as an inconsistency in the usual “standard analysis” of the unitarity triangle discussed

in Subsection 2.6. Similar considerations can of course also be made for B0
s–B

0
s mixing,

which will be addressed in Subsection 7.4.

The formalism developed above has important applications and allows us to discuss

key modes for the B-factories, which will be our next topic.

6 Important Benchmark Modes for the B-Factories

6.1 The B → J/ψK System

The most important application of the formalism discussed in Subsection 5.4 is the

extraction of β from CP-violating effects in the “gold-plated” mode Bd → J/ψKS [134].

6.1.1 Extracting β from Bd → J/ψKS

The decay B0
d → J/ψKS is a transition into a CP eigenstate with eigenvalue −1 (note

that the J/ψKS system is created in a P -wave state), and originates from b→ ccs quark-

level processes. As can be seen in Fig. 14, we have to deal both with tree-diagram-like

and with penguin topologies. The corresponding amplitude can be written as [135]

A(B0
d → J/ψKS) = λ(s)

c

(

Ac
′

CC + Ac
′

pen

)

+ λ(s)
u Au

′

pen + λ
(s)
t At

′

pen , (6.1)
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Figure 14: Feynman diagrams contributing to B0
d → J/ψKS. The dashed lines in the

penguin topology represent a colour-singlet exchange.
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where Ac
′

CC denotes the current–current (CC) contributions, i.e. the “tree” processes

shown in Fig. 14, and the strong amplitudes Aq
′

pen describe the contributions from penguin

topologies with internal q quarks (q ∈ {u, c, t}). These penguin amplitudes take into

account both QCD and EW penguin contributions. The primes in (6.1) remind us that

we are dealing with a b→ s transition, and the

λ(s)
q ≡ VqsV

∗
qb (6.2)

are CKM factors. If we employ the unitarity of the CKM matrix to eliminate λ
(s)
t (see

(3.32)), and make use of the generalized Wolfenstein parametrization (2.17), we obtain

A(B0
d → J/ψKS) =

(

1 − λ2

2

)

A′

[

1 +

(

λ2

1 − λ2

)

a′eiθ
′

eiγ
]

, (6.3)

where

A′ ≡ λ2A
(

Ac
′

CC + Act
′

pen

)

(6.4)

with Act
′

pen ≡ Ac
′

pen − At
′

pen, and

a′eiθ
′ ≡ Rb

(

Aut
′

pen

Ac
′

CC + Act′pen

)

. (6.5)

The quantity Aut
′

pen is defined in analogy to Act
′

pen, and A and Rb are the usual CKM

factors, with present experimental ranges given in (2.49) and (2.51), respectively.

Because of various reasons, it is very difficult to calculate the “penguin” parameter

a′eiθ
′

, introducing eiγ into the B0
d → J/ψKS amplitude, reliably: the QCD penguins

contributing to B0
d → J/ψKS require a colour-singlet exchange, as indicated in Fig. 14

through the dashed lines, and are “Zweig-suppressed”. Such a comment does not apply

to the EW penguins, which contribute in colour-allowed form. On the other hand, the

current–current amplitude Ac
′

CC is due to colour-suppressed topologies, so that the ratio

Aut
′

pen/(A
c′

CC + Act
′

pen), which governs a′eiθ
′

, may well be sizeable; a plausible estimate is

a′ = O(0.2). Fortunately, this parameter – and therefore also eiγ – enters in (6.3) in a

doubly Cabibbo-suppressed way. Consequently, we have to a very good approximation

φψKS
= 0, and obtain with the help of (5.31) and (5.42)

aψKS
≡ −Amix

CP (Bd → J/ψKS) = − sin[−(φd − 0)] = sin 2β. (6.6)

Hence Bd → J/ψKS is referred to as the “gold-plated” mode to determine β [134].

At this point, we have to discuss a subtlety, which arises in Bq → f decays into a final

CP eigenstate |f〉 involving a KS-meson, such as Bd(s) → J/ψKS or Bd → φKS. In this

case, we have also to take into account the weak K0–K0 mixing phase φK = 2 arg(V ∗
usVud),

modifying the convention-independent combination of phases in (5.42) as follows:

φq + φK − φf . (6.7)
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However, for the generalized Wolfenstein parametrization (2.17) applied in (5.40) and

(5.43), φK is negligibly small and does not show up explicitly in the mixing-induced CP

asymmetries. Owing to the small value of the CP-violating parameter ε of the neutral

kaon system, φK can only affect the mixing-induced CP asymmetries in very contrived

models of new physics [130, 136].

Concerning the measurement of sin 2β through (6.6), there were already important

first steps by the OPAL, CDF and ALEPH collaborations:

sin 2β =







3.2+1.8
−2.0 ± 0.5 (OPAL [137])

0.79+0.41
−0.44 (CDF [138])

0.84+0.82
−1.04 ± 0.16 (ALEPH [139]).

(6.8)

In the summer of 2001, the asymmetric e+e− B-factories could establish CP violation in

the B system, with the following results for sin 2β:

sin 2β =

{

0.59 ± 0.14 ± 0.05 (BaBar [2])

0.99 ± 0.14 ± 0.06 (Belle [3]).
(6.9)

Taking also into account the previous CDF and ALEPH results gives an average of

sin 2β = 0.79 ± 0.10. (6.10)

In comparison with sin 2β = 0.34± 0.20± 0.05 [140] and 0.58+0.32+0.09
−0.34−0.10 [141] reported

by the BaBar and Belle collaborations in the spring of 2001, respectively, the central

values have now moved up considerably. The first results for sin 2β announced by these

experiments in the summer of 2000, 0.12±0.37±0.09 [142] and 0.45+0.43+0.07
−0.44−0.09 [143], gave

even smaller central values. Despite the large experimental uncertainties, these numbers

led already to some excitement in the B-physics community [46, 47, 144, 145, 146, 147],

as they would have been in disagreement with the “standard analysis” of the unitarity

triangle discussed in Subsection 2.6, yielding

0.5 ∼< sin 2β ∼< 0.9. (6.11)

In view of the recent Belle result [3], the upper bounds given in (2.48) and (2.52) may

become important for the search for new physics.

Since the BaBar and Belle numbers in (6.9) are not fully consistent with each other,

the measurement of sin 2β will continue to be a very exciting topic. Moreover, it should

be noted that the B-factory results given in (6.9) actually correspond to an average

over various channels, including Bd → J/ψKS, ψ(2S)KS, χc1KS, J/ψKL and J/ψK∗

modes. If just Bd → J/ψKS [→ π+π−] decays are employed, BaBar and Belle obtain

sin 2β = 0.45 ± 0.18 [2] and 0.81 ± 0.20 [3], respectively. On the other hand, the BaBar

and Belle data for Bd → J/ψKL modes give sin 2β = 0.70 ± 0.34 [2] and 1.31 ± 0.23 [3],

respectively. We shall come back to these issues in 6.1.6 and Section 11.
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After a couple of years of collecting data, an uncertainty of ∆ sin 2β|exp = 0.05

seems to be achievable at the B-factories. In the LHC era, this experimental uncertainty

should be reduced further by one order of magnitude [148]. In view of such a tremendous

accuracy, it is crucial to obtain deeper insights into the theoretical uncertainties affecting

(6.6). A possibility to control them is provided by Bs → J/ψKS modes [135] (see

Subsection 10.1). Moreover, also direct CP violation allows us to probe the corresponding

penguin effects [80]. In order to fully exploit the physics potential ofBd → J/ψKS decays,

their charged counterparts B± → J/ψK± have to be considered as well [132].

6.1.2 Isospin Relations between Bd → J/ψKS and B± → J/ψK±

The most general discussion of the B → J/ψK system can be performed in terms of an

isospin decomposition [132]. Here the corresponding initial and final states are grouped

in the following isodoublets:

[

|1/2; +1/2〉
|1/2;−1/2〉

]

:

[

|B+〉
|B0

d〉

]

,

[

|B0
d〉

−|B−〉

]

︸ ︷︷ ︸

CP

,

[

|J/ψK+〉
|J/ψK0〉

]

,

[

|J/ψK0〉
−|J/ψK−〉

]

︸ ︷︷ ︸

CP

, (6.12)

which are related by CP conjugation. The decays B+ → J/ψK+ and B0
d → J/ψK0 are

described by an effective low-energy Hamiltonian of the following structure:

Heff =
GF√

2

[

VcsV
∗
cb

(

Qc
CC −Qpen

QCD −Qpen
EW

)

+ VusV
∗
ub

(

Qu
CC −Qpen

QCD −Qpen
EW

)]

, (6.13)

where the Q denote linear combinations of Wilson coefficients and four-quark operators,

consisting of CC, QCD penguin and EW penguin operators, as listed in (3.29)–(3.31).

For the following considerations, the flavour structure of these operators is crucial:

Qc
CC ∼ (cc)(bs), Qu

CC ∼ (uu)(bs), (6.14)

Qpen
QCD ∼

[

(cc) + {(uu) + (dd)} + (ss)
]

(bs), (6.15)

Qpen
EW ∼ 1

3

[

2(cc) + {2(uu) − (dd)} − (ss)
]

(bs). (6.16)

Since

(uu) =
1

2

(

uu+ dd
)

︸ ︷︷ ︸

I=0

+
1

2

(

uu− dd
)

︸ ︷︷ ︸

I=1

, 2(uu)−(dd) =
1

2

(

uu+ dd
)

︸ ︷︷ ︸

I=0

+
3

2

(

uu− dd
)

︸ ︷︷ ︸

I=1

, (6.17)

we conclude that (6.13) is a combination of isospin I = 0 and I = 1 pieces:

Heff = HI=0
eff + HI=1

eff , (6.18)
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where HI=0
eff receives contributions from all of the operators in (6.14)–(6.16), whereas

HI=1
eff is only due to Qu

CC and Qpen
EW. Using the isospin symmetry, we obtain

〈J/ψK+|HI=0
eff |B+〉 = +〈J/ψK0|HI=0

eff |B0
d〉 (6.19)

〈J/ψK+|HI=1
eff |B+〉 = −〈J/ψK0|HI=1

eff |B0
d〉, (6.20)

and arrive at1

A(B+ → J/ψK+) =
GF√

2

[

λ(s)
c

{

A(0)
c −A(1)

c

}

+ λ(s)
u

{

A(0)
u − A(1)

u

}]

(6.21)

A(B0
d → J/ψK0) =

GF√
2

[

λ(s)
c

{

A(0)
c + A(1)

c

}

+ λ(s)
u

{

A(0)
u + A(1)

u

}]

, (6.22)

where

A(0)
c = AcCC − Apen

QCD − A
(0)
EW, A(1)

c = −A(1)
EW (6.23)

A(0)
u = A

u(0)
CC −Apen

QCD − A
(0)
EW, A(1)

u = A
u(1)
CC − A

(1)
EW (6.24)

can be expressed in terms of the corresponding hadronic matrix elements 〈J/ψK|Q|B〉,
i.e. are CP-conserving strong amplitudes. Consequently, we may write

A(B+ → J/ψK+) =
GF√

2
λ̃2A

[

A(0)
c − A(1)

c

]
[

1 +

(

λ2

1 − λ2

)

Rb

{

A(0)
u −A(1)

u

A
(0)
c −A

(1)
c

}

eiγ
]

(6.25)

A(B0
d → J/ψK0) =

GF√
2
λ̃2A

[

A(0)
c + A(1)

c

]
[

1 +

(

λ2

1 − λ2

)

Rb

{

A(0)
u + A(1)

u

A
(0)
c + A

(1)
c

}

eiγ
]

, (6.26)

with

λ̃2 ≡
(

1 − λ2

2

)

λ2. (6.27)

The amplitude of the neutral mode takes the same form as (6.3), making, however, its

isospin decomposition explicit. As we have already noted above, an important observa-

tion is that eiγ enters in (6.25) and (6.26) in a doubly Cabibbo-suppressed way. Moreover,

the A(0,1)
u amplitudes are governed by penguin-like topologies and annihilation diagrams

(see Subsection 3.4), and are hence expected to be suppressed with respect to A(0)
c , which

originates also from tree-diagram-like topologies. In order to keep track of this feature,

we introduce a “generic” expansion parameter λ = O(0.2) [86, 149], which is of the same

order as the Wolfenstein parameter λ:

∣
∣
∣A(0,1)

u /A(0)
c

∣
∣
∣ = O(λ). (6.28)

1For simplicity, the primes of the amplitudes introduced in 6.1.1 are suppressed in the following.
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Consequently, the eiγ terms in (6.25) and (6.26) are actually suppressed by O(λ
3
). Since

the A(1)
c amplitude is due to dynamically suppressed matrix elements of EW penguin

operators (see (6.23)), we expect
∣
∣
∣A(1)

c /A(0)
c

∣
∣
∣ = O(λ

2
)

︸ ︷︷ ︸

EW penguins

× O(λ)
︸ ︷︷ ︸

Dynamics

= O(λ
3
), (6.29)

and obtain the following expression:

A(B+ → J/ψK+) = A
(0)
SM

[

1 + O(λ
3
)
]

= A(B0
d → J/ψK0), (6.30)

with

A
(0)
SM ≡ GF√

2
λ̃2AA(0)

c . (6.31)

Let us note that the plausible hierarchy of strong amplitudes given in (6.28) and (6.29)

may be spoiled by very large rescattering processes [78, 79]. In the worst case, (6.30)

may receive corrections at the λ
2

level. However, we do not consider this a very likely

scenario and note that also the “QCD factorization” approach developed in [98]–[100] is

not in favour of such large rescattering effects.

6.1.3 New Physics in the B → J/ψK Decay Amplitudes

An important way for new physics to manifest itself in Bd → J/ψKS decays is through

B0
d–B

0
d mixing. As discussed in Subsection 5.5, the mixing-induced CP asymmetry (6.6)

may be affected significantly this way. An alternative mechanism for physics beyond the

Standard Model to affect the B → ψK system is provided by new-physics contributions

to the decay amplitudes [132, 150]. The corresponding ∆B = ±1 operators can be

treated on the same footing as B0
d–B

0
d mixing in Subsection 5.5. In the presence of new

physics, the corresponding low-energy effective Hamiltonian can still be composed into

I = 0 and I = 1 pieces, as in (6.18). New physics may affect the Wilson coefficients, and

may introduce new dim-6 operators, modifying (6.30) as follows [132]:

A(B+ → J/ψK+) = A
(0)
SM



1 +
∑

k

r
(k)
0 eiδ

(k)
0 eiϕ

(k)
0 −

∑

j

r
(j)
1 eiδ

(j)
1 eiϕ

(j)
1



 (6.32)

A(B0
d → J/ψK0) = A

(0)
SM



1 +
∑

k

r
(k)
0 eiδ

(k)
0 eiϕ

(k)
0 +

∑

j

r
(j)
1 eiδ

(j)
1 eiϕ

(j)
1



 . (6.33)

Here r
(k)
0 and r

(j)
1 correspond to the I = 0 and I = 1 pieces, respectively, δ

(k)
0 and δ

(j)
1

are CP-conserving strong phases, and ϕ
(k)
0 and ϕ

(j)
1 the corresponding CP-violating weak

phases. The labels k and j distinguish between different new-physics contributions to

the I = 0 and I = 1 sectors.
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For the following discussion, we have to make assumptions about the size of a possible

new-physics piece. We shall assume that the new-physics contributions to the I = 0

sector are smaller compared to the leading Standard-Model amplitude (6.31) by a factor

of order λ, i.e.

r
(k)
0 = O(λ). (6.34)

Here we have implicitly assumed that there is no flavour suppression present. In the case

where the new-physics effects are even smaller, it is difficult to disentangle them from

the Standard-Model contribution. This will be addressed – together with several other

scenarios – below. Parametrizing the new-physics amplitudes as in Subsection 5.5 by a

scale Λ, we have
GF√

2

M2
W

Λ2
∼ λ

[

GF√
2
λ2A

]

, (6.35)

corresponding to Λ ∼ 1 TeV. Consequently, as in the example given after (5.51), also

here we have a generic new-physics scale in the TeV regime.

As far as possible new-physics contributions to the I = 1 sector are concerned,

we assume a similar “generic strength” of the corresponding operators. However, in

comparison with the I = 0 pieces, the matrix elements of the I = 1 operators, having

the general flavour structure

QI=1 ∼ (uu− dd)(bs), (6.36)

are expected to suffer from a dynamical suppression. As in (6.28) and (6.29), we shall

assume that this brings another factor of λ into the game, yielding

r
(j)
1 = O(λ

2
). (6.37)

Employing this kind of counting, the new-physics contributions to the I = 1 sector would

be enhanced by a factor of O(λ) with respect to the I = 1 Standard-Model pieces. This

may actually be the case if new physics shows up, for example, in EW penguin processes.

Consequently, we obtain

A(B → J/ψK) = A
(0)
SM

[

1 + O(λ)
︸ ︷︷ ︸

NPI=0

+O(λ
2
)

︸ ︷︷ ︸

NPI=1

+O(λ
3
)

︸ ︷︷ ︸

SM

]

. (6.38)

In the presence of large rescattering effects, the assumed dynamical suppression through

a factor of O(λ) would no longer be effective, thereby modifying (6.38) as follows:

A(B → J/ψK)|res. = A
(0)
SM

∣
∣
∣
res.

×
[

1 + O(λ)
︸ ︷︷ ︸

NPI=0

+O(λ)
︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

]

. (6.39)

However, as we have noted above, we do not consider this as a very likely scenario,

and shall use (6.38) in the following discussion, neglecting the Standard-Model pieces of

O(λ
3
), which are not under theoretical control.
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Concerning the analysis of CP violation, it is obvious that possible weak phases

appearing in the new-physics contributions play the key rôle. As was the case for the

∆B = ±2 operators in Subsection 5.5, also the ∆B = ±1 operators could carry such

new weak phases, which would then affect the CP-violating B → J/ψK observables.

6.1.4 Observables for a General Analysis of New Physics

The decays B+ → J/ψK+, B0
d → J/ψK0 and their charge conjugates provide a set of

four decay amplitudes Ai. Measuring the corresponding rates, we may determine the

|Ai|2. Since we are not interested in the overall normalization of the decay amplitudes,

we may construct the following three independent observables with the help of the |Ai|2:

A(+)
CP ≡ |A(B+ → J/ψK+)|2 − |A(B− → J/ψK−)|2

|A(B+ → J/ψK+)|2 + |A(B− → J/ψK−)|2 (6.40)

Adir
CP ≡ |A(B0

d → J/ψK0)|2 − |A(B0
d → J/ψK0)|2

|A(B0
d → J/ψK0)|2 + |A(B0

d → J/ψK0)|2
(6.41)

B ≡ 〈|A(Bd → J/ψK)|2〉 − 〈|A(B± → J/ψK±)|2〉
〈|A(Bd → J/ψK)|2〉 + 〈|A(B± → J/ψK±)|2〉 , (6.42)

where the “CP-averaged” amplitudes are generally defined as follows:

〈

|A(B → f)|2
〉

≡ 1

2

[

|A(B → f)|2 + |A(B → f)|2
]

, (6.43)

and Adir
CP agrees with the corresponding observable introduced in (5.30). Mixing-induced

CP violation provides another observable Amix
CP (Bd → J/ψKS), which is governed by

ξ
(d)
ψKS

= e−iφ




1 +

∑

k r
(k)
0 eiδ

(k)
0 e−iϕ

(k)
0 +

∑

j r
(j)
1 eiδ

(j)
1 e−iϕ

(j)
1

1 +
∑

k r
(k)
0 eiδ

(k)
0 e+iϕ

(k)
0 +

∑

j r
(j)
1 eiδ

(j)
1 e+iϕ

(j)
1



 , (6.44)

as can be seen in (5.31). In order to derive (6.44), we have used the parametrization (6.33)

to express the corresponding decay amplitudes. The phase φ corresponds to φNP
d + φK ,

where φNP
d was introduced in (5.50), and φK plays usually a negligible rôle.

In order to search for new-physics effects in the B → J/ψK system, it is useful to

introduce the following combinations of the observables (6.40) and (6.41):

S ≡ 1

2

[

Adir
CP + A(+)

CP

]

, D ≡ 1

2

[

Adir
CP −A(+)

CP

]

. (6.45)

Using (6.32) and (6.33), and assuming the hierarchy in (6.38), we obtain

S = −2

[
∑

k

r
(k)
0 sin δ

(k)
0 sinϕ

(k)
0

] [

1 − 2
∑

l

r
(l)
0 cos δ

(l)
0 cosϕ

(l)
0

]

= O(λ) + O(λ
2
) (6.46)
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D = −2
∑

j

r
(j)
1 sin δ

(j)
1 sinϕ

(j)
1 = O(λ

2
) (6.47)

B = +2
∑

j

r
(j)
1 cos δ

(j)
1 cosϕ

(j)
1 = O(λ

2
), (6.48)

where terms of O(λ
3
), including also a Standard-Model contribution, which is not under

theoretical control, have been neglected. Note that if the dynamical suppression of the

I = 1 contributions would be larger, B and D would be further suppressed relative to S.

The expression for the mixing-induced CP asymmetry is rather complicated and not

very instructive. Let us give it for the special case where the new-physics contributions

to the I = 0 and I = 1 sectors involve either the same weak or strong phases:

aψKS
= sinφ+ 2 r0 cos δ0 sinϕ0 cosφ+ 2 r1 cos δ1 sinϕ1 cos φ

− r2
0

[

(1 − cos 2ϕ0) sin φ+ cos 2δ0 sin 2ϕ0 cosφ
]

= sin φ+ O(λ) + O(λ
2
). (6.49)

Expressions (6.46)–(6.48) also simplify in this case:

S = −2 r0 sin δ0 sinϕ0 + r2
0 sin 2δ0 sin 2ϕ0 (6.50)

D = −2 r1 sin δ1 sinϕ1 (6.51)

B = 2 r1 cos δ1 cosϕ1. (6.52)

6.1.5 Possible Scenarios

As far as CP violation in B± → J/ψK± decays is concerned, dramatic effects are already

excluded by

A(+)
CP =

{

(−1.8 ± 4.3 ± 0.4)% (CLEO [151])

(−0.4 ± 2.9 ± 0.4)% (BaBar [152]).
(6.53)

Moreover, a recent BaBar analysis yields λ
(d)
ψKS

= 0.93 ± 0.09 ± 0.03 [2], where

λ
(d)
ψKS

= 1/ξ
(d)∗
ψKS

. (6.54)

This result implies

Adir
CP = (−7 ± 10)%. (6.55)

Finally, if we use the most recent BaBar and Belle data for B → J/ψK, we obtain

B =
BR(Bd → J/ψK) τ − BR(B± → J/ψK±)

BR(Bd → J/ψK) τ + BR(B± → J/ψK±)
=

{

(−6.2 ± 3.6)% (BaBar [153])

(−10.6 ± 6.8)% (Belle [154]),
(6.56)

where the numerical values depend rather sensitively on the lifetime ratio τ ≡ τB+/τB0
d
,

assumed to be 1.060 ± 0.029 [41], which is consistent with [155, 156]. Because of the



6.1 The B → J/ψK System 51

large uncertainties, we cannot yet draw conclusions. However, the experimental situation

should improve significantly in the future.

As can be seen in (6.46)–(6.48), the observable S provides a “smoking-gun” signal

for new-physics contributions to the I = 0 sector, while D and B allow us to probe new

physics affecting the I = 1 pieces. Since the hierarchy in (6.38) implies

S = O(λ)
︸ ︷︷ ︸

NPI=0

+O(λ
3
)

︸ ︷︷ ︸

SM

, D = O(λ
2
)

︸ ︷︷ ︸

NPI=1

+O(λ
3
)

︸ ︷︷ ︸

SM

, B = O(λ
2
)

︸ ︷︷ ︸

NPI=1

+O(λ
3
)

︸ ︷︷ ︸

SM

, (6.57)

we conclude that S may already be accessible at the first-generation B-factories (BaBar,

Belle, Tevatron-II), whereas the latter observables will probably be left for second-

generation B experiments (BTeV, LHCb). However, should B and D, in addition to

S, also be found to be at the 10% level, i.e. should be measured at the first-generation

B-factories, we would not only have signals for physics beyond the Standard Model, but

also for large rescattering processes.

A more pessimistic scenario one can imagine is that S is measured at the λ
2

level

in the LHC era, whereas no indications for non-vanishing values of D and B are found.

Then we would still have evidence for new physics, which would then correspond to

r
(k)
0 = O(λ

2
) and r

(j)
1 = O(λ

3
), i.e.

A(B → J/ψK) = A
(0)
SM

[

1 + O(λ
2
)

︸ ︷︷ ︸

NPI=0

+O(λ
3
)

︸ ︷︷ ︸

NPI=1

+O(λ
3
)

︸ ︷︷ ︸

SM

]

. (6.58)

However, if all three observables are measured to be of O(λ
2
), new-physics effects cannot

be distinguished from Standard-Model contributions, which could also be enhanced to

the λ
2

level by large rescattering effects. This would be the most unfortunate case for

the strategy to search for new-physics contributions to the B → J/ψK decay amplitudes

discussed above [132]. However, further information can be obtained with the help of

the decay Bs → J/ψKS, which can be combined with Bd → J/ψKS through the U -

spin symmetry of strong interactions and may shed light on new physics even in this

case. Within the Standard Model, it allows us to control the – presumably very small

– penguin uncertainties in the determination of β from aψKS
, and to extract, moreover,

the CKM angle γ [135]. This mode will be addressed in Subsection 10.1.

As can be seen in (6.49), the mixing-induced CP asymmetry aψKS
is affected both

by I = 0 and by I = 1 new-physics contributions, where the dominant O(λ) effects are

expected to be due to the I = 0 sector. Neglecting terms of O(λ
2
), we may write

aψKS
= sin(φ+ δφdir

NP) with δφdir
NP = 2

∑

k

r
(k)
0 cos δ

(k)
0 sinϕ

(k)
0 . (6.59)

The phase shift δφdir
NP = O(λ) may be as large as O(20◦). Since the Standard-Model

range for φ is given by 30◦ ∼< φ = 2β ∼< 70◦, the mixing-induced CP asymmetry may
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also be affected significantly by new-physics contributions to the Bd → J/ψKS decay

amplitude, and not only in the “standard” fashion, through B0
d–B

0
d mixing, as discussed

in Subsection 5.5. This would be another possibility to accommodate “anomalously”

small or large values of aψKS
. In order to gain confidence into such a scenario, it is

crucial to improve also the measurements of the observables S, D and B [132].

So far, our considerations were completely general. Let us therefore comment briefly

on a special case, where the strong phases δ
(k)
0 and δ

(j)
1 take the trivial values 0 or π, as

in factorization. In this case, (6.46)–(6.48) would simplify as follows:

S ≈ 0, D ≈ 0, B ≈ 2
∑

j

r
(j)
1 sinϕ

(j)
1 = O(λ

2
), (6.60)

whereas (6.49) would yield

aψKS
= sin φ+ 2 r0 sinϕ0 cos φ+ 2 r1 sinϕ1 cosφ

−r2
0

[

(1 − cos 2ϕ0) sinφ+ sin 2ϕ0 cosφ
]

= sin φ+ O(λ) + O(λ
2
). (6.61)

The important point is that S and D are governed by sines of the strong phases, whereas

the new-physics contributions to B and aψKS
involve cosines of the corresponding strong

phases. Consequently, these terms do not vanish for δ → 0, π. The impact of new physics

on aψKS
may still be sizeable in this scenario, whereas B could only be measured in the

LHC era [148]. On the other hand, if S and D should be observed at the λ and λ
2

levels,

respectively, we would not only get a “smoking-gun” signal for new-physics contributions

to the B → J/ψK decay amplitudes, but also for non-factorizable hadronic effects. A

measurement of all three observables S, D and B at the λ level would imply, in addition,

large rescattering processes, as we have already emphasized above.

6.1.6 Bd → J/ψ[→ ℓ+ℓ−]K∗[→ π0KS] Decays

Let us finally have a look at B0
d → J/ψK∗0 decays, assuming that direct CP violation

vanishes in these channels, as in the Standard Model. If the K∗0-meson is observed

to decay to the CP eigenstate π0KS, the time evolution of the angular distribution of

the B0
d(t) → J/ψ[→ ℓ+ℓ−]K∗[→ π0KS] decay products also allows us to probe φ [157],

which is given by 2β in the Standard Model. The important feature of the corresponding

observables is that they do not only allow us to determine sin φ – in complete analogy

to aψKS
– but contain also terms of the following form [158]–[160]:

cos δf cos φ. (6.62)

Here δf is a CP-conserving strong phase corresponding to a given final-state configuration

of the J/ψK∗0 system. Theoretical tools, such as factorization, may be sufficiently
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Figure 15: QCD penguin contributions to B+ → φK+.

accurate to determine the sign of cos δf , thereby allowing the direct extraction of cosφ.

The knowledge of this quantity, in combination with sin φ, allows us then to determine

φ unambiguously, resolving a twofold ambiguity, which arises in the extraction of φ from

the mixing-induced CP asymmetry aψKS
= sinφ.

The resolution of this ambiguity is an important issue and has several applications

(see, for example, Subsection 6.4 and Section 10); alternative strategies to accomplish

this task were proposed in [161]. It may also turn out to be crucial for the search for

new physics. In order to illustrate this point, let us assume that sinφ has been measured

to be equal to 0.8 (see (6.10)). We would then conclude that φ = 53◦ or 127◦, where

the former solution would lie perfectly within the range 30◦ ∼< φ ∼< 70◦ implied by the

“standard analysis” of the unitarity triangle. The two solutions can be distinguished

through a measurement of cosφ, which is equal to 0.6 and −0.6 for φ = 53◦ and 127◦,

respectively. Consequently, a measurement of cosφ = −0.6 would imply new physics.

6.2 The B → φK System

An important testing ground for the Standard Model is also provided by B → φK decays.

As can be seen in Fig. 15, these modes are governed by QCD penguin processes [65], but

also EW penguins are sizeable [63, 81], and physics beyond the Standard Model may

have an important impact [80, 150, 162, 163]. In the summer of 2000, the observation

of the B± → φK± channel was announced by the Belle and CLEO collaborations. The

experimental situation in the summer of 2001 can be summarized as follows:

BR(B+ → φK+) × 106 =







11.2+2.2
−2.0 ± 1.4 (Belle [164])

5.5+2.1
−1.8 ± 0.6 (CLEO [165])

7.7+1.6
−1.4 ± 0.8 (BaBar [166]),

(6.63)

BR(B0
d → φK0) × 106 =







8.9+3.4
−2.7 ± 1.0 (Belle [164])

5.4+3.7
−2.7 ± 0.7 (CLEO [165])

8.1+3.1
−2.5 ± 0.8 (BaBar [166]).

(6.64)
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Moreover, a first result for the direct CP asymmetry of the B+ → φK+ transition has

already been reported by the BaBar collaboration [152]:

ACP(B+ → φK+) = (5 ± 20 ± 3)%, (6.65)

where ACP(B+ → φK+) is defined in analogy to its B+ → J/ψK+ counterpart in (6.40).

Recent calculations of B → φK modes can be found in [167].

In our discussion of the B → φK system, we follow closely [163], and perform an

analysis similar to the one for the B → J/ψK decays given in the previous subsection.

6.2.1 Decay Amplitudes in the Standard Model

If we apply the isospin symmetry and follow 6.1.2, we obtain the following model-

independent parametrizations of the B+ → φK+, B0
d → φK0 decay amplitudes:

A(B+ → φK+) =
GF√

2
λ̃2A

[

A(0)
c −A(1)

c

]
[

1 +

(

λ2

1 − λ2

)

Rb

{

A(0)
u −A(1)

u

A(0)
c −A(1)

c

}

eiγ
]

(6.66)

A(B0
d → φK0) =

GF√
2
λ̃2A

[

A(0)
c + A(1)

c

]
[

1 +

(

λ2

1 − λ2

)

Rb

{

A(0)
u + A(1)

u

A(0)
c + A(1)

c

}

eiγ
]

, (6.67)

where A(0,1)
c and A(0,1)

u , which can be expressed in terms of hadronic matrix elements

〈φK|Q|B〉, correspond to (6.23) and (6.24), respectively.

At first sight, expressions (6.66) and (6.67) are completely analogous to the ones for

the B+ → J/ψK+ and B0
d → J/ψK0 amplitudes given in (6.25) and (6.26), respectively.

However, the dynamics, which is encoded in the strong amplitudes A, is very different.

In particular, the current–current operators Qc
CC cannot contribute to B → φK decays,

i.e. to Ac
CC, through tree-diagram-like topologies; they may only do so through penguin

topologies with internal charm-quark exchanges, which include also

B+ → {D+
s D

0, ...} → φK+, B0
d → {D+

s D
−, ...} → φK0 (6.68)

rescattering processes [79], and may actually play an important rôle (see Subsection 3.4).

On the other hand, the Au(0,1)
CC amplitudes receive contributions from penguin processes

with internal up- and down-quark exchanges, as well as from annihilation topologies.2

Such penguins may also be important, in particular in the presence of large rescattering

processes [78, 79]; a similar comment applies to annihilation topologies. In the B → φK

system, the relevant rescattering processes are

B+ → {π0K+, ...} → φK+, B0
d → {π−K+, ...} → φK0, (6.69)

2Note that the isospin projection operators Q ∼ (uu ± dd)(bs) involve also dd quark currents.
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Figure 16: Illustration of rescattering processes contributing to B → φK through

penguin-like topologies with internal q-quark exchanges (q ∈ {u, d}). The shaded circle

represents insertions of the corresponding current–current operators.
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Figure 17: Illustration of rescattering processes contributing to B → φK through anni-

hilation topologies. The shaded circle represents insertions of the corresponding current–

current operators (q ∈ {u, d}).

which are illustrated in Figs. 16 and 17. In contrast to (6.68), large rescattering effects

of this kind may affect the search for new physics with B → φK decays, since these

processes are associated with the weak phase factor eiγ . Moreover, they involve “light”

intermediate states, and are hence expected to be enhanced more easily, dynamically,

through long-distance effects than (6.68), which involve “heavy” intermediate states.

Let us now have a closer look at the structure of the B → φK decay amplitudes,

focusing first on the case corresponding to small rescattering effects. From the B → φK

counterparts of (6.23) and (6.24), we expect

∣
∣
∣A(0,1)

u /A(0)
c

∣
∣
∣ = O(1), (6.70)

where we have assumed that the CC operators, which contribute only through penguin

or annihilation topologies, yield amplitudes of the same order as the QCD penguin
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operators. In the case of A(1)
c , the situation is different. Here we have to deal with

an amplitude that is essentially due to EW penguins. Moreover, the B → φK matrix

elements of I = 1 operators, having the general flavour structure given in (6.36), are

expected to suffer from a dynamical suppression. In order to keep track of these features,

we employ, as in Subsection 6.1, again a generic expansion parameter λ = O(0.2):
∣
∣
∣A(1)

c /A(0)
c

∣
∣
∣ = O(λ)

︸ ︷︷ ︸

EW penguins

× O(λ)
︸ ︷︷ ︸

Dynamics

= O(λ
2
). (6.71)

Consequently, we obtain

A(B+ → φK+) = A(0)
SM

[

1 + O(λ
2
)
]

= A(B0
d → φK0), (6.72)

with

A(0)
SM ≡ GF√

2
λ2AA(0)

c . (6.73)

The terms entering (6.72) at the λ
2

level contain also pieces that are proportional to the

weak phase factor eiγ , thereby leading to direct CP violation in the B → φK system.

Let us now consider large rescattering effects of the kind given in (6.69). Although

this case does not appear to be a very likely scenario,3 which is also not favoured by the

QCD factorization approach [98]–[100], it deserves careful attention to separate possible

new-physics effects from those of the Standard Model. In the worst case, (6.70) would

be dynamically enhanced as
∣
∣
∣A(0,1)

u /A(0)
c

∣
∣
∣ = O(1/λ), (6.74)

and the dynamical suppression in (6.71) would no longer be effective, i.e.
∣
∣
∣A(1)

c /A(0)
c

∣
∣
∣ = O(λ). (6.75)

In such a scenario, (6.72) would receive corrections of O(λ), involving also eiγ. This

feature may complicate the search for new physics with the help of CP-violating effects

in B → φK decays. On the other hand, the rescattering processes described by (6.68)

may only affect the amplitude A(0)
SM sizeably through its Ac

CC piece, and are not related

to a CP-violating weak phase factor within the Standard Model.

Before turning to new physics, we would like to emphasize an interesting differ-

ence between the B → φK and B → J/ψK systems. In the B → J/ψK case, the

Standard-Model amplitudes corresponding to (6.72) receive corrections at the λ
3

level

(see (6.30)), which may be enhanced to O(λ
2
) in the presence of large rescattering effects.

Consequently, within the Standard Model, there may be direct CP-violating effects in

B → J/ψK transitions of at most O(λ
2
), whereas such asymmetries may already arise at

the λ level in the B → φK system. On the other hand, as B → φK modes are governed

by penguin processes, their decay amplitudes are more sensitive to new physics.
3Arguments against this possibility, i.e. large rescattering effects, were also given in [168].
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6.2.2 Effects of Physics Beyond the Standard Model

In order to analyse the impact of possible new-physics contributions to the B → φK

system, we follow Subsections 5.5 and 6.1.3. In analogy to the B → J/ψK case, the

Standard-Model expression (6.72) is modified as follows:

A(B+ → φK+) = A(0)
SM



1 +
∑

k

v
(k)
0 ei∆

(k)
0 eiΦ

(k)
0 −

∑

j

v
(j)
1 ei∆

(j)
1 eiΦ

(j)
1



 (6.76)

A(B0
d → φK0) = A(0)

SM



1 +
∑

k

v
(k)
0 ei∆

(k)
0 eiΦ

(k)
0 +

∑

j

v
(j)
1 ei∆

(j)
1 eiΦ

(j)
1



 , (6.77)

where v
(k)
0 and v

(j)
1 correspond to the I = 0 and I = 1 pieces, respectively, ∆

(k)
0 and

∆
(j)
1 are CP-conserving strong phases, and Φ

(k)
0 and Φ

(j)
1 the corresponding CP-violating

weak phases.

As we have already noted, within the Standard Model, the B → φK system is

governed by QCD penguins. Neglecting, for simplicity, EW penguins and the proper

renormalization-group evolution, we may write

A(0)
SM ∼ GF√

2
λ2A

[
αs
4π

C
]

〈PQCD〉, (6.78)

where C = O(1) is a perturbative short-distance coefficient, which is multiplied by the

characteristic loop factor αs/(4π), and PQCD denotes an appropriate linear combination

of QCD penguin operators. Since (6.78) is a doubly Cabibbo-suppressed loop amplitude,

new physics could well be of the same order of magnitude. If we assume once more that

the physics beyond the Standard Model is associated with a scale Λ and impose that it

yields contributions to the B → φK amplitudes of the same size as the Standard Model,

we obtain
GF√

2

M2
W

Λ2
∼ GF√

2
λ2A

[
αs
4π

C
]

, (6.79)

corresponding to Λ ∼ 3 TeV.4 Consequently, for a generic new-physics scale in the TeV

regime, which we also considered in our B → J/ψK analysis, we may well have

v
(k)
0 = O(1). (6.80)

In deriving (6.79), we have implicitly assumed that the new-physics operators arise at tree

level and that there is no flavour suppression. In the case where the new-physics effects

are less pronounced, it may be difficult to disentangle them from the Standard-Model

contributions. We shall come back to this issue below, discussing various scenarios.

4In this numerical estimate, we have assumed A × C ∼ 1 and αs = αs(mb) ∼ 0.2.
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Concerning possible new-physics contributions to the I = 1 sector, we assume a

“generic strength” of the corresponding operators similar to (6.79). However, since these

operators have the general flavour structure given in (6.36), their hadronic B → φK

matrix elements are expected to suffer from a dynamical suppression. As in (6.71), we

assume that this brings a factor of λ into the game, yielding

v
(j)
1 = O(λ). (6.81)

If we impose such a hierarchy of amplitudes, the new-physics contributions to the I = 1

sector would be enhanced by a factor of O(λ) with respect to the I = 1 Standard-Model

pieces. This may actually be the case if new physics shows up, for example, in EW

penguin processes.

Consequently, we finally arrive at

A(B → φK) = A(0)
SM

[

1 + O(1)
︸ ︷︷ ︸

NPI=0

+O(λ)
︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

]

. (6.82)

In deriving this expression, we have assumed that the B → φK decays are not affected

by rescattering effects. On the other hand, in the presence of large rescattering processes

of the kind described by (6.69), the dynamical suppression assumed in (6.81) would no

longer be effective, thereby yielding v
(j)
1 = O(1). Analogously, the B → φK matrix

elements of I = 0 operators with flavour structure

Quu,dd
I=0 ∼ (uu+ dd)(bs) (6.83)

would no longer be suppressed with respect to those of the dynamically favoured I = 0

operators

Qss
I=0 ∼ (ss)(bs), (6.84)

and would also contribute to v
(k)
0 at O(1). A similar comment applies to the matrix

elements of the I = 0 operators with the following flavour content:

Qcc
I=0 ∼ (cc)(bs), (6.85)

whose dynamical suppression in B → φK decays may be reduced through rescattering

effects of the kind given in (6.68), which may also affect the A(0)
SM amplitude, as we

have noted above. Consequently, in the presence of large rescattering effects, the decay

amplitude (6.82) is modified as follows:

A(B → φK)|res. = A(0)
SM

∣
∣
∣
res.

×
[

1 + O(1)
︸ ︷︷ ︸

NPI=0

+ O(1)
︸ ︷︷ ︸

NPI=1

+O(λ)
︸ ︷︷ ︸

SM

]

. (6.86)

Let us emphasize that the rescattering contributions to the prefactor on the right-hand

side of this equation are due to (6.68), whereas the hierarchy in square brackets is

governed by large rescattering processes of the type described by (6.69).
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6.2.3 Observables for a General Analysis of New Physics

The observables provided by the B → φK system are completely analogous to the set of

B → J/ψK observables introduced in (6.42) and (6.45). The corresponding observables

S, D and B allow us to separate the I = 0 contributions from the I = 1 sector, and play

a key rôle in the search for new physics. Moreover, they may provide valuable insights

into the B → φK hadron dynamics. In the case of the decay Bd → φKS, mixing-induced

CP violation yields an additional observable Amix
CP (Bd → φKS). Explicit expressions for

these quantities, which are rather complicated, can be found in [163]; let us here just

note that they are governed by

S ∼ v0, D ∼ v1, B ∼ v1. (6.87)

6.2.4 Possible Scenarios

An interesting probe to search for new physics is provided by a comparison of the mixing-

induced CP asymmetries in Bd → φKS and Bd → J/ψKS [80, 150, 162]. Using the

hierarchies in (6.38) and (6.82) yields the following relation [163]:

Amix
CP (Bd → φKS) −Amix

CP (Bd → J/ψKS) = O(1)
︸ ︷︷ ︸

NPI=0

+O(λ)
︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

, (6.88)

where the sinφ terms, which may also deviate from the Standard-Model expectation,

cancel. The contributions entering at the λ and λ
2

levels may also contain new-physics

effects from Bd → J/ψKS, whereas the O(1) term would essentially be due to new

physics in the Bd → φKS channel.

As can be seen in (6.87), S provides a “smoking-gun” signal for new-physics contri-

butions to the I = 0 amplitude, whereas D and B probe new-physics effects in the I = 1

sector. If we employ the hierarchy arising in (6.82), we obtain

S = O(1)
︸ ︷︷ ︸

NPI=0

+O(λ
2
)

︸ ︷︷ ︸

SM

, D = O(λ)
︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

, B = O(λ)
︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

, (6.89)

where the Standard-Model contributions are not under theoretical control. If the dy-

namical suppression of the I = 1 contributions were larger than O(λ), D and B would

be further suppressed with respect to S. On the other hand, if the rescattering effects

described by (6.69) were very large – and not small, as assumed in (6.89) – all three

observables would be of O(1). In such a situation, we would not only have signals for

physics beyond the Standard Model, but also for large rescattering processes.

The discussion given above corresponds to the most optimistic scenario concerning

the generic strength of possible new-physics effects in the B → φK system. Let us now
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consider a more pessimistic case, where the new-physics contributions are smaller by a

factor of O(λ):

A(B → φK) = A(0)
SM

[

1 + O(λ)
︸ ︷︷ ︸

NPI=0

+O(λ
2
)

︸ ︷︷ ︸

NPI=1

+O(λ
2
)

︸ ︷︷ ︸

SM

]

. (6.90)

Now the new-physics contributions to the I = 1 sector can no longer be separated from

the Standard-Model contributions. However, we would still get an interesting pattern

for the B → φK observables, providing evidence for new physics: whereas (6.88) and

S would both be sizeable, i.e. of O(10%) and within reach of the B-factories, D and B
would be strongly suppressed. However, if these two observables, in addition to (6.88)

and S, are found to be also at the 10% level, new physics cannot be distinguished

from Standard-Model contributions, which could also be enhanced to the λ level by

large rescattering effects. This would be the most unfortunate case for the search for

new-physics contributions to the B → φK decay amplitudes [163]. As we have seen in

Subsection 6.1, there is an analogous case in the B → J/ψK system, which does also

not appear to be a very likely scenario.

In general, B → J/ψK and B → φK modes offer powerful tools to test the Standard-

Model description of CP violation. Hopefully, the experimental data for these decays,

which are very accessible at the B-factories, will shed light on the physics beyond the

Standard Model. A decay lying in some sense between these channels is the transition

Bd → π+π−, which is our next topic: whereas B → J/ψK and B → φK are governed

by tree-diagram-like and penguin contributions, respectively, both topologies play an

important rôle in Bd → π+π−. This feature leads to serious problems in the extraction

of α from the mixing-induced CP asymmetry of Bd → π+π−, introducing large hadronic

uncertainties into the corresponding Standard-Model expression.

6.3 The B → ππ System

6.3.1 Probing α through Bd → π+π−

The transition B0
d → π+π− is a decay into a CP eigenstate with eigenvalue +1, and

originates from b → uud quark-level processes, as can be seen in Fig. 18. Within the

Standard Model, the corresponding decay amplitude can be expressed – in analogy to

(6.1) – in the following way [169]:

A(B0
d → π+π−) = λ(d)

u

(

AuCC + Aupen

)

+ λ(d)
c Acpen + λ

(d)
t Atpen = C

(

eiγ − deiθ
)

, (6.91)

where

C ≡ λ3ARb

(

AuCC + Autpen

)

with Autpen ≡ Aupen − Atpen, (6.92)

and

deiθ ≡ 1

Rb

(

Actpen

AuCC + Autpen

)

. (6.93)
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Figure 18: Feynman diagrams contributing to B0
d → π+π−.

In contrast to the B0
d → J/ψKS amplitude (6.3), the “penguin” parameter deiθ does not

enter in (6.91) in a doubly Cabibbo-suppressed way. If we assume, for a moment, that

d = 0, the formalism discussed in Subsection 5.4 yields

Amix
CP (Bd → π+π−) = − sin[−(2β + 2γ)] = − sin 2α, (6.94)

which would allow a determination of α. Unfortunately, it is expected that this relation

is strongly affected by penguin effects, which were analysed by many authors over the

last couple of years [75, 77, 98, 100, 170, 171].

Large penguin effects in Bd → π+π− are also indicated by the B-factory data. In the

summer of 1999, the observation of this channel was announced by the CLEO collabo-

ration. The present results for its CP-averaged branching ratio read as follows:

BR(Bd → π+π−) × 106 =







4.3+1.6
−1.4 ± 0.5 (CLEO [172])

4.1 ± 1.0 ± 0.7 (BaBar [173])

5.6+2.3
−2.0 ± 0.4 (Belle [174]).

(6.95)

Using SU(3) flavour-symmetry arguments and plausible dynamical assumptions, the CP-

averaged Bd → π+π− branching ratio can be combined with that of Bd → π∓K± [171] to

derive constraints on the penguin parameter d [175]. The present B-factory results imply

d ∼> 0.2, as we will discuss in more detail in 10.3.5 (see Fig. 35). Moreover, theoretical

considerations are also in favour of sizeable values of d (see (10.46)). Consequently, we

have already strong evidence that the approximation d = 0, i.e. the neglect of penguins

in Bd → π+π−, is not justified.

Concerning the direct and mixing-induced CP-violating observables of Bd → π+π−,

first results are already available from the BaBar collaboration [176]:

Adir
CP(Bd → π+π−) = (−25+45

−47 ± 14)%, Amix
CP (Bd → π+π−) = (−3+56

−53 ± 11)%. (6.96)

Needless to note, because of the large experimental uncetainties, no conclusions can be

drawn at present, although a direct CP asymmetry at the level of 25% would also imply

large penguin effects.
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Figure 19: Illustration of the B → ππ isospin triangles. Here the amplitudes A corre-

spond to (6.99); the amplitudes B correspond to the ones in (6.100), rotated by e−2iβ .

6.3.2 Isospin Relations between B → ππ Amplitudes

There are various strategies to control the penguin uncertainties affecting the extraction

of α with the help of additional experimental data. The best known approach was

proposed by Gronau and London [177], employing isospin relations between the B → ππ

decay amplitudes. Since B− → π−π0 is a ∆I = 3/2 transition, the QCD penguin

operators (3.30) with r = d, which mediate ∆I = 1/2 transitions, do not contribute.

Consequently, if we neglect EW penguins for a moment, this channels receives only

contributions from colour-allowed and colour-suppressed tree-diagram-like topologies,

which are described by strong amplitudes T and C, respectively, and we obtain

A(B± → π±π0) = e±iγeiδT+C |T + C|, (6.97)

yielding
A(B+ → π+π0)

A(B− → π−π0)
= e2iγ . (6.98)

Moreover, the isospin symmetry implies the following amplitude relations [177]:

√
2A(B+ → π+π0) = A(B0

d → π+π−) +
√

2A(B0
d → π0π0) (6.99)

√
2A(B− → π−π0) = A(B0

d → π+π−) +
√

2A(B0
d → π0π0), (6.100)

which can be represented as two triangles in the complex plane. These triangles, i.e. their

sides, can be fixed through the six B → ππ branching ratios. In order to determine also

their relative orientation, we rotate the CP-conjugate triangle by e−2iβ . The resulting

situation is illustrated in Fig. 19, where the angle Φ can be extracted from mixing-induced
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CP violation [86]: applying the formalism discussed in Subsection 5.4, we obtain

ξ
(d)
π+π− = −e−i2β

[

A(B0
d → π+π−)

A(Bd → π+π−)

]

= −
∣
∣
∣
∣
∣

B+−

A+−

∣
∣
∣
∣
∣
eiΦ, (6.101)

which implies

Amix
CP (Bd → π+π−) = − 2|A+−||B+−|

|A+−|2 + |B+−|2
sin Φ . (6.102)

If we use (6.98), and take into account that the CP-conjugate triangle was rotated by

e−2iβ , we conclude that the angle between the B+ → π+π0 and B− → π−π0 amplitudes

is given by 2α. For simplicity, we have chosen φCP = 0 in the discussion given above.

The corresponding determination of α does, of course, not depend on the choice of this

CP phase. It is an easy exercise to convince ourselves from this feature.

On the other hand, the EW penguin amplitude Pew, which we have neglected so far,

does affect this extraction of α, as can be seen in Fig. 19. Although the determination

of the sides of the isospin triangles and of their relative orientation remains unchanged,

the angle between A+0 and B−0 is shifted from α by ∆α = O(|Pew|/|T + C|), which

corresponds to a small correction of at most a few degrees [85, 88]. As was noticed

recently [87, 178], also the EW penguin contribution can be taken into account with the

help of the SU(2) isospin symmetry, yielding

[
Pew

T + C

]

= − 1.3 × 10−2 ×
∣
∣
∣
∣

Vtd
Vub

∣
∣
∣
∣ e
iα, (6.103)

where the numerical factor depends only on Wilson coefficients of EW penguin and CC

operators, i.e. does not involve hadronic matrix elements.

Isospin is broken not only by the quark charges, as in the EW penguin operators, but

also by the up- and down-quark mass difference, which generates π0–η, η′ mixing and

converts the isospin triangle relations (6.99) and (6.100) between the B → ππ amplitudes

into quadrilaterals. The impact of these isospin-violating effects on the extraction of α

was analysed in [179], and was found to be significant if sin 2α is small.

Unfortunately, the B → ππ triangle approach is very challenging from an experi-

mental point of view, since it requires a measurement of the B0
d → π0π0 branching ratio

and its CP conjugate. Because of the two neutral pions in the final state, this mode is

very difficult to reconstruct. Moreover, the corresponding CP-averaged branching ratio

is expected to be very small, i.e. BR(Bd → π0π0)|TH ∼< O(10−6). In a recent analysis,

the CLEO collaboration has obtained the upper limit BR(Bd → π0π0) < 5.7 × 10−6

(90% C.L.) [180]. Such upper bounds may be useful to constrain the QCD penguin

uncertainties affecting the determination of α from Bd → π+π− decays [181]–[183].
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Figure 20: Polar diagrams contributing to B → πππ.

6.3.3 Extracting α from B → ρπ Modes

Because of the Bd → π0π0 problem of the Gronau–London approach to extract α from

B → ππ isospin relations, alternative strategies are very desirable. An interesting one

is provided by B → ρπ modes [184]. These decays are more complicated than the

B → ππ system, since their final states consist of the three different isospin configurations

I = 0, 1, 2 instead of I = 0, 2. Performing an isospin analysis of the decays B+ → ρ+π0,

B+ → ρ0π+, B0
d → ρ+π−, B0

d → ρ−π+, B0
d → ρ0π0 and of their charge conjugates yields

the following two pentagonal relations:

√
2
(

A+0 + A0+
)

= A+− + A−+ + 2A00 (6.104)

√
2
(

A
+0

+ A
0+
)

= A
+−

+ A
−+

+ 2A
00
, (6.105)

which correspond to the B → ππ triangle relations (6.99) and (6.100). The ten B → ρπ

rates allow us to fix the sides of both isospin pentagons. Measuring in addition mixing-

induced CP violation in Bd → ρ+π−, ρ−π+, ρ0π0, it is also possible to determine α.

In practice, this approach is obviously quite complicated and suffers from multiple

discrete ambiguities. In order to avoid them, Quinn and Snyder have considered a

maximum-likelihood fit to the parameters of the full Dalitz plot distribution, and found

that it is possible to extract α, as well as other parameters, with O(103) Monte–Carlo-

generated events [185]. Here the basic assumption is that the B → 3π events are fully

dominated by B → ρπ. Taking into account detector efficiencies and background effects,

one finds that O(104) B → ρπ events are required, corresponding to O(109) BB events,

which may be beyond of what can be achieved in first-generation B-factory experiments.

The approach appears even to be challenging for the LHC era.

To attack this problem, strategies to use “early” data on B → ρπ modes were recently

proposed in [186], employing Dalitz plot analyses of Bd → ρπ → π+π−π0 decays. In

that paper, it was pointed out that important parameters – unfortunately not α – can

be determined from untagged and tagged time-integrated measurements, suggesting that

the extraction of α from the time-dependent data sample can be accomplished with a

smaller data sample than would be required if all parameters were to be obtained from

that time-dependent data sample alone.
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Another recent development concerning B → ρπ modes are studies of the impact of

the “polar diagrams” shown in Fig. 20. As was pointed out in [187], these processes may

lead to significant effects in B∓ → π∓π∓π± decays, whereas they are expected to be

negligible in other charged decays. In the neutral case, only Bd → ρ0π0 transitions may

be affected. Since the processes induced by such polar diagrams represent an irreducible

background in the Dalitz plot, charged B → ρπ and neutral Bd → ρ0π0 channels should

be discarded from the extraction of α [187]. Further studies of these issues are desirable.

6.3.4 Other Approaches to Extract α

Another strategy to extract α is provided by B± → ρ±ρ0(ω) → ρ±π+π− decays, where

ρ0(ω) denotes the ρ0 –ω interference region [188]. In this case, experimental data on

e+e− → π+π− processes can be used to constrain the hadronic uncertainties affecting

the corresponding direct CP asymmetry, which is related to sinα and may well be as

large as O(20%) at the ω invariant mass. In this context, it is worth mentioning that

also direct CP violation in three-body decays such as B± → K±π+π−, involving various

intermediate resonances, was considered [189]. Here the Dalitz plot distributions may

provide information on the CKM angle γ (see also [190]).

A possibility to eliminate the penguin uncertainties in the extraction of α from

mixing-induced CP violation in Bd → π+π− is also provided by the Bd → K0K0 chan-

nel, which can be related to Bd → π+π− through the SU(3) flavour symmetry of strong

interactions [191].

Another – rather simple – strategy to determine α was proposed in [192]. Using the

unitarity of the CKM matrix to eliminate λ(d)
c , we may rewrite (6.91) as follows:

A(B0
d → π+π−) = eiγ T + e−iβ P , (6.106)

where

T ≡
∣
∣
∣λ(d)
u

∣
∣
∣

(

AuCC + Aupen −Acpen

)

and P ≡
∣
∣
∣λ

(d)
t

∣
∣
∣

(

Atpen − Acpen

)

. (6.107)

For the following considerations, also the CP-conserving strong phase δ ≡ arg(PT ∗)

plays an important rôle. Since the B0
d–B

0
d mixing phase is given by 2β in the Standard

Model, the unitarity relation α + β + γ = 180◦ allows us to express the CP-violating

observables Adir
CP(Bd → π+π−) and Amix

CP (Bd → π+π−) as functions of the CKM angle α

and the two hadronic parameters |P/T | and δ. Consequently, we have two observables at

our disposal, depending on three “unknowns”. The corresponding expressions simplify

considerably, if we keep only the leading-order terms in x ≡ |P/T |, yielding

Adir
CP(Bd → π+π−) = 2x sin δ sinα + O(x2) (6.108)

Amix
CP (Bd → π+π−) = − sin 2α− 2x cos δ cos 2α sinα + O(x2). (6.109)
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If the parameter x is fixed through an additional input, both α and the strong phase δ

can be determined from (6.108) and (6.109). To this end, we may use, for example, the

SU(3) flavour symmetry and certain dynamical assumptions [192]:

x ≈ λRt

(

fπ
fK

)
√
√
√
√

BR(B+ → π+K0)

2 BR(B+ → π+π0)
. (6.110)

Refinements of this approach were discussed in [182]. It should be emphasized that

Adir
CP(Bd → π+π−) and Amix

CP (Bd → π+π−) allow us to fix contours in the α–x plane in a

theoretically clean way. Unfortunately, it appears very challenging to determine also x,

which would allow the extraction of α, in a theoretically reliable manner. In order not to

comprise the LHC year-1 statistics, x would be required with a theoretical uncertainty

smaller than 10% [148]. Despite the recent theoretical progress made in [98]–[103], it

appears questionable whether such an accuracy can eventually be achieved (see [77] and

Subsection 9.4). Moreover, any QCD-based approach to calculate x requires also the

CKM factor |Vtd/Vub|. This input can be avoided, if all weak phases are expressed in

terms of the generalized Wolfenstein parameters ρ and η, allowing us to fix contours in

the ρ–η plane through the Bd → π+π− observables [182].

Let us finally note that a particularly promising strategy is provided by the decay

Bs → K+K−, which is related to Bd → π+π− by interchanging all down and strange

quarks, i.e. through the U -spin flavour symmetry of strong interactions. A combined

analysis of these two channels allows a simultaneous determination of β and γ [169], which

has certain theoretical advantages, appears to be promising for Tevatron-II [193], and is

ideally suited for the LHC era [148]. This approach will be discussed in Subsection 10.3.

6.4 Bd → D(∗)±π∓ Decays

So far, we have put a strong emphasis on neutral B decays into CP eigenstates. However,

in order to extract angles of the unitarity triangle, there are also interesting decays into

final states that are not eigenstates of the CP operator. An important example is given by

Bd → D(∗)±π∓ decays, which are mediated by b → ucd (b → cud) quark-level processes

and receive hence only contributions from tree-diagram-like topologies. As can be seen in

Fig. 21, B0
d- and B0

d-mesons may both decay into D(∗)+π−, thereby leading to interference

effects between B0
d–B

0
d mixing and decay processes. These interference effects allow an

interesting – theoretically clean – determination of 2β + γ.

The relevant transition amplitudes can be expressed as hadronic matrix elements of

Heff(B0
d → f) =

GF√
2
v
[

O1C1(µ) + O2C2(µ)
]

(6.111)

Heff(B0
d → f) =

GF√
2
v∗
[

O†
1C1(µ) + O†

2 C2(µ)
]

, (6.112)
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Figure 21: Feynman diagrams contributing to B0
d , B

0
d → D(∗)+π− decays.

where f is a final state with valence-quark content cd du, for example D∗+π−, and Ok

and Ok denote current–current operators, which are given by

O1 = (dαuβ)V–A (cβbα)V–A , O2 = (dαuα)V–A (cβbβ)V–A ,

O1 = (dαcβ)V–A (uβbα)V–A , O2 = (dαcα)V–A (uβbβ)V–A ,
(6.113)

and are analogous to the ones we encountered in 3.3.2; their NLO Wilson coefficients

can be calculated with the help of (3.19)–(3.25). Using (2.17) and (2.46) yields

v ≡ V ∗
udVcb =

(

1 − λ2

2

)

Aλ2, v ≡ V ∗
cdVub = −Aλ4

(

Rb

1 − λ2/2

)

e−iγ . (6.114)

On the other hand, taking into account CP relations (5.8) and (5.37), we obtain
〈

f
∣
∣
∣O†

1(µ)C1(µ) + O†
2(µ)C2(µ)

∣
∣
∣B0

d

〉

=
〈

f
∣
∣
∣(CP)†(CP)

[

O†
1(µ)C1(µ) + O†

2(µ)C2(µ)
]

(CP)†(CP)
∣
∣
∣B0

d

〉

(6.115)

= eiφCP(Bd)
〈

f
∣
∣
∣O1(µ)C1(µ) + O2(µ)C2(µ)

∣
∣
∣B0

d

〉

.

Consequently, the relevant decay amplitudes take the following form:

A(B0
d → f) =

〈

f
∣
∣
∣Heff(B0

d → f)
∣
∣
∣B0

d

〉

=
GF√

2
v Mf (6.116)

A(B0
d → f) =

〈

f
∣
∣
∣Heff(B0

d → f)
∣
∣
∣B0

d

〉

= eiφCP(Bd)GF√
2
v∗Mf , (6.117)

with hadronic matrix elements

Mf ≡
〈

f
∣
∣
∣O1(µ)C1(µ) + O2(µ)C2(µ)

∣
∣
∣B0

d

〉

(6.118)

Mf ≡
〈

f
∣
∣
∣O1(µ)C1(µ) + O2(µ)C2(µ)

∣
∣
∣B0

d

〉

. (6.119)

We are now in a position to calculate the observable ξ
(d)
f , governing the time evolution

of the B0
d(t), B

0
d(t) → f decay processes. Using (5.18) and (5.19), we arrive at

ξ
(d)
f = e

−iΘ
(d)
M12

A(B0
d → f)

A(B0
d → f)

= − e−i(φd+γ)

(

1 − λ2

λ2Rb

)

M f

Mf

. (6.120)
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Performing an analogous calculation for f ≡ D(∗)−π+ yields

ξ
(d)

f
= e

−iΘ
(d)
M12

A(B0
d → f)

A(B0
d → f)

= − e−i(φd+γ)

(

λ2Rb

1 − λ2

)
Mf

Mf

. (6.121)

If the time-dependent rates corresponding to B0
d(t), B

0
d(t) → f and B0

d(t), B
0
d(t) → f

decay processes are measured, the observables ξ
(d)
f and ξ

(d)

f
can be determined (see (5.25)).

Since the hadronic matrix elements M f and Mf , as well as the rather poorly known CKM

factor Rb, cancel in the following combination [80]:

ξ
(d)
f × ξ

(d)

f
= e−2i(φd+γ), (6.122)

we may extract the weak phase φd + γ in a theoretically clean way [194]. Moreover, as

φd, i.e. 2β, can be determined straightforwardly with the help of the “gold-plated” mode

Bd → J/ψKS (see also 6.1.6), we may extract γ from (6.122).

Unfortunately, the b → ucd transition in Fig. 21 is doubly Cabibbo-suppressed by

λ2Rb ≈ 0.02 with respect to b→ cud, so that the interference effects are tiny. However,

the approach is nevertheless experimentally interesting, if decays into D∗±π∓ states

are considered, where the D∗±-mesons continue to decay through strong interactions,

D∗± → Dπ±. Here the branching ratios are large, i.e. O(10−3), and the D∗±π∓ states

can be reconstructed with a good efficiency and modest backgrounds. In order to boost

statistics, a partial reconstruction technique can be applied. Experimental feasibility

studies for BaBar and the LHC were performed in [195] and [148], respectively. The

analyses can also be extended to Bd → D∗±a∓1 modes, exhibiting a branching ratio that is

about three times larger than that of Bd → D∗±π∓ [148]; advantages of other resonances

were emphasized in [196]. However, the two spin-1 particles arising in Bd → D∗±a∓1
complicate the extraction of φd + γ, requiring an angular analysis (for an analogous

problem, see [197]).

6.5 Summary

In this section, we have discussed B-factory benchmark modes. The key features of these

transitions are interference effects between B0
d–B

0
d mixing and decay processes, providing

observables for the extraction of weak phases, where hadronic matrix elements cancel.

The most important channel is the “gold-plated” decay Bd → J/ψKS, allowing a

determination of sin 2β. Using this and similar modes, CP violation in the B system

could recently be observed by the BaBar and Belle collaborations. Since their results

for sin 2β are not fully consistent with each other, the measurement of this quantity will

continue to be a very exciting topic. Taking into account also previous results from the

CDF and ALEPH collaborations, the resulting average is now in good agreement with

the range implied by the “standard analysis” of the unitarity triangle. However, as we
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have illustrated in the context of Bd → J/ψ[→ ℓ+ℓ−]K∗[→ π0KS] decays, new physics

may even hide in such a situation, making it important to determine also cos 2β.

The preferred mechanism for physics beyond the Standard Model to manifest itself

in these measurements is through contributions to B0
d–B

0
d mixing. In order to obtain

the whole picture, B± → J/ψK± modes, which are related to Bd → J/ψKS through

the isospin symmetry of strong interactions, should be considered as well. Then we

may – in addition to the usual mixing-induced CP asymmetry aψKS
– introduce a set

of three observables, allowing a general analysis of possible new-physics contributions to

the different isospin sectors of the B → J/ψK system. Imposing a plausible dynamical

hierarchy of amplitudes, we have seen that one of these observables may already be

accessible at the first-generation B-factories, whereas the remaining ones will probably

be left for the LHC era. However, in the presence of large rescattering effects, all three

new-physics observables may be sizeable.

A similar analysis can also be performed for the B → φK system, which is very

sensitive to new-physics effects at the amplitude level, since these modes originate from

b → s penguin processes. Within the Standard Model, mixing-induced CP violation

in Bd → φKS is related to sin 2β, as in the Bd → J/ψKS case. A difference between

these measurements would probably be due to new-physics contributions to the B → φK

decay amplitudes. In order to get the full picture, three additional observables have to

be measured, providing not only “smoking-gun” signals for new-physics contributions

to the two different B → φK isospin channels, but also valuable insights into hadron

dynamics. Whereas the B → φK system is, in general, a powerful tool to search for

indications of new physics, there is also an unfortunate case, where such effects cannot

be distinguished from those of the Standard Model.

If penguin effects played a negligible rôle in the decay Bd → π+π−, the angle α of

the unitarity triangle could be determined from the corresponding mixing-induced CP

asymmetry. However, both experimental data and theoretical considerations indicate

that the penguin effects cannot be neglected. Using isospin relations between B → ππ

amplitudes, the corresponding hadronic uncertainties could in principle be eliminated,

thereby allowing a determination of α. Since this approach requires a measurement of

Bd → π0π0, it is unfortunately very difficult in practice. An alternative to solve the

penguin problem in the extraction of α is given by B → ρπ modes, and a particularly

promising way to make use of the CP-violating Bd → π+π− observables is offered by

Bs → K+K− modes, as we will see in Subsection 10.3.

Finally, we have also considered the pure “tree” decays Bd → D(∗)±π∓, providing

a theoretically clean determination of the weak phase 2β + γ. Although the relevant

interference effects between B0
d–B

0
d mixing and decay processes are doubly Cabibbo-

suppressed, this approach is nevertheless experimentally interesting. It has also a coun-

terpart in the Bs system, which is our next topic.
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7 A Closer Look at the Bs System

7.1 General Remarks and Differences to the Bd System

Unfortunately, at the e+e− B-factories operating at the Υ(4S) resonance (BaBar, Belle,

CLEO), no Bs-mesons are accessible, since Υ(4S) states decay only to Bu,d-mesons, but

not to Bs.
5 On the other hand, the physics potential of the Bs system is very promising

for hadron machines (Tevatron, LHC), where plenty of Bs-mesons are produced [148].

In some sense, Bs physics is therefore the “El Dorado” for B experiments at hadron

colliders. There are important differences between the Bd and Bs systems:

• Within the Standard Model, the B0
s–B

0
s mixing phase probes the tiny angle δγ in

the unitarity triangle shown in Fig. 3 (b), and is hence negligibly small:

φs = −2δγ = −2λ2η = O(−0.03) = O(−2◦), (7.1)

whereas φd = 2β = O(45◦).

• A large mixing parameter xs = O(20) is expected in the Standard Model, whereas

xd = 0.75 ± 0.02 (see (5.24)). The present lower bound is given as follows [131]:

∆Ms > 15.0 ps−1, xs > 21.3 (95% C.L.). (7.2)

• There may be a sizeable width difference ∆Γs/Γs = O(−10%) between the mass

eigenstates of the Bs system that is due to CKM-favoured b → ccs quark-level

transitions into final states common to B0
s and B0

s [125, 199], whereas ∆Γd is

negligibly small.6 The present CDF and LEP average is given as follows [200]:

∆Γs/Γs = −0.16+0.16
−0.13, |∆Γs|/Γs < 0.31 (95% C.L.). (7.3)

Let us next discuss interesting phenomenological implications of the mixing parameters

∆Ms and ∆Γs in more detail.

7.2 ∆Ms and Constraints in the ρ–η Plane

As we have already noted in Subsections 2.6 and 5.3, the mass difference ∆Md plays an

important rôle to constrain the apex of the unitarity triangle. In particular, it allows

us to fix a circle in the ρ–η plane around (1, 0) with radius Rt through (5.27). The

theoretical cleanliness of this determination of Rt is limited by the non-perturbative

5Operating these machines at the Υ(5S) resonance would also make Bs-mesons accessible [198].
6Note that ∆Γs is negative in the Standard Model, as can be seen in (5.23).
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Figure 22: The impact of the upper limit (Rt)max on the allowed range in the ρ–η plane

for ξ = 1.15. The shaded region corresponds to Rb = 0.38 ± 0.08.

parameter
√

B̂Bd
fBd

, with its current range given in (5.7). In view of these uncertainties,

it is actually more advantageous to employ

∣
∣
∣
∣

Vtd
Vts

∣
∣
∣
∣ = ξ

√

MBs

MBd

√

∆Md

∆Ms
. (7.4)

Using |Vts| = |Vcb|, which holds up to corrections of O(λ2), we arrive at [8, 13, 46, 47]

Rt = 0.83 × ξ ×
√

∆Md

0.50 ps−1

√

15.0 ps−1

∆Ms
, (7.5)

which is much cleaner than (5.27), since the SU(3)-breaking parameter

ξ ≡
√

B̂BsfBs
√

B̂Bd
fBd

= 1.15 ± 0.06 (7.6)

can be obtained with an accuracy that is considerably higher than those of the
√

B̂BqfBq

[38, 127]. Interestingly, the presently available experimental lower bound on ∆Ms can be

transformed into an upper bound on Rt [201]. Using (∆Md)max = 0.50 ps−1, we obtain

(Rt)max = 0.83 × ξ ×
√
√
√
√

15.0 ps−1

(∆Ms)min
. (7.7)

In Fig. 22, we show the impact of this relation on the allowed range in the ρ–η plane.

The strong experimental lower bound ∆Ms > 15.0 ps−1 (95% C.L.) excludes already a

large part in the ρ–η plane (crossed region for ξ = 1.15), implying in particular γ < 90◦.



72 7 A CLOSER LOOK AT THE BS SYSTEM

The present experiments searching for B0
s–B

0
s mixing, which give the lower bound

(7.2), yield also a local minimum of the log-likelihood function around ∆Ms = 17.7 ps−1,

which is 2.5 σ away from being zero. The consequences of a possible future measurement

of ∆Ms = (17.7 ± 1.4) ps−1 motivated by this observation were recently studied both

within the Standard Model and within supersymmetric models with minimal flavour

violation [42]. In this analysis, it was argued that if ∆Ms should actually be found

in this range, a large class of supersymmetric models would be disfavoured, and of all

models considered in [42], the best fit to the data would be obtained for the Standard

Model. It is expected that run II of the Tevatron will provide a measurement of ∆Ms in

the near future.

7.3 ∆Γs and Untagged Decay Rates

The most appropriate tool to analyse ∆Γs is provided by the heavy-quark expansion,

where 1/mb corrections were determined [202], and next-to-leading order QCD correc-

tions were calculated [203]. In order to predict ∆Γs, certain hadronic matrix elements,

parametrized through non-perturbative bag parameters and fBs , are required. Recent

lattice analyses give

−
(

∆Γs
Γs

)

=

{

(9.7+1.4
−3.5 ± 2.5 ± 2.0 ± 1.6)% (Hashimoto et al. [204])

(4.7 ± 1.5 ± 1.6)% (Becirevic et al. [205]).
(7.8)

Although the relevant bag parameters are in rather good agreement in these papers, the

results in (7.8) differ since ∆Γs was expressed in [205] using ∆Md as a normalization.

The advantage of this approach is that hadronic uncertainties enter only in ratios. On

the other hand, |Vts/Vtd|2 is required as an input, making the prediction of ∆Γs sensitive

to the fits of the unitarity triangle discussed in Subsection 2.6, which depend also on

theoretical assumptions and may be affected by new physics. A detailed discussion of

the present theoretical status of ∆Γs was recently given in [206], where the result

∆Γs/Γs = −
(

9.3+3.4
−4.6

)

% (7.9)

was obtained. The main uncertainties are due to residual scale dependences and 1/mb

corrections. As argued in [206], further improvements appear to be very challenging.

A non-vanishing width difference ∆Γs would allow the extraction of CP-violating

weak phases from the following “untagged” Bs rates [197, 207, 208, 209, 210]:

Γs[f(t)] ≡ Γ(B0
s (t) → f) + Γ(B0

s (t) → f). (7.10)

If we use (5.25), we obtain

Γs[f(t)] ∝
[(

1 +
∣
∣
∣ξ

(s)
f

∣
∣
∣

2
)(

e−Γ
(s)
L
t + e−Γ

(s)
H
t
)

− 2 Re ξ
(s)
f

(

e−Γ
(s)
L
t − e−Γ

(s)
H
t
)]

, (7.11)
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providing the observable A∆Γ(Bs → f) introduced in (5.32). Interestingly, the ∆Mst

terms appearing in the “tagged” rates Γ(B0
s (t) → f) and Γ(B0

s (t) → f) cancel in their

“untagged” combination (7.10). Because of the large mixing parameter xs, the ∆Mst

terms oscillate very rapidly and are hard to resolve. Although it should nevertheless be

feasible to keep track of these oscillations, studies of untagged rates are also interesting

in terms of efficiency, acceptance and purity. The following channels are particularly

promising in the context of extracting weak phases from untagged Bs data samples:

• Bs → J/ψφ, allowing us to probe φs = −2δγ [208].

• The Bs → K∗+K∗−, K∗0K∗0 system, providing a strategy to extract γ− 2δγ [208];

bounds implied by Bs → K+K−, K0K0 were studied in [209].

• Bs decays caused by b → ucs (b → cus) quark-level processes [197], for example

Bs → D∗±
s K∗∓ or Bs → D∗0φ, allowing also a determination of γ − 2δγ.

Here −2δγ is negligibly small in the Standard Model, as we have noted above. In the

case of B → V V decays into two vector mesons, the untagged angular distributions of

their decay products have to be considered, which provide many more observables than

B → PP modes into two pseudoscalar mesons (for a general discussion of the observables

of B → V V decays, see [211]). This feature is exploited in the untagged strategies listed

above. Since the Bs → J/ψφ mode is of central interest for hadron colliders, we shall

come back to this channel in Subsection 7.6.

7.4 Impact of New Physics

As we have seen in Subsection 5.5, B0
d–B

0
d and B0

s–B
0
s mixing may be strongly affected

by new physics, since these are highly CKM-suppressed loop-induced fourth order weak

interaction processes. In particular – in addition to ∆Ms = 2|M (s)
12 | – also the B0

s–B
0
s

mixing phase φs ∼ argM
(s)
12 may be modified in the presence of new physics as follows:

tanφNP
s ≈ −2δγ + ̺2

s sin 2ψs
1 + ̺2

s cos 2ψs
≈ ̺2

s sin 2ψs
1 + ̺2

s cos 2ψs
, (7.12)

where

̺s =
(

1

λ2A

)(
MW

Λ

)

. (7.13)

For a new-physics scale Λ in the TeV regime, ρs would be of order one. The impact

on ∆Ms would affect the determination of Rt with the help of (7.5), provided new

physics enters differently in ∆Md. In contrast to B0
d–B

0
d mixing (see (5.50) and (5.51)),

the Standard-Model “background” φSM
s = −2δγ = −2λ2η is negligibly small in (7.12).

Consequently, CP-violating effects in Bs decays represent a very sensitive probe for new
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physics [136, 160]. To simplify the following discussion, we shall write from now on

generically φs for the B0
s–B

0
s mixing phase.

Interestingly, new-physics contributions to B0
s–B

0
s mixing may also affect the width

difference ∆Γs [212]. Using expression (5.21) for ∆Γs, we obtain

∆Γs = ∆ΓSM
s cosφs, (7.14)

which yields a reduction of |∆Γs| for φs 6= 0 or π. This relation is of course convention-

independent, as shown explicitly in [160]. In (7.14), we have employed – as we do

throughout this review – the phase convention of the standard and generalized Wolfen-

stein parametrizations of the CKM matrix, where the phase of Γ
(s)
12 vanishes to an excel-

lent approximation, as b → ccs processes play the key rôle for this off-diagonal element

of the B0
s–B

0
s decay matrix.7 Consequently, we may identify φs with

arg
(

M
(s)
12

)

− arg
(

−Γ
(s)
12

)

= φs − 0, (7.15)

which actually enters in (7.14).

In a recent paper [160], various strategies to detect a sizeable phase φs were proposed,

providing “smoking-gun” signals for new-physics contributions to B0
s–B

0
s mixing. For

the untagged case, also a new approach was presented, allowing the determination of φs
from simple measurements of lifetimes and branching ratios. Here no two-exponential

fits as in (7.11) are involved, thereby requiring considerably less statistics. Moreover,

also methods to determine φs unambiguously were suggested, which play – among other

things – an important rôle for the extraction of γ from the strategies discussed in the

next subsection. In the corresponding decays, as well as in Bs → J/ψφ, B0
s–B

0
s mixing

represents the preferred mechanism for new physics to manifest itself.

7.5 Strategies using Pure Tree Decays of Bs-Mesons

An interesting class of Bs decays is due to b → ucs (b → cus) quark-level transitions,

providing the Bs variant of the Bd → D(∗)±π∓ approach to extract φd + γ discussed

in Subsection 6.4. Here we have also to deal with pure “tree” decays, where both B0
s -

and B0
s -mesons may decay into the same final state f . The resulting interference effects

between decay and mixing processes allow a theoretically clean extraction of φs + γ from

ξ
(s)
f × ξ

(s)

f
= e−2i(φs+γ). (7.16)

An interesting difference to the Bd → D(∗)±π∓ approach is that both decay paths of

B0
s , B

0
s → f are of the same order in λ, thereby leading to larger interference effects.

There are several strategies making use of these features:

7Since Γ
(s)
12 is governed by CKM-favoured tree-level decays, it is practically insensitive to new physics.
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• We may consider the colour-allowed decays Bs → D±
s K

∓ [213], or the colour-

suppressed modes Bs → D0φ [214]. In these strategies, “tagged” analyses of the

corresponding time-dependent rates have to be performed, i.e. the ∆Mst terms

have to be resolved. The selection of Bs → D±
s K

∓ transitions is unfortunately

experimentally challenging, since Bs → D±
s π

∓ events, which come with a 20 times

larger branching ratio, have to be rejected [148].

• As we have seen above, in the case of Bs → D∗±
s K∗∓ or Bs → D∗0φ, the observables

of the corresponding angular distributions provide sufficient information to extract

φs + γ from “untagged” analyses [197], requiring a sizeable ∆Γs. A “tagged”

strategy involving Bs → D∗±
s K∗∓ modes was proposed in [215].

• Recently, strategies making use of “CP-tagged” Bs decays were proposed [216],

which require a symmetric e+e− collider operated at the Υ(5S) resonance. In this

approach, initially present CP eigenstates BCP
s are employed, which can be tagged

through the fact that the B0
s/B

0
s mixtures have anti-correlated CP eigenvalues at

the Υ(5S) resonance. Here Bs → D±
s K

∓, D±
s K

∗∓, D∗±
s K∗∓ modes may be used.

The extraction of γ from the weak phase φs + γ provided by these approaches requires

φs as an additional input, which is negligibly small in the Standard Model. Whereas it

appears to be quite unlikely that the amplitudes of the pure tree decays listed above are

affected significantly by new physics, as they involve no flavour-changing neutral-current

processes, this is not the case for the B0
s–B

0
s mixing phase φs. In order to probe this

quantitiy, Bs → J/ψ φ transitions offer interesting strategies.

7.6 The Golden Mode Bs → J/ψφ

This decay is the Bs counterpart of Bd → J/ψKS and provides interesting strategies to

extract ∆Ms and ∆Γs, and to probe φs [158, 160]; experimental feasibility studies for the

LHC can be found in [148]. The corresponding Feynman diagrams are analogous to those

shown in Fig. 14. Since the final state of Bs → J/ψφ is an admixture of different CP

eigenstates, we have to use the angular distribution of the J/ψ → ℓ+ℓ− and φ→ K+K−

decay products to disentangle them [217].

7.6.1 Structure of the Angular Distribution

The time-dependent angular distribution of the B0
s → J/ψ[→ ℓ+ℓ−]φ[→ K+K−] decay

products can be written generically as follows [158]:

f(Θ,Φ,Ψ; t) =
∑

k

b(k)(t) g(k)(Θ,Φ,Ψ), (7.17)
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Figure 23: The kinematics of B0
s → J/ψ[→ ℓ+ℓ−]φ [→ K+K−] in the J/ψ rest frame.

where we have denoted the angles describing the kinematics of the decay products of

J/ψ → ℓ+ℓ− and φ → K+K− by Θ, Φ and Ψ. For instance, Θ describes the angle

between the direction of the ℓ+ and the z axis in the J/ψ rest frame, where the z axis is

definded to be perpendicular to the decay plane of φ→ K+K−, as shown in Fig. 23

The functions b(k)(t) describe the time evolution of the angular distribution (7.17).

They can be expressed in terms of real or imaginary parts of the following bilinear

combinations of decay amplitudes:

A∗
f̃
(t)Af (t) =

〈

(J/ψφ)f̃ |Heff |B0
s(t)

〉∗ 〈

(J/ψφ)f |Heff |B0
s (t)

〉

, (7.18)

where Heff is the hermitian conjugate of (3.28) with r = s, and |B0
s (t)〉 is given by

(5.13). The labels f and f̃ specify the relative polarization of the J/ψ- and φ-mesons

in given final-state configurations (J/ψφ)f and (J/ψφ)f̃ , respectively. It is convenient

to introduce linear polarization amplitudes A0(t), A‖(t) and A⊥(t) [218], corresponding

to linear polarization states of the vector mesons, which are either longitudinal (0) or

transverse to their directions of motion. In the latter case, the polarization states may

either be parallel (‖) or perpendicular (⊥) to one another. Whereas A⊥(t) describes

a CP-odd final-state configuration, both A0(t) and A‖(t) correspond to CP-even final-

state configurations, i.e. to the CP eigenvalues −1 and +1, respectively. The observables

b(k)(t) are then given by

|Af(t)|2 with f ∈ {0, ‖,⊥}, (7.19)

as well as by the interference terms

Re{A∗
0(t)A‖(t)} and Im{A∗

f(t)A⊥(t)} with f ∈ {0, ‖}. (7.20)
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7.6.2 Structure of the Observables

Applying once more the formalism discussed in Section 5, we find that the time evolution

of the b(k)(t) is governed by

ξ
(s)
ψφ ∝ e−i2φs




λ(s)∗
u Ãut

′

pen + λ(s)∗
c

(

Ãc
′

CC + Ãct
′

pen

)

λ
(s)
u Ãut′pen + λ

(s)
c

(

Ãc
′

CC + Ãct′pen

)



 , (7.21)

where the amplitudes are analogous to the ones introduced in (6.1); for simplicity, we

have suppressed the label f of the (J/ψφ)f final-state configuration in this expression.

We expect – as in our discussion of the Bd → J/ψKS case – that
∣
∣
∣
∣
∣
∣

λ(s)
u Ãutpen

λ
(s)
c

(

ÃcCC + Ãctpen

)

∣
∣
∣
∣
∣
∣

= O(λ
3
), (7.22)

yielding

ξ
(s)
ψφ ∝ e−iφs

[

1 − i sin γ ×O(λ
3
)
]

. (7.23)

Since φs = O(0.03) in the Standard Model, there may well be – in contrast to the deter-

mination of φd from Bd → J/ψKS – significant hadronic uncertainties in the extraction

of φs from the Bs → J/ψ[→ ℓ+ℓ−]φ[→ K+K−] angular distribution. These hadronic

uncertainties, which may become an important issue for the LHC, can be controlled with

the help of the decay Bd → J/ψρ0, which has also some other interesting features [74].

In the following discussion, we assume

ξ
(s)
ψφ ∝ e−iφs, (7.24)

i.e. that the Bs → J/ψφ decay amplitudes do not involve a CP-violating weak phase,

which implies vanishing direct CP violation. The general formalism, where this assump-

tion is not made and also penguin effects are taken into account, was presented in [74].

Moreover, we also assume, for simplicity, that new physics does not affect the structure

of (7.24), thereby manifesting itself only through a sizeable value of φs. Since the decays

Bs → J/ψφ and Bd → J/ψKS originate from the same quark-level transitions, the gen-

eral new-physics analysis discussed in Subsection 6.1 allows us to test this assumption

already in the B → J/ψK system.

7.6.3 CP Asymmetries and Manifestation of New Physics

An important implication of (7.24) is that Bs → J/ψφ exhibits very small CP violation

in the Standard Model, making this channel an interesting probe to search for indications

of new physics [136, 160]. The quantity sinφs governs CP violation in Bs → J/ψφ, as

can be seen in the following expression:

Γ(t) − Γ(t)

Γ(t) + Γ(t)
=

[

1 −D

F+(t) +DF−(t)

]

sin(∆Mst) sinφs. (7.25)
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Here Γ(t) and Γ(t) denote the time-dependent rates for decays of initially, i.e. at time

t = 0, present B0
s - and B0

s -mesons into J/ψφ final states, respectively,

D ≡ |A⊥(0)|2
|A0(0)|2 + |A‖(0)|2 = 0.1 . . . 0.5 (7.26)

is a hadronic factor, and

F±(t) ≡ 1

2

[

(1 ± cosφs) e
+∆Γst/2 + (1 ∓ cos φs) e

−∆Γst/2
]

. (7.27)

The range in (7.26) corresponds to factorization [158], and is in good agreement with a

recent analysis of the Bs → J/ψφ polarization amplitudes A0(0), A‖(0), A⊥(0) performed

by the CDF collaboration [219].

In fact, sin φs may be sizeable in extensions of the Standard Model. An example is

the symmetrical SUL(2)×SUR(2)×U(1) model with spontaneous CP violation (SB–LR)

[220]–[222], which was applied to the Bs → J/ψφ observables in [223]. In this model,

sinφs may be as large as O(−40%). On the other hand, small values of aψKS
are favoured,

which are no longer compatible with the recently updated B-factory results, yielding the

average given in (6.10). Another scenario for new physics, where large values of sin φs
may arise, is provided by models allowing mixing to a new isosinglet down quark, as

in E6 [224]. Let us note that the new-physics contributions to the Bs → J/ψφ decay

amplitudes are negligible in these and the SB–LR model, as assumed above.

Although the CP asymmetry (7.25) may provide a “smoking-gun” signal for new-

physics contributions to B0
s–B

0
s , mixing, it does not allow a clean determination of sin φs

because of the hadronic parameter D. This feature is due to the fact that the J/ψφ

final states are admixtures of different CP eigenstates. As we have noted above, in

order to solve this problem, an angular analysis of the Bs → J/ψ[→ ℓ+ℓ−]φ [→ K+K−]

decay products has to be performed. Since the full three-angle distribution is quite

complicated,8 let us consider here the one-angle distribution

dΓ(t)

d cos Θ
∝
(

|A0(t)|2 + |A‖(t)|2
) 3

8
(1 + cos2 Θ) + |A⊥(t)|2 3

4
sin2 Θ, (7.28)

where the kinematics and the definition of the polar angle Θ is illustrated in Fig. 23.

The one-angle distribution (7.28) allows us now to extract the observables

P+(t) ≡ |A0(t)|2 + |A‖(t)|2, P−(t) ≡ |A⊥(t)|2, (7.29)

as well as their CP conjugates, thereby providing the CP asymmetries

P±(t) − P±(t)

P±(t) + P±(t)
= ± 1

F±(t)
sin(∆Mst) sinφs. (7.30)

8It is given in [158], together with appropriate weighting functions to extract the observables.
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On the other hand, untagged data samples are sufficient to determine

P±(t) + P±(t) ∝
[

(1 ± cosφs)e
−Γ

(s)
L
t + (1 ∓ cos φs)e

−Γ
(s)
H
t
]

. (7.31)

New-physics effects would be indicated by the following features:

• Sizeable values of the CP-violating asymmetries (7.30).

• The untagged observables (7.31) depend on two exponentials.

In contrast to (7.25), these observables do not involve the hadronic parameter D and

allow a clean determination of φs. A detailed discussion of other strategies to search

for new physics with Bs decays is given in [160], where also the general time-dependent

expressions for the observables of the Bs → J/ψφ three-angle distribution can be found.

7.7 Summary

The Bs-meson system has several interesting features and offers a nice play ground for

B experiments at hadron machines (Tevatron-II, LHC and BTeV). Already the present

experimental lower bound on ∆Ms has an important impact on the allowed range for

the apex of the unitarity triangle in the ρ–η plane, implying in particular γ < 90◦. It is

expected that B0
s–B

0
s mixing will be observed at the Tevatron in the near future, which

would provide much more stringent constraints on the unitarity triangle.

In contrast to theBd-meson system, the width difference between the mass eigenstates

may be sizeable in the Bs case, i.e. at the level of 10%. This width difference may allow

extractions of CP-violating weak phases from “untagged” Bs data samples.

Since the B0
s–B

0
s mixing phase φs is negligibly small in the Standard Model, CP

violation is tiny in Bs → J/ψφ, which is the Bs counterpart of Bd → J/ψKS. In

addition to strategies to determine the B0
s–B

0
s mixing parameters, this mode is therefore

a very sensitive tool to search for new-physics contributions, allowing in particular an

extraction of φs. Further Bs benchmark modes are the Bs → D(∗)±
s K(∗)∓ channels, which

are pure “tree” decays and offer various strategies to determine the weak phase φs + γ.

In the approaches to explore CP violation we have considered so far, interference

effects between B0
d,s–B

0
d,s mixing and decay processes played a key rôle to get rid of

poorly known hadronic matrix elements, thereby allowing the extraction of CP-violating

weak phases. Let us now turn to decays of charged B-mesons, where amplitude relations

have to be used to accomplish this task.

8 CP Violation in Charged B Decays
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8.1 General Remarks

Since there are no mixing effects present in the charged B-meson system, non-vanishing

CP asymmetries of the kind

ACP(B+ → f) ≡ Γ(B+ → f) − Γ(B− → f)

Γ(B+ → f) + Γ(B− → f)
, (8.1)

which correspond to Adir
CP(Bq → f) defined in (5.31), would give us immediate and

unambiguous evidence for direct CP violation in the B system. As we have seen in

Subsection 4.1, this kind of CP violation has already been established in the neutral kaon

system through the measurement of Re(ε′/ε) 6= 0. Recently, the NA48 collaboration has

reported the following CP asymmetry [113]:

Γ(K0 → π+π−) − Γ(K0 → π+π−)

Γ(K0 → π+π−) + Γ(K0 → π+π−)
= (5.0 ± 0.9) × 10−6, (8.2)

which is the neutral K-meson analogue of Adir
CP(Bq → f), and makes direct CP violation

in the kaon system more apparent than the observable Re(ε′/ε).

Whereas direct CP violation is extremely small in kaon decays, the CP-violating

asymmetries (8.1) may be as large as O(30%) in the most fortunate cases, for example

in B+ → K+K0 [73], because of the different CKM structure of the relevant B-decay

amplitudes. These CP asymmetries arise from the interference between amplitudes with

different CP-violating weak and CP-conserving strong phases. Due to the unitarity of

the CKM matrix, any non-leptonic B-decay amplitude can be expressed, within the

Standard Model, in the following way:

A(B+ → f) = |A1|eiδ1e+iϕ1 + |A2|eiδ2e+iϕ2 (8.3)

A(B− → f) = |A1|eiδ1e−iϕ1 + |A2|eiδ2e−iϕ2 . (8.4)

Here the δ1,2 are CP-conserving strong phases, which are induced by final-state interac-

tion processes, whereas the ϕ1,2 are CP-violating weak phases, which originate from the

CKM matrix. Using (8.3) and (8.4), we obtain

ACP(B+ → f) =
−2|A1||A2| sin(ϕ1 − ϕ2) sin(δ1 − δ2)

|A1|2 + 2|A1||A2| cos(ϕ1 − ϕ2) cos(δ1 − δ2) + |A2|2
. (8.5)

Consequently, a non-vanishing direct CP asymmetry ACP(B+ → f) requires both a

non-trivial strong and a non-trivial weak phase difference. In addition to the hadronic

amplitudes |A1,2|, the strong phases δ1,2 lead to particularly large hadronic uncertainties

in (8.5), thereby destroying the clean relation to the CP-violating phase difference ϕ1−ϕ2,

which is usually related to the angle γ of the unitarity triangle.
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Figure 24: Feynman diagrams contributing to B+ → K+D0 and B+ → K+D0.

8.2 Extracting γ from B± → K±D Decays

8.2.1 Triangle Relations and Experimental Problems

An important tool to eliminate the hadronic uncertainties in charged B decays is given

by amplitude relations. The prototype of this approach, which was proposed by Gronau

and Wyler [225], uses B± → K±D decays and allows a theoretically clean extraction of

the CKM angle γ. The decays B+ → K+D0 and B+ → K+D0 are pure “tree” decays,

as can be seen in Fig. 24. If we make, in addition, use of the transition B+ → D0
+K

+,

where D0
+ denotes the CP eigenstate of the neutral D-meson system with eigenvalue +1,

|D0
+〉 =

1√
2

(

|D0〉 + |D0〉
)

, (8.6)

we obtain

√
2A(B+ → K+D0

+) = A(B+ → K+D0) + A(B+ → K+D0) (8.7)
√

2A(B− → K−D0
+) = A(B− → K−D0) + A(B− → K−D0). (8.8)

These relations can be represented as two triangles in the complex plane. Since we have

only to deal with tree-diagram-like topologies, we obtain moreover

A(B+ → K+D0) = A(B− → K−D0) (8.9)

A(B+ → K+D0) = A(B− → K−D0) × e2iγ , (8.10)

allowing a clean extraction of γ, as shown in Fig. 25. Unfortunately, these triangles are

very squashed, since B+ → K+D0 is colour-suppressed with respect to B+ → K+D0:

r̃ ≡
∣
∣
∣
∣
∣

A(B+ → K+D0)

A(B+ → K+D0

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

A(B− → K−D0)

A(B− → K−D0

∣
∣
∣
∣
∣
≈ 1

λ

|Vub|
|Vcb|

× a2

a1
≈ 0.1, (8.11)

where the phenomenological “colour” factors were introduced in Subsection 3.6.
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A(B+
u → K+D0) = A(B−

u → K−D0)

√
2A(B+

u → K+D0
+)

A(B−
u → K−D0)

√
2A(B−

u → K−D0
+)A(B+

u → K+D0)

2γ

Figure 25: The extraction of γ from B±
u → K±{D0, D0, D0

+} decays.

In 1998, the CLEO collaboration reported the observation of the colour-allowed decay

B+ → K+D0 with the following branching ratio [226]:

BR(B+ → K+D0) = (0.257 ± 0.065 ± 0.032) × 10−3. (8.12)

Meanwhile, this decay has also been seen by Belle [227]. Using (8.11), we expect

BR(B+ → K+D0) ≈ 10−2 × BR(B+ → K+D0). (8.13)

While BR(B+ → K+D0) can be determined using conventional methods, the measure-

ment of BR(B+ → K+D0) suffers from considerable experimental problems [228]:

• If this colour-suppressed branching ratio is measured through Cabibbo-favoured

hadronic decays of the D0, e.g. through B+ → K+D0[→ K−π+], we obtain large

interference effects with the colour-allowed decay chain B+ → K+D0[→ K−π+],

where the D0 decay is doubly Cabibbo-suppressed.

• All possible hadronic tags of the D0-meson in B+ → K+D0 will be affected by

such interference effects.

• These problems could be circumvented through semi-leptonic tags D0 → ℓ+νℓXs.

However, here we have to deal with large backgrounds due to B+ → ℓ+νℓXc, which

are difficult to control.

Moreover, decays of neutral D-mesons into CP eigenstates, such as D0
+ → π+π− or

D0
+ → K+K−, involve small efficiencies and are experimentally challenging.

8.2.2 Alternative Approaches and Constraints on γ

As we have just seen, the original method proposed by Gronau and Wyler [225] will

unfortunately be very difficult in practice. A variant of this approach was proposed by

Atwood, Dunietz and Soni [228]. In order to overcome the problems listed above, these

authors consider the following decay chains:

B+ → K+D0 [→ fi], B+ → K+D0 [→ fi], (8.14)
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where fi denotes doubly Cabibbo-suppressed (Cabibbo-favoured) non-CP modes of the

D0 (D0), for instance, fi = K−π+, K−π+π0. In order to determine γ, at least two

different final states fi have to be employed. In this method, one makes use of the

large interference effects, which spoil the hadronic tag of the D0-meson in the original

Gronau–Wyler method. In contrast to the case of B+ → K+D0
+ discussed above, here

both contributing decay amplitudes should be of comparable size, thereby leading to

potentially large CP-violating effects. Furthermore, the difficult to measure branching

ratio BR(B+ → K+D0) is not required, but can rather be determined as a by-product.

Unfortunately, this approach is also challenging, since many channels are involved, with

total branching ratios of O(10−7) or even smaller. An accurate determination of the

relevant D-meson branching ratios BR(D0 → fi) and BR(D0 → fi) is also essential for

this method. For further refinements of this approach, see [229].

The experimental problems related to the measurement of BR(B+ → K+D0) were

also avoided in [230, 231], where the colour-allowed mode B+ → K+D0 and the two CP

eigenstates |D0
±〉 were considered, providing the observables

R± ≡ 2

[

BR(B+ → K+D0
±) + BR(B− → K−D0

±)

BR(B+ → K+D0) + BR(B− → K−D0)

]

= 1 ± 2 r̃ cos δ̃ cos γ + r̃2, (8.15)

where r̃ was introduced in (8.11) and δ̃ denotes a strong phase. As in the case of certain

CP-averaged B → πK branching ratios [232] (see 9.2.2), the ratios in (8.15) imply

sin2 γ ≤ min (R+, R−), (8.16)

constraining γ in the case of min (R+, R−) < 1. Moreover, we have

R+ +R− = 2(1 + r̃2), (8.17)

allowing in principle the determination of r̃, and the CP-violating observables

A± ≡ BR(B+ → K+D0
±) − BR(B− → K−D0

±)

BR(B+ → K+D0) + BR(B− → K−D0)
, (8.18)

which are equal in magnitude and have opposite signs, yielding the combined asymmetry

A ≡ A− −A+ = 2 r̃ sin δ̃ sin γ. (8.19)

Consequently, we have three observables at our disposal, R+, R− and A, allowing the

extraction of γ, δ̃ and r̃. However, because of r̃ ≈ 0.1, this approach will also be very

challenging in practice, in particular the resolution of the r̃2 terms in (8.17) and of the

CP-violating effects will be very difficult. It is possible to gain the knowledge of γ by

using, in addition, isospin-related neutral B → K(∗)D decays and neglecting certain
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Figure 26: Feynman diagrams contributing to B+
c → D+

s D
0 and B+ → D+

s D
0.

annihilation topologies [233, 234]. This dynamical assumption can be tested through

B+ → K(∗)0D+ modes, requiring branching ratios at the 10−7 level or even smaller [233].

Another alternative for the extraction of γ is provided by Bd → K∗0D decays [235],

where the triangles are more equilateral and the interference effects associated with the

hadronic tags of the D0-mesons are less pronounced. But all sides are small, i.e. colour-

suppressed, so that these decays are also not perfectly suited for the “triangle” approach.

8.3 Extracting γ from B±
c → D±

s D Decays

8.3.1 Ideal Realization of Triangle Relations

The decays B±
c → D±

s D are the Bc-meson counterparts of the B±
u → K±D modes and

allow also an extraction of γ [236], which relies on the amplitude relations

√
2A(B+

c → D+
s D

0
+) = A(B+

c → D+
s D

0) + A(B+
c → D+

s D
0) (8.20)

√
2A(B−

c → D−
s D

0
+) = A(B−

c → D−
s D

0) + A(B−
c → D−

s D
0), (8.21)

with

A(B+
c → D+

s D
0) = A(B−

c → D−
s D

0) (8.22)

A(B+
c → D+

s D
0) = A(B−

c → D−
s D

0) × e2iγ . (8.23)

At first sight, everything is completely analogous to the B±
u → K±D case. However,

there is an important difference [237], which becomes obvious by comparing the Feynman

diagrams shown in Figs. 24 and 26: in the B±
c → D±

s D system, the amplitude with the

rather small CKM matrix element Vub is not colour suppressed, while the larger element

Vcb comes with a colour-suppression factor. Therefore, we obtain
∣
∣
∣
∣
∣

A(B+
c → D+

s D
0)

A(B+
c → D+

s D
0)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

A(B−
c → D−

s D
0)

A(B−
c → D−

s D
0)

∣
∣
∣
∣
∣
≈ 1

λ

|Vub|
|Vcb|

× a1

a2

= O(1), (8.24)
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Figure 27: The extraction of γ from B±
c → D±

s {D0, D0, D0
+} decays.

and conclude that the two amplitudes are similar in size. In contrast to this favourable

situation, in the decays B±
u → K±D, the matrix element Vub comes with the colour-

suppression factor, resulting in a very stretched triangle. The extraction of γ from the

B±
c → D±

s D triangles is illustrated in Fig. 27, which should be compared with the

squashed B±
u → K±D triangles shown in Fig. 25.

8.3.2 U -Spin Relations and Experimental Remarks

A situation similar to the B±
u → K±D system arises in B±

c → D±D decays, which

are obtained from the B±
c → D±

s D channels by interchanging all down and strange

quarks, i.e. through the U -spin symmetry of strong interactions. These modes satisfy

the amplitude relations
√

2A(B+
c → D+D0

+) = A(B+
c → D+D0) + A(B+

c → D+D0) (8.25)
√

2A(B−
c → D−D0

+) = A(B−
c → D−D0) + A(B−

c → D−D0), (8.26)

as well as

A(B+
c → D+D0) = A(B−

c → D−D0) (8.27)

A(B+
c → D+D0) = ei2γA(B−

c → D−D0). (8.28)

Because of CKM factors different from the B±
c → D±

s D case, we obtain
∣
∣
∣
∣
∣

A(B+
c → D+D0)

A(B+
c → D+D0)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

A(B−
c → D−D0

A(B−
c → D−D0)

∣
∣
∣
∣
∣
≈ λ2 ×

(

1

λ

|Vub|
|Vcb|

× a1

a2

)

∼< 0.1, (8.29)

implying triangles of the same shape as in the B±
u → K±D approach. The decays

Bd → K∗0D [235], whose amplitudes are all colour suppressed and proportional to λ3Rb,

have no analogue in the Bc system.
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The B±
c → D±D strategy is obviously affected by interference problems of the same

kind as the original Gronau–Wyler approach, i.e. we expect amplitudes of the same order

of magnitude for the decay chains B+
c → D+D0[→ K−π+] and B+

c → D+D0[→ K−π+].

In order to extract γ, we could employ the same idea as in [228]. However, in the case

of the Bc system, an alternative is provided by the follwing U -spin relations:

A(B+
c → D+D0) = −λ/(1 − λ2/2)A(B+

c → D+
s D

0) (8.30)

A(B+
c → D+D0) = (1 − λ2/2)/λA(B+

c → D+
s D

0). (8.31)

Since the amplitudes on the right-hand sides of these equations are of the same order of

magnitude (see (8.24)), the interference effects due to D0, D0 → π±K∓ are practically

unimportant in their measurement and in the associated B±
c → D±

s D strategy to deter-

mine γ. Consequently, this is the preferred Bc approach to extract γ. Nevertheless, the

Cabibbo-enhanced decay B+
c → D+D0 plays an important rôle to increase the statistics

for the measurement of the basis of the triangles shown in Fig. 27 with the help of (8.31).

At the LHC, one expects O(1010) untriggered Bc-mesons per year of running [238].

Estimates of Bc branching ratios can already be found in the literature [239], yielding,

however, in several cases conflicting results. The following values seem reasonable [237]:

BR(B+
c → D+

s D
0) ≈ 10−5, BR(B+

c → D+
s D

0) ≈ 10−5–10−6. (8.32)

Moreover, we expect

BR(B+
c → D+D0) ≈ 10−4–10−5, (8.33)

allowing the measurement of the B+
c → D+

s D
0 branching ratio with the help of (8.31).

A very crude feasibility study using (8.32) gives around 20 events per year at the LHC,

demonstrating that the Bc system may well contribute to our understanding of CP

violation. More refined experimental feasibility studies of the B±
c → D±

(s)D system are

strongly encouraged. From a theoretical point of view, it provides an ideal realization of

the “triangle” approach to extract γ [237].

8.4 Impact of New Physics: D0–D0 Mixing enters the Stage

Since the charged B decays considered in the previous two subsections receive only

contributions from tree-diagram-like topologies, involving no flavour-changing neutral-

current processes, it appears to be quite unlikely that their amplitudes are affected

significantly through new-physics contributions. However, we have to keep in mind that

D0–D0 mixing has been neglected in the corresponding strategies to extract γ. This

phenomenon is usually characterized by a CP-violating weak phase θD, and by

xD ≡ ∆MD

ΓD
, yD ≡ ∆ΓD

2ΓD
, (8.34)
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where ∆MD and ∆ΓD denote the mass and width differences of the neutral D-meson

mass eigenstates, respectively, and ΓD is the average width. These mixing parameters

are very small in the Standard Model, typical estimates give values for xD and yD at

the 10−3 level. The parameter xD is governed by virtual transitions and may hence well

be enhanced by one order of magnitude through new physics, whereas this appears to

be rather unlikely for yD, as this quantity is closely related to D decay rates, where

large new-physics effects are quite unlikely. However, yD may be enhanced by certain

resonance effects in the Standard Model (for a recent review of these issues, see [19]).

A recent result yD = (3.42±1.39±0.74)% from the FOCUS collaboration [240], corre-

sponding to a signal at the 2σ level, led already to some excitement [241]. However, this

effect has still to be confirmed by other experiments – the results reported in [242, 243]

are consistent with zero – and it is crucial to investigate whether such a value could also

be accommodated in the Standard Model. Moreover, there is a problem of compatibility

between the FOCUS and a recent CLEO result [244], which may point towards a large

CP-conserving strong phase difference. The B-factories will also provide very valuable

insights into charm physics [195]; a recent Belle study finds yD = (1.16+1.67
−1.65)% [245].

Apart from being a powerful tool to search for physics beyond the Standard Model,

charm physics is also an important ingredient for B± → K±D strategies to extract γ.

The impact of D0–D0 mixing on these approaches was analysed in [229, 246, 247]. Since

we have to deal with interference effects of O(10−1) in these modes, mixing parameters

xD and yD at the 10−2 level may affect the extraction of γ significantly [246, 247].

Strategies to include D0–D0 mixing in the determination of γ from B± → K±D decays

can be found in [229, 247]. Since all amplitudes are of the same order of magnitude in

the B±
c → D±

s D approach , the sensitivity to D0–D0 mixing is considerably smaller in

this case, which is another advantage of the Bc decays.

8.5 Summary

Since charged B-mesons do not exhibit mixing-induced CP violation, we have to search

for fortunate decays, where the hadronic uncertainties affecting the extraction of weak

phases from direct CP asymmetries can be eliminated through amplitude relations. The

prototype of this approach employs B±
u → K±{D0, D0, D0

+} modes, allowing a clean

determination of γ with the help of certain triangle relations, which are due to the

CP eigenstate D0
+ of the neutral D-meson system. Unfortunately, the corresponding

amplitude triangles are very squashed, and further problems related to hadronic tags of

the D-mesons arise; variants of the B±
u → K±D strategy were proposed to deal with

these problems. From a theoretical point of view, the triangle approach is realized in an

ideal way in the B±
c → D±

s {D0, D0, D0
+} system, where all amplitudes are of similar size.

On the other hand, Bc-mesons are not as accessible as “ordinary” Bu- or Bd-mesons.



88 9 PHENOMENOLOGY OF B → πK DECAYS

Decay Mode CLEO [172] BaBar [173] Belle [174]

Bd → π∓K± 17.2+2.5
−2.4 ± 1.2 16.7 ± 1.6 ± 1.3 19.3+3.4+1.5

−3.2−0.6

B± → π0K± 11.6+3.0+1.4
−2.7−1.3 10.8+2.1

−1.9 ± 1.0 16.3+3.5+1.6
−3.3−1.8

B± → π±K 18.2+4.6
−4.0 ± 1.6 18.2+3.3

−3.0 ± 2.0 13.7+5.7+1.9
−4.8−1.8

Bd → π0K 14.6+5.9+2.4
−5.1−3.3 8.2+3.1

−2.7 ± 1.2 16.0+7.2+2.5
−5.9−2.7

Bd → π+π− 4.3+1.6
−1.4 ± 0.5 4.1 ± 1.0 ± 0.7 5.6+2.3

−2.0 ± 0.4

B± → π±π0 5.6+2.6
−2.3 ± 1.7 5.1+2.0

−1.8 ± 0.8 7.8+3.8+0.8
−3.2−1.2

Bd → K+K− < 1.9 (90% C.L.) < 2.5 (90% C.L.) < 2.7 (90% C.L.)

B± → K±K < 5.1 (90% C.L.) < 2.4 (90% C.L.) < 5.0 (90% C.L.)

Table 3: CP-averaged B → πK, ππ,KK branching ratios in units of 10−6.

The preferred mechanism for new physics to manifest itself in these strategies is D0–D0

mixing, which may lead to significant effects in the B±
u → K±D approaches. Amplitude

relations will also play a key rôle in the following B → πK discussion.

9 Phenomenology of B → πK Decays

9.1 General Remarks and Experimental Status

The physics potential of B → πK modes is very interesting for the B-factories, as these

channels provide promising strategies to probe the angle γ of the unitarity triangle.

In contrast to the B± → K±D and B±
c → D±

s D decays discussed in the previous

section, B → πK transitions are very accessible at these machines, thereby providing

experimentally feasible constraints or determinations of γ. On the other hand, the

B → πK strategies are not theoretically clean, and require flavour-symmetry arguments

and certain plausible dynamical assumptions. In 1994, Gronau, Hernández, London and

Rosner pointed out in a series of pioneering papers that such a theoretical input allows

extractions of weak phases from B → πK, ππ,KK modes [248, 249].

The first observation of B → πK decays was announced by the CLEO collaboration

in 1997 [250], and has triggered a lot of theoretical work. In this context, the bound

on γ derived in [232], making use of an approach to determine this angle with the help

of the B0
d → π−K+, B+ → π+K0 system [88], received a lot of attention. Since 1997,

the experimental situation has improved considerably due to the efforts by the CLEO,

BaBar and Belle collaborations. Now we have not only results available for B0
d → π−K+

and B+ → π+K0, but the whole set of B → πK decays has been observed. The present

status of the measurements of the corresponding CP-averaged branching ratios, which

are defined in accordance with (6.43), is summarized in Table 3. Since the B → πK
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Decay Mode CLEO [251] BaBar [173] Belle [252]

Bd → π∓K± 0.04 ± 0.16 0.19 ± 0.10 ± 0.03 −0.044+0.167+0.021
−0.186−0.018

B± → π0K± 0.29 ± 0.23 0.00 ± 0.18 ± 0.04 0.059+0.196+0.017
−0.222−0.055

B± → π±K −0.18 ± 0.24 0.21 ± 0.18 ± 0.03 −0.098+0.343+0.063
−0.430−0.020

Bd → π0K n.a. n.a. n.a.

Table 4: CP asymmetries ACP as defined in (8.1) for B → πK modes.

strategies to probe γ require also some input from the B → ππ system, we have included

these modes as well, whereas the decays Bd → K+K− and B± → K±K represent

sensitive probes for rescattering effects. First analyses of CP-violating asymmetries in

B → πK modes have also been performed. The corresponding results are listed in

Table 4, and do not yet provide signals for direct CP violation.9 In the future, the

experimental situation should continue to improve significantly through the B-factories.

During the last couple of years, there was of course also theoretical progress. As far

as the Bd → π∓K±, B± → π±K system is concerned, more refined strategies to probe

γ were proposed in [253, 254]. Moreover, it was noticed that the charged B± → π0K±,

B± → π±K [255, 256] and neutral Bd → π∓K±, Bd → π0K [87, 257] modes are

particularly well suited to extract γ, where in the latter case also mixing-induced CP

violation in Bd → π0KS can be employed as an additional ingredient. The charged

and neutral approaches have certain theoretical advantages and are less sensitive to

possible rescattering effects, which can be probed – and even taken into account – through

additional data on B± → K±K modes [79, 87, 253, 258, 259, 260, 261].

The philosophy of these strategies is to extract a maximal amount of information,

including γ and hadronic parameters, with a “minimal” input from theory, using only

flavour-symmetry and plausible dynamical arguments. Concerning the description of the

dynamics of B → πK, ππ decays, important theoretical progress has recently been made

through the development of the “QCD factorization” [98]–[100] and the perturbative

hard-scattering (or “PQCD”) approaches [101]–[103], allowing the systematic calculation

of the relevant hadronic parameters at the leading order of a ΛQCD/mb-expansion, and

estimates of some of the contributions entering at the next-to-leading order level.

A very detailed analysis was recently performed within the QCD factorization ap-

proach in [100], providing valuable insights and allowing a reduction of the SU(3)-

breaking corrections, which affect the strategies to probe γ. Moreover, rescattering

processes are found to play a very minor rôle. If one is willing to use a stronger input

from QCD factorization, concerning mainly CP-conserving strong phases, more strin-

9The CP asymmetry for Bd → π∓K± obtained by the BaBar Collaboration has recently been

updated at the Lepton Photon 01 Conference, with the result 0.07 ± 0.08 ± 0.02 [176].



90 9 PHENOMENOLOGY OF B → πK DECAYS

K

π

d

-

b

B

W

G

+s

u

u

d

d

u, c, t ���
���
���
���
���
���
���

���
���
���
���
���
���
���

���
���
���
���
���
���

���
���
���
���
���
���

���
���
���
���
���
���

���
���
���
���
���
��� −

u

π

K

u

dB

+

s

W ��
��
��
��
��
��

��
��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

���
���
���
���
���

���
���
���
���
���

d

b

Figure 28: Feynman diagrams contributing to B0
d → π−K+.

gent constraints on γ can be obained. Exploiting QCD factorization in a maximal way,

γ can be determined by fitting simultaneously all calculated CP-averaged B → πK, ππ

branching ratios to the corresponding experimental results.10 Here the central question

is of course whether power corrections in ΛQCD/mb can really be controlled reliably. In a

recent paper [77], it was argued that non-perturbative penguin topologies with internal

charm- and up-quark exchanges [72, 75] (see Subsection 3.4) may play an important rôle

in this context, thereby precluding the extraction of γ from the calculated B → πK, ππ

branching ratios. Moreover, large CP asymmetries in certain modes are found in this

analysis, in contrast to the predictions of QCD factorization.

In this review, we shall focus on the former kind of strategies, using a “minimal”

theoretical input. These approaches do not only allow the extraction of γ, but also of

strong phases and certain ratios of tree to penguin amplitudes. The hadronic parameters

thus determined can then be compared with the theoretical predictions, provided, for

example, by the QCD factorization or PQCD approaches.

9.2 The Bd → π∓K±, B± → π±K System

9.2.1 Amplitude Structure and Isospin Relations

In order to get more familiar with B → πK modes, let us consider the Bd → π∓K±,

B± → π±K system first [88, 232, 253]. The decay B0
d → π−K+ receives contributions

both from penguin and from colour-allowed tree-diagram-like topologies, as can be seen

in Fig. 28. Within the framework of the Standard Model, we may write

A(B0
d → π−K+) = −λ(s)

u

[

P̃u + P̃ (u)C
ew + T̃

]

− λ(s)
c

[

P̃c + P̃ (c)C
ew

]

− λ
(s)
t

[

P̃t + P̃ (t)C
ew

]

, (9.1)

where the overall minus sign is related to the definition of SU(3) meson states adopted in

[248, 249], P̃q and P̃ (q)C
ew denote contributions from QCD and EW penguin topologies with

10Using “näıve” factorization, such an approach was advocated in [262].
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internal q-quark exchanges (q ∈ {u, c, t}), respectively, T̃ is due to the colour-allowed

b→ uus tree-diagram-like topologies, and the CKM factors λ(s)
q were introduced in (6.2).

The label “C” reminds us that only colour-suppressed EW penguin topologies contribute

to B0
d → π−K+. Because of the tiny ratio |λ(s)

u /λ
(s)
t | ≈ 0.02, QCD penguins play the

dominant rôle in (9.1), despite their loop suppression. This interesting feature applies

to all B → πK modes. Consequently, these decays are governed by flavour-changing

neutral-current processes and are sensitive probes for new-physics effects [263]–[267].

Performing a similar exercise for the decay B+ → π+K0 yields

A(B+ → π+K0) = λ(s)
u

[

Pu + P (u)C
ew + A

]

+ λ(s)
c

[

Pc + P (c)C
ew

]

+ λ
(s)
t

[

Pt + P (t)C
ew

]

, (9.2)

where the notation is as in (9.1), and A describes annihilation topologies. If we make

use of the unitarity of the CKM matrix to eliminate λ
(s)
t and apply the generalized

Wolfenstein parametrization (2.17), we obtain

A(B+ → π+K0) ≡ Pc = −
(

1 − λ2

2

)

λ2A
(

1 + ρce
iθceiγ

)

Pc
tc, (9.3)

where

Pc
tc ≡ |Pc

tc| eiδ
c
tc = Pt − Pc + P (t)C

ew − P (c)C
ew , (9.4)

and

ρce
iθc =

(

λ2

1 − λ2

)

Rb

[

1 −
(

Pc
uc + A
Pc
tc

)]

. (9.5)

In these expressions, δc
tc and θc denote CP-conserving strong phases, and Pc

uc is defined in

analogy to (9.4). The quantity ρce
iθc , where the label “c” reminds us that we are dealing

with a charged B → πK decay, is a measure of the strength of certain rescattering

effects, as we will see below. This notation will be useful in Subsection 9.3.

If we apply the SU(2) isospin symmetry of strong interactions, implying

P̃c = Pc and P̃t = Pt , (9.6)

the QCD penguin topologies with internal top- and charm-quark exchanges contributing

to B0
d → π−K+ and B+ → π+K0 can be related to each other, yielding

A(B0
d → π−K+) + A(B+ → π+K0) = −

(

T + PC
ew

)

, (9.7)

where

PC
ew = −

(

1 − λ2

2

)

λ2A
[{

P̃ (t)C
ew − P̃ (c)C

ew

}

−
{

P (t)C
ew − P (c)C

ew

}]

(9.8)

is essentially due to EW penguins, and

T = λ4ARb

[

T̃ − A +
{

P̃u − Pu
}

+
{

P̃ (u)C
ew − P̃ (t)C

ew

}

−
{

P (u)C
ew − P (t)C

ew

}]

eiγ (9.9)
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is usually referred to as a “tree” amplitude. However, owing to a subtlety in the imple-

mentation of the isospin symmetry, T does not only receive contributions from colour-

allowed tree-diagram-like topologies, but also from penguin and annihilation topologies

[79, 253]. Since the amplitudes T and PC
ew have the following phase structure:

T ≡ |T |eiδT eiγ , PC
ew ≡ −|PC

ew|eiδ
C
ew , (9.10)

where δT and δC
ew denote CP-conserving strong phases, we obtain

A(B0
d → π−K+) + A(B+ → π+K0) = −

(

eiγ − qCe
iωC

)

|T |eiδT , (9.11)

with

qC ≡
∣
∣
∣PC

ew/T
∣
∣
∣ and ωC ≡ δC

ew − δT . (9.12)

Relation (9.11) allows us to probe γ through the Bd → π∓K±, B± → π±K system. As

we will see below, the charged B± → π0K±, B± → π±K and neutral Bd → π∓K±,

Bd → π0K modes also satisfy isospin relations of the same structure.

9.2.2 A Simple Bound on γ

Interestingly, already the CP-averaged Bd → π∓K±, B± → π±K branching ratios may

imply interesting constraints on γ [232]. To simplify the discussion, we make the following

plausible dynamical assumptions:

• The parameter ρce
iθc ∝ λ2Rb ≈ 0.02 plays a negligible rôle in (9.3), i.e.

A(B+ → π+K0) = −|Pc|eiδ
c
tc = A(B− → π−K0). (9.13)

• The colour-suppressed EW penguins play also a negligible rôle.

Using isospin relation (9.11), we may then re-write the B0
d → π−K+ decay amplitude as

follows:

A(B0
d → π−K+) = |Pc|eiδ

c
tc

(

1 − reiδeiγ
)

, (9.14)

where

r ≡ |T/Pc| and δ ≡ δT − δc
tc. (9.15)

Taking into account (9.13), we observe that (9.14) implies amplitude triangles in the

complex plane that are analogous to those shown in Fig. 25, allowing an extraction of γ

if r is known [88]. From (9.3), (9.6) and (9.9) we expect

r ≈ λ2Rb

∣
∣
∣T̃ /P̃tc

∣
∣
∣ = O(λ), (9.16)

where we have employed once more the generic expansion parameter λ introduced in

Subsection 6.1. This relation demonstrates nicely the dominance of the QCD penguin

topologies in a quantitative way.
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Observable CLEO [172] BaBar [173] Belle [174]

R 1.00 ± 0.30 0.97 ± 0.23 1.50 ± 0.66

Rc 1.27 ± 0.47 1.19 ± 0.35 2.38 ± 1.12

Rn 0.59 ± 0.27 1.02 ± 0.40 0.60 ± 0.29

Table 5: Ratios of CP-averaged B → πK branching ratios as defined in (9.19), (9.54)

and (9.59). For the evaluation of R, we have used τB+/τB0
d

= 1.060 ± 0.029.

In order to probe γ, we consider the CP-averaged decay amplitude

〈

|A(Bd → π∓K±)|2
〉

= |Pc|2
(

1 − 2r cos δ cos γ + r2
)

, (9.17)

where the overall normalization can be fixed through

〈

|A(B± → π±K)|2
〉

= |Pc|2. (9.18)

Finally, we arrive at the simple expression

R ≡
[

BR(B0
d → π−K+) + BR(B0

d → π+K−)

BR(B+ → π+K0) + BR(B− → π−K0)

]

τB+

τB0
d

= 1 − 2r cos δ cos γ + r2. (9.19)

If we take a very conservative point of view, the hadronic quantities δ and r are unknown

parameters. Let us, therefore, treat them as free parameters, which yields the following

minimal value for R:

Rmin|δ,r = sin2 γ ≤ R, (9.20)

implying the allowed range [232]

0◦ ≤ γ ≤ γ0 ∨ 180◦ − γ0 ≤ γ ≤ 180◦, (9.21)

with

γ0 = arccos(
√

1 − R). (9.22)

This constraint on γ is only effective if R is found to be smaller than one. In 1997,

when CLEO reported the first result on the CP-averaged Bd → π∓K±, B± → π±K

branching ratios, the result was R = 0.65 ± 0.40. The central value R = 0.65 would

imply γ0 = 54◦ [232], thereby excluding a large range in the ρ–η plane [44]. The present

experimental status of R is summarized in Table 5, where Rc and Rn are the counterparts

of R in the charged and neutral B → πK systems, respectively, which will be discussed

in Subsection 9.3. Unfortunately, the present experimental uncertainties are still too

large to draw any conclusions and to decide whether R < 1. The experimental situation

should, however, improve significantly in the next couple of years.
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9.2.3 Impact of Rescattering Processes

An important limitation of the theoretical accuracy of the Bd → π∓K±, B± → π±K

strategies to probe γ is due to rescattering effects, which may affect the two dynamical

assumptions made in 9.2.2. In particular, we expect näıvely from (9.5) that

ρce
iθc = O(λ

2
), (9.23)

and conclude that this parameter should play a negligible rôle in B+ → π+K0. Moreover,

this channel should hence exhibt tiny CP violation at the few percent level. These

expectations, and the smallness of the colour-suppressed EW penguins, may in principle

be affected by very large rescattering effects [78, 79].

As we have seen in Subsection 3.4, there are basically two different kinds of rescat-

tering processes, originating from b → ccs and b → uus quark-level transitions. In the

case of the B+ → π+K0 mode, we have to deal with B+ → {D0D+
s , . . .} → π+K0 and

B+ → {π0K+, . . .} → π+K0 rescattering processes. Similar contributions arise also in

the B0
d → π−K+ channel. The former kind of rescattering effects can be considered as

penguin topologies with internal charm-quark exchanges (see Fig. 11), and is included

in the amplitudes P̃c and Pc in (9.1) and (9.2), respectively. These processes may con-

tribute significantly to the Bd → π∓K±, B± → π±K branching ratios. However, as Pc
appears both in the numerator and in the denominator in (9.5), the parameter ρce

iθc is

unlikely to be enhanced significantly from the λ
2

level by this kind of rescattering. On

the other hand, the latter kind of rescattering processes is related to penguin topologies

with internal up-quark exchanges and annihilation topologies (for analogous processes,

see Figs. 16 and 17), affecting P̃u, Pu and A. Whereas these amplitudes play a minor rôle

for the branching ratios, they affect the parameter ρce
iθc . In the presence of dramatic

rescattering processes of this kind, i.e. of

B+ → {π0K+, π0K∗+, . . .} → π+K0, (9.24)

the parameter ρc may be enhanced to the λ level:

ρce
iθc
∣
∣
∣
res.

= O(λ), (9.25)

thereby implying CP-violating asymmetries in B± → π±K of O(10%). In several of the

analyses listed in [78], assuming elastic rescattering as a toy model or making use of

Regge phenomenology, such an enhancement was actually found.

Fortunately, we may also obtain experimental insights into these issues. In this

respect, the decay B+ → K+K0, which is related to B+ → π+K0 by interchanging all

down and strange quarks, i.e. through the U -spin flavour symmetry of strong interactions,

plays a key rôle [79, 253, 258, 259]. Using a notation similar to that in (9.3) yields

A(B+ → K+K0) = λ3A

[

1 −
(

1 − λ2

λ2

)

ρ(d)eiθ
(d)

eiγ
]

P(d)
tc , (9.26)
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where ρ(d)eiθ
(d)

corresponds to ρce
iθc given in (9.5). Since this parameter enters – in

contrast to (9.3) – with 1/λ2 in the B+ → K+K0 amplitude, the corresponding branching

ratio and CP asymmetry represent a very sensitive probe for an enhancement of ρ(d)

through rescattering processes. The U -spin symmetry of strong interactions implies

ρ(d) = ρc, θ(d) = θc, (9.27)

allowing us to determine ρc and θc as functions of γ through the observables of the

B± → π±K, B± → K±K system [253, 259]. Moreover, we obtain the following relation

between the corresponding CP asymmetries and CP-averaged branching ratios:

ACP(B+ → π+K0)

ACP(B+ → K+K0)
= −R2

SU(3)

[

BR(B± → K±K)

BR(B± → π±K)

]

, (9.28)

where RSU(3) describes SU(3) breaking, with

RSU(3)

∣
∣
∣
fact

=

[

M2
B −M2

π

M2
B −M2

K

] [

FBπ(M2
K ; 0+)

FBK(M2
K ; 0+)

]

. (9.29)

Here the form factors FBπ(M2
K ; 0+) and FBK(M2

K ; 0+) parametrize the quark–current

matrix elements 〈π|(bd)V−A|B〉 and 〈K|(bs)V−A|B〉, respectively. Using the model of

Bauer, Stech and Wirbel (BSW) [89] yields RSU(3) = O(0.7).

The presently available upper bounds on the CP-averaged B± → K±K branching

ratio imply already interesting upper bounds on ρc. To this end, we employ the U -spin

relations in (9.27), and consider the quantity [257]

K ≡



1

ǫR2
SU(3)





[

BR(B± → π±K)

BR(B± → K±K)

]

=
1 + 2 ρc cos θc cos γ + ρ2

c

ǫ2 − 2 ǫ ρc cos θc cos γ + ρ2
c

, (9.30)

where ǫ ≡ λ2/(1 − λ2). The expression on the right-hand side implies the following

allowed range for ρc (for detailed discussions, see [175, 275] and 10.3.5):

1 − ǫ
√
K

1 +
√
K

≤ ρc ≤
1 + ǫ

√
K

|1 −
√
K|

. (9.31)

The present CLEO data give BR(B± → K±K)/BR(B± → π±K) < 0.3 (90% C.L.) [172].

Using (9.31), this upper bound implies ρc < 0.15 for RSU(3) = 0.7, and is not in favour

of dramatic rescattering effects, although the bound on ρc is still one order of magnitude

above the näıve O(λ
2
) expectation.11 Rescattering effects can also be probed through

Bd → K+K− modes [260], which also do not seem to show an anomalous enhancement.

11If we assume BR(B± → K±K)/BR(B± → π±K) < 0.15, as indicated by the BaBar bound on

BR(B± → K±K) in Table 3, we obtain ρc < 0.12.
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The second dynamical assumption in 9.2.2 was related to the colour-suppressed EW

penguins. Using the expressions for the corresponding four-quark operators (see (3.31)),

neglecting Qs
7 and Qs

8 because of their tiny Wilson coefficients, and performing appro-

priate Fierz transformations, we may write [87, 253] (see also [88])

qCe
iωC =

3

2λ2Rb

[

C ′
1(µ)C10(µ) − C ′

2(µ)C9(µ)

C ′2
2 (µ) − C ′2

1 (µ)

]

aCe
iωC , (9.32)

where

C ′
1(µ) ≡ C1(µ) +

3

2
C9(µ), C ′

2(µ) ≡ C2(µ) +
3

2
C10(µ), (9.33)

and

aCe
iωC ≡ aeff

2

aeff
1

=
C ′

1(µ) ζ(µ) + C ′
2(µ)

C ′
1(µ) + C ′

2(µ) ζ(µ)
(9.34)

with

ζ(µ) ≡ 〈K0π+|Qu
2(µ)|B+〉 + 〈K+π−|Qu

2(µ)|B0
d〉

〈K0π+|Qu
1(µ)|B+〉 + 〈K+π−|Qu

1(µ)|B0
d〉

(9.35)

denotes a hadronic parameter, representing a measure of “colour suppression” in the

Bd → π∓K±, B± → π±K system. The combination of Wilson coefficients in (9.32) is

essentially renormalization-scale independent and changes only by O(1%) when evolving

from µ = MW down to µ = mb. Using the leading-order coefficients in Table 2 for

Λ
(5)

MS
= 225 MeV yields

qC = 0.71 ×
[
0.38

Rb

]

× aC. (9.36)

It is plausible to assume that aC is associated with a suppression of O(λ), thereby yielding

qC = O(λ). (9.37)

Note that this implies |PC
ew/P | = O(λ

2
) because of r = O(λ). Consequently, EW

penguins contribute at the same level to the Bd → π∓K±, B± → π±K amplitudes as

the parameter ρce
iθc. In the presence of dramatic rescattering processes of the kind given

in (9.24), the dynamical suppression in (9.37) would no longer be effective, i.e.

qC|res. = O(1), (9.38)

yielding contributions to the decay amplitudes at the λ level. The parameter r would

be of O(λ) also in the presence of large rescattering effects, although its value may be

affected significantly.

Consequently, in the case of large rescattering effects mediated by b → uus quark-

level processes, both assumptions made in 9.2.2 would no longer hold. As we have noted

above, the present experimental upper bounds on B → KK modes are not pointing
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towards such a picture. Moreover, it is disfavoured theoretically by the QCD factorization

approach, where the predictions for the relevant parameters read as follows [100]:12

ρc =

{

(2.0 ± 0.1 ± 0.4) × 10−2

(1.9 ± 0.1 ± 0.4) × 10−2,
θc =

{

(13.6 ± 4.4)◦

(16.6 ± 5.2)◦
(9.39)

qC =

{

(8.3 ± 4.5 ∓ 1.7) × 10−2

(8.9 ± 4.9 ∓ 1.8) × 10−2,
ωC =

{

(−60.2 ± 49.5)◦

(−54.2 ± 44.2)◦.
(9.40)

In particular, it is found that the bound in (9.20) is violated through these parameters

by at most 1.5%, and only in the region 72◦ < γ < 86◦. This analysis suggests that these

effects can be safely neglected until R is measured with an accuracy better than 10%.

9.2.4 More Refined Strategies to Probe γ

In addition to the ratio R of CP-averaged branching ratios, also the “pseudo-asymmetry”

A0 ≡
[

BR(B0
d → π−K+) − BR(B0

d → π+K−)

BR(B+ → π+K0) + BR(B− → π−K0)

]

τB+

τB0
d

= ACP(B0
d → π−K+)R (9.41)

plays an important rôle in the probing of γ [254]. In order to derive parametrizations

for R and A0, it is useful to introduce the following generalization of r:

r ≡ |T |
√

〈|A(B± → π±K)|2〉
, (9.42)

which reduces to (9.15) for ρc = 0. Using (9.3) and isospin relation (9.7), the observables

can be expressed in terms of γ and the hadronic parameters r, δ, qC, ωC, ρc, θc. With

the help of the corresponding parametrizations, which are given in [253], we may now

proceed as in 9.2.2. If we treat both δ and r as unknown quantities, we arrive at [253]

Rmin|δ,r =

[

1 + 2 qC ρc cos(θc + ωC) + q2
C ρ

2
c

(1 − 2 qC cosωC cos γ + q2
C) (1 + 2 ρc cos θc cos γ + ρ2

c)

]

sin2 γ, (9.43)

representing the generalization of (9.20). On the other hand, if we make also use of the

asymmetry A0, contours in the γ–r plane can be determined, which provide stronger

constraints on γ. The sensitivity on ρce
iθc and qCe

iωC was studied in great detail in [253].

It should be emphasized that the former parameter can be taken into account in (9.43)

and the contours in the γ–r plane through the B± → K±K observables. As we have seen

above, they can be combined with those of B± → π±K through the U -spin symmetry,

thereby allowing us to determine ρc and θc as functions of γ [253, 259].

12The first errors are the sums of all theoretical errors added in quadrature, whereas the second errors

are due to Rb; the second lines show the results without certain weak annihilation contributions.



98 9 PHENOMENOLOGY OF B → πK DECAYS

If the parameter r, i.e. the magnitude of the “tree” amplitude T , can be determined,

we are in a position to extract γ and the strong phase δ. At this stage, a certain model

dependence enters. An approximate way to fix this amplitude is to neglect the colour-

suppressed CC operator contributions to B+ → π+π0, and to use the SU(3) flavour

symmetry to relate the colour-allowed CC amplitude of that decay to T , yielding [88]

r ≈
√

2 λ
fK
fπ

√
√
√
√

BR(B± → π±π0)

BR(B± → π±K)
. (9.44)

Using this expression, the experimental results in Table 3 imply r ≈ 0.2. Another

approach is provided by “näıve” factorization:

|T ||fact =
GF√

2
λ |Vub| a1

(

M2
Bd

−M2
π

)

fKFBπ(M2
K ; 0+). (9.45)

The BSW model [89] and QCD sum rules [268] give FBπ(M2
K ; 0+) = 0.3, leading to

|T ||fact = a1 ×
[

|Vub|
3.2 × 10−3

]

× 7.8 × 10−9 GeV. (9.46)

As noted in [254], also analyses of semi-leptonic B0
d → π−ℓ+νℓ decays may be very useful

to fix |T | through arguments based on factorization. Using (9.46), we obtain [232]

r|fact = 0.18 × a1 ×
[

|Vub|
3.2 × 10−3

]
√
√
√
√

[

1.8 × 10−5

BR(B± → π±K)

]

×
[

τBu

1.6 ps

]

. (9.47)

The most refined theoretical analysis employing QCD factorization gives [100]

r ≡ uc r =

{

(20.6 ± 3.5 ± 4.1) × 10−2

(22.0 ± 3.6 ± 4.4) × 10−2,
δ =

{

(−5.7 ± 4.4)◦

(−6.2 ± 4.6)◦,
(9.48)

where

uc =
√

1 + 2 ρc cos θc cos γ + ρ2
c. (9.49)

Since ρc is very small in the QCD factorization approach (see (9.39)), r and r take very

similar values, which are also consistent with the other approaches to fix r. We shall

come back to the determination of r in Subsection 10.4, using Bs → π±K∓ modes.

An advantage of the Bd → π∓K±, B± → π±K strategies to probe γ is that the

correponding decays do not involve neutral pions and are hence also very accessible at

hadron machines, in particular at the LHC. There one expects measurements of R and

A0 with uncertainties at the 3% level [148]. On the other hand, this approach suffers

from the theoretical disadvantage that r requires some additional input and that the

treatment of EW penguins is based on colour-suppression arguments. Moreover, r may

in principle be affected by rescattering processes of the kind given in (9.24), which may

also enhance the EW penguin contributions. The charged and neutral B → πK systems

have interesting theoretical advantages in this respect.
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9.3 The Charged and Neutral B → πK Systems

In 1994, Gronau, Rosner and London proposed an SU(3) strategy to determine γ with the

help of the charged decays B± → π±K, π0K±, π0π± [248]. However, as was pointed out

by Deshpande and He [84], this elegant approach is spoiled by EW penguins [85], which

play an important rôle because of the large top-quark mass [63]. In 1998, the Gronau–

Rosner–London strategy was resurrected by Neubert and Rosner [255], who showed that

the EW penguin contributions can be controlled in this case theoretically with the help

of the general expressions for the corresponding four-quark operators, appropriate Fierz

transformations, and the SU(3) flavour symmetry of strong interactions (see also [88]).

The neutral B → πK system is completely analogous in this respect, providing, however,

an additional observable, if Bd → π0KS modes are considered [87].

9.3.1 Parametrization of Decay Amplitudes and Observables

The starting point of our discussion is the following isospin relation:
√

2A(B+ → π0K+) + A(B+ → π+K0) =
√

2A(B0
d → π0K0) + A(B0

d → π−K+)

= − [(T + C) + Pew] ≡ 3A3/2, (9.50)

where the combination (T + C) originates from colour-allowed and colour-suppressed

b→ uus tree-diagram-like topologies, Pew is due to colour-allowed and colour-suppressed

EW penguin constributions, and A3/2 reminds us that there is only an I = 3/2 isospin

component in (9.50). In the Standard Model, these amplitudes can be parametrized as

T + C ≡ |T + C| eiδT+C eiγ , Pew ≡ − |Pew|eiδew , (9.51)

where δT+C and δew denote CP-conserving strong phases. Consequently, we may write
√

2A(B+ → π0K+) + A(B+ → π+K0) =
√

2A(B0
d → π0K0) + A(B0

d → π−K+)

= −
(

eiγ − qeiω
)

|T + C|eiδT+C , (9.52)

with

q ≡ |Pew/(T + C)| and ω ≡ δew − δT+C . (9.53)

Let us focus on the charged B → πK system first. Since (9.52) has the same phase

structure as the B0
d → π−K+, B+ → π+K0 isospin relation (9.11), we have just to

replace A(B0
d → π−K+) by

√
2A(B+ → π0K+), where the factor of

√
2 is related to the

wavefunction of the neutral pion. The observables corresponding to R and A0, which

were introduced in (9.19) and (9.41), respectively, are hence given as follows:

Rc ≡ 2

[

BR(B+ → π0K+) + BR(B− → π0K−)

BR(B+ → π+K0) + BR(B− → π−K0)

]

(9.54)

Ac
0 = 2

[

BR(B+ → π0K+) − BR(B− → π0K−)

BR(B+ → π+K0) + BR(B− → π−K0)

]

= ACP(B+ → π0K+)Rc. (9.55)
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Completely general parametrizations for Rc and Ac
0 can be obtained with the help of the

formalism discussed in 9.2.4 by just making the following replacements [87]:13

r → rc ≡
|T + C|
√

〈|Pc|2〉
, δ → δc ≡ δT+C − δc

tc, qC → q, ωC → ω. (9.56)

Since the parameters ρc and θc are related to the charged mode B+ → π+K0, they do

not have to be replaced. These substitutions can of course also be performed in (9.43),

yielding then the expression for Rc
min|δc,rc.

In the case of the neutral B → πK system,
√

2A(B0
d → π0K0) takes the rôle of

A(B+ → π+K0). In analogy to (9.3), we may write

√
2A(B0

d → π0K0) ≡ Pn = −
(

1 − λ2

2

)

λ2A
(

1 + ρne
iθneiγ

)

Pn
tc, (9.57)

where

ρne
iθn =

(

λ2

1 − λ2

)

Rb

[

1 −
(

Pn
uc − C
Pn
tc

)]

. (9.58)

Here C is due to colour-suppressed tree-diagram-like topologies. The neutral B → πK

observables corresponding to R and A0 are therefore given by

Rn ≡ 1

2

[

BR(B0
d → π−K+) + BR(B0

d → π+K−)

BR(B0
d → π0K0) + BR(B0

d → π0K0)

]

(9.59)

An
0 =

1

2

[

BR(B0
d → π−K+) − BR(B0

d → π+K−)

BR(B0
d → π0K0) + BR(B0

d → π0K0)

]

= ACP(B0
d → π−K+)Rn. (9.60)

As in the charged B → πK case, general parametrizations of these quantities can be

obtained straightforwardly from the expressions for the Bd → π∓K±, B± → π±K

observables derived in [253] by performing appropriate substitutions [87]:

r → rn ≡ |T + C|
√

〈|Pn|2〉
, δ → δn ≡ δT+C − δn

tc, qC → q, ωC → ω. (9.61)

Moreover, the parameters of the B+ → π+K0 mode have to be replaced as follows:

ρc → ρn, θc → θn. (9.62)

9.3.2 Theoretical Advantages

The theoretical advantages of the charged and neutral B → πK systems to probe γ are

related to the following two features:

13For an alternative parametrization, see [256].
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• The amplitude T + C can be fixed through the B+ → π+π0 decay with the help

of the SU(3) flavour symmetry of strong interactions [248]:

T + C = −
√

2
Vus
Vud

fK
fπ

A(B+ → π+π0), (9.63)

where the ratio fK/fπ = 1.2 of the kaon and pion decay constants takes into account

factorizable SU(3)-breaking corrections. This relation allows us to determine the

parameters rc and rn.

• Performing similar tricks as in the derivation of (9.32), the EW penguin parameter

qeiω can be fixed through the SU(3) flavour symmetry [255] (see also [87, 88]):

qeiω =
3

2λ2Rb

[

C ′
1(µ)C10(µ) − C ′

2(µ)C9(µ)

C ′2
2 (µ) − C ′2

1 (µ)

]

= 0.71 ×
[

0.38

Rb

]

. (9.64)

In contrast to (9.32), this expression does not involve a hadronic parameter. Taking

into account factorizable SU(3) breaking, the central value of 0.71 is shifted to 0.68.

Expression (9.64) has also a counterpart in the B → ππ system (see (6.103)), which

is based on the SU(2) isospin symmetry and allows us to take into account the

EW penguin effects in the B → ππ triangle approach to extract α [87, 178].

It should be emphasized that (9.63) and (9.64) are consequences of the SU(3) flavour

symmetry. Therefore, these relations cannot be affected by rescattering effects. In

the formalism discussed above, such processes may only manifest themselves through

anomalously large parameters ρce
iθc and ρne

iθn , which are näıvely expected at the λ
2

level. Using additional experimental information provided by B± → K±K modes, the

parameter ρce
iθc can be taken into account through the U -spin symmetry, as we have seen

in 9.2.3. In the case of the neutral B → πK strategy, we have an additional observable

Amix
CP (Bd → π0KS) at our disposal, allowing us to take into account the parameter ρne

iθn

in an exact manner, i.e. without making use of flavour-symmetry arguments [87]. A

sizeable value of ρne
iθn would be signalled both by a violation of the relation [88]

Amix
CP (Bd → π0KS) = Amix

CP (Bd → J/ψKS), (9.65)

and by large direct CP violation in the Bd → π0KS channel.

9.3.3 Strategies to Probe γ

If the observables Rc, A
c
0 and Rn, An

0 are measured, γ and the strong phases δc and δn
can be extracted from the charged and neutral B → πK decays in a similar manner as

discussed in 9.2.4. Looking at Tables 4 and 5, it becomes obvious that this approach

cannot yet be performed in practice. In particular, CP violation in B± → π0K± and
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Parameter CLEO [172] BaBar [173] Belle [174]

rc 0.21 ± 0.06 0.21 ± 0.05 0.30 ± 0.09

rn 0.17 ± 0.06 0.21 ± 0.06 0.19 ± 0.12

Table 6: Present experimental results for rc and rn.

Bd → π∓K± has not yet been observed. However, non-trivial bounds on γ may already

be obtained from the ratios Rc,n of the CP-averaged decay rates.

The most simple constraints on γ arise from expression (9.43) for Rmin|δ,r, if we

perform the replacements of variables specified above. In the derivation of this minimal

value for R, both δ and r were treated as free variables. However, in the case of the

charged and neutral B → πK decays, the parameters rc,n can be fixed with the help

of the SU(3) flavour symmetry through B± → π±π0 decays. Using the experimental

results listed in Table 3 and adding the uncertainties in quadrature gives the numbers

summarized in Table 6. Consequently, it is actually more appropriate to treat only δc,n
as an “unknown” hadronic parameter, thereby varying it within the range [0, 2π]. This

procedure yields the following extremal, i.e. minimal and maximal, values for Rc,n [87]:

Rext
c,n

∣
∣
∣
δc,n

= 1 ± 2
rc,n
uc,n

√

h2
c,n + k2

c,n + v2r2
c,n, (9.66)

where

hc,n = cos γ + ρc,n cos θc,n − q [ cosω + ρc,n cos(θc,n − ω) cos γ ] (9.67)

kc,n = ρc,n sin θc,n + q [ sinω − ρc,n sin(θc,n − ω) cos γ ] (9.68)

v =
√

1 − 2 q cosω cos γ + q2, (9.69)

and uc was already introduced in (9.49). If r is fixed through an additional theoretical

input and the corresponding straightforward replacements of variables are performed,

these general formulae apply of course also to the Bd → π∓K± B± → π±K system. The

rather complicated expressions simplify considerably, if we assume that ρc and ρn are

negligibly small, and take into account that (9.64) implies ω = 0.

Let us now illustrate the corresponding bounds on γ in more detail [257]. The present

experimental status of R(c,n) is summarized in Table 5. We observe that both the CLEO

and the Belle data point towards Rc > 1 and Rn < 1, whereas the central values of the

BaBar collaboration are close to one, with a small preferrence of Rc > 1. In Fig. 29, we

show the dependence of the extremal values of Rn on γ, using the formulae given above.

Here the crossed region below the Rmin curve is excluded. As in the case of the bound

in (9.20), this feature can only be transformed into constraints on γ if Rn is found to be

smaller than one. Interestingly, the present data from the CLEO and Belle collaborations
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Figure 29: The dependence of the extremal values of Rn (neutral B → πK system)

described by (9.43) and (9.66) on the CKM angle γ for qeiω = 0.68 and ρn = 0.

may actually indicate that Rn < 1, although the uncertainties are still too large to draw

any definite conclusions on this exciting possibility. Both measurements agree very well,

having the same central value Rn = 0.6. If we consider this number as an example, the

Rmin curve in Fig. 29 implies the allowed range 0◦ ≤ γ ≤ 19◦ ∨ 97◦ ≤ γ ≤ 180◦. If we

use additional information on the parameter rn, we may put even stronger constraints

on γ. For rn = 0.17, the allowed range (9.66) for Rn is described by the shaded region

in Fig. 29, implying 134◦ ≤ γ ≤ 180◦ for Rn = 0.6.

The curves for the charged B → πK system are very similar to the ones shown in

Fig. 29. The only difference arises in the contours related to Rext
c |δc , since rc is expected

to be slightly different from rn. If Rc should be found to be larger than one, as favoured by

the present B-factory data, the Rc
min|δc,rc curve would not be effective, and the parameter

rc has to be fixed in order to constrain γ. If we take the central values of the present

CLEO data to illustrate this bound, rc = 0.21 and Rc = 1.3, we obtain 84◦ ≤ γ ≤ 180◦.

The allowed ranges for γ arising in these examples would be of great phenomenological

interest, as they are complementary to the range implied by the usual indirect fits of

the unitarity triangle discussed in Subsection 2.6. In particular, as the second quadrant

for γ would be favoured, there would be essentially no overlap between these ranges,
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which could be interpreted as a manifestation of new physics [257]. Other arguments for

cos γ < 0 using B → PP , PV and V V decays were given in [175, 269] (see also 10.3.5).

The central values of the Belle collaboration, Rc = 2.4 and rc = 0.3, would be an even

more striking signal for new physics, as all values of γ would be excluded.14 However,

the large experimental uncertainties do not yet allow us to draw definite conclusions.

Before we can speculate on physics beyond the Standard Model, it is of course crucial

to explore the hadronic uncertainties. For the formalism discussed above, this was done

in [87]; within a different framework, similar considerations were made in [256]. The

theoretical accuracy of the bounds on γ arising from the charged and neutral B → πK

systems is limited both by non-factorizable SU(3)-breaking corrections and by rescat-

tering processes. The former may affect the determination of the parameters qeiω and

rc,n, whereas the latter may lead to sizeable values of ρc,n.

As we will discuss in the next subsection, the QCD factorization approach provides

valuable insights into the SU(3)-breaking corrections, thereby allowing a reduction of

the corresponding uncertainties [100]. Although the parameters ρc,ne
iθc,n are of O(λ

2
) in

this framework, it should be emphasized that they can be taken into account through

additional data, as we have noted above. In order to illustrate their impact on the

bounds on γ, let us take ρn = 0.05 and θn ∈ {0◦, 180◦}. For the example given above,

we obtain then the allowed ranges 0◦ ≤ γ ≤ (19 ± 1)◦ ∨ (97 ± 4)◦ ≤ γ ≤ 180◦, and

(134 ± 2)◦ ≤ γ ≤ 180◦. The feature that the uncertainty due to ρn is larger in the case

of Rn
min|δn,rn can be understood easily by performing an expansion of (9.43) and (9.66)

in powers of ρn, and neglecting second-order terms of O(ρ2
n), O(rn ρn) and O(r2

n):

Rn
min|L.O.δn,rn

=

[

1 + 2 ρn cos θn (q − cos γ)

1 − 2 q cos γ + q2

]

sin2 γ (9.70)

Rext
n

∣
∣
∣

L.O.

δn
= 1 ± 2 rn |cos γ − q| . (9.71)

Here we have moreover made use of (9.64), which gives ω = 0. Interestingly, as was

noted for the charged B → πK system in [255], there are no terms of O(ρn) present in

(9.71), in contrast to (9.70). Consequently, the bounds on γ related to (9.43) are affected

more strongly by ρn then those implied by (9.66).

9.3.4 Constraints in the ρ–η Plane

In addition to the theoretical uncertainties due to non-factorizable SU(3)-breaking cor-

rections and rescattering effects, another uncertainty of the constraints on γ is related to

the CKM factor Rb, which arises in the expression (9.64) for the EW penguin parameter

qeiω. Because of this feature, it is actually more appropriate to consider constraints in

14For slightly smaller Rc or larger rc, only values of γ close to 180◦ would be allowed.
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the ρ–η plane instead of the bounds on γ [257, 270]. A similar “trick” was also employed

for Bd → π+π− decays in [182], and recently for the B → πK system in [100].

The constraints in the ρ–η plane can be obtained straightforwardly from (9.43) and

(9.66). In the former case, we obtain [257]

cos γ = Rc,nq ±
√

(1 − Rc,n) (1 − Rc,nq2), (9.72)

whereas we have in the latter case

cos γ =
1 − Rc,n ± 2 q rc,n + (1 + q2) r2

c,n

2 rc,n (q rc,n ± 1)
. (9.73)

In these expressions, we have assumed, for simpliciy, ρc,n = 0 and ω = 0. The right-hand

sides of these formulae depend implicitly on the CKM factor Rb through the EW penguin

parameter qeiω, which is given by (9.64). In order to get rid of Rb, we consider contours

in the ρ–η plane. They can be obtained with the help of (9.72) and (9.73) by taking into

account (see Fig. 3 (a))

ρ = Rb cos γ, η = Rb sin γ, (9.74)

and are illustrated in Figs. 30 and 31 for the neutral B → πK examples given in 9.3.3.

The corresponding allowed ranges in the ρ–η plane should be compared with the situation

in Fig. 22, excluding essentially the whole second quadrant.

9.3.5 Bounds on Strong Phases

The general expressions for Rc,n allow us to determine cos δc,n as functions of γ [257]:

cos δc,n =
1

h2
c,n + k2

c,n





(

1 − Rc,n + v2r2
c,n

)

uc,nhc,n

2 rc,n

±kc,n

√
√
√
√
√h2

c,n + k2
c,n −





(

1 −Rc,n + v2r2
c,n

)

uc,n

2 rc,n





2





. (9.75)

Taking into account that | cos δc,n| ≤ 1, we obtain again the allowed range for γ related

to (9.66). In addition, there arise also constraints on the strong phases δc,n. In the case

of Rn = 0.6 and rn = 0.17, we obtain −1 ≤ cos δn ≤ −0.84, whereas Rc = 1.3 and

rc = 0.21 would imply +0.25 ≤ cos δc ≤ +1.

As can be seen in (9.56) and (9.61), we have δn − δc = δc
tc − δn

tc, where δc
tc and δn

tc

are the strong phases of the amplitudes Pc
tc and Pn

tc, which describe the differences of

the penguin topologies with internal top- and charm-quark exchanges contributing to

B+ → π+K0 and B0
d → π0K0, respectively. These topologies consist of QCD and EW

penguins, where the latter contribute to B+ → π+K0 only in colour-suppressed form. In
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Figure 30: The constraints in the ρ–η plane implied by (9.43) for Rn = 0.6, qeiω =

0.68× [0.38/Rb], and ρn = 0. The shaded region is the allowed range for the apex of the

unitarity triangle, whereas the “crossed” region is excluded through Rn
min|δn,rn .
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Figure 31: The constraints in the ρ–η plane implied by (9.66) for Rn = 0.6, rn = 0.17,

qeiω = 0.68× [0.38/Rb], and ρn = 0. The shaded region is the allowed range for the apex

of the unitarity triangle, whereas the “crossed” region is excluded through Rext
n |δn .
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contrast, B0
d → π0K0 receives contributions both from colour-allowed and from colour-

suppressed EW penguins. Nevertheless, they are expected to be at most O(20%) of the

QCD penguin contributions. If we neglect the EW penguins and make use of isospin

flavour-symmetry arguments, we obtain Pn
tc ≈ Pc

tc, yielding δn ≈ δc and cos δn ≈ cos δc.

Employing moreover factorization, these cosines are expected to be close to +1.

Consequently, the present CLEO and Belle data point towards a “puzzling” situation,

whereas no such discrepancies arise for the results of the BaBar collaboration. It is

of course too early to draw any definite conclusions. However, if future data should

confirm this “discrepancy”, it may be an indication for new-physics contributions to the

EW penguin sector, or a manifestation of large flavour-symmetry-breaking effects [257].

Obviously, further studies are required to distinguish between these possibilities. In this

context, it should be kept in mind that there may also be “unconventional” sources for

flavour-symmetry-breaking effects. An example is π0–η, η′ mixing. As was emphasized

in [179], the isospin violation arising from such effects could mock new physics in the

extraction of the CKM angle α from B → ππ isospin relations. The impact on the

isospin relations involving B → π0K decays may also be sizeable.

9.4 Towards Calculations of B → πK, ππ Decays

For many years, calculations of B → πK, ππ modes employed the Bander–Silverman–

Soni mechanism [64] (see 3.3.3), where the strong phases are obtained from absorptive

parts of time-like penguin diagrams of the kind shown in Fig. 10. Concerning analyses

of exclusive modes (for examples, see [62]–[68]), a problem of this approach is that

the transition amplitudes depend, if one applies “näıve” factorization to deal with the

hadronic matrix elements, on a variable k2, where k denotes the four-momentum of the

gluons and photons appearing in Fig. 10. A conceptual improvement was proposed in

[69, 70, 62] by applying the Brodsky–Lepage model [271]. In this approach, the spectator

quark is “boosted” through the exchange of an “extra” gluon and the k2 dependence of

the decay rates is removed by folding the perturbatively calculated loop amplitudes with

appropriate wavefunctions.

Recently, important theoretical progress could be made through the observation that

a rigorous “factorization” formula of the structure given in (3.47) holds also for non-

leptonic B-decays into two light mesons [98]. In the corresponding formalism, the “QCD

factorization” approach, soft non-factorizable contributions and final-state interaction

effects are suppressed by ΛQCD/mb. At the leading order in ΛQCD/mb, CP-conserving

strong phases arise essentially from perturbatively calculable QCD corrections. Since

integrations over the light-cone momentum fractions of the constituent quarks inside

the mesons are performed, no dependences of the transition amplitudes on unphysical

parameters such as k2 appear in this approach.
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A very comprehensive analysis of B → πK, ππ decays within this framework was

performed in [100], where also the SU(3)-breaking corrections affecting the strategies to

probe γ discussed in 9.3.3 were explored. Following these lines, it is possible to reduce

the corresponding hadronic uncertainties to the level of non-factorizable corrections that

violate simultaneously the SU(3) flavour symmetry and are power suppressed in the

heavy-quark limit. Consequently, these corrections are parametrically suppressed by a

product of the three small quantities 1/NC, (ms−md)/ΛQCD and ΛQCD/mb. The relevant

equations, where these corrections enter, are (9.63) and (9.64), which are required to fix

rc,n and qeiω, respectively. Concerning the determination of rc, we may write

rc = Rthr
c
exp, (9.76)

where

rc
exp =

√
2 tan θC

fK
fπ

√
√
√
√

BR(B± → π±π0)

BR(B± → π±K)
(9.77)

corresponds to the determination of T + C through (9.63). The analysis of [100] gives

Rth = 0.98 ± 0.05. (9.78)

Combining this with the present experimental values for rc
exp, averaged over all present

B-factory results, Beneke et al. obtain

rc = 0.218 ± 0.034exp ± 0.011th. (9.79)

If both SU(3)-breaking corrections and small electromagnetic contributions are taken

into account, expression (9.64) for the EW penguin parameter qeiω is rescaled by the

following factor [100]:

Rq = (0.84 ± 0.10)e−i(2.5±2.8)◦ , (9.80)

where about half of the deviation from one is due to mostly factorizable SU(3) breaking.

Taking also into account the uncertainty due to the CKM factor Rb, the final result reads

q = (58.8 ± 6.7 ∓ 11.8) × 10−2, (9.81)

where the first error is theoretical and the second error arises from Rb. The remaining

uncertainties of Rth and Rq are due to terms of

O
(

1

NC
× ms −md

ΛQCD
× ΛQCD

mb

)

= O
(

1

NC
× ms −md

mb

)

, (9.82)

which are näıvely estimated not to exceed the few percent level. Consequently, it may

eventually be possible to determine γ from the B → πK strategies reviewed above with

a theoretical accuracy of about 10◦.
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If the parameter rc is not determined through (9.76) but calculated directly in the

QCD factorization approach, we encounter much larger theoretical uncertainties. The

predictions for rc and δc are given as follows [100]:

rc ≡ uc rc =

{

(23.9 ± 4.5 ± 4.8) × 10−2

(25.7 ± 4.8 ± 5.1) × 10−2,
δc =

{

(−9.6 ± 3.8)◦

(−10.2 ± 4.1)◦ ,
(9.83)

where the notation is as in (9.39) and (9.40), uc was introduced in (9.49), and the CP-

conserving strong phase is so small because of

δc = O (αs(mb),ΛQCD/mb) . (9.84)

Since uc is very close to one within QCD factorization, rc and rc take very similar

values. It should be noted that the comparison between (9.79) and (9.83) represents

a non-trivial test of the QCD factorization approach, which could lead to a reduction

of the uncertainties related to the modelling of power corrections to the heavy-quark

limit. In this context, potentially large corrections may arise from certain annihilation

topologies, as first noted in [102]. Moreover, we have to care about “chirally enhanced”

corrections of the following structure:

rπχ =
2M2

π

(mu +md)mb

, rKχ =
2M2

K

(mu,d +ms)mb

, (9.85)

which are formally of O(ΛQCD/mb), but numerically close to unity. Phenomenological

analyses of B → πK, ππ decays require definitely estimates of these corrections. In [100],

a certain prescription was used to get some handle on them.

Using an input from QCD factorization that is stronger than (9.78) and (9.80), more

stringent constraints on γ and the allowed range in the ρ–η plane can be obtained. As

a first step, we may employ that the CP-conserving strong phase δc is predicted to be

very small due to (9.84), so that cos δc governing Rc is close to one. As a second step,

information on γ can be obtained from the predictions for the branching ratios and the

observables R(c,n). Finally, the information from all CP-averaged B → πK, ππ branching

ratios can be combined into a single global fit for the generalized Wolfenstein parameters

ρ and η [100]. For these approaches, it is of course crucial that the contributions entering

at the O(ΛQCD/mb) level can be controlled reliably.

In a recent paper [77], it was argued that non-perturbative penguin topologies with

internal charm- and up-quark exchanges may play an important rôle in this context. If

the analysis of the unitarity triangle performed in [38] is used to determine γ, thereby

fixing it to the range in the first quadrant given in (2.54), the B → πK branching ratios

calculated within QCD factorization [98] are found to be systematically smaller than the

measured values, whereas the branching ratio for Bd → π+π− is about a factor of two

larger than the experimental result. On the other hand, if γ is treated as a free parameter,
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a fit to the data yields γ = (163±12)◦, which is in strong disagreement to the range given

in (2.54) (see also 10.3.5). In the case of B0
d → π−K+ and B+ → π0K+, the CP-averaged

branching ratios are now enhanced by almost a factor of two, since the interference

between penguins and trees is constructive for values of γ in the second quadrant. On

the other hand, BR(Bd → π+π−) is reduced significantly, as the interference between

trees and penguins is now destructive. Since the decays B+ → π+K0 and B0
d → π0K0

are essentially independent of the angle γ, their branching ratios – in particular the one

of B0
d → π0K0 – are still much smaller than the experimental values.

These features could be interpreted either as a manifestation of new physics, or as

an indication of large ΛQCD/mb corrections. The authors of [77] focus on the latter

possibility and explore the impact of non-perturbative penguin topologies with internal

charm- and up-quark exchanges. Actually, as far as the B → πK branching ratios are

concerned, the most important effects are due to the former “charming” penguins, as we

have seen in 9.2.3; they may also affect the strong phases δ
(c,n)
tc significantly, which are

a key ingredient for CP violation. In the B → ππ case, also the latter topologies may

become important, since they are not Cabibbo-suppressed in b→ d transitions.

If γ is assumed to lie again within the range in (2.54), and the non-perturbative

penguin contributions are taken into account by adding appropriate amplitudes, which

contain also other O(ΛQCD/mb) terms with the same quantum numbers, for instance

the annihilation diagrams considered in [102], the predictions for the branching ratios

can be brought closer to the experimental results. Concerning the B0
d → π0K0 mode,

the branching ratio is now in perfect agreement with the central value of BaBar, but

still much smaller than those of CLEO and Belle. Since the non-perturbative penguin

amplitudes cannot (yet) be calculated from first principles, they are determined in this

approach through a fit to the data, where SU(3) flavour-symmetry arguments are used

to simplify the analysis. It should be noted that also here no anomalous enhancement

of the amplitude corresponding to penguin topologies with internal up-quark exchanges

shows up, as would be the case in the presence of dramatic rescattering processes of the

kind given in (9.24).

Another interesting feature of this approach is that large direct CP violation arises

in the B0
d → π−K+, B+ → π0K+ and B0

d → π+π− channels, which would be in contrast

to the picture of QCD factorization. On the other hand, the CP-violating asymmetries

in B+ → π+K0 and B0
d → π0K0 would be very small, i.e. at the few percent level,

as expected “näıvely” from (9.3) and (9.57). It should be noted that the large CP

asymmetries of the B → πK modes are exactly those that are required for the strategies

to extract γ discussed in 9.2.4 and 9.3.3. In the decay Bd → π+π−, a large sensitivity to

ΛQCD/mb effects is found, thereby making the extraction of α from Amix
CP (Bd → π+π−)

through a calculation of the hadronic parameters in (6.109) questionable.

Because of the non-perturbative penguin topologies, the sensitivity of the calculated
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branching ratios on γ is now lost. In particular, if one tries to fit also γ, one finds

that this angle remains essentially undetermined with the present experimental accuracy

[77]. An enhancement of the B → πK penguin amplitudes through intrinsically non-

perturbative charm rescattering was also discussed recently in [272]. The terms entering

at O(ΛQCD/mb) in non-leptonic decays will certainly continue to be one of the hot topics

in B physics. Probably it will take some time until this issue will have been settled.

Further progress on the theoretical description of B → πK, ππ decays will hopefully

be made. For a detailed review of other recent analyses using QCD factorization, we refer

the reader to [100], where all technicalities are discussed. Detailed comparisons between

QCD factorization and PQCD can be found in [100, 103]. Another approach to calculate

the B → ππ hadronic matrix elements using QCD light-cone sum rules was proposed in

[273]. As far as the determination of γ is concerned, the strategies considered in 9.3.3

will eventually exhibit the highest theoretical accuracy. Moreover, in addition to rc,n,

they will also provide the strong phases δc,n and the parameters ρc,ne
iθc,n . The insights

into hadron dynamics thus obtained will be a very fertile and decisive testing ground for

the theoretical approaches to deal with B → πK, ππ modes.

9.5 Impact of New Physics

In the theoretically clean strategies to measure γ with the help of pure “tree” decays,

such as Bd → D∗±π∓ or Bs → D±
s K

∓, there are no contributions from flavour-changing

neutral-current (FCNC) processes. Consequently, new physics is expected to play a

minor rôle in these approaches. On the other hand, penguins are crucial for B → πK

decays, so that these modes are very sensitive to new physics [263]–[267] (see also the

model-independent analysis of the B → φK system [163] discussed in 6.2.2).

In order to analyse new-physics effects in the B → πK strategies to probe γ, it is

useful to distinguish between scenarios of physics beyond the Standard Model, where the

isospin symmetry is either preserved or violated [263]. The point is that isospin relations

are at the basis of these approaches, as we have seen above. An interesting example for

isospin-conserving new physics is given by models with enhanced chromomagnetic dipole

operators [274], where B± → π±K decays may well exhibit direct CP violation at the

level of 10%. On the other hand, the preferred place for isospin-violating scenarios of

new physics to manifest themselves is the EW penguin sector, which plays a particularly

important rôle in the charged and neutral B → πK approaches, employing the isospin

relation (9.50), where EW penguins enter also in colour-allowed form. If we consider,

for example, models with tree-level FCNC couplings of the Z-boson, extended gauge

models with an extra Z ′-boson, or SUSY models with broken R-parity, EW penguin-

like contributions may actually be much larger than those of the Standard-Model EW

penguins (for a detailed study, see [265]). Finally, it should not be forgotten that we
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Figure 32: Allowed regions characterizing the B± → π0K±, π±K system in the Standard

Model: (a) 0.15 ≤ rc ≤ 0.27, q = 0.63; (b) rc = 0.21, 0.48 ≤ q ≤ 0.78 (ρc = 0).

have used the unitarity of the CKM matrix in the parametrizations of the B → πK

decay amplitudes. The chances to encounter discrepancies in the B → πK strategies are

therefore very good. In fact, as we have seen in Subsection 9.3, the present data may

already point towards puzzling constraints on γ and strong phases in the charged and

neutral B → πK decays. Better data are needed to clarify these exciting issues.

We may also arrive at a situation, where no solutions for γ and strong phases are

found. This would be the most striking signal for new-physics effects in the B → πK

system. Since the Standard Model predicts strong correlations between the correspond-

ing observables, such a case may be indicated immediately [266]. In Fig. 32, we show

the allowed range for the charged B → πK system in the Rc–A
c
0 plane. Here the dotted

regions correspond to the CLEO results published in [172, 251]. If future measurements

should lie significantly outside the allowed ranges shown in this figure, we would have an

indication for new physics. On the other hand, if we should find values lying within these

regions, this would not automatically imply a “confirmation” of the Standard Model. In

this case, we would then be in a position to extract a value for γ by following the strate-

gies described above, which may also lead to discrepancies. Similar allowed regions can

of course also be obtained in the observable spaces of the Bd → π∓K±, B± → π±K and

Bd → π∓K±, Bd → π0K systems [266]. A set of sum rules relating the CP-averaged

branching ratios and CP asymmetries of B → πK decays was recently derived in [267],

which is useful to analyse the data in view of possible isospin-breaking effects.

9.6 Summary

The phenomenology of B → πK decays provides interesting strategies to determine γ.

To this end, three different combinations of B → πK decays may be considered: the

Bd → π∓K±, B± → π±K system, the charged B± → π0K±, B± → π±K system, and the

neutral Bd → π∓K±, Bd → π0K system. In the first case, dynamical assumptions about
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rescattering and colour-suppressed EW penguin processes have to be made, in addition

to flavour-symmetry arguments. Recent theoretical developments are supporting these

plausible assumptions, as well as experimental bounds on B → KK branching ratios. In

the case of the charged and neutral B → πK strategies, EW penguin topologies, which

contribute there also in colour-allowed form, can be taken into account through the SU(3)

flavour symmetry, and the sensitivity to rescattering effects is smaller. Using data on

B± → K±K decays, the rescattering processes can in principle be taken into account

in the charged B → πK strategy, whereas mixing-induced CP violation in Bd → π0KS

allows us to include these effects exactly in the neutral B → πK approach.

Appropriate ratios of CP-averaged B → πK decay rates provide valuable contraints

both on γ and on CP-conserving strong phases. In order to determine these quantities,

also certain CP asymmetries have to be measured. Interestingly, the present data may

point towards a “puzzling” situation, although the experimental uncertainties are still

too large to draw definite conclusions. Since B → πK modes are governed by penguin

topologies, they are sensitive probes for new physics. Moreover, the unitarity of the

CKM matrix is employed in the strategies to probe γ.

Important theoretical progress concerning the description of the B → πK, ππ hadron

dynamics has recently been made, providing a framework for systematic calculations in

the mb ≫ ΛQCD limit. Concerning the B → πK strategies to probe γ, this interesting

development allows a reduction of SU(3)-breaking corrections, and gives confidence into

dynamical assumptions related to rescattering effects. Further theoretical issues concern

mainly the importance of ΛQCD/mb corrections.

The experimental situation will soon improve significantly. Eventually, it may be

possible to extract γ through the B → πK strategies with an accuracy of O(10◦).

10 Phenomenology of U -spin-related B Decays

Let us now focus on strategies to extract the angles of the unitarity triangle – in particular

γ – from pairs of B-meson decays, which are related to each other through the U -spin

flavour symmetry of strong interactions. In analogy to the well-known isospin symmetry,

U spin is also described by an SU(2) subgroup of the full flavour-symmetry group SU(3)F.

Whereas isospin relates down and up quarks, U spin relates down and strange quarks.

Consequently, U -spin-breaking effects are generally expected to be more significant than

isospin breaking. On the other hand, an important advantage of the U -spin symmetry

is that it is satisfied – in addition to QCD penguins – also by EW penguin topologies,

since the down and strange quarks have the same electrical charges. In this review, we

have already encountered U -spin arguments several times [79, 253, 258, 275, 276], and

first approaches to extract CKM phases were pointed out in 1993 [277]. However, the

great power of the U -spin symmtery to determine weak phases and hadronic parameters
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was noticed just recently in the strategies proposed in [135, 169, 278], which are our

next topic. Since these approaches involve also decays of Bs-mesons, B experiments at

hadron colliders are required to implement them in practice. At Tevatron-II, we will

have first access to the corresponding modes and interesting results are expected [193].

In the era of BTeV and the LHC, the U -spin strategies can then be fully exploited [148].

10.1 The Bs(d) → J/ψKS System

As we have seen in Subsection 6.1, the “gold-plated” mode Bd → J/ψKS plays an

outstanding rôle in the determination of the B0
d–B

0
d mixing phase φd, i.e. of the CKM

angle β. In this subsection, we consider the decay Bs → J/ψKS [135], which is related

to Bd → J/ψKS by interchanging all down and strange quarks (see Fig. 14), and may

allow an interesting extraction of γ.

10.1.1 Amplitude Structure

In analogy to (6.3), the B0
s → J/ψKS decay amplitude can be expressed as follows:

A(B0
s → J/ψKS) = −λA

(

1 − aeiθeiγ
)

, (10.1)

where

A ≡ λ2A
(

AcCC + Actpen

)

(10.2)

and

aeiθ ≡ Rb

(

Autpen

AcCC + Actpen

)

(10.3)

correspond to (6.4) and (6.5), respectively. It should be emphasized that the Standard-

Model expressions (6.3) and (10.1) rely only on the unitarity of the CKM matrix.

Comparing (10.1) with (6.3), we observe that aeiθ enters in the B0
s → J/ψKS decay

amplitude in a Cabibbo-allowed way, whereas a′eiθ
′

is doubly Cabibbo-suppressed in

the B0
d → J/ψKS amplitude. Consequently, there may be sizeable CP violation in

Bs → J/ψKS, which provides two independent observables, Adir
CP(Bs → J/ψKS) and

Amix
CP (Bs → J/ψKS) or A∆Γ(Bs → J/ψKS), depending on the three “unknowns” a, θ

and γ, as well as on the B0
s–B

0
s mixing phase φs. Consequently, in order to determine

these “unknowns”, we need an additional observable, which is provided by

H ≡
(

1 − λ2

λ2

) ∣
∣
∣
∣
∣

A′

A

∣
∣
∣
∣
∣

2 〈Γ(Bs → J/ψKS)〉
〈Γ(Bd → J/ψKS)〉 , (10.4)

where the CP-averaged decay rates 〈Γ(Bs → J/ψKS)〉 and 〈Γ(Bd → J/ψKS)〉 can be

determined from the “untagged” rates introduced in (7.10) through

〈Γ(Bq → f)〉 ≡ Γq[f(0)]

2
. (10.5)
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10.1.2 Extraction of γ

Since the U -spin flavour symmetry of strong interactions implies

|A′| = |A| (10.6)

and

a′ = a, θ′ = θ, (10.7)

we can determine a, θ and γ as functions of φs by combining H with Adir
CP(Bs → J/ψKS)

and Amix
CP (Bs → J/ψKS) or A∆Γ(Bs → J/ψKS). In contrast to isospin relations, EW

penguins do not lead to any problems in these U -spin relations. As we have already noted

in Section 7, the B0
s–B

0
s mixing phase φs is negligibly small in the Standard Model, and

can be probed nicely through the search for CP violation in Bs → J/ψφ modes.

Interestingly, the strategy to extract γ from Bs(d) → J/ψKS decays does not require a

non-trivial CP-conserving strong phase θ. However, its experimental feasibility depends

strongly on the value of the “penguin” parameter a, which is very difficult to calculate.

In the following, we assume, as in Subsection 6.1, that a = O(λ), which is a plausible

estimate. The general formalism to extract γ from the Bs(d) → J/ψKS system was

developed in [135]. Although the corresponding formulae are quite complicated, the basic

idea is very simple: if φs is used as an input, Adir
CP(Bs → J/ψKS) and Amix

CP (Bs → J/ψKS)

allow us to eliminate the strong phase θ, thereby fixing a contour in the γ–a plane in

a theoretically clean way. Another contour can be fixed with the help of the U -spin

relations (10.6) and (10.7) by combining the observable H with Amix
CP (Bs → J/ψKS).

Alternatively, we may combine H with A∆Γ(Bs → J/ψKS) to fix a third contour in the

γ–a plane. The intersection of these contours gives then γ and a, so that also the strong

phase θ can be determined. The general formulae simplify considerably, if we keep only

terms linear in a. Within this approximation, we obtain

tan γ ≈ sinφs + Amix
CP (Bs → J/ψKS)

(1 −H) cosφs
. (10.8)

Let us illustrate this approach by considering an example. Assuming φs = 0, γ = 60◦,

a = a′ = 0.2 and θ = θ′ = 30◦, we obtain the following Bs(d) → J/ψKS observables:

Adir
CP(Bs → J/ψKS) = 0.20, Amix

CP (Bs → J/ψKS) = 0.31, A∆Γ(Bs → J/ψKS) = 0.93 and

H = 0.86. The corresponding contours in the γ–a plane are shown in Fig. 33. Interest-

ingly, in the case of these contours, we would not have to deal with “physical” discrete

ambiguities for γ, since values of a larger than 1 would simply appear unrealistic. If it

should be possible to measure A∆Γ(Bs → J/ψKS) with the help of the width difference

∆Γs, the dotted line could be fixed. In this example, the approximate expression (10.8)

yields γ ≈ 65◦, which deviates from the “true” value of γ = 60◦ by only 8%. It is also

interesting to note that we have Adir
CP(Bd → J/ψKS) = −0.89% in our example.
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Figure 33: Contours in the γ–a plane fixed through the Bs(d) → J/ψKS observables for

a specific example discussed in the text.

An important by-product of the strategy described above is that the quantities a′

and θ′ allow us to take into account the penguin contributions in the determination of φd
from Bd → J/ψKS, which are expected to enter at the λ

3
level and are hence presumably

very small. However, these uncertainties may become an important issue for the LHC

because of the tremendous experimental accuracy for the CP-violating Bd → J/ψKS

observables that can be achieved there [148].

If we use (10.7), we obtain an interesting relation, which is the counterpart of (9.28):

Adir
CP(Bd → J/ψKS)

Adir
CP(Bs → J/ψKS)

= −
∣
∣
∣
∣
∣

A′

A

∣
∣
∣
∣
∣

2 〈Γ(Bs → J/ψKS)〉
〈Γ(Bd → J/ψKS)〉 . (10.9)

10.1.3 Theoretical Uncertainties

Let us finally turn to the theoretical uncertainties. In contrast to the B → πK strategies

discussed in Section 9, flavour-symmetry arguments are sufficient for the extraction of

γ, i.e. we do not have to worry about rescattering effects. The theoretical accuracy is

therefore only limited by SU(3)-breaking effects. Whereas the solid curve in Fig. 33

is theoretically clean, the dot-dashed and dotted lines are affected by U -spin-breaking

corrections. Because of the suppression of a′eiθ
′

in (6.3) through λ2, these contours are

essentially unaffected by possible corrections to (10.7), and rely predominantly on the
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U -spin relation |A′| = |A|. In the “näıve” factorization approximation, we have

∣
∣
∣
∣
∣

A′

A

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
fact

=
FB0

d
K0(M2

J/ψ; 1−)

FB0
sK

0(M2
J/ψ; 1−)

, (10.10)

where the form factors FB0
d
K0(M2

J/ψ; 1−) and FB0
sK

0(M
2
J/ψ; 1−) parametrize the quark–

current matrix elements 〈K0|(bs)V−A|B0
d〉 and 〈K0|(bd)V−A|B0

s〉, respectively [89]. Quan-

titative studies of (10.10), which could be performed, for instance, with the help of QCD

sum-rule or lattice techniques, are not yet available. In the light-cone sum-rule approach,

sizeable SU(3)-breaking effects were found in the case of the Bd,s → K∗ form factors

[279]. It should be emphasized that also non-factorizable corrections, which are not in-

cluded in (10.10), may play an important rôle. We are optimistic that we will have a

better picture of SU(3) breaking by the time the Bs → J/ψKS measurements can be

performed in practice. A feasibility study performed by CMS indicates that γ can be

determined at the LHC through the Bs(d) → J/ψKS approach with an experimental

accuracy of ∼ 9◦ after three years of taking data [148]. A variant of the Bs(d) → J/ψKS

strategy employing Bs(d) → J/ψη decays was recently discussed in [280].

10.2 The Bd(s) → D+
d(s)D

−
d(s) and Bd(s) → K0K0 Systems

10.2.1 Extracting γ from Bd(s) → D+
d(s)D

−
d(s) Decays

Usually, the decay Bd → D+
d D

−
d is considered as a tool to probe the B0

d–B
0
d mixing

phase. In fact, if penguins played a negligible rôle in this mode, we could determine

φd = 2β from the corresponding mixing-induced CP asymmetry. However, the penguin

topologies, which may in principle also contain important contributions from rescattering

processes, may well be sizeable.15 Interestingly, these penguin topologies allow us to

determine γ [135], if the overall normalization of Bd → D+
d D

−
d is fixed through the CP-

averaged, i.e. “untagged”, rate of its U -spin partner Bs → D+
s D

−
s , and if φd is determined

separately, for instance with the help of the “gold-plated” mode Bd → J/ψKS.

The decays B0
d(s) → D+

d(s)D
−
d(s) are transitions into a CP eigenstate with eigenvalue

+1 and originate from b → ccd (s) quark-level processes. We have to deal both with

current–current and with penguin contributions, corresponding to the topologies shown

in Fig. 18. In analogy to (6.3) and (10.1), the transition amplitudes can be written as

A(B0
s → D+

s D
−
s ) =

(

1 − λ2

2

)

Ã′

[

1 +

(

λ2

1 − λ2

)

ã′eiθ̃
′

eiγ
]

(10.11)

A(B0
d → D+

d D
−
d ) = −λ Ã

(

1 − ãeiθ̃eiγ
)

, (10.12)

15Note that the QCD factorization formula (3.47) does not apply to Bd(s) → D+
d(s)D

−
d(s) decays.
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where the quantities Ã, Ã′ and ãeiθ̃, ã′eiθ̃
′

take the same form as in the Bs(d) → J/ψKS

case. The dynamics underlying these parameters is, of course, rather different, as can

be seen by comparing the relevant Feynman diagrams.

Since the phase structures of the B0
d → D+

d D
−
d and B0

s → D+
s D

−
s amplitudes are

completely analogous to those of B0
s → J/ψKS and B0

d → J/ψKS, respectively, the

U -spin approach discussed in the previous subsection can be applied by just making

appropriate replacements of variables. If we neglect tiny phase-space effects, which can

be taken into account straightforwardly (see [135]), we have

H̃ =

(

1 − λ2

λ2

) ∣
∣
∣
∣
∣

Ã′

Ã

∣
∣
∣
∣
∣

2 〈Γ(Bd → D+
d D

−
d )〉

〈Γ(Bs → D+
s D

−
s )〉 . (10.13)

The Bd(s) → D+
d(s)D

−
d(s) counterpart of (10.8) takes the following form:

tan γ ≈ sin φd −Amix
CP (Bd → D+

d D
−
d )

(1 − H̃) cosφd
, (10.14)

where the different sign of the mixing-induced CP asymmetry is due to the different

CP eigenvalues of the Bd → D+
d D

−
d and Bs → J/ψKS final states. In analogy to

the Bs(d) → J/ψKS system, contours in the γ–ã plane can be determined, allowing a

transparent determination of γ, ã and θ̃; an example is discussed in [135]. Note that there

are also strategies to extract cosφd, as noted in 6.1.6, complementing aψKS
= sinφd.

The theoretical accuracy is again only limited by U -spin-breaking effects, since no dy-

namical assumptions about rescattering processes are required. The relevant corrections

affect the relation |Ã′| = |Ã|. In the factorization approximation, we have

∣
∣
∣
∣
∣

Ã′

Ã

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
fact

=
(MBs −MDs)

√
MBsMDs (ws + 1)

(MBd
−MDd

)
√

MBd
MDd

(wd + 1)

fDs ξs(ws)

fDd
ξd(wd)

, (10.15)

where the restrictions form the Heavy-Quark Effective Theory for the Bq → Dq form fac-

tors have been taken into account by introducing appropriate Isgur–Wise functions ξq(wq)

with wq = MBq/(2MDq) [90]. Studies of the light-quark dependence of the Isgur–Wise

function were performed within Heavy-Meson Chiral Perturbation Theory, indicating an

enhancement of ξs(ws)/ξd(wd) at the level of 5% [281]. Applying the same formalism

to fDs/fD gives values at the 1.2 level [282], which is of the same order of magnitude

as the results of recent lattice calculations [127, 283]. Further studies are needed to get

a better picture of the SU(3)-breaking corrections to the ratio |Ã′/Ã|. Concerning the

experimental feasibility, preliminary analyses by LHCb have shown that an experimental

precision on γ of a few degrees seems to be achievable [148].
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10.2.2 Extracting γ from Bd(s) → K0K0 Decays

The formalism developed for the Bd(s) → D+
d(s)D

−
d(s) system applies also to the pair of

U -spin-related decays B0
s → K0K0 and B0

d → K0K0, originating from b → sdd and

b → dss quark-level transitions, respectively [74]. Although these decays do not receive

contributions from current–current operators at the “tree” level, their amplitudes can

be written, within the Standard Model, in complete analogy to (10.11) and (10.12).

Consequently, as far as the extraction of γ is concerned, the channels B0
s → K0K0

and B0
d → K0K0 take the rôles of B0

s → D+
s D

−
s and B0

d → D+
d D

−
d , respectively. The

determination of the corresponding hadronic parameters would be of particular interest

to obtain insights into penguin topologies with internal up- and charm-quark exchanges,

as becomes obvious from the discussion in Subsection 3.4.

If the decays B0
s → K∗0K∗0 and B0

d → K∗0K0∗ are considered, the corresponding

angular distributions provide many more observables, so that the B0
d–B

0
d mixing phase

φd is no longer required as an input for the determination of γ, but can rather be

extracted as well [74]. From a practical point of view, these strategies are, however,

more complicated than those involving two pseudoscalar mesons in the final states. It

should be emphasized that Bd,s → K(∗)0K(∗)0 decays represent very sensitive probes for

new physics, since they are penguin-induced modes (see also 6.2.2).

10.3 The Bd → π+π−, Bs → K+K− System

As we have seen in Subsection 6.3, the decay Bd → π+π− is usually considered as a

tool to determine α = 180◦ − β − γ. Unfortunately, the extraction of this angle from

Amix
CP (Bd → π+π−) is affected by large penguin uncertainties, and the strategies to control

them through additional data are challenging. Let us now discuss a new approach to

extract CKM phases from Bd → π+π− with the help of the decay Bs → K+K− [169].

10.3.1 Extraction of β and γ

Looking at the Feynman diagrams shown in Fig. 18, we observe that Bs → K+K− is

obtained from the Bd → π+π− topologies by interchanging all down and strange quarks.

The corresponding decay amplitude can be parametrized as follows:

A(B0
s → K+K−) =

(

λ

1 − λ2/2

)

C′

[

eiγ +

(

1 − λ2

λ2

)

d′eiθ
′

]

, (10.16)

where C′ and d′eiθ
′

take the same form as the parameters C and deiθ in the Bd → π+π−

amplitude (6.91). Applying the formalism discussed in Subsection 5.4, we arrive at
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parametrizations of the following structure:16

Adir
CP(Bd → π+π−) = function(d, θ, γ) (10.17)

Amix
CP (Bd → π+π−) = function(d, θ, γ, φd = 2β) (10.18)

Adir
CP(Bs → K+K−) = function(d′, θ′, γ) (10.19)

Amix
CP (Bs → K+K−) = function(d′, θ′, γ, φs ≈ 0), (10.20)

where the Standard-Model expectation φs ≈ 0 can be probed straightforwardly through

Bs → J/ψφ. Consequently, we have four CP-violating observables at our disposal,

depending on six “unknowns”. However, since Bd → π+π− and Bs → K+K− are related

to each other by interchanging all down and strange quarks, the U -spin symmetry implies

d′eiθ
′

= deiθ. (10.21)

Using this relation, the four observables (10.17)–(10.20) can be expressed in terms of the

four quantities d, θ, φd = 2β and γ, which can hence be determined.

In comparison with the U -spin strategies discussed in Subsections 10.1 and 10.2, an

important advantage of the Bd → π+π−, Bs → K+K− approach is that the U -spin

symmetry is only applied in the form of (10.21), where deiθ and d′eiθ
′

are actually given

by ratios of amplitudes (see (6.93)). In particular, no overall normalization of decay

amplitudes has to be fixed through U -spin arguments, where U -spin-breaking effects are

expected to be much larger. We shall come back to this issue below. Moreover, we again

do not have to make any dynamical assumptions about rescattering processes, which

is an important conceptual advantage in comparison with the B → πK strategies to

determine γ reviewed in Section 9.

10.3.2 Minimal Use of the U -Spin Symmetry

The U -spin-symmetry arguments can be minimized, if we employ φd = 2β as an input,

which can be determined straightforwardly through Bd → J/ψKS (see also 6.1.6). The

CP-violating observables Adir
CP(Bd → π+π−) and Amix

CP (Bd → π+π−) allow us then to

eliminate the strong phase θ and to determine d as a function of γ. Analogously, we may

use Adir
CP(Bs → K+K−) and Amix

CP (Bs → K+K−) to eliminate θ′, and to determine d′ as

a function of γ. The corresponding contours in the γ–d and γ–d′ planes can be fixed in

a theoretically clean way. Using now the U -spin relation d′ = d, these contours allow the

determination both of the CKM angle γ and of the hadronic quantities d, θ, θ′ [169]. It

should be emphasized that no U -spin relation involving the strong phases θ and θ′ has

to be employed in this approach. Alternatively, we could also eliminate d and d′, and

16For the explicit expressions, see [169].
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Figure 34: The contours in the γ–d(′) planes fixed through the CP-violating Bd → π+π−

and Bs → K+K− observables for a specific example discussed in the text.

could determine γ (as well as d and d′) with the help of theoretically clean contours in

the γ–θ and γ–θ′ planes through θ = θ′. In the following, we shall, however, focus on

the former possibility.

Let us illustrate this approach with a simple example. Assuming d = d′ = 0.3,

θ = θ′ = 210◦, φs = 0, φd = 44◦ and γ = 60◦, which is in accordance with theoretical

estimates and the fits of the unitarity triangle, we obtain the following observables:

Adir
CP(Bd → π+π−) = +19%, Amix

CP (Bd → π+π−) = +62%, Adir
CP(Bs → K+K−) = −17%

and Amix
CP (Bs → K+K−) = −27%. In Fig. 34, the corresponding contours in the γ–d

and γ–d′ planes are represented by the solid and dot-dashed lines, respectively. Their

intersection yields a twofold solution for (γ, d), given by (39◦, 0.24) and our input value

of (60◦, 0.30). It should be noted that the Bs → K+K− contour would imply in this

example model-independently that d′ < 0.32. The dotted line is related to the quantity

K ≡ −1

ǫ

(

d sin θ

d′ sin θ′

)[

Adir
CP(Bs → K+K−)

Adir
CP(Bd → π+π−)

]

=
1 − 2d cos θ cos γ + d2

ǫ2 + 2ǫd′ cos θ′ cos γ + d′2
(10.22)

with

ǫ ≡ λ2

1 − λ2
, (10.23)

which can be combined with Amix
CP (Bs → K+K−) through the U -spin relation (10.21) to

fix another contour in the γ–d plane. We shall come back to K in 10.3.5. Combining all

contours in Fig. 34 with one another, we obtain a single solution for γ, which is given
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by the “true” value of 60◦. As a “by-product”, also the hadronic parameters d and

θ, θ′ can be determined, which would allow an interesting comparison with theoretical

predictions, thereby providing valuable insights into hadronic physics.

From an experimental point of view, this approach is very promising for CDF-II

(∆γ|exp = O(10◦)) [193], and ideally suited for the LHC experiments, in particular LHCb

(∆γ|exp = O(1◦)) [148]; similar comments apply to BTeV. Moreover, it has interesting

features concerning the theoretical cleanliness, which is our next topic.

10.3.3 Theoretical Uncertainties

The theoretical accuracy of the determination of γ and the hadronic parameters d, θ, θ′

discussed in 10.3.2 is only limited by U -spin-breaking corrections to d′ = d. In particular,

it is not affected by final-state interaction or rescattering effects. For d′ 6= d, there would

be a relative shift of the solid and dot-dashed curves in Fig. 34. However, in this example,

the extracted value of γ would be very stable under such effects.

Let us, in order to put the U -spin-breaking corrections to (10.21) on a more quanti-

tative basis, apply the picture of the Bander–Silverman–Soni (BSS) mechanism [64] (see

3.3.3) to calculate the quantity deiθ defined in (6.93). Following the formalism developed

in [62, 63] and using expression (3.33), we obtain

deiθ =
1

Rb

[ At + Ac

ACC + At + Au

]

, (10.24)

where

ACC =
1

3
C1 + C2 (10.25)

At =
1

3

[

C3 + C9 + χ
(

C5 + C7

)]

+ C4 + C10 + χ
(

C6 + C8

)

(10.26)

Aj =
αs
9π

[
10

9
−G(mj , k,mb)

] [

C2 +
1

3

α

αs

(

3C1 + C2

)]

(1 + χ) , (10.27)

with j ∈ {u, c}. Kinematical considerations at the perturbative quark level imply the

following “physical” range for k2 [69]:

1

4 ∼<
k2

m2
b
∼<

1

2
, (10.28)

and

χ =
2M2

π

(mu +md)(mb −mu)
(10.29)

is due to the use of the equations of motion for the quark fields. Since the “penguin”

parameter deiθ is actually a ratio of certain amplitudes, the decay constants and form
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factors arising typically in factorization (for an example, see (9.45)) cancel in (10.24).

It should be noted that this expression gives values for d and θ of the same order of

magnitude as those employed in the example leading to the contours shown in Fig. 34.

The expression for the Bs → K+K− parameter d′eiθ
′

takes the same form as (10.24),

where χ is replaced in (10.26) and (10.27) by

χ′ =
2M2

K

(mu +ms)(mb −mu)
. (10.30)

Consequently, in our approach to evaluate deiθ and d′eiθ
′

, U -spin-breaking corrections

enter only through the parameters χ and χ′. However, up to small electromagnetic

corrections, the chiral structure of strong interactions implies

M2
π

mu +md

=
M2

K

mu +ms

, (10.31)

leading, among other things, to the Gell-Mann–Okubo relation (see, for example, [284]).

In our case, this expression has the interesting implication

χ = χ′, (10.32)

so that the U -spin relation (10.21) is not affected by U -spin-breaking corrections within

our formalism. Although (10.24) is a simplified expression, as becomes evident from the

unphysical k2 dependence, it strengthens our confidence into (10.21). Further theoretical

studies of the U -spin-breaking effects in the Bd → π+π−, Bs → K+K− system, using,

for example, QCD factorization [100], would be desirable.

Apart from these theoretical considerations, we may also obtain experimental insights

into U -spin breaking. A first consistency check is provided by θ = θ′. Moreover, we may

determine the overall normalizations |C| and |C′| of the B0
d → π+π− and B0

s → K+K−

decay amplitudes (see (6.91) and (10.16)) with the help of the corresponding CP-averaged

branching ratios. Comparing them with the “factorized” result
∣
∣
∣
∣
∣

C′

C

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
fact

=

[

M2
Bs

−M2
K

M2
Bd

−M2
π

] [

fK
fπ

] [

FBsK(M2
K ; 0+)

FBdπ(M2
π ; 0+)

]

, (10.33)

we have another interesting probe for U -spin-breaking effects. Moreover, the quantity K
introduced in (10.22) can also be expressed as

K =
1

ǫ

∣
∣
∣
∣
∣

C′

C

∣
∣
∣
∣
∣

2 [
BR(Bd → π+π−)

BR(Bs → K+K−)

]

τBs

τBd

, (10.34)

so that the U -spin relation (10.21) implies

Adir
CP(Bs → K+K−)

Adir
CP(Bd → π+π−)

= −
∣
∣
∣
∣
∣

C′

C

∣
∣
∣
∣
∣

2 [
BR(Bd → π+π−)

BR(Bs → K+K−)

]

τBs

τBd

. (10.35)
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In order to obtain further insights, the Bd → ρ+ρ−, Bs → K∗+K∗− system would be of

particular interest, allowing us to determine γ together with the mixing phases φd and

φs, and tests of several U -spin relations [74]. Here the observables of the corresponding

angular distributions have to be measured.

10.3.4 Searching for New Physics

Since penguin processes play a key rôle in the decays Bs → K+K− and Bd → π+π−,

they – and the strategy to determine γ, where moreover the unitarity of the CKM

matrix is employed – may well be affected by new physics. Interestingly, the Standard

Model implies a rather restricted region in the space of the CP-violating observables

of the Bs → K+K−, Bd → π+π− system, as noted in [266]. A future measurement

of observables lying significantly outside of this allowed region would be an immediate

indication for new physics. On the other hand, if the observables should lie within the

region predicted by the Standard Model, we can extract a value for γ by following the

strategy discussed above. This value for γ may well be in conflict with those provided

by other approaches, which would then also indicate the presence of new physics.

10.3.5 Replacing Bs → K+K− through Bd → π∓K±

Although theBd → π+π−, Bs → K+K− approach is very promising for hadron machines,

it cannot be implemented at the asymmetric e+e− B-factories operating at the Υ(4S)

resonance (BaBar and Belle), since Bs-mesons are there not accessible. However, there

is a variant of this strategy, employing B0
d → π−K+ instead of B0

s → K+K− [175]. Since

these modes differ only in their spectator quarks, we expect

Adir
CP(Bs → K+K−) ≈ Adir

CP(Bd → π∓K±) (10.36)

BR(Bs → K+K−) ≈ BR(Bd → π∓K±)
τBs

τBd

, (10.37)

and obtain from (10.34)

K ≈ 1

ǫ

(

fK
fπ

)2 [
BR(Bd → π+π−)

BR(Bd → π∓K±)

]

=







7.3 ± 2.9 (CLEO [172])

7.2 ± 2.3 (BaBar [173])

8.5 ± 3.7 (Belle [174]).

(10.38)

The advantage of (10.38) is that it allows the determination of K without a measurement

of the decay Bs → K+K−. On the other hand, this relation relies not only on SU(3)

flavour-symmetry arguments, but also on a certain dynamical assumption. The point

is that Bs → K+K− receives also contributions from “exchange” and “penguin annihi-

lation” topologies, which are absent in Bd → π∓K±. It is usually assumed that these

contributions play a minor rôle [85]. However, they may in principle be enhanced through
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large rescattering effects [78]. Although these topologies do not lead to any problems

in the strategies discussed below if K is fixed through a measurement of Bs → K+K−

– even if they should turn out to be sizeable – they may affect (10.36)–(10.38). Their

importance can be probed, in addition to (10.36) and (10.37), with the help of the decay

Bs → π+π−. The näıve expectation for the corresponding branching ratio is O(10−8);

a significant enhancement would signal that the “exchange” and “penguin annihilation”

topologies cannot be neglected.

The B-factory results in (10.38) may be used to obtain a rather restricted range

for the hadronic parameter d, as well as upper bounds on |Adir
CP(Bd → π+π−)| and

|Adir
CP(Bd → π∓K±)|. In order to derive these constraints, we make use of the right-hand

side of (10.22), and assume that (10.21) holds also for the Bd → π∓K±, Bd → π+π−

system. The quantity K allows us then to determine

C ≡ cos θ cos γ (10.39)

as a function of d [175]:

C =
a− d2

2 b d
, (10.40)

where

a =
1 − ǫ2K
K − 1

and b =
1 + ǫK
K − 1

. (10.41)

Since C is the product of two cosines, it has to lie between −1 and +1, thereby implying

an allowed range for d. Taking into account (10.40) and (10.41), we obtain (for K < 1/ǫ2)

1 − ǫ
√
K

1 +
√
K

≤ d ≤ 1 + ǫ
√
K

|1 −
√
K|
. (10.42)

Note that this range takes the same form as (9.31). In the special case of K = 1, there is

only a lower bound on d, given by dmin = (1 − ǫ)/2; for K < 1, C takes a minimal value

that implies the following allowed range for γ:

| cos γ| ≥ Cmin =

√

(1 − ǫ2H)(1 −K)

1 + ǫK ≈
√

1 −K. (10.43)

From a conceptual point of view, this bound on γ is completely analogous to the one

derived in [232] (see 9.2.2). Unfortunately, it is only of academic interest in the present

case, as (10.38) indicates K > 1, which we shall assume in the following discussion. So

far, we have treated θ and γ as “unknown”, i.e. free parameters. However, for a given

value of γ, we have

− | cos γ| ≤ C ≤ +| cos γ|, (10.44)

and obtain constraints on d that are stronger than (10.42):

dmax
min = ±b| cos γ| +

√

a + b2 cos2 γ. (10.45)
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Figure 35: C = cos θ cos γ as a function of d for various values of K. The “diamonds” with

error bars represent the QCD factorization results [100] for the ranges for γ obtained in

[38] (narrow range) and [42] (wide range). The shaded region corresponds to a variation

of ξd within the interval [0.8, 1.2] for K = 7.5.

In Fig. 35, we show the dependence of C on d for values of K corresponding to (10.38).

The “diamonds” represent the predictions of the QCD factorization approach [100]:

d =

{

(28.5 ± 5.1 ∓ 5.7) × 10−2

(25.9 ± 4.3 ∓ 5.2) × 10−2,
θ − 180◦ =

{

(8.2 ± 3.8)◦

(9.0 ± 4.1)◦ ,
(10.46)

where the notation is as in (9.39) and (9.40). The “error bars” in Fig. 35 correspond

to the ranges for γ obtained in [38] and [42] (see (2.54) and Table 1), while the filled

and opaque diamonds are evaluated with the central values of (10.46) for the preferred

values of γ = 54.8◦ and 63◦, respectively. The shaded region illustrates the variation of

ξd ≡ d′/d (10.47)

between 0.8 and 1.2 for K = 7.5, where the regions on the left- and right-hand sides

of the solid line correspond to ξd > 1 and ξd < 1, respectively. As noted in [175], the

impact of a sizeable phase ∆θ in θ′ = θ + ∆θ, representing the second kind of possible

corrections to (10.21), is very small.

Looking at Fig. 35, we observe that the experimental values of K imply a rather

restricted range for d. In particular, we get the lower bound of d ∼> 0.2. Moreover, the
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Figure 36: The maximal direct CP asymmetries for Bd → π+π− (upper curves) and

Bs → K+K− ≈ Bd → π∓K± (lower curves) as functions of γ for various values of K.

The shaded regions correspond to a variation of ξd within [0.8, 1.2] for K = 7.5.

curves are not in favour of an interpretation of the “QCD factorization” results (10.46)

within the Standard Model, although the experimental uncertainties are too large to

draw definite conclusions. This discrepancy could be resolved for values of γ being

significantly larger than 90◦ [175]. On the other hand, it may also be a manifestation of

large ΛQCD/mb corrections [77], as we have discussed in Subsection 9.4. In any case, the

data tell us that we have definitely to care about penguin effects in Bd → π+π−.

The quantity K allows us also to derive constraints on direct CP asymmetries. The

corresponding formulae, which can be found in [175], simplify considerably for γ = 90◦:

∣
∣
∣Adir

CP(Bd → π+π−)
∣
∣
∣

max

γ=90◦
= 2

√
√
√
√

(1 − ǫ2K)(ξ2
dK − 1)

(ξ2
d − ǫ2)

2 K2
≈ 2

ξd
√
K

(10.48)

∣
∣
∣Adir

CP(Bs → K+K−)
∣
∣
∣

max

γ=90◦
= 2 ǫ ξd

√
√
√
√

(1 − ǫ2K)(ξ2
dK − 1)

(ξ2
d − ǫ2)

2 ≈ 2 ǫ
√
K. (10.49)

Interestingly, the latter expression is essentially unaffected by any correction to (10.21)

for K = O(10); its theoretical accuracy is practically only limited by (10.33), which

enters in the determination of K through (10.34).

In Fig. 36, we show the dependence of the maximally allowed direct CP asymmetries

for Bd → π+π− and Bs → K+K− ≈ Bd → π∓K± on γ for various values of K. The



128 10 PHENOMENOLOGY OF U -SPIN-RELATED B DECAYS

shaded regions correspond to a variation of the parameter ξd within the interval [0.8, 1.2]

for K = 7.5. The values for K given in (10.38) disfavour very large direct CP violation

in Bd → π∓K±, which is also consistent with the experimental results summarized in

Table 4, and the most recent BaBar update given by ACP(B0
d → π−K+) = (7± 8± 2)%

[176]. On the other hand, there is a lot of space left for large direct CP violation in

Bd → π+π− (see also [77]), which is in accordance with (6.96).

As can be seen in Fig. 36, a measurement of non-vanishing CP asymmetries |Adir
CP|exp

would allow us to exclude immediately a certain range of γ around 0◦ and 180◦, since

the values corresponding to |Adir
CP|exp > |Adir

CP|max would be excluded. However, in order

to probe this angle, the mixing-induced CP asymmetry Amix
CP (Bd → π+π−) is actually

more powerful. If we assume that φd has been measured through Bd → J/ψKS and

use cos θ = C/ cos γ to eliminate the strong phase θ, we obtain Amix
CP (Bd → π+π−) as

a monotonic function of d2, taking its extremal values for d = dmax
min given in (10.45).

For a fixed value of γ, the allowed range for Amix
CP (Bd → π+π−) is usually very large.

However, a measured value of this observable may, on the other hand, imply a rather

restricted range for γ, as illustrated in more detail in [175]. Finally, if in addition to

K and Amix
CP (Bd → π+π−) also direct CP violation in Bd → π+π− or Bd → π∓K± is

observed, both the angle γ and the hadronic parameters d and θ can be determined.

At CLEO, BaBar and Belle, significantly improved measurements of the Bd → π+π−

and Bd → π∓K± branching ratios will be obtained, and direct CP violation in these

channels will hopefully be observed. The latter two experiments should also determine

the mixing-induced CP asymmetry of the Bd → π+π− mode. On the other hand – in

addition to similar measurements – run II of the Tevatron will also provide first access

to the Bs → K+K− channel. In the LHC era, the very rich physics potential of these

decays can then be fully exploited.

10.4 The B(s) → πK System

Another interesting pair of decays, which are related to each other by interchanging all

down and strange quarks, is the B0
d → π−K+, B0

s → π+K− system [278]. Starting from

the general Standard-Model parametrizations for the corresponding decay amplitudes

and eliminating the CKM factors λ
(s)
t and λ

(d)
t through the unitarity relation (3.32), it

is an easy exercise to show that we may – in the strict U -spin limit – write

A(B0
d → π−K+) = −P

(

1 − reiδeiγ
)

(10.50)

A(B0
s → π+K−) = P

√
ǫ
(

1 +
1

ǫ
reiδeiγ

)

, (10.51)

where P denotes a CP-conserving complex amplitude, ǫ was introduced in (10.23), r is

a real parameter and δ a CP-conserving strong phase. At first sight, it appears as if γ,
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r and δ could be determined from the ratio of the CP-averaged rates and the two CP

asymmetries provided by these modes.17 However, because of the relation

|A(B0
d → π−K+)|2 − |A(B0

d → π+K−)|2 = 4r sin δ sin γ

= −
[

|A(B0
s → π+K−)|2 − |A(B0

s → π−K+)|2
]

, (10.52)

we have actually only two independent observables, so that the three parameters γ,

r and δ cannot be determined. To this end, the overall normalization P has to be

fixed, requiring a further input. Making the same dynamical assumptions as in 9.2.2,

i.e. assuming that the phase factor eiγ plays a negligible rôle in B+ → π+K0 and that

colour-suppressed EW penguins can be neglected as well, the isospin symmetry implies

P = A(B+ → π+K0). (10.53)

In order to extract γ and the hadronic parameters, it is useful to introduce observables Rs

and As by replacing Bd → π∓K± through Bs → π±K∓ in (9.19) and (9.41), respectively.

Using (10.50), (10.51) and (10.53), we then obtain

Rs = ǫ+ 2r cos δ cos γ +
r2

ǫ
(10.54)

As = −2r sin δ sin γ = −A0. (10.55)

Together with the parametrization for R given in (9.19), these observables allow the

determination of all relevant parameters. The extraction of γ and δ is analogous to the

Bd → π∓K±, B± → π±K approach [88, 253, 254] discussed in 9.2.4. However, now

the advantage is that the U -spin counterparts Bs → π±K∓ of Bd → π∓K± allow us to

determine also the parameter r without using arguments related to factorization [278]:

r =

√

ǫ
[
R +Rs − 1 − ǫ

1 + ǫ

]

. (10.56)

On the other hand, as emphasized above, we still have to make dynamical assumptions

concerning rescattering and colour-suppressed EW penguin effects. A variant of this

approach using the CKM angle β as an additional input was proposed in [285].

In addition to the dynamical assumptions, the theoretical accuracy is further limited

by SU(3)-breaking effects. A consistency check is provided by the relation As = −A0,

which is due to (10.52). In the factorization approximation, the relevant SU(3)-breaking

effects are governed by the following ratio of decay constants and form factors:

fπ
fK

[

FBsK(M2
π ; 0+)

FBπ(M2
K ; 0+)

]

, (10.57)

17Note that these observables are independent of P .
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which is estimated to be a few percent smaller than one [278].

In comparison with the Bs → π+π−, Bs → K+K− approach discussed above, the

B(s) → πK strategy has the following points in its favour:

• It does not require time-dependent analyses.

• It is independent of the B0
s–B

0
s mixing phase φs.

However, it should be no problem for future “hadronic” B experiments to measure time-

dependent Bs decay rates, and φs can be taken into account straightforwardly through

Bs → J/ψφ. The Bs → π+π−, Bs → K+K− strategy [169] has the following advantages:

• It is a pure U -spin strategy, i.e. it does not involve any dynamical assumptions

about rescattering or EW penguin effects.

• The relevant U -spin relation involves only ratios of certain strong amplitudes that

are not affected by U -spin-breaking corrections within the BSS mechanism.

• It allows the determination of φd = 2β and γ. Using φd from Bd → J/ψKS, the

U -spin input for the extraction of γ can be minimized, providing also θ and θ′.

10.5 Other U -Spin Approaches

As we have already noted several times in this review, the observables of the angular

distributions of B → V1V2 modes, where V1 and V2 continue to decay through strong

interactions, offer interesting insights into CP violation and the hadronization dynamics

of non-leptonic B decays.

The general formalism to extract CKM phases and hadronic parameters from the

time-dependent angular distributions of neutral Bq → V1V2 decays, taking also into

account penguin contributions, was developed in [74]. If we fix the B0
q–B

0
q mixing phase

φq separately, it is possible to determine a CP-violating weak phase ω, which is usually

given by the angles of the unitarity triangle, and interesting hadronic quantities in a

theoretically clean way as a function of a single hadronic parameter. If we determine

this parameter, for instance, by comparing Bq → V1V2 with an SU(3)-related mode, all

remaining parameters, including ω, can be extracted. If we are willing to make more

extensive use of flavour-symmetry arguments, it is possible to determine φq as well. This

approach can be applied, for example, to the U -spin pairs Bd → ρ+ρ−, Bs → K∗+K∗− or

Bd → K∗0K∗0, Bs → K∗0K∗0, providing many more cross-checks of interesting U -spin

relations than their counterparts involving only pseudoscalar mesons in the final state.

The formalism presented in [74] is very general and can be applied to many other decays.
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In our discussion of U -spin strategies, we have always encountered certain relations

between CP asymmetries and CP-averaged branching ratios of U -spin related decays

(see (9.28), (10.9) and (10.35)). They are equivalent to

|A(B → f)|2 − |A(B → f)|2 = −
[

|A(UB → Uf)|2 − |A(UB → Uf)|2
]

, (10.58)

where U denotes a U -spin transformation. This relation was derived, within a general

framework, in [286], where also further strategies to explore U -spin-breaking effects were

proposed.

Applications of (10.58) to the U -spin-related rare decays B± → K∗±γ and B± → ρ±γ

were recently discussed in [287]. Introducing

∆BR(B → K∗γ) ≡ BR(B+ → K∗+γ) − BR(B− → K∗−γ) (10.59)

∆BR(B → ργ) ≡ BR(B+ → ρ+γ) − BR(B− → ρ−γ), (10.60)

this relation implies

∆BR(B → K∗γ) + ∆BR(B → ργ) = 0. (10.61)

The corresponding U -spin-breaking corrections were investigated in [288], using a frame-

work that is similar to the QCD factorization approach for two-body non-leptonic B

decays. These authors find

∆BR(B → K∗γ) = −7 × 10−7, ∆BR(B → ργ) = +4 × 10−7, (10.62)

so that the sum of these quantities leaves an U -spin-breaking remainder of −3 × 10−7.

Actually, this result is not too surprising, if we remember that we also found – employing,

however, “näıve” factorization – large U -spin-breaking corrections to analogous relations

between non-leptonic B decays, as can be seen, for example, in (9.28). Let us finally

note that the U -spin symmetry has also interesting applications in the D system [289].

10.6 Summary

There are several pairs of U -spin-related B decays, which allow determinations of weak

phases and hadronic parameters. In the case of the Bs(d) → J/ψKS, Bd(s) → D+
d(s)D

−
d(s)

and Bd(s) → K0K0 systems, γ can be extracted in a transparent manner, where φd = 2β

is required as an additional input from Bd → J/ψKS in the case of the latter two U -spin

pairs. It should be emphasized that no dynamical assumptions about rescattering or EW

penguin effects are required to this end, which is an important conceptual advantage in

comparison with the B → πK strategies to determine γ. Consequently, the theoretical

accuracy is only limited by U -spin-breaking corrections, where those affecting relations

between the overall normalizations of decay amplitudes are the most serious ones.
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A particularly interesting strategy is provided by the Bd → π+π−, Bs → K+K−

system, allowing the determination both of β and γ and of hadronic paramaters as

functions of the B0
s–B

0
s mixing phase φs, which is negligibly small in the Standard Model,

and can be probed straightforwardly through Bs → J/ψφ. In comparison with the U -

spin strategies listed in the previous paragraph, here the advantage is that the U -spin

symmetry has to be applied only to certain ratios of strong amplitudes, where U -spin-

breaking effects due to form factors and decay constants cancel. Moreover, there are

no U -spin-breaking corrections within the BSS mechanism. Employing φd = 2β as an

input, the use of the U -spin symmetry can be minimized. From a theoretical point of

view, this is the cleanest presently known U -spin approach to determine γ. Moreover,

it is very promising for run II of the Tevatron and ideally suited for the LHC era.

Eventually, it may allow us to extract γ with an uncertainty of only a few degrees. The

hadronic parameters, which can be determined as a “by-product”, are very interesting

for comparisons with theoretical calculations. Needless to note, new physics may well

lead to discrepancies with other strategies.

Approximately, we may replace Bs → K+K−, which cannot be studied at the e+e−

B-factories operating at Υ(4S), through Bd → π∓K±. The corresponding experimental

results imply already valuable constraints on hadronic parameters – in particular large

penguin effects in Bd → π+π− – and upper bounds on direct CP asymmetries. In the

case of Bd → π+π−, a lot of space is left for large direct CP violation.

Further U -spin strategies were proposed. For example, Bs → π±K∓ modes can be

combined nicely with the Bd → π∓K±, B± → π±K system to determine γ. Moreover,

angular distributions of certain B → V1V2 decays offer important tools to explore CP

violation and U -spin breaking, and various relations between observables can be derived,

including also those of the rare decays B± → K∗±γ and B± → ρ±γ. It will be exciting

to fill these strategies with experimental data!

11 Models with Minimal Flavour Violation

11.1 General Remarks

So far, we have always discussed new-physics effects in a model-independent manner. Let

us now focus on the simplest class of extensions of the Standard Model, which is given by

models with “minimal flavour violation” (MFV). In such scenarios for new physics, which

are very predictive, as we will see below, the contributions of any new operators beyond

those present in the Standard Model are negligible, and all flavour-changing transitions

are still governed by the CKM matrix, with no new complex phases beyond the CKM

phase [12, 13]. If one assumes, in addition, that all new-physics contributions that are

not proportional to Vtd(s) play a negligible rôle [13], all Standard-Model expressions for
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decay amplitudes, as well as for particle–antiparticle mixing, can be generalized to the

MFV models through a straightforward replacement of the initial Wilson coefficients for

the renormalization-group evolution from µ = O(MW ) down to appropriate “low-energy”

scales µ. Within the Standard Model, these coefficients are governed by mt-dependent

Inami–Lim functions [50], describing penguin and box diagrams with full W , Z and top-

quark exchanges [51] (see Subsection 3.3). In the MFV models, the Inami–Lim functions

are replaced by new functions Fi, which acquire now additional dependences on new-

physics parameters. If we consider, for instance, expressions (4.3) and (5.6), which are

related to ε and the off-diagonal element of the B0
q–B

0
q mass matrix, respectively, we have

just to replace the Inami–Lim function S0(xt) resulting from box diagrams with (t,W±)

exchanges through an appropriate new function, which we denote by Ftt [13, 42]:

S0(xt) → Ftt. (11.1)

In the case of the rare kaon decays K → πνν, we have to deal with a generalized

Inami–Lim function X, replacing the Standard-Model function X0(xt).

Examples for MFV models of the kind specified above are the Two-Higgs-Doublet

Model II (THDM) [290], and the constrained MSSM, if tanβ = v2/v1 is not too large. In

the analyses of MFV models performed in [8, 13, 46, 145], it was assumed implicitly that

the new functions Fi, summarizing the Standard-Model and new-physics contributions

to ε, ∆Md,s and K → πνν decays, have the same sign as the standard Inami–Lim

functions. This assumption is certainly correct in the THDM and the MSSM. On the

other hand, as pointed out in [47], it cannot be excluded that there exist MFV models

in which the relevant functions Fi have a sign opposite to the corresponding Standard-

Model Inami–Lim functions. In fact, in the case of the decay B → Xsγ, such a situation

is even possible in the MSSM, if particular values of the supersymmetric parameters

are chosen. Beyond MFV, scenarios in which the new-physics contributions to neutral

meson mixing and rare kaon decays are larger than the Standard-Model contributions

and have opposite signs were considered in [291]. Due to the presence of new complex

phases and new sources for flavour violation in these general scenarios, their predictive

power is, however, much smaller than that of the MFV models considered here. In

SUSY scenarios, a vast range of possibilities opens up once the restrictive requirement

of MFV is abandonned. Since a detailed discussion of this active research field is beyond

the scope of this review, we refer the interested reader to the papers given in [292] and

references therein.

The following interesting features of MFV models were recently pointed out:

• There exists a universal unitarity triangle (UUT) [13], which is common to all

these models and the Standard Model, and can be constructed by using measurable

quantities that depend on the CKM parameters, but are not affected by the new-

physics parameters. Simply speaking, these quantities do not depend on the Fi.
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• The interplay between ∆Md and ε implies bounds on sin 2β [46, 47], depending

only on |Vcb| and |Vub/Vcb|, as well as on the non-perturbative parameters B̂K ,
√

B̂Bd
fBd

and ξ, which enter the standard analysis of the unitarity triangle.

• For given BR(K+ → π+νν) and aψKS
, only two values for BR(KL → π0νν),

corresponding to the two signs of X, are possible for the full class of MFV models

[47]. Moreover, there are absolute lower and upper bounds on BR(KL → π0νν) as

functions of BR(K+ → π+νν).

The last point, where aψKS
denotes, as usual, the mixing-induced CP asymmetry of

the “gold-plated” decay Bd → J/ψKS (see (6.6)), provides a remarkable connection

between the B- and K-meson systems. It should be noted that direct CP violation in

Bd → J/ψKS is negligibly small in MFV models, as in the Standard Model. Let us now

discuss the three points listed above in more detail.

11.2 The Universal Unitarity Triangle

Since λ and |Vcb| = Aλ2 are determined from tree-level K- and B-meson decays, these

parameters are not affected by new-physics effects in MFV models. A similar comment

applies to the determination of Rb ∝ |Vub/Vcb|. On the other hand, at first sight, it

appears as if the extraction of ρ and η was more complicated in MFV models because

of additional new-physics parameters. However, as was pointed out in [13], the “true”

values of these parameters can still be determined in a transparent way with the help of

quantities, which are not affected by the new-physics contributions within MFV models.

In particular, a “universal unitarity triangle” (UUT) can be constructed for the Standard

Model and the whole class of MFV models. Other “reference” unitarity triangles to

search for new physics were proposed in [293].

If we take into account the substitution given in (11.1) and note that the same

function Ftt enters in (5.6) for the Bd- and Bs-meson systems, we observe that (7.5)

allows us to fix Rt = |Vtd/(λVcb)| also in the case of MFV models. On the other hand,

the determination of Rt through (5.27) depends on |Ftt|, and hence cannot be used for

the construction of the UUT.

Whereas ∆Md/∆Ms should be available first, there are also other possibilities to

determine Rt in the case of MFV models through |Vtd/Vts|, which is – up to corrections

of O(λ2) – equal to |Vtd/Vcb| [13]:

BR(B → Xdνν)

BR(B → Xsνν)
=
∣
∣
∣
∣

Vtd
Vts

∣
∣
∣
∣

2

(11.2)

BR(Bd → µ+µ−)

BR(Bs → µ+µ−)
=
τBd

τBs

MBd

MBs

(

fBd

fBs

)2 ∣
∣
∣
∣

Vtd
Vts

∣
∣
∣
∣

2

. (11.3)
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The cleanest relation is (11.2), which is essentially free of hadronic uncertainties (for

detailed discussions, see [7, 8]). In (11.3), the theoretical accuracy is limited by SU(3)-

breaking effects in the Bd- and Bs-meson decay constants, whereas (7.5) involves, in

addition, the ratio
√

B̂Bs/
√

B̂Bd
. These SU(3)-breaking parameters can be determined

eventually from lattice calculations with high precision.

As can be seen in Fig. 3 (a), if we measure – in addition to Rt – the angle β, we may

fix the apex of the UUT, yielding ρ and η. Since no new phases appear in MFV models,

one may think that the determination of β from aψKS
is also not affected by new physics

in such scenarios. However, due to a subtlety, this is actually not the case [47]. The point

is that we have assumed in the formalism developed in Section 5 that S0(xt) > 0, as

emphasized in the paragraph after (5.19). However, since S0(xt) is now replaced by the

new parameter Ftt, which needs no longer be positive, the following phase φd is actually

probed through mixing-induced CP violation in Bd → J/ψKS:

φd = 2β + arg(Ftt). (11.4)

Consequently, expression (6.6) is generalized as follows:

aψKS
= sgn(Ftt) sin 2β. (11.5)

On the other hand, if we make the replacement (11.1) in (4.3) and (5.27), and do not

assume that Ftt > 0, as in the Standard Model, we obtain

sin 2β = sgn(Ftt)
1.65

R2
0η2

[
0.204

A2BK

− ηPc(ε)
]

, (11.6)

where the first term in the parenthesis is typically by a factor 2–3 larger than the second

term. Consequently, the sign of Ftt determines the sign of sin 2β. Moreover, as (4.3)

implies η < 0 for Ftt < 0, also the sign of the second term in the parenthesis is changed.

This means that, for a given set of input parameters, not only the sign of sin 2β, but

also its magnitude is affected by a reversal of the sign of Ftt. However, if we use (11.6)

to predict aψKS
, we observe that the sign of the resulting CP asymmetry is unaffected:

aψKS
=

1.65

R2
0η2

[
0.204

A2BK

− ηPc(ε)
]

, (11.7)

i.e. it is positive, which is consistent with the experimental results discussed in 6.1.1.

In [13, 294], a construction of the UUT by means of aψKS
and Rt determined through

∆Md/∆Ms was presented. Generally, for given values of (aψKS
, Rt), there are eight

solutions for (ρ, η). However, only two solutions – corresponding to the two possible

signs of Ftt – are consistent with the upper bound on |β| related to (2.52). For the

derivation of the explicit expressions for ρ and η, it is useful to consider the following

quantity [47]:

sgn(Ftt) ctgβ =
1 − ρ

|η| ≡ f(β), (11.8)
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as (2.45) implies

R2
t = (1 − ρ)2 + η2 =

[

f(β)2 + 1
]

η2. (11.9)

Consequently, admitting also negative Ftt, we obtain

η = sgn(Ftt)




Rt

√

f(β)2 + 1



 , ρ = 1 − f(β)|η|. (11.10)

If we take into account the constraint ρ ≤ Rb < 1, we conclude that f(β) is always

positive. Moreover, because of (11.5), we may write

f(β) =
1 ±

√

1 − a2
ψKS

aψKS

= sgn(Ftt)

[

1 ± | cos 2β|
sin 2β

]

. (11.11)

Since the upper bound |β| ∼< 28◦ corresponding to (2.52) implies |ctgβ| = f(β) ∼> 1.9,

the “−” solution in (11.11) is ruled out, so that the measurement of aψKS
determines

f(β) unambiguously through

f(β) =
1 +

√

1 − a2
ψKS

aψKS

. (11.12)

Finally, with the help of (11.10), we arrive at

η = sgn(Ftt)Rt

√
√
√
√1 −

√

1 − a2
ψKS

2
, ρ = 1 −




1 +

√

1 − a2
ψKS

aψKS



 |η|. (11.13)

Neglecting terms of O(a4
ψKS

), these expressions simplify to

η = sgn(Ftt)Rt

[

1 +
a2
ψKS

8

]

aψKS

2
, ρ = 1 − Rt

[

1 − a2
ψKS

8

]

. (11.14)

The function f(β) plays also a key rôle for the analysis of the K → πνν system, which

will be the topic of Subsection 11.4.

The expressions given in (11.13) are the “master formulae” for the determination of

the apex of the UUT. They also allow us – in combination with λ and A – to calculate ε,

∆Md and ∆Ms, as well as the branching ratios for the rare decays in (11.2) and (11.3).

Since these quantities depend on the values of the corresponding generalized Inami–Lim

functions Fi, characterizing the various MFV models, a comparison with the data may

exclude the Standard Model, and may allow us to differentiate between various MFV

scenarios. In particular, it may well be that the observed pattern of observables can only

be described by one specific MFV model.

Since Rt cannot yet be determined through (7.5), the UUT cannot yet be constructed

in practice. However, valuable information can nevertheless be obtained from interesting

bounds on sin 2β [46, 47], which hold in the MFV models specified above.
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Quantity Central Error

λ 0.222

|Vcb| 0.041 ±0.002

|Vub/Vcb| 0.085 ±0.018

|Vub| 0.00349 ±0.00076

B̂K 0.85 ±0.15
√

B̂Bd
fBd

230 MeV ±40 MeV

mt 166 GeV ±5 GeV

(∆M)d 0.487 ps−1 ±0.014 ps−1

(∆M)s > 15.0 ps−1

ξ 1.15 ±0.06

Table 7: The ranges of the input parameters for the bounds on sin 2β.

11.3 Bounds on sin 2β

The starting point for the derivation of the bounds on sin 2β is (11.6), where the depen-

dence on new-physics enters implicitly through η. Let us first assume that sgn(Ftt) = +1.

Varying over all positive values of Ftt that are consistent with the experimental values for

∆Md,s, |Vub/Vcb| and |Vcb|, and scanning all the relevant input parameters in the ranges

given in Table 7 yields the following lower bound on sin 2β [46]:

(sin 2β)min = 0.42, (11.15)

which corresponds to β ≥ 12◦. This bound could be considerably improved when the

values of Vcb, |Vub/Vcb|, B̂K ,
√

B̂Bd
fBd

, ξ and – in particular of ∆Ms – will be known

better [8, 46]. A handy approximate formula for sin 2β as a function of these parameters

has recently been given in [145]. Using less conservative ranges of parameters, these

authors find (sin 2β)min = 0.52.

Let us now consider the case sgn(Ftt) = −1. Repeating the analysis that lead to

(11.15) for Ftt < 0 yields the following bound [47]:

(− sin 2β)min = 0.69. (11.16)

This result is rather sensitive to the minimal value of
√

B̂Bd
fBd

. Taking (
√

B̂Bd
fBd

)min =

170 MeV instead of 190 MeV used in (11.16) gives the bound of 0.51. For the same choice,

the bound in (11.15) is decreased to 0.35. For (
√

B̂Bd
fBd

)min ≥ 195 MeV there are no

solutions for sin 2β for the ranges of parameters given in Table 7; only for B̂K ≥ 0.96,

|Vcb| ≥ 0.0414 and |Vub/Vcb| ≥ 0.094 solutions for sin 2β exist. Finally, if we assume

a smaller uncertainty for ∆Md of ±0.009 ps−1, corresponding to (5.28), the numerical

value in (11.16) is shifted to 0.71, whereas (11.15) is unaffected.
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Since the sign of aψKS
does – in contrast to sin 2β – not depend on sgn(Ftt), it is

actually more appropriate to consider bounds on this CP-violating observable [47]:

(aψKS
)min =

{

0.42 (Ftt > 0)

0.69 (Ftt < 0).
(11.17)

The feature that the constraint is substantially stronger for negative Ftt is not surprising,

since in this case the contributions to ε proportional to V ∗
tsVtd interfere destructively with

the charm contribution. Consequently, aψKS
= | sin 2β| has to be larger to fit ε. For

0.42 < aψKS
< 0.69, the MFV models with Ftt < 0 would be excluded; for aψKS

< 0.42,

even all MFV models would be ruled out, thereby implying that new CP-violating phases

and/or new operators are required. In anticipation of such a scenario, which was favoured

by the “old” B-factory data, an extension of the MFV supersymmetric models, which

could comfortably accommodate lower values of aψKS
, was discussed in [146], introducing

an additional flavour-changing structure beyond the CKM matrix. Generalizations of

MFV models were also considered in [147], allowing significant contributions of non-

standard ∆F = 2 operators to the low-energy effective Hamiltonian. Their contributions

to ∆Md/∆Ms would in principle allow γ to be larger than 90◦ (see Subsection 7.2). For

a selection of more general discussions of SUSY models, the reader is referred to [292].

In the spirit of (11.17), the two cases Ftt > 0 and Ftt < 0 can be distinguished through

the measurement of aψKS
. As pointed out in [47], there are also strategies to determine

the sign of Ftt directly, allowing interesting consistency checks. For aψKS
= 0.79 ± 0.10,

corresponding to the average given in (6.10), not even the case of MFV models with

negative Ftt could be excluded. In view of the most recent Belle result [3] (see (6.9)),

the upper bounds given in (2.48) and (2.52), which are implied by Rb and hold also in

MFV models, may play an important rôle to probe these scenarios for new physics in the

future. Let us now turn to more refined strategies, using in addition rare kaon decays.

11.4 K → πνν Decays and Connections with B Physics

In MFV models, the short-distance contributions to K+ → π+νν and KL → π0νν

proportional to V ∗
tsVtd are described by a function X, resulting from Z0-penguin and

box diagrams. As pointed out in [122], if sin 2β is expressed in terms of the branching

ratios for these rare kaon decays, the function X drops out. Being determined from

two branching ratios, there is a four-fold ambiguity in the determination of sin 2β that

is reduced to a two-fold ambiguity for ρ < 1, as required by the size of Rb. The left

over solutions correspond to two signs of sin 2β that can be adjusted to agree with the

analysis of ε. In the Standard Model, the THDM and the MSSM, the functions Ftt and

X are both positive, resulting in sin 2β given by (4.14). However, in general, this needs

not be the case, thereby complicating the K → πνν analysis; it was recently extended

to MFV models with arbitrary signs of Ftt and X in [47].
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11.4.1 The Decay K+ → π+νν

Within MFV models, the reduced K+ → π+νν branching ratio B1 introduced in (4.11)

can be expressed as follows:

B1 =

[

Imλt
λ5

|X|
]2

+

[

Reλc
λ

sgn(X)Pc(νν) +
Reλt
λ5

|X|
]2

, (11.18)

where λc ≡ V ∗
csVcd = −λ(1 − λ2/2), and λt ≡ V ∗

tsVtd with

Imλt = ηA2λ5, Reλt = −
(

1 − λ2

2

)

A2λ5(1 − ρ). (11.19)

It is now an easy exercise to show that the measured K+ → π+νν branching ratio

determines an ellipse in the ρ–η plane,

(

ρ− ρ0

ρ1

)2

+

(

η

η1

)2

= 1, (11.20)

centered at (ρ0, 0) with

ρ0 = 1 + sgn(X)
Pc(νν)

A2|X| , (11.21)

and having the squared axes

ρ2
1 = r2

0, η2
1 =

(
r0
σ

)2

with r2
0 =

σB1

A4|X|2 . (11.22)

Note that σ was already defined in (4.16). The ellipse (11.20) intersects with the circle

described by (2.44), thereby allowing us to extract ρ and η:

ρ =
1

1 − σ2

[

ρ0 ∓
√

σ2ρ2
0 + (1 − σ2)(r2

0 − σ2R2
b)
]

, η = sgn(Ftt)
√

R2
b − ρ2. (11.23)

The deviation of ρ0 from unity measures the relative importance of the internal charm

contribution. For X > 0, we have, as usual, ρ0 > 1 so that the “+” solution in (11.23)

is excluded because of ρ < 1. On the other hand, for X < 0, the center of the ellipse is

shifted to ρ0 < 1, and for |X| ≤ Pc(νν)/A2 can even be at ρ0 ≤ 0.

11.4.2 Unitarity Triangle from KL → π0νν and K+ → π+νν

The reduced KL → π0νν branching ratio B2 specified in (4.11) is given by

B2 =

[

Imλt
λ5

|X|
]2

. (11.24)
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BR(K+ → π+νν) [10−11] aψKS
= 0.42 aψKS

= 0.69 aψKS
= 0.82

5.0 0.45 (2.0) 1.4 (5.8) 2.2 (8.6)

10.0 1.2 (3.5) 3.8 (10.0) 5.9 (15.0)

15.0 2.1 (4.8) 6.3 (14.0) 9.9 (21.1)

20.0 3.0 (6.2) 9.0 (17.9) 14.1 (27.0)

25.0 3.9 (7.5) 11.8 (21.7) 18.4 (32.8)

30.0 4.9 (8.7) 14.6 (25.4) 22.7 (38.6)

Table 8: BR(KL → π0νν) in units of 10−11 in MFV models with sgn(X) = +1 (−1) for

specific values of aψKS
and BR(K+ → π+νν). We set Pc(νν) = 0.40.

Following [122], but admitting both signs of X and Ftt, we obtain

ρ = 1 +




±
√

σ(B1 −B2) + sgn(X)Pc(νν)

A2|X|



 , η = sgn(Ftt)

√
B2√

σA2|X| . (11.25)

The dependence on |X| cancels in the following quantity [47]:

rs ≡
1 − ρ

η
= ctgβ = sgn(Ftt)

√
σ




∓
√

σ(B1 −B2) − sgn(X)Pc(νν)
√
B2



 , (11.26)

allowing the determination of sin 2β through (4.14). Note that (11.26) reduces to (4.15)

in the case of positive values of Ftt and X. Because of aψKS
= sgn(Ftt) sin 2β, it is

actually more appropriate to consider this CP-violating observable, where the sgn(Ftt)

factor is cancelled through the one of sin 2β.

11.4.3 BR(KL → π0νν) from aψKS
and BR(K+ → π+νν)

Since aψKS
and BR(K+ → π+νν) will be known rather accurately prior to the measure-

ment of BR(KL → π0νν), it is of particular interest to calculate BR(KL → π0νν) as

a function of aψKS
and BR(K+ → π+νν). Employing the quantity f(β) introduced in

(11.8), we obtain [47]

B1 = B2 +

[

f(β)
√
B2 + sgn(X)

√
σPc(νν)

σ

]2

. (11.27)

In comparison with (11.26), the advantage of (11.27) is the absence of the sign ambiguities

due to sgn(Ftt) and the ∓ in front of
√

σ(B1 − B2). As we have seen in (11.12), the

measurement of aψKS
determines f(β) unambiguously. This finding, in combination

with (11.27), implies the following interesting feature of the MFV models [47]:
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• For given aψKS
and BR(K+ → π+νν), only two values of BR(KL → π0νν), which

correspond to the two possible signs of X, are allowed for the full class of MFV

models, independently of any new parameters present in these models.

Consequently, measuring BR(KL → π0νν) will either select one of these two possible

values, or will rule out all MFV models.

In Table 8, we give BR(KL → π0νν) in MFV models with sgn(X) = +1 (−1)

for specific values of aψKS
and BR(K+ → π+νν). Note that the second column gives

the absolute lower bound on BR(KL → π0νν) in the MFV models as a function of

BR(K+ → π+νν). This bound follows simply from the lower bound in (11.15). On the

other hand, the last column gives the corresponding absolute upper bound. This bound

is the consequence of (2.52). The third column gives the lower bound on BR(KL → π0νν)

corresponding to the bound in (11.16) that applies for negative Ftt.

The remarkable correlation between the branching ratios of the rare K → πνν decays

and mixing-induced CP violation in Bd → J/ψKS within MFV models becomes more

transparent in Figs. 37 and 38. In Fig. 37, we show BR(KL → π0νν) as a function

of BR(K+ → π+νν) for various values of aψKS
in the case of sgn(X) = +1. The

corresponding plot for sgn(X) = −1 is given in Fig. 38. It should be emphasized that

these curves are universal for all MFV models. Looking at Table 8 and Figs. 37 and

38, we observe that the measurement of BR(KL → π0νν), BR(K+ → π+νν) and aψKS

will easily allow us to check whether a MFV model is actually realized and – if so – to

distinguish between the two signs of X. The uncertainty due to Pc(νν) is non-negligible,

but should be decreased through improved knowledge of the charm-quark mass.

It is interesting to note that the upper bound on BR(KL → π0νν) in the last column

of Table 8 is substantially stronger than the model-independent bound following from

isospin symmetry [295]:

BR(KL → π0νν) < 4.4 × BR(K+ → π+νν). (11.28)

Indeed, taking the experimental bound BR(K+ → π+νν) ≤ 5.9×10−10 (90% C.L.) from

AGS E787 [121] yields [47]

BR(KL → π0νν)MFV ≤
{

4.9 × 10−10 sgn(X) = +1

7.1 × 10−10 sgn(X) = −1.
(11.29)

This should be compared with BR(KL → π0νν) < 26× 10−10 (90% C.L.) following from

(11.28), and with the present upper bound from the KTeV experiment [296], which is

given by BR(KL → π0νν) < 5.9 × 10−7.

The decay K+ → π+νν has already been observed at Brookhaven, with the branching

ratio given in (4.10). In the Standard Model, one expects the K → πνν branching ratios

listed in (4.9). As can be seen in Table 8 and Figs. 37 and 38, the bounds in (11.29)
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Figure 37: BR(KL → π0νν) as a function of BR(K+ → π+νν) for several values of the

mixing-induced CP asymmetry aψKS
of Bd → J/ψKS in the case of sgn(X) = +1. The

band illustrates the uncertainty due to Pc(νν) = 0.40 ± 0.06 for aψKS
= 0.62.
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Figure 38: BR(KL → π0νν) as a function of BR(K+ → π+νν) for several values of the

mixing-induced CP asymmetry aψKS
of Bd → J/ψKS in the case of sgn(X) = −1. The

band illustrates the uncertainty due to Pc(νν) = 0.40 ± 0.06 for aψKS
= 0.62.
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can be improved considerably through better measurements of BR(K+ → π+νν) and

aψKS
. A new experiment at Brookhaven, AGS E949, is expected to reach a sensitivity

for K+ → π+νν of 10−11/event. In the more distant future, the CKM experiment at

Fermilab aims at a sensitivity of 10−12/event, which would correspond to a measurement

of BR(K+ → π+νν) at the level of 10%. The exploration of KL → π0νν is even

more challenging. However, dedicated experiments at Brookhaven, Fermilab and KEK

aim nevertheless at measurements of BR(KL → π0νν) at the level of 10%, which may

be available around 2005. For a much more detailed discussion of the experimental

prospects for K → πνν analyses, we refer the reader to [10].

11.4.4 Upper Bound on BR(KL → π0νν) from BR(B → Xsνν)

Within MFV models, the branching ratio for the inclusive rare decay B → Xsνν can be

written as follows [8]:

BR(B → Xsνν) = 1.57 × 10−5

[

BR(B → Xceνe)

0.104

] ∣
∣
∣
∣

Vts
Vcb

∣
∣
∣
∣

2
[

0.54

f(z)

]

X2, (11.30)

where f(z) = 0.54± 0.04 is the phase-space factor for B → Xceνe with z = m2
c/m

2
b , and

BR(B → Xceνe) = 0.104 ± 0.004. Formulae (11.24) and (11.30) imply an interesting

relation between the decays KL → π0νν and B → Xsνν, which is given as follows:

BR(KL → π0νν) = 42.3 × (Imλt)
2

[

0.104

BR(B → Xceνe)

] ∣
∣
∣
∣

Vcb
Vts

∣
∣
∣
∣

2
[

f(z)

0.54

]

BR(B → Xsνν).

(11.31)

This expression holds for all MFV models and represents another connection between K-

and B-meson decays, in addition to those discussed above and in [120, 122, 123, 145, 297].

In order to obtain another upper bound on BR(KL → π0νν), we take into account

the following experimental constraint [298]:

BR(B → Xsνν) < 6.4 × 10−4 (90% C.L.), (11.32)

as well as the bounds on |Imλt|, which were derived in [47] for MFV models:18

|Imλt|max =

{

1.74 × 10−4 (Ftt > 0)

1.70 × 10−4 (Ftt < 0),
|Imλt|min =

{

0.55 × 10−4 (Ftt > 0)

1.13 × 10−4 (Ftt < 0).
(11.33)

Setting, in addition to (11.32), Imλt = 1.74 × 10−4, |Vts| = |Vcb|, f(z) = 0.58 and

BR(B → Xceνe) = 0.10, (11.31) implies the upper bound [47]

BR(KL → π0νν) < 9.2 × 10−10 (90% C.L.), (11.34)

which is not much weaker than the bound in (11.29). Since the experimental bound in

(11.32) should be improved through the B-factories, also (11.34) should be improved in

the next couple of years.
18Note the relation JCP = λ

(
1 − λ2/2

)
|Imλt| between the Jarlskog Parameter JCP and Imλt.
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11.4.5 Towards a Determination of X

The strategy discussed in 11.4.3, which is based on Figs. 37 and 38 and involves only aψKS
,

BR(K+ → π+νν) and BR(KL → π0νν), allows an elegant check whether a MFV model is

actually realized in nature and – if so – to determine the sign of X. In order to determine

also |X|, which would be a very important information, providing valuable constraints

on the MFV models, ∆Md/∆Ms is needed as an additional input, as illustrated in more

detail in [47]. Within the Standard Model, we have X ≈ 1.5. Constraints on this

parameter were recently derived in [47, 145], yielding |X| < 6.8.

11.5 Summary

The simplest class of extensions of the Standard Model is given by new-physics scenarios

with minimal flavour violation. For such models, a universal unitarity triangle can be

constructed through quantities, which are not affected by the new-physics parameters,

for instance through the ratio ∆Md/∆Ms and the mixing-induced CP asymmetry aψKS

of Bd → J/ψKS. Although no new complex phases are present in such MFV models,

we may encounter discrepancies between the UUT and the contours in the ρ–η plane

implied by ∆Md and ε, thereby indicating physics beyond the Standard Model.

At present, the UUT cannot yet be constructed in practice. However, interesting

bounds on aψKS
can be derived, allowing already a comparison with the B-factory results.

Within MFV models, both ε and B0
d,s–B

0
d,s mixing are governed by a single generalized

Inami–Lim function Ftt. If aψKS
is found to be smaller than 0.69, all models with Ftt < 0

would be excluded. In the case of aψKS
< 0.42, also the MFV models with Ftt > 0 would

be ruled out, which would imply new CP-violating weak phases and/or new operators.

The most recent B-factory data are no longer in favour of small values of aψKS
, and the

present world average does not even allow us to exclude MFV models with negative Ftt.

In fact, in view of the most recent Belle result, the upper bound (aψKS
)max = 0.82 that

is due to Rmax
b = 0.46 may play an important rôle in the future.

Further insights are provided by remarkable connections between B physics and the

rare kaon decays K+ → π+νν and KL → π0νν, which are characterized in MFV models

through a generalized Inami–Lim function X. In particular, BR(KL → π0νν) can be

predicted, for given aψKS
, as a function of BR(K+ → π+νν). These correlations depend

only on the sign of X, i.e. for given BR(K+ → π+νν) and aψKS
, only two values for

BR(KL → π0νν), corresponding to the two signs of X, are possible in the full class of

MFV models, thereby offering a simple check whether such a model is actually realized

in nature. In this context, it should be noted that BR(K+ → π+νν) and aψKS
will be

known rather accurately prior to the measurement of BR(KL → π0νν). In addition, there

are various bounds on BR(KL → π0νν), where also the inclusive rare decay B → Xsνν

would be very useful.
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12 Further Interesting Aspects of B Physics

In addition to the decays to explore CP violation considered in this review, there are also

other interesting aspects of B physics, which we could not cover here. They are mainly

related to rare decays of the following kind: B → K∗γ and B → ργ, which appeared

briefly in Subsection 10.5, B → K∗µ+µ− and Bs,d → µ+µ−. The corresponding inclusive

decays, for example B → Xsγ, are also of particular interest, suffering from smaller

theoretical uncertainties. Within the Standard Model, these transitions occur only at

the one-loop level, exhibit small branching ratios at the 10−4–10−10 level, do not – apart

from B → ργ – show sizeable CP-violating effects, and depend on |Vts| or |Vtd|. A

measurement of these CKM factors through such decays would be complementary to

the one from B0
s,d–B

0
s,d mixing. Since rare B decays are absent at the tree level in the

Standard Model, they represent interesting probes to search for new physics. Concerning

the status of B → Xsγ, the present situation is as follows [299]:

BR(B → Xsγ)exp = (3.11 ± 0.39) × 10−4 (12.1)

BR(B → Xsγ)th = (3.73 ± 0.30) × 10−4, (12.2)

corresponding to a difference between experiment and theory at the 1.4σ level. It will

be interesting to see whether a serious discrepancy will arise in the future, which could

complement the one between a recent measurement of the anomalous magnetic moment

of the myon and the Standard-Model expectation at the 2.6σ level [300].

For detailed discussions of the many interesting aspects of rare B decays, and the hard

theoretical work that went into these transitions, the reader is referred to the overview

articles listed in [8, 299, 301].

13 Conclusions and Outlook

I hope that this review could convince the reader that the phenomenology of CP violation

in the B system is a very interesting topic, and provides a fertile testing ground for the

Standard-Model description of CP violation. In this respect, non-leptonic B decays play

a key rôle, allowing various direct measurements of the angles of the unitarity triangle of

the CKM matrix. Here the goal is to overconstrain this triangle as much as possible, not

only through determinations of its angles, but also through measurements of its sides.

Concerning the latter aspect, the observation of B0
s–B

0
s mixing, which is expected at

run II of the Tevatron, will be an important ingredient. There is a strong hope that

discrepancies will show up in this rich research programme, which may eventually open

a window to the physics beyond the Standard Model.

Let us summarize in the following the most promising channels:
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• The “gold-plated” mode Bd → J/ψKS allows us to determine sin 2β through its

mixing-induced CP asymmetry aψKS
. Making use of this and similar channels,

the BaBar and Belle collaborations could recently observe CP violation in the B

system, thereby establishing this phenomenon for the first time outside the kaon

system. Since the corresponding results for sin 2β are not fully consistent with

each other, the measurement of this quantity will continue to be a very exciting

topic. Taking into account also previous results from the CDF and ALEPH col-

laborations, the resulting average for sin 2β is now in good agreement with the

range implied by the “standard analysis” of the unitarity triangle. However, new

physics may even hide in such a situation, since only sin 2β and not β itself is

measured. An important further step would be a determination of cos 2β. In this

context, a time-dependent analysis of the Bd → J/ψ[→ ℓ+ℓ−]K∗[→ π0KS] angular

distribution would be useful. The preferred mechanism for new physics to affect

these measurements is through contributions to B0
d–B

0
d mixing.

• In the Standard Model, the penguin mode Bd → φKS allows also a determination

of sin 2β through its mixing-induced CP asymmetry. A comparison with aψKS

may indicate new-physics contributions to decay amplitudes. Since the Bd → φKS

decay is due to b→ s flavour-changing neutral-current processes, it is very sensitive

to such effects. In order to get the full picture, B± → φK± and B± → J/ψK±

modes should be analysed as well.

• The CP-violating observables of Bd → π+π− should be measured, although an

interpretation in terms of α is problematic because of penguin topologies, requiring

further inputs (see below). In addition to certain B → πK modes, Bd → π+π− may

establish direct CP violation in the B system. The measurement of B± → π±π0

should be refined, and efforts be made to constrain Bd → π0π0.

• The physics potential of B → πK decays is very promising for the B-factories to

determine γ. Since these modes are governed by penguin topologies, they are sen-

sitive probes for new physics. Consequently, discrepancies of the extracted values

of γ with other approaches may well show up. In order to probe the importance

of rescattering effects, B± → K±K modes should be measured as well.

All these decays are accessible at the e+e− B-factories operating at the Υ(4S) resonance.

Further exciting perspectives open up at hadron colliders, where also decays ofBs-mesons

can be studied, involving the following major aspects:

• The present lower bound on ∆Ms has already an important impact on the allowed

range in the ρ–η plane, implying γ < 90◦. Much more stringent constraints can be

obtained through a measurement of ∆Ms, allowing in particular the construction

of the “universal unitarity triangle” for MFV models.
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• The “gold-plated” mode for B-physics studies at hadron machines is Bs → J/ψφ,

which is the Bs-meson counterpart of Bd → J/ψKS. Its angular distribution allows

us to determine the B0
s–B

0
s mixing parameters ∆Ms and ∆Γs, and to probe the tiny

mixing phase φs, which is related to another unitarity triangle. Since CP violation

is very small in Bs → J/ψφ within the Standard Model, it is an important tool to

search for new physics.

• The decay Bs → K+K− is related to Bd → π+π− through the U -spin symmetry

of strong interactions and allows an interesting determination of β and γ that is –

apart from other advantages – not affected by penguin or rescattering processes.

Further strategies to extract γ are provided by other U -spin related modes.

It is expected that already run II of the Tevatron will make important contributions to

these topics. In the LHC era, the physics potential of the Bs system can then be fully

exploited. As we have seen in this review, there are also many other interesting strategies

to explore CP violation, involving, for example, B → ρπ, Bd → D∗±π∓, B±
u → K±D,

B±
c → D±

s D or Bs → D±
s K

∓ decays. However, in the practical implementation of these

approaches, we have to deal with more or less serious challenges.

Although there is usually a strong emphasis on the extraction of weak phases from

studies of CP violation, it should not be forgotten that the corresponding strategies

provide, in several cases, also valuable insights into hadron dynamics. For example, also

CP-conserving strong phases or certain penguin parameters can be determined, allowing

a comparison with theoretical predictions. Concerning the theoretical description of non-

leptonic B decays, interesting progress has recently been made for a large class of decays

in the heavy-quark limit, including B → πK, ππ modes. As important applications,

SU(3)-breaking effects in the B → πK strategies to probe γ can be controlled more

reliably, and rescattering processes are found to play a minor rôle. Further progress,

concerning mainly the importance of ΛQCD/mb corrections, will hopefully be made.

In the Standard Model and its extensions with minimal flavour violation, there are

interesting connections between B physics and the rare kaon decays K+ → π+νν and

KL → π0νν. In such models, these decays and (ε,∆Md,s) are characterized by two

generalized Inami–Lim functions X and Ftt, respectively. For given values of aψKS
and

BR(K+ → π+νν), BR(KL → π0νν) can be predicted, where only two values are al-

lowed for the whole class of MFV models, corresponding to the two possible signs of

X. Following these lines, MFV scenarios can be confirmed or excluded in an elegant

manner. There are dedicated experiments at Brookhaven, Fermilab and KEK to explore

K → πνν decays, aiming at measurements of their branching ratios at the 10% level.

Interestingly, already the CP asymmetry aψKS
may provide insights into MFV models,

since bounds on this observable can be derived. If aψKS
is found to be smaller than 0.69,

the MFV models with Ftt < 0 would be excluded, whereas for aψKS
< 0.42 also those
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with Ftt > 0, i.e. all MFV models would be ruled out. In this exciting case, new CP-

violating phases and/or new operators would be required. Due to reduced uncertainties

of the relevant input parameters, these bounds can be improved in the future. The

most recent B-factory data are no longer in favour of small values of aψKS
, and the

present world average does not even allow us to exclude MFV models with negative Ftt.

Consequently, an important rôle may be played in the future by the upper bound on

aψKS
that is implied by the CKM factor Rb, yielding (aψKS

)max = 0.82 for Rmax
b = 0.46.

In view of the rich experimental programmes of this decade and the strong interaction

between theory and experiment, I have no doubt that an exciting future is ahead of us!
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