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Multiple integrals SO GETRES
The oscilla

Examples of multiple integrals

ODE v Integral representations for solutions
d . - —1 c-a-1
z—+(c—z)d—z—ay:0 e zp(a,c,z):ﬁofezrta (1-1) dt.

Multiple integrals provide solutions

e Eigenfunctions of the open Toda chains ( Gutzwiller, Kharchev, Lebedev, S.Tian-Shansky ).
i N-1 N
V(x) = fd'y Gn(7) exp{* Y (Xn—Xng1) X Vn/} .
z It n=1 =1

e Solution of g — KZ equations ( Smirnov ).

Gn (B1.... = [dAF2 (
n (B1s---Ben)e, . en c{f Fer.. eon Bt ... Bon

Elementary blocks in XXZ: ( Jimbo, Miki, Miwa, Nakayashiki, Kitanine, Maillet, Terras ).
Correlators of integrable models described in terms of multiple integrals.
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Multiple integrals SO GETRES

The oscilla

The understanding of multiple integrals

Integral representations =  Special functions
v(a.c;2)e0O(C\R)  w(acz)=z2(1+0(z")) z-ow.

Steps of characterization

| Determination of particular values, study of regularity points
* Elementary blocks at small n (Boos, Korepin, Smirnov) and (Sato, Shiroishi, Takahashi).

Il Behavior at the irregular points (Asymptotics)
* Saddle-point method, Mellin-Barnes type expansions:

Ve(x)= X ¢ (y,)er Ve for Xisq > Xk
TeCy

* Separation of integrals, determinant analysis:

T(N) = [dNaFn((a}) - [N[(,l,- - @)2 : f’] eW(Y) = dety [cij| whena =0
& i<j j=1

@ No method work when too much coupling in the integrand/ singular functions.
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Multiple integrals

Oscillating cyclic integrals for the XXZ chain

@ Generating function of current-current correlators in non-linear Schrédinger model
R IR 0% ~(x)
@ =3 — 3370 037
n=o P! (& s [ p]
Qo Sf,x) cyclic integral in 2n variables

F d”/l ( /11,...,/1n ) lﬂl exp {ix[4; - z])
CAEEEE J=1 (/l/ —Zj) (ﬂj+1 —Zj)

’[gnw

(217r)’7

* Poles z; = 1j and z; = 4;;1 = Combinatorics

. 1 . -
* Denominator T -1 = Asymtptotic analysis in A.
1 T

Example : G, independent of {z}:
(0 fan
350Gl = [d"AGn (A1,.... A0) V(11,22) V (12, 23) ... V (A, A1)
-q

el3(-n) _ o=iz (A-n)
2im (A —p)
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Multiple integrals

Asymptotics behavior of cyclic integrals

¢ The x —» 400 asymptotic behavior of oscillating cyclic integrals

q q
~(x) o da A,...,4 da g A4
~n [gn]*Xf2ng"‘( ..., 1 + 2jﬂ5;6gn A+ed,...,4 =0

q.....q -Q,....—q
+bn{gn( Q... g )+gn( R )}|HX+HO[gn]+C[gn]

5

e The corrections C [Gn] computable order-by-order
o General structure

1 no iX; 1 0SC
C[gn]zZ;Hﬁ ) (Inx) [Gn] + ¢ ZQZﬁHg Y (Inx) [Gn] + ...

>1 >2

@ Application to the long-distance asymptotics of current-current correlators.
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Generating functions of coupled cyclic integrals
Analysis of multiple integrals

Fredholm determinants and cyclic integrals

@ Fredholm determinants are generating functions of multiple integrals

Indet[l+yK]—ny A,2)dA+ - +(1"7 jd”/lK(/h,/lg) KA )+ ...

-q Mg
(71)/771 ¢ q

- = [d"AK(1, ). . K (A1
(n—1)1 9y ;E (41 42).... K (dn. 1)

K4 More general cyclic integrals pure product symmetric functions:
n
Fa(107) = 11 ¢(1)
p:
Still reduces to a Fredholm determinant

q n q n
fd”/l {ﬂ¢> } (A1,22) ... K (A, A1) :fd”/l [ THe (40) K (40, Aps1)}
-q

9 p=1 p=1

"',
-G 1)|6ylndet[l+y<pK]‘y:0
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Analysis of multiple integrals

Expanding of coupled cyclic integrals

¥4 Coupled cyclic integrals of symmetric functions:
3n [Fnl 7f" d"A Fp (L17) n K (4. Ap1)

Density theorem:
I&" F, symmetric recasts as a uniformly convergent sequence of pure product functions

Fa (121]) = znw(ap)

(_1)n—1 oo )
I 2, 9yindet [+ e K],

Two ingredients are necessary

Formally Sn [Fnl =

y=0

@ manageable expression for Indet [/ + yp/K] ;
@ compute the sum over ¢;
@ Check that O(X*N) remain stable.
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Generating functior
Analysis of multiple integrals Cyclic oscillating integrals
From de-coupled to coupl

Cyclic integrals

@ Asymptotic analysis of cyclic integrals

9 B d"z 94 4 ( " ) n exp[ix [/lj - Zj“
35 [Fal = 77 W) —
el f 2im)" {4 2ir)" "\ 2N ) = (4 - 2) (441 - )
the pure product case Tn( iﬁiz ) = r"I1 ¢(4p) e9(2)
1 p=

Simple combinatorics of poles = cyclic integral of a generalized sine kernel

9 n—1
30 [n ¢ Ap (2 } fd”/l n v (A,,,1,+1): ﬁa”lndet[wy Ve ))]‘
o A=p , g(A)-g(u)
) _ T —doyp _ o)
Virg) (bu) = VF () F (1) 2 (=) F()=¢()e
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Generating functions o
Cyclic oscillating integrals
From de-coupled to coupled ¢

Analysis of multiple integrals

general case == density of pure product function

{af R 9 (2)
7C”( () ) Z, 1o (o) et

F () = e () e

9 n—1Jr
w  3¥ 7] = En}1) s 7”|ndet[l+y v g)] h—o

Main steps to obtain the large x asymptotics

@ Analyse the x asymptotic behavior of a generalized sine kernel determinant
p . da
Jix=ig (DI [t +yF Q)] 5 +0(Inx) ;

indet |1+ V(1) | 4

@ Compute the y derivatives in asymptotic formula, Compute }; .
=1
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Analysis of multiple integrals

The leading Asymptotics

& Density procedure for the leading term
Take n'h derivative of the leading asymptotics of Indet [I + yV(X) )]

(F.
s da
X [In[1+yFQ)] = — fo”(/l)—
q 2n o, -q 2n
(n-1) 07
Specialize to density case for F: F(A) = F (1) = @ (1) e
Perform the summation over ¢
1 o0 too 4
RO GL) AR o P v ] N dd a ()"
W17 = (2 'Za |ndet[l+y ) =0 x; o fee (e )
=l
Recognize the function 7, 1T ee(1)e@ .
- o —_—
{4 Sl g = W\ _ ...
ﬁ“ﬁ) 2, e (1) )= 5 e (0O =73 )
N

da
9 (7] xfﬁ 1 )271
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Analysis of multiple integrals
From de-coupled to coupled asymptotics.

Handling of the derivatives and remainders

“* Handling of derivative terms

t, da Lo enagn(qy 94
[or@m(t+vF@) 5o — ol (e W (1) 5
“q T g 4
(n-1) ¥
5 f o e () B = [ F g (.04 g [ g (1) L
9\ , [ — 9 _ gr( 1) —=
= 9 S (24 on 4 [:19% C =0 _ pe on
n
q da
. ...
jg"f"( Attty )o 2
WA
n-1

The remainders are stable under summations

GSK asymptotics Indet [I+ V((;_f)(7 ] =AO)V[F, g; x] + R¥[F, ]

)
Linear structure of the remainder

n
RO, dlyo = $a2 R (21, o2n) - [T g (20) 7
C+q =

In" x
12172 = #1740 1
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The main results

TF of the determinant

Asymptotics of the generalized sine kernel determinant

The pure sine kernel

sinx (1 —p)

Integral operator on [—1; 1] with kernel S®) (4, ) =y a0
m(d-p

Some applications

e gap probability in random matrix theory ( Gaudin, Mehta );
e correlation functions : XX0, imp. Bose gas ( Colomo, Izergin, Korepin, Tognetti, Its, Varzugin );

Investigation of the Asymptotics

Indet[l+ S(X)] = —X—Z - 1—Inerco + il + ...
y= 2 4 X

Heuristic structure of the asymptotics ( Gaudin, Mehta, Dyson )

Leading asymptotics ( Widom )

y = 1 asymptotics + constant ( Deift, Its, Zhou, Ehrhardt, Krasovsky )

PV equation for xdy Indet [I + S(X)]y:1 ( Jimbo, Miwa, Mori, Sato )

[yl < 1 leading asymptotics ( Budylin,Buslayev, Deift, Its, Zhou, Cheianov, Zvonarev )

[yl < 1 sub-leading asymptotics ( McCoy, Tang, Perk, Schrok )
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Asymptotics of the generalized sine kernel determinant Qe

The generalized sine kernel: Asymptotics

GSK = Integral operator I + V on [-q; q]
VE) (o) = yFIO Fy S =il ia’_[i g”) sl

Asymptotic behavior of the GSK determinant

det [I + vﬁxg] ~ AO [, 0; x]

0 v, g; x] —le ) d/l+( (g )+v2(—q))|nx—_Fv(/i)g’(/l)d/l—O—Q M +0(1)
-q

i
D=—In(1+yF(1
v(1) = 5-In(1+yF (1)
* The asymptotics brake the 1-v periodicity of det [l + VggJ

F(/l) — e—2i7rv(/l) 1
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The main results

Asymptotics of the generalized sine kernel determinant w - B EE T !

The sub-leading corrections

e Leading asymptotics brake the v-periodicity of the determinant . However
()] — 70 [y o Ny (Inx) [v] 1
det[H— VFYQJ — Al )[v,g,x](1 + S o
+AO [y +1,0;x] (1 +0(1)) +AO [y =1,0; x] (1 + 0(1))

eiixz

(0) x] = OIT
AN [y +1,09:x] = C.. V] 0@ AN v, 9;x]

+v(-q))+2
Conjecture

The non oscillating corrections are of the type

N1 (Inx) [v] T Nu (Inx) [v] +}
X

AP = A0 [v, g; x] {1 + i

The asymptotic expansion restore order by order the lost v-periodicity

det[/+ vgg]~:ﬂ[v]+5c([y+1]+ﬂ(y-1)+---+ﬂ[v+n]+ﬂ(v-n)+...
¥ v
e—in2qx

o first sub-leading corrections
@ pure sine kernel corrections ( McCoy, Tang )
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The main results

Asymptotics of the generalized sine kernel determinant e e 5 2T 725 70 Gl v i

Integrable integral operators

Algebra of operator | + V with "nice" kernel ( Its, Izergin, Korepin, Slavnov ).

Foask: VO (L) =y FOOF () o (1)6’2(’,’;)(;3)(“) e-() oKV

D F ()~ () ()
2ir (A —p)

f
The inverse | — R is in the algebra - R (A1) =y+/F()F (u)—=

Construction of f. boils down to a Riemann-Hilbert Problem :
x is an analytic 2 x 2 matrixon C\ [-q;q],

womr, an(tn e ) @l LG )1

—yFe2 1+4yF
1da
o, ndet|1+ VL) = [ SR

RHP data #— N
dxndet |1+ VO] = § - wfon (Dot ()]
N r

Asympototic analysis: Non-linear steepest descent ( Deift, Zhou )

find a set of transformations leading to a jump matrix lx + o (1) uniformly.
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The main results

Asymptotics of the generalized sine kernel determinant The asymptotic analysis|cf the determinant

Transformations of the Riemann-Hilbert problem

x.G) = (E7G§=M+ ) — (T,Gy =Mzorl)

o)
1oam(irY ew]
1+q
0 1

Asymptotic behavior of of oscillating cyclic integrals



The main results
Asymptotics of the generalized sine kernel determinant preEsyIRleticanal S Reitiegeerm nart

The Parametrix

New variables ¢ = x (1+ q)

@ P analytic outside of [ U UR | and P ({) = O( ] } )_{‘V(‘q) T3

® P(l)=(+o (1))ef‘73§§"sv(5/x), uniformly for{ € dD_q x5,

@ g NP )=r e
) Py (0) =P (0) 2™ Eostors e R,

P‘F(;)( B(v(l’/x)) ? ):P_(/l) for e

Constant Case

Solution by differential equation method ( Its ) for constant jump matrices v (1) = vo = Const .
dP

P xP 'hasnocuts P  behaviorat{ -0 P poleats =0

3> Fuchsian differential equation Solution P (vo; £)

General Case

Add the ¢ dependence on v by hand P (v (£/x);¢)
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The main resul
Asymptotics of the generalized sine kernel determinant preEsyIRleticanal S Reitiegeerm nart

Conclusion

Review of the results

New approach to Asymptotics of certain multiple integrals ;

Conjecture on structure of corrections in asymptotics of Fredholm determinants ;

Construction of a new type of parametrix .

Next possible targets

Prove the conjecture ;
Differential equations for GSK Fredholm determinant ;
Analyse other multiple integrals to other cases (Scalar products in SoV)

Asymptotic behavior of of oscillating cyclic integrals



	Multiple integrals
	Some examples
	The oscillating cyclic integrals

	Analysis of multiple integrals
	Generating functions of coupled cyclic integrals
	Cyclic oscillating integrals
	From de-coupled to coupled asymptotics

	Asymptotics of the generalized sine kernel determinant
	The main results
	The asymptotic analysis of the determinant


