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The (Super)conformal Bootstrap Program

What is the space of consistent (S)CFTs?

→ Maximally supersymmetric theories: well known list of
theories

↪→ Can we prove there are no exotic theories?

Can we bootstrap specific theories?

→ Particularly helpful if theory is uniquely fixed by a set of
discrete data

→ Only tool available for finite N non-Lagrangian theories,
such as the 6d (2, 0) theory

↪→ Can we solve the A1 theory?
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Conformal Bootstrap

Conformal field theory defined by

Set of local operators and their correlation functions

Operator Product Expansion

O1(x)O2(0) =
∑

k λO1O2Ok
c(x , ∂x)Ok(0)

→ Finite radius of convergence

→ n−point function by recursive use of the OPE until
〈1〉 = 1

CFT data
{O∆,`,...(x)} and {λOiOjOk

}

CFT data strongly constrained

I Unitarity

I Associativity of the operator product algebra
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Conformal Bootstrap

Crossing Symmetry

〈O1(x1)O2(x2)O3(x3)O4(x4)〉 =
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λO2O3Õ∆,`
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Conformal Bootstrap

→ Solve crossing equations for all four-point functions

[Rattazzi Rychkov Tonni Vichi]

I Solving ⇒ constraining
→ Guess for the spectrum

↪→ there’s a large gap in the spectrum

→ Can it ever define a consistent CFT?

Sum rule: identical scalars φ

→ Identity operator λOO1 = 1

1 =
∑
O∆`
6=1

O∈φφ

λ2
φφO

u∆φg∆,`(v , u)− v∆φg∆,`(u, v)

v∆φ − u∆φ︸ ︷︷ ︸
F∆,`
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3d Ising Model

[El-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, Vichi,
PRD 86 025022]

Not allowed

Maybe

→ Saturated by 3d Ising model

→ 3d Ising lives at “kink”
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6d (2, 0) theories

→ Largest dimension for superconformal theories

→ Maximally supersymmetric (16 Q’s and 16 S’s)

Free tensor multiplet

φI , ∆ = 2 , 5 of SO(5)R

λa,A , ∆ = 5/2 , 4 of SO(5)R

ω[ab] , ∆ = 3 , self-dual field strength of 2-form

Interacting Theory

→ No Lagrangian description

→ Isolated fixed points - no marginal deformations

→ Existence and properties from string and M-theory
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6d (2, 0) theories

Interacting Theory

→ ADE classification

AN−1 theory

N M5 branes

⇓
(2, 0) AN−1 theory + free tensor

→ Large N limit: SUGRA on AdS7 × S4

→ Many lower dimensional theories obtained from its
compactification
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6d (2, 0) theories

Bootstrap

→ Just another (very special) CFT!

Defined by a local operator algebra

→ Guaranteed conformal primary: Tµν

→ Superconformal descendant

Stress tensor multiplet

I Superconformal primary: ΦIJ

(= φ(IφJ) − 1

5
δIJφ2︸ ︷︷ ︸

free tensor

)

I dimension 4 scalar

I 14 of SO(5)R
I 1

2
BPS
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6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑

∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑

∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑

∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑
∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑
∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑
∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



6d (2, 0) theories

Crossing Equation

I Conformal blocks  superconformal blocks

I Identity  protected contributions

∑
∆>`+6,
`>0

λ2
∆,`

G∆,`(z , z̄)︸ ︷︷ ︸
superblock

−G∆,`(1− z , 1− z̄)

 = F short
c

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ In fixing F short
c excluded free theory

13 / 24



Outline

1 The (Super)conformal Bootstrap Program

2 6d (2, 0) bootstrap

3 6d (2, 0) bootstrap – Results
Bounding the central charge
Bounding Operator Dimensions

4 Outlook

14 / 24



Outline

1 The (Super)conformal Bootstrap Program

2 6d (2, 0) bootstrap

3 6d (2, 0) bootstrap – Results
Bounding the central charge
Bounding Operator Dimensions

4 Outlook

15 / 24



Bounding the Central charge

Minimum allowed c

→ cmin → 25: central charge of A1 theory (two M5 branes)

→ OPE coefficient of 1
4
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Bounding operator dimensions

→ Assume all shorts are there
→ Unitarity bound ∆0 > 6

First unprotected long scalar bound
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Outlook

Determination of A1 spectrum and OPE coefficients
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Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds

3 / 8



Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds

3 / 8



Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds

3 / 8



Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds

3 / 8



Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds

3 / 8



Conformal Bootstrap

Sum rule

→ Guess for the spectrum

→ Can it ever define a consistent CFT?

I Find Functional Ψ such that

↪→ ψ · 1 < 0 (1)
↪→ ψ · F∆,`(u, v) ≥ 0 for all {∆, `} in spectrum

→ Spectrum is inconsistent ⇒ rule out CFT

I Truncate

ψ =

m,n6Λ∑
m,n

amn∂
m
z ∂

n
z̄ |z=z̄= 1

2

→ Increase Λ ⇒ bounds get stronger

→ Always true bounds
3 / 8



Outline

Numerics
Crossing equation
Bounding OPE coefficients

4 / 8



6d (2, 0) theories

I SO(5)R structure

〈ΦI1J1(x1)ΦI2J2(x2)ΦI3J3(x3)ΦI4J4(x4)〉 =
1

x8
12x

8
34

∑
R∈14×14

AR(u, v)P I1...J4

I 6 channels in 14× 14 ⇒ 6 coupled crossing equations

AR(u, v) =
∑
∆,`

λ2
R ,∆,`y

superconformal descendants
fixed in terms of primary

g∆,`(u, v)

I Conformal blocks  superconformal blocks

I Identity  protected contributions
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6d (2, 0) theories

Superconformal Ward Identities [Dolan Gallot Sokatchev]

I All AR(u, v) fixed in terms of two functions:

a(u, v) and h(z)

Crossing Equation

I Can solve analytically for h(z) in terms of c∑

∆>`+6,
`>0

λ2
∆,` (zz̄a∆,`(z , z̄)− (z → (1− z), z̄ → (1− z̄))) = F short

c︸ ︷︷ ︸
ashort, h(z)

→ Sum runs over long multiplets ∆ > ` + 6, ` > 0

→ Short multiplet at the bound ∆ = ` + 6, ` > 0 not fixed

↪→ Lightcone limit ⇒ present for large `

→ Excluded free theory!
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Bounding OPE coefficients
The D[0, 4] OPE coefficient

→ Absent at cmin

→ Expected to be absent from 1
4

BPS partition function of
A1 [Batthacharyya Minwalla]
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