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In this chapter, we will present the theory for the photoelectron
emission from an X-ray interference field. The dipole approximation
holds astonishingly well, even for hard X-rays, as far as the magnitude
of the transition matrix element is concerned. However, the forward–
backward asymmetry caused already by higher order multipole terms
cannot be neglected when the photoelectron is emitted by the coherent
action of two X-ray waves travelling in different directions. We will
explicitly elaborate the underlying theory and how corresponding data
are analyzed. Furthermore, we will briefly describe the theory behind the
X-ray standing wave excited photoemission of valence band electrons.

11.1. Introduction

During the last decade it has become clear by theoretical considerations1,2

and experimental investigations3 that an accurate description of the
angular resolved hard X-ray photoelectron spectroscopy (HAXPES)4 has
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to go beyond the traditionally used dipole approximation and higher-
order multipole terms in the photoelectron emission (PE) process have to
be included. However, it was not immediately realized how important these
non-dipole contributions will be in the case of certain applications of the
X-ray standing wave (XSW) technique.5,6

If the dipole approximation is valid, the intensity of the PE from
an atom exposed to an X-ray interference field (XIF) will be exactly
proportional to the intensity of the standing wave at the position of
the atom.6,7 By normalization, the proportionality factor cross-section
cancels out. With the position of the standing wave field known, atomic
positions can be deduced from the characteristic yield, e.g., employing
the dynamical theory of X-ray diffraction for single crystals. However, this
simple relationship fails in certain cases. First, if angular resolved PE and
π-polarized radiation are considered,8,9 two E-field vectors are not collinear
and consequently the dipole emission lobes from the two X-ray waves do
not point in the same direction any longer. Second, and this is the topic
of this chapter, when non-dipole terms in the photoelectric process are
appreciable, the emission lobes are no longer symmetric around the E-field
vectors. Thus, higher-order terms have to be taken into account and the
formalism for the XSW analysis has to be revised.

In the last years, several publications addressed this questions from
a theoretical9–12 and experimental13–17 point of view. If non-dipole terms
are taken into account, the expression for the photoelectron yield describing
the emission from a particular atomic site has to be generalized and can
no longer be described by the well-known expression of the intensity of
the XSW.18 For certain cases it became also clear that these non-dipole
contributions are by no means negligible and must be taken into account
if the XSW analysis is not to be flawed. However, on the other hand, if
multipole contributions are significant (more than several percent) they
can directly be determined by the XSW technique and unique information
about the scattering process can be extracted.

The XSW method is particularly powerful for the analysis of the
structure of adsorbates on crystalline substrates,6 and photoelectron
spectroscopy is here an important tool. Thus, it is important to know how
non-dipole terms are to be taken into account in order to obtain the correct
positions of adsorbates. These questions will be addressed in the present
chapter and we will present an overview of theoretical considerations and
experimental studies of non-dipole contributions in the angular resolved PE
in the presence of an XSW.
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11.2. Photoelectron Scattering Process by a Single
Electromagnetic Wave

Within the frame of non-relativistic quantum mechanics for a one-electron,
one-photon linear process in first-order perturbation theory the interaction
Hamiltonian between the electron and the electromagnetic field, responsible
for the photo-absorption, can be written as,

Ĥint = −1
c

∫
ĵ(r)Â(r)dV. (11.1)

Here Â(r) is the vector potential of the electromagnetic field and ĵ(r) is the
current operator

ĵ(r) =
e0
2m

[p̂δ(r − re) + δ(r − re)p̂],

where e0, m and re are the charge, mass, and coordinate, respectively, of
an electron and p̂ = −i�∇ is the momentum operator.a

In the analysis we will use a one-electron central potential model for the
description of the photo-excitation process. In case of the photoionization
of a many-electron atom, we have to sum the expression for the current
operator ̂(r) over the coordinates of all electrons and to chose a many-
electron antisymmetric wave function for an atom. Though simplified, a
one-electron model gives qualitatively, and even quantitatively, a good
description of the process at high energies and, even more essential for the
further considerations, the general properties of the photoelectron angular
distribution in the central potential model are conserved in the many-
electron description.19 However, for open-shell atoms and photoelectron
energies near threshold, when the interaction between the photoelectron
and the residual ion is dependent on the ionic term level as well as on the
orbital and spin angular momentum coupling of the ion-electron system,
more sophisticated theories have to be applied.20

In case of the photoelectric process, a photon of energy Eγ = �ω is
absorbed by an atom and the energy Eγ is transferred to an electron, which
is excited from the ground state |i〉 to a final state |f〉. In the following, we
restrict ourselves to the case that this final state is unbound. In the non-
relativistic limit the differential cross-section for the absorption of a photon

aFor our future treatment it is more convenient to use the electric field vector E rather
then the vector potential A. In case of the Coulomb gauge of the electromagnetic field,
they are connected by the relation, E = − 1

c
∂A
∂t

.
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plane wave E = eE0 exp(ikr − iωt) by an atom and the concomitant
ejection of a bound electron into a continuum state is determined by the
matrix element Mfi of the process and can be written in the following
form,21

dσ(ϑp,φp)
dΩ ∝ |Mfi|2, (11.2)

Mfi = 〈f | exp(ik · r)(e · p̂)|i〉. (11.3)

Here ϑp and φp are the spherical angles of the direction of the escaping
photoelectron kp (see Fig. 11.1). The incident photon is described by the
wave vector k. We define here its magnitude different from the definition
in other chapters as |k| = 2π/λ (it simplifies the wave equations exp(ikr)
saving the factor 2π in the exponential). The polarization direction of the
electric field vector is described by the unit vector e. The total cross-section
is obtained from (11.2) and (11.3) by integrating over the whole spatial
angle Ω of the escaping photoelectron.

11.2.1. Non-dipole contributions

In the long wavelength limit λ� a (where a is the average size of the
electron-bound state orbital) it is clear that the retardation factor exp(ikr)
of the matrix element Mfi (11.3) can be expanded in a Taylor series

Fig. 11.1. Geometric relationships for the PE process from an atom for an electro-
magnetic wave with the wave vector k pointing in the x-direction and the polarization
vector e pointing in the z-direction. The direction of the escaping photoelectron with
the propagation vector kp is characterized by the spherical angles ϑp and φp.
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exp(ikr) = 1 + ikr − 1
2 (kr)2 − · · · which is equivalent to a multipole

expansion. The first term gives electric dipole (E1) and the second term
electric quadrupole (E2) and magnetic dipole (M1) transitions. We will
neglect magnetic transitions for the photo-emission process in the followingb

and take into account only electric (E1, E2, E3, etc.) transitions. Neglecting
also octupole (E3) and higher contributions, we get for the matrix element
in (11.3)

Mfi(s) = MD
fi +MQ

fi(s), (11.4)

where s = k/|k| is the unit vector in the direction of the photon
propagation. Only the second term corresponding to quadrupole transitions
depends on the propagation vector s but both terms are in general complex
numbers and can interfere with each other. Keeping just the main terms
we obtain for the photoelectron cross-section,

dσ(ϑp, φp)
dΩ

∝ ∣∣MD
fi

∣∣2 + 2 Re[(MD
fi)

∗MQ
fi(s)]. (11.5)

It was shown in (11.2) that for linearly polarized photons, this general
expression for the photoelectron angular distribution may be conveniently
parametrized in the following way:

dσ(ϑp, φp)
dΩ

= (σ/4π){1 + βP2(e · np) + [δ + γ(e · np)2](s · np)}, (11.6)

where P2(z) = 0.5(3x2 − 1) is the second-order Legendre polynomial, and
np = kp/|kp| is a unit vector along the direction of the ejected electron
characterized by the momentum kp with the magnitude kp = |kp|. In
Eq. (11.6), the parameter β is the dipole asymmetry parameter, and γ

and δ are two additional parameters that take into account non-dipole
contributions. The values of parameters β, γ and δ depend on the type of
atom, sub-shell and photoelectron energy. The term s·np, which is caused by
the quadrupole contribution, introduces a forward–backward asymmetry in
the PE process with respect to the photon direction s. Values of parameters
β, γ and δ are given for the photoelectron energies Eph from 100 to 5000 eV
in Ref. 22.

bFor a central-field model and a one-electron approximation, the magnetic transition
probability for the photo-effect is equal to zero due to the orthogonality of the initial
and final state radial wave functions. If core relaxations are taken into account, the
probability for magnetic transitions does not vanish but is much smaller than for electric
quadrupole contributions.1,2
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In the non-relativistic approximation and the photo-ejection from an
initial state with the orbital angular momentum l, the parameter β is given
by the formula,19,c

β =
l(l − 1)(ρDl−1)

2+ (l + 1)(l + 2)(ρDl+1)
2 − 6l(l + 1)ρDl+1ρDl−1 cos(δl+1 − δl−1)

(2l + 1)[l(ρDl−1)
2 + (l + 1)(ρDl+1)

2]
.

(11.7)

Here, the ρDl±1 and δl±1 denote the radial dipole matrix elements, and phase
shifts, respectively19 (see also further below). The value of β ranges from
β = 2 to β = −1.

We will first consider only dipole transitions and thus neglect γ and δ.
For the limiting case β = 2, Eq. (11.7) has then a cos2 ϑp (where ϑp is
the angle between the vectors e and np) distribution which is peaked at
the polarization vector of the radiation field; for the other limiting case
β = −1, the angular distribution has a sin2 ϑp distribution peaked in a
plane at right angles to the polarization vector of the radiation field; and
for the case β = 0, the angular distribution is isotropic.

In case of multipole contributions and s-initial states, expression (11.6)
for the angular distribution of the photoelectron yield is also simplified.
Since in this case relativistic effects can practically be neglected, and to a
very good approximation β = 2 and δ = 0, which gives for the cross-section

dσ(ϑp, φp)
dΩ

= (σ/4π)(e · np)2[3 + γ(s · np)]. (11.8)

Consequently, for s-initial states, non-dipole effects are practically
determined by one parameter γ only. For γ > 0 the photoelectron
distribution is shifted forward and for γ < 0 it is shifted backward with
respect to the X-ray direction.

Non-dipole contributions were experimentally tested in a number of
experiments with atomic (inert) gases3 and agreed well with theoretical
calculations. It was demonstrated3 that the ratio of the forward to backward
intensities could reach 1.6. That means that non-dipole effects in high-
energy angular resolved PE are important and cannot be neglected. In
the simplest case, knowledge of these parameters can be used to optimize

cThe expression for β (11.7) is obtained for a one-electron central potential model. A more
general treatment19 proves that for the photo-excitation process in an atom with many
electrons described by LS coupling the angular distribution is equivalent to that of an
one-electron atom.
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the signal for an experiment, or to evaluate cross-sections accurately.23

However, as we will show in the following, not taking these parameters
properly into account can lead to a seriously erroneous analysis of XSW
data. In principle, terms higher than quadrupole can also be taken
into account.24 However, their contribution to the photoelectron yield is
expected to be small, usually less then one percent.25

11.3. Generalized Expression for the Photoelectron Yield
from Atoms within the XSW

The total electric field in the region of two coherently related electro-
magnetic plane waves can be expressed (for each polarization state) as

E(r) = (e0E0e
ik0·r + ehEhe

ikh·r)e−iωt, (11.9)

where E0 and Eh are the complex amplitudes of the electric field, with the
polarization unit-vectors e0 and eh.The two propagation vectors k0 and kh

are satisfying the condition |kh| = |k0| and are connected by the vector h
via kh = k0 + h (h = 2πH with H used in other chapters).

The wave field intensity at any point r for the different polarization
states is determined by,

ISW (r) = |E0|2
[
1 +

∣∣∣∣EhE0

∣∣∣∣2 + 2C
∣∣∣∣EhE0

∣∣∣∣ cos(v + h · r)

]
, (11.10)

where v is the phase of the complex amplitude ratio Eh/E0 = |Eh/E0| ×
exp(iv) of the X-ray field and C is the polarization coefficient which is equal
to one for σ-polarization and cos 2θ for π-polarization and 2θ is the angle
enclosed by the two wave vectors k0 and kh (see Fig. 11.2).

In case the dipole approximation is valid, the emission signal, Y hAj , from
any atom of type A within the range of the XSW is proportional to the
intensity of the standing wave field at the atom position (11.10) multiplied
by the subshell cross-section of the corresponding atom. The superscript
h indicates the used diffraction vector h and subscript j indicates an
individual atom of type A. The resulting yield Y hT of a large number of
atoms is simply the sum of the contributions of the individual atoms, i.e.,
after normalization

Y hAT = (1/N)
N∑
j=1

Y hAj = 1 +R+ 2C
√
RFh cos(v − 2πP h). (11.11)
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Fig. 11.2. Geometric relationships for the PE process caused by two coherent electro-
magnetic waves E0 and Eh characterized by the wave vectors k0 and kh, respectively.
The polarization directions are indicated by the vectors e0σ, e0π, and ehσ , ehπ. The
angle 2θ is the angle between the wave vectors k0 and kh. The direction of the escaping
photoelectron is determined by the vector kp. The relationship of the vectors ko,kh,
and h is indicated.

In Eq. (11.11), R = |EH |2/|E0|2. The amplitude Fh and the phase
factor P h of the cosine function, the coherent fractiond and coherent
position, respectively, represent the amplitude and phase of the Fourier
coefficients of the distribution function of atoms A. They are determined
by a fit to the experimentally recorded yield Y hAT .e This approach works well
for the fluorescence yield and the integral photoelectron yield when non-
dipole contributions do not exceed a few percent. However, the functional
form is not valid any longer when X-ray excited photoelectrons are recorded
angularly resolved. Because of higher-order multipole contributions, the
emission will be no longer symmetric with respect to the polarization vector,
but enhanced in k or −k direction. Consequently, the photoelectron signal
emitted by two X-ray waves in a specific direction is not the same for both

dThe coherent fraction is usually written as the product Fh = AG(1 − U)Dd
hD

s
h, where

AG is the “geometrical structure factor,” U is the uncoherent (randomly distributed
fraction), Dd

h is the dynamic (i.e., temperature) Debye–Waller factor, and Ds
h is a static

Debye–Waller factor.6
eFor atoms within the bulk of the crystal the functional form of Eq. (11.11) has to be
modified because of the extinction of the wave field with increasing depth in the crystal
(see Ref. 7 and Chapter 1.10).
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waves, even if their polarization vectors are collinear and they have the
same strength.

Next, we assume that an atom is present within the range of the XIF
and we consider the photoelectric process excited by the XIF. In this case,
the coordinate r of an electron involved in the photoelectron process can be
described as r = ra + rae , where ra is the position of the center of the atom
(in the unit cell, or on the surface) and rae is the coordinate of this electron
with respect to the center of the atom. In case of the superposition of two
coherent waves, to obtain the resulting cross section for the photoelectron
process, we have to substitute Eq. (11.9) into Eqs. (11.2) and (11.3). The
matrix element of the whole process is the sum of the complex matrix
elements corresponding to each wave E0 and Eh,

Mfi = E0〈f |eik0·ra
e (e0 · p̂)|i〉 + Eh〈f |eikh·ra

e (eh · p̂)|i〉, (11.12)

or

Mfi = E0 exp(ik0 · ra)
[
Mfi(s0) +

(
Eh
E0

)
eih·raMfi(sh)

]
, (11.13)

where s0 = k0/|k0|, sh = kh/|kh|, and

Mfi(s0) = 〈f | exp(ik0rae)(e0p̂)|i〉,
(11.14)

Mfi(sh) = 〈f | exp(ikhrae)(ehp̂)|i〉
are the corresponding matrix elements.

The cross-section of the process and hence the intensity of the photo-
electron yield Y (Ω) is proportional to the square modulus of the matrix
element given by Eq. (11.13) For each (linear) polarization state we can
write,

Y (Ω) ∝ dσ/dΩ ∝ |Mfi|2,
where

|Mfi|2 = |E0|2{S00 + ShhR+ 2
√
R Re[S0he

i(v+hra)]}. (11.15)

Here

S00 = |Mfi(s0)|2, Shh = |Mfi(sh)|2, S0h = Mfi(s0)∗Mfi(sh). (11.16)

The parameters Sαβ (11.16) are, in fact, proportional to the cross-
sections of the photoelectron process for the direct, scattered, and
interfering beams. By definition, S00 and Shh are real numbers and their
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values can be calculated as given by Eq. (11.8) with the proper polarization
and propagation vectors of the incident and diffracted X-ray waves.
However, S0h in general may be complex and can give rise to an additional
phase shift ψ = arg[S0h/S00] for the interference term in (11.15).

Equation (11.15) represents a general form for the photoelectron yield
function for an atom in an XSW field, which is also valid when non-dipole
contributions to the photo-effect are significant. In the case that we are
recording the yield from a distribution of atoms on the surface of a crystal
we obtain after normalization the generalized yield function

Y hT (Ω) = 1 + SRR+ 2|SI |
√
RFh cos(v − 2πP h + ψ), (11.17)

where we have introduced new parameters

SR =
Shh

S00
, SI = |SI |eiψ =

S0h

S00
. (11.18)

The results of an XSW experiment, in which the yield of high-energy
photoelectrons is measured, in general, has to be fitted to Eq. (11.17)
rather than to Eq. (11.11). Thus, in order to determine accurately the
structural parameters coherent fraction and coherent position, knowledge
of the parameters SR, |SI |, and ψ is needed. Below we will concentrate on
how this can be done for some specific cases and geometries.

In the case of non-dipole contributions performing the multipole
expansion for both matrix elements in (11.15), similar to the case of a
single electromagnetic wave (11.4), we get

Mfi(s0) �MD
f i +MQ

fi(s0), Mfi(sh) �MD
fi +MQ

fi(sh). (11.19)

Only the second term corresponding to quadrupole transitions depends on
the propagation vectors s0, sh but both terms are, in general, complex
numbers and can interfere with each other. Equation (11.15) takes into
account the interference of the multipole matrix elements MD

fi and MQ
fi

(11.19) in addition to the interference of the two coherent X-ray waves E0

and Eh.

11.4. Matrix Elements for Multipole Terms:
General Expression

From our previous analysis, it is clear that the problem of calculating the
effect of multipole contributions to the photoelectron yield is reduced to
calculating the matrix elements Mfi(s0) and Mfi(sh) for the two coherent
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waves. For excitation by two coherent waves we are dealing with five
different vectors (k0,kh, e0, eh,np) involved in the process that have to
be taken into account simultaneously (see Fig. 11.2) for the following
calculation of the matrix elements. For the general formalism of multipole
expansion used here, it is not necessary to adopt a specific reference system.

Decomposing the plane electromagnetic wave into multipole fields (see
for details in Ref. 26) one obtains (in the non-relativistic limit) for the
matrix element of the absorption of a photon with the polarization es the
following expression,f

Mfi(s) =
∑
LM

BLQLM (esY
(e)∗
LM (s)), (11.20)

where BL = −4πiL
√

(2L+ 1)(L+ 1)/LkL/(2L + 1)!! and Y(e)
LM (s) are

vector spherical harmonics for an EL transition. The quantity

QLM =
e0√

2L+ 1
〈f |rLYLM (n)|i〉 (11.21)

gives us the electric multipole moment of the transition. Here r = |r| and
the unit vector n = r/r define the position of the electron within the atom.

Each term in (11.20) represents the absorption of a photon in an
electric state with a definite value of the angular momentum L, magnetic
moment M , and parity P = (−1)L and thus gives rise to a 2L-pole electric
(EL) transition: L = 1 correspond to dipole (E1) transition, L = 2 to
quadrupole (E2), L = 3 to octupole (E3) and etc.

The initial (bound) state of the particular electron of an atom may be
represented by

|i〉 = Rnl (r)|lm〉 = Rnl (r)Ylm(n), (11.22)

where Rnl(r) is the radial part of the wave function, which can be obtained,
in the non-relativistic limit from the Schrödinger equation. In the final
(continuum) state, the ejected electron can be described by a plane wave
plus an incoming spherical wave27 by the following expression

|f〉 =
∑
lm

almRkpl(r)|lm〉 =
∑
lm

almRkpl(r)Ylm (n), (11.23)

where alm = alY
∗
lm(np) = (2π/kp)(i)l exp(−iδl)Y ∗

lm(np). In Eq. (11.23)
Rkpl(r) is the radial wave function for the continuous spectrum, normalized

fFor convenience26 we are using � = c = 1.
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by the condition
∫ ∞
0 Rk′pl(r)Rkpl(r)r

2dr = 2πδ(k′p − kp) and having the
asymptotic form27 for r → ∞

Rkpl(r) ∼
2
r

sin
(
kpr − πl

2
+ δl

)
. (11.24)

Each of the outgoing partial waves of the electron characterized by the
angular momentum quantum number l experiences a phase shift δl, which is
directly related to the form of the scattering potential of the bound electron.
It is an important parameter in the theoretical description of the scattering
process (see, for e.g., Ref. 27). According to (11.24) the asymptotic (for r →
∞) behavior of the lth partial wave of the emitted electron is determined
by δl. Corresponding theoretical values of the phase shifts δl are available
from the NIST data base.28

Using Eqs. (11.22)–(11.24) we obtain for the electric multipole moment
of the transition (11.21),

QLM =
e0√

2L+ 1

∑
l′m′

a∗l′m′ρLl′ 〈l′m′|YLM (n)|lm〉, (11.25)

where

ρLl′ =
∫ ∞

0

Rkpl′(r)r
LRnl(r)r2dr (11.26)

is the radial integral for the 2L-pole electric transition and the matrix
elements 〈l′m′|YLM (n)|lm〉 determine the transition rules for the 2L-pole
transitions.

The matrix elements Mfi needed for the parameters Sαβ in Eq. (11.16)
are now defined by Eqs. (11.20) and (11.21) and (11.25) and (11.26) to
any multipole order. However, the product of the matrix elements (11.20)
contains not only “pure” terms that correspond to dipole–dipole (E1–E1),
quadrupole–quadrupole (E2–E2), etc. transitions, but also cross terms,
especially dipole–quadrupole (E1–E2) transitions. For the case of the
angular-resolved photoelectric process, these are mainly responsible for non-
vanishing multipole contributions to the differential cross-section.1,2

11.5. Integral Photoelectron Emission
from an Interference Field

The total yield of the photoelectrons, Auger electrons, or fluorescence
photons emitted from an atom in an XIF is determined by Eqs. (11.15) and
(11.17) integrated over all the directions of the escaping photoelectron np.
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The integration essentially simplifies the solution. Integrating the product of
the matrix elements (11.20) Mfi(sα)∗Mfi(sβ) over the whole spatial angle
Ω and averaging the result over all the initial magnetic states m yields the
following expression9∫

〈Mfi(sα)∗Mfi(sβ)〉dΩ ∝
∑
L

σLpL(α, β), (11.27)

where indices α, β = 0, h. In Eq. (11.27), the coefficients σL are the
total cross-sections of the photoelectron excitation from the subshell n, l
corresponding to different multipole transition terms

σL =
AL

2l+ 1

∑
l′

|al′ |2(ρLl′ )2(l′||YL||l)2. (11.28)

The coefficients pL(α, β) in (11.27) determine the angular dependence on
the polarization vectors eαs, eβs

pL(α, β) =
8π

2L+ 1

∑
M

(eαsY
(e)
L′M ′(sα))(eβsY

(e)∗
LM (sβ)), (11.29)

where index s = σ, π denotes σ, or π-polarization (see Fig. 11.2). In (11.28),
(l′||YL||l) are the reduced matrix elements.29,30

Taking for example only dipole transitions into account, only one term
with L = 1 remains in the sum (11.27). Due to the dipole transition rules
l′ = l ± 1 one obtains from (11.28) the well-known expression20 for the
dipole cross-section,

σD =
A1

2l+ 1
[(l(ρDl−1)

2 + (l + 1)(ρDl+1)
2], (11.30)

where ρDl±1 =
∫ ∞
0 Rkl±1(r)rRnl(r)r2dr is the dipole integral (ρDl ≡ ρ1

l )
(11.26). In the same way we obtain from (11.28) the total cross-sections for
quadrupole, octupole, etc. transitions.

As (11.27) shows, after integration over all angles of the escaping
photoelectron and averaging over the initial states only “pure” transitions
(dipole, quadrupole, etc.) are contributing to the integral PE yield and
there are no mixed terms.

Directly from the relations (11.27)–(11.29) one obtain for the
parameters Sαβ ,

Sαβ =
∑
L

σLpL(α, β), (11.31)
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or more explicitly

S00 = Shh = σD + σQ + σO + · · · ,
(11.32)

S0h = CDσD + CQσQ + COσO + · · · .

Here CD, CQ and CO are polarization coefficients corresponding to each
multipole term. They can be calculated from (11.29) and are equal to9

CD = p1(0, h) = e0sehs,

CQ = p2(0, h) = (e0sehs)(s0sh) + (e0ssh)(ehss0), (11.33)

CO = p3(0, h) = 1/4{5[(e0sehs)(s0sh)2

+ 2(e0ssh)(ehss0)(s0sh)] − (e0sehs)}.

From expression (11.33) for each (σ- and π-) polarization, explicit angular
dependence from the scattering angle θ are obtained, i.e.,

CD =

{
1, σ-polarization;

cos 2θ, π-polarization.

CQ =

{
cos 2θ, σ-polarization;

cos 4θ, π-polarization.
(11.34)

CO =

{
1/8[5 cos4θ + 3], σ-polarization;

1/16[15 cos6θ + cos 2θ], π-polarization.

For the normalized integral intensity of the photoelectron yield from
an atom within the XIF according to Eq. (11.17) one, finally, obtains (in
this case SR = 1),

Y hA = 1 +R+ 2C̃
√
R cos(v + h · ra), ψ ≡ 0, (11.35)

where

C̃ ≡ |SI | =
CDσD + CQσQ + COσO + · · ·

σD + σQ + σO + · · · . (11.36)

For most applications the contribution from the octupole term can be
neglected (see for e.g., calculations in Refs. 31 and 32). In this case we
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obtain for the coefficient C̃ ,

C̃ = CD(1 −Q), (11.37)

where the quadrupole contribution is given by

Q = (σQ/σ)[1 − CQ/CD], (11.38)

and σ = σD +σQ is the total cross-section. For the two polarization states,
Eqs. (11.34) yield,

Q =

{
2(σQ/σ) sin2 θ, σ-polarization;

(σQ/σ) [cos 2θ − cos 4θ] cos 2θ, π-polarization.
(11.39)

So far, there are already two important conclusions. First, in the case
of the integral photoelectron yield, according to (11.33), the parameters
Sαβ are real numbers. Since S00 = Shh, additional multipole terms change
only the amplitude of the third, the interference term in Eq. (11.35) and
multipole contribution can be expressed by one parameter C̃. Second, only
in the dipole approximation when (σQ = σO = · · · = 0) the photoelectron
yield intensity Y hA (11.35) features exactly the X-ray wave field intensity
(XSW) (11.10) at the particular chosen location in space. Every multipole
term in Eq. (11.36) exhibits in fact its own dependence on the scattering
angle θ (compare with Ref. 31). This angular dependence allows in principle
to determine the multipole terms directly from an XSW experiment.

Interesting results are obtained when analyzing the contribution of the
quadrupole term for different scattering angles. For example, an X-ray wave
diffracted with a Bragg angle of θ = 45◦ is usually regarded as “purely”
σ-polarized. However, if quadrupole contributions are taken into account, a
“weak” diffracted beam is observed for π-polarization as well. In this case we
can obtain from Eq. (11.39): C̃ = −(σQ/σ). Thus, in the case of diffraction
for θ = 45◦ the interference term in Eq. (11.35) is directly proportional
to the value (σQ/σ). However, since the reflectivity is (extremely) small in
this case, this effect will be difficult to observe.

In the case of the back reflection, i.e., for a Bragg angle of θ = 90◦ we
get from (11.39): C̃ = 1−2(σQ/σ) and thus the influence of the quadrupole
term is at maximum.

In summary, quadrupole terms in the integral cross-section influence
the amplitude of the cosine function in Eq. (11.35). Thus, the integral
photoelectron, Auger electrons, or fluorescence yield depends (due to the
different angular dependence of the multipole term) on the value of the
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quadrupole contribution (σQ/σ) when scanning through the Bragg
condition. Equations (11.35) and (11.36) show that the larger the
quadrupole contribution the smaller is the coefficient C̃ and hence the
smaller is the apparent value of the coherent fraction extracted from an
XSW experiment. Typical examples for the dependence of the parameter
C̃ on scattering angle and energy for σ-polarized radiation are presented
in Fig. 11.3. It shows that the quadrupole contribution is enhanced for the
standing wave formation when 2θ ≈ π, or if the excitation energy Eγ is near
to an absorption edge.

11.6. Angular-Resolved Photoelectron Emission
in the Dipole Approximation

In the following, expressions for the angular-resolved photoelectron yield
in the presence of XIF will be deduced, starting from the dipole approxi-
mation. In this case, the general expression (11.20) for the matrix element
M s
fi contains only one term with L = 1.

The intensity of the photoelectron yield excited by the XIF is
determined by Eqs. (11.15), (11.17), and parameters Sαβ defined in (11.16).
Evaluating the matrix elements Mfi(s) (11.20) in the dipole approximation
one obtains for the parameters Sαβ ,9

S00 = (σD/4π)[1 + βP2(e0snp)],

Shh = (σD/4π)[1 + βP2(ehsnp)], (11.40)

S0h = (σD/4π)[(1 − β/2)(e0sehs) + 3/2β(e0snp)(ehsnp)].

Here σD is the dipole cross-section (11.30) and β is the dipole asymmetry
parameter (see Eq. (11.7)).

The expressions for the parameter S00 and Shh correspond to equation
(11.6) for the subshell n, l, for the proper polarization vectors e0s and ehs,
respectively, and neglecting terms beyond dipole, i.e., for the case that
σ = σD and γ = δ = 0.

The obtained result (see Eqs. (11.15) and (11.40)) allow to calculate
the angular distribution of the photoelectrons for any initial state of the
electron and different polarization states of the interfering X-ray beams.
If the parameter β is known (e.g., from Eq. (11.7)), then the angular
distribution of the photoelectrons can be deduced from Eqs. (11.15) and
(11.40). On the other hand, if β is unknown, then it could be determined
from a fit to the experimental data using Eqs. (11.15) and (11.40). From
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Fig. 11.3. Quadrupole contribution in case of the integral photoelectron yield. For the
σ-scattering geometry, C̃ = 1 − Q, where Q = 2(σQ/σ) sin2 θ as given by Eq. (11.39).
(a) C̃ as a function of the scattering angle θ for Si and the photon energy Eγ = 22 keV
(σQ/σ = 0.059). (b) C̃ as a function of the photon energy Eγ for a Si (444) reflection.
Arrows α, β and γ correspond to the Bragg angles θB = 81.4◦, 31.8◦, 18.4◦. (c) C̃ as a
function of the photon energy Eγ near the absorption edge of Ge. The quadrupole cross-
sections as a function of energy are taken from Ref. 32. The dashed line corresponds to
pure dipole case C̃ = 1. From Ref. 9

.
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Eq. (11.40), we obtain for the parameters SR and SI for the normalized
photoelectron yield in Eq. (11.17),

SR =
1 + βch
1 + βc0

, |SI | =
(1 − β/2)(e0sehs) + βc0h

1 + βc0
, ψ ≡ 0. (11.41)

The parameters c0=P2(e0snp), ch=P2(ehsnp), and c0h=3/2(e0snp)(ehsnp)
are determined by the geometry of the experiment, in particular, the position
of the photoelectron detector.

Naturally, in the dipole approximation, the photoelectron yield
does not depend explicitly on the direction of the propagation vectors
s0, sh. Moreover, comparing Eqs. (11.15) and (11.40) with the integral
photoelectron yield case Eqs. (11.35) and (11.36), we can see that the
parameters Sαβ are again real numbers but contrary to the previous case,
generally S00 
= Shh 
= S0h. As a consequence of this new behavior, for
different directions of the photoelectron detector one of the terms in (11.15)
can be enhanced or suppressed and in this way the angular dependence of
the photoelectron yield can be effectively changed while scanning through
the interference region of the two beams. For the two different polarizations,
σ and π, the influence on the XSW yield curves is drastically different.

In the σ-polarization scattering geometry the polarization vectors e0

and eh are collinear (see Fig. 11.2). In this case we obtain for the parameters
Sαβ (11.40),

S00 = Shh = S0h = (σD/4π)[1 + βP2(eσnp)]. (11.42)

Comparing now this result with the expression (11.10) for the intensity
of the standing wave field, we see that in the case of σ-polarization, the
photoelectron yield Y (Ω) has the same functional form as the electric field
intensity ISW . For example, in the case of an initial s-state (parameter
β = 2) we get from (11.17) and (11.42) for the photoelectron yield

Yp(Ω) ∝ cos2 ϑp[1 +R+ 2
√
RFh cos(v − 2πP h)]. (11.43)

For π-polarization, the incident and diffracted electric field vectors lie in
the scattering plane and the polarization vectors e0 and eh are misaligned
by twice the magnitude of the Bragg-angle 2θ (see Fig. 11.2). Unlike the
situation for σ-polarization, the angular momenta of the initial |i〉 and final
|f〉 state electron wave functions now influence the behavior of dσ/dΩ as
the interference condition is fulfilled.

If the initial state has s angular momentum symmetry, the final state
has p symmetry. In this case the parameter β (11.7) is (to a very good
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approximation22) equal to β = 2, and we obtain for the parameters Sαβ
(11.40) in (11.15),

S00 = 3(σD/4π)(e0πnp)2 = 3(σD/4π) cos2 ϑp0,

Shh = 3(σD/4π)(ehπnp)2 = 3(σD/4π) cos2 ϑph , (11.44)

S0h = 3(σD/4π)(e0πnp)(ehπnp) = 3(σD/4π) cosϑp0 cosϑph ,

where ϑp0 and ϑph are the polar angles of the emitted electron relative to
e0π and ehπ, respectively (the z-axis is directed along the vector np).

The photoelectron yield Yp(Ω) (cf. Eq. (11.15)) is now expressed as

Yp(Ω) ∝ cos2 ϑ0 + cos2 ϑhR+ 2 cosϑ0 cosϑh
√
RFh cos(v − 2πP h).

(11.45)

If the detector is at a position satisfying the condition: ϑp0 ≈ 90◦ (in
this case S00 � 0) or ϑph ≈ 90◦ (Shh � 0), the influence of either the
direct or the scattered beam can effectively be suppressed, as is obvious
from Eq. (11.45). This will drastically change the photoelectron yield curve.
Experimental results8 of the LI photoelectron yield from iodine adsorbed
on a Ge(111) single crystal as a function of glancing angle in the vicinity
of the (111) germanium reflection are reproduced in Fig. 11.4. Shown are
the results for two different emission angles of the photoelectrons. The solid
lines are fits to the data according to Eq. (11.45).

When the initial electron state has p angular momentum symmetry
(l = 1), dipole selection rules allow transitions to continuum states with
pure s and pure d character, as well as states with mixed s−d character. The
latter arise from interference of the outgoing s and d photoelectron waves.33

In this case one obtains for the “asymmetry parameter” β from (11.7),

β =
2ρ[ρ− 2 cos(δd − δs)]

1 + 2ρ2
, (11.46)

where ρ = ρDd /ρ
D
s . Thus, in this case two competing outgoing channels

are always present, and consequently the photoelectron yield (11.15) (with
parameters Sαβ determined in (11.40) and β from Eq. (11.46)) will depend
on the interference between the s and d partial waves. This, in turn, is
most sensitive to the phase shift difference δd−δs, although it also depends
on the relative magnitudes of the dipole integrals ρDs and ρDd . The angular
dependence of the photoelectron yield in the particular case of “pure” p→ s

or p→ d transitions was considered in detail earlier.9
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(a)

(b)

(c)

Fig. 11.4. The iodine LI photoelectron (kinetic energy 1560 eV) yield as a function of
glancing angle around the maximum reflectivity of the Ge(111) Bragg reflection for a π-
scattering geometry, recorded with different adjustments of the CMA angular aperture:
for curve (a), the aperture selects photoelectrons emitted almost in the direction of the
polarization vector of the incident beam; for curve (b), the aperture is adjusted to select
photoelectrons emitted almost in the direction of the polarization vector of the reflected
beam; for curve (c), the aperture was removed, and a wider range of emission angles was
selected. The lowest curve is the Ge(111) reflectivity. The theoretical yields shown as
solid curves assume an s → p dipole transition (cf. Eq. (11.45)); the dashed curves follow
the electric field intensity (Eq. (11.10)), i.e., their functional form is given by Eq. (11.17)
with SR = |SI | = 1 and ψ = 0. From Ref. 8.

This analysis shows that the shape of the angular-resolved
photoelectron yield curves expected from an XSW experiment in the dipole
approximation is, in fact, determined by the value of the “asymmetry”
parameter β. This value can be different for different subshells and for a
given subshell it varies with the photon energy.

11.7. Angular-Resolved Photoelectron Emission in the
Dipole–Quadrupole Approximation

As next, the angular distribution of the photoelectron yield from an atom in
the XIF is considered, when in addition to the dipole term the quadrupole
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term has to be taken into account. It is assumed in the following that the
initial state of the electron in the atom is an s-state, before considering the
practically important case of an initial p-state of the photoelectron.

11.7.1. s-initial state

The photoelectron yield Y (Ω) (11.15) from an atom in the XSW field is
determined by the matrix element defined by Eq. (11.20). Considering
dipole (s → p) and quadrupole (s → d) transitions, after straightforward
calculations9 we obtain for the parameters Sαβ in Eq. (11.16)

S00 = 3(σD/4π)(e0np)2[1 + γ′(s0np)],

Shh = 3(σD/4π)(ehnp)2[1 + γ′(shnp)], (11.47)

S0h = 3(σD/4π)(e0np)(ehnp)
{

1 +
1
2
[γ̃∗(s0np) + γ̃(shnp)]

}
.

The complex parameter γ̃ is defined as

γ̃ = γ′ + iγ′′ = γ0e
i∆, γ0 = k

ρQd
ρDp

, ∆ = δd − δp. (11.48)

It is determined by the values of the dipole ρDp =
∫ ∞
0
Rkpl′=1(r)r3×

Rnl=0(r)dr and quadrupole ρQd =
∫ ∞
0
Rkpl′=2(r)r4Rnl=0(r)dr integrals

(11.26) and the partial phase shifts δp, δd of the final electron p- and d-state
(see Eq. (11.24)). In the case of a single propagating wave, the obtained
results are reduced to the ones described by Eq. (11.8) with the parameter
γ defined as γ = 3γ′. Furthermore, for a pure dipole transition γ̃ = 0.

In case of quadrupole contributions to the photoelectron yield excited
by an interference field, generally S00 
= Shh 
= S0h. The parameter S0h is
now a complex number with amplitude and phase depending on the photon
energy and the scattering geometry. The phase ψ in the expression for the
photoelectron yield (11.17) appears only for the angular-resolved PE when
the quadrupole term in the multipole expansion is taken into account and
it vanishes in the integral PE case (see Sec. 4).

For σ-polarization and the particular geometry of the experiment shown
in Fig. 11.2, the expressions (11.47) are further simplified. Assuming that
the photoelectron detector is located in the (z, y) plane we obtain,9

SR = S00/Shh =
1 + γ′(s0np)
1 + γ′(shnp)

=
1 + Cpγ

′

1 − Cpγ′
, SI =

1 + iCpγ
′′

(1 − Cpγ′)
. (11.49)
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Here, for the scattering geometry of Fig. 11.2, the parameter Cp has the
value Cp = cos θp sin θ, where θp is the angle between the z-axis and the
propagation vector of the photoelectron (we assume that θp < π/2). In case
of a small multipole contribution (γ̃ � 1) we obtain for the parameters in
Eq. (11.49) SR � 1 + 2Cpγ′, |SI | � 1 + Cpγ

′, tanψ � Cpγ
′′.

In the normal incidence geometry, which is used in many XSW
experiments, non-dipole contributions are maximized in the photoelectron
yield and cannot be neglected. In this case s0np = −shnp and for the
parameter Cp in Eq. (11.49), one obtains Cp = cos θp, where θp is an angle
between the direction of the escaping photoelectron np and the wave vector
kh. For the normalized photoelectron yield Y hT (Ω) the general expression
(11.17) will be valid with parameters

SR =
1 +Q′

1 −Q′ , SI =
1 + iQ′′

1 −Q′ , (11.50)

where Q′ = γ′ cos θp and Q′′ = γ′′ cos θp. The angular distribution of the
photoelectron yield Y (Ω) calculated according to Eq. (11.17) with and
without quadrupole contribution and for different positions of the XSW
field is presented in Fig. 11.5.

Directly from (11.50) (this is valid also for the conventional Bragg
scattering geometry described by Eq. (11.49)), it can be shown that the
three non-dipole parameters are not independent. The following relation
is valid

|SI | = 0.5(SR + 1)
√

1 + tan2 ψ, (11.51)

and two non-dipole parameters only allow to retrieve the structural XSW
parameters Fh and P h (cf. Eq. (11.17)).

We will consider now the system composed of an ensemble of atoms
absorbed on a crystal surface. The non-dipole parameter SR can be
determined by preparing and measuring an incoherent film, i.e., when
Fh = 0. In case of an ordered coherent film or a monolayer, when one
wants to determine the coherent fraction Fh and the coherent position P h

(cf. Eq. (11.17)) the parameter |SI | and the phase ψ are still unknown.
However, taking into account Eq. (11.51), it is sufficient to know either |SI |
or ψ. In the case of an initial s-state we can utilize the relationship between
the phase ψ and the partial phase shift ∆ = δd − δp of the electron final p-
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Fig. 11.5. The angular distribution of photoelectrons excited by the XSW field in
the backscattering geometry without (solid line) and with (dashed line) quadrupole
contribution, according to Eq. (11.17) for different values of the intensity ratio (or
reflectivity) R = |EH |2/|E0|2 and phase Φ = v − hRA. From top to bottom: R = 0.95,
Φ = −3π/4, R = 0.9, Φ = −π/2, R = 0.85, Φ = −π/4, R = 0.8, Φ = 0. The beam is
polarized in the y-direction and incident on the crystal (shaded region, with the surface
at z = 0) in −z direction. From Ref. 9.
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and d-states. From (11.48) and (11.50) we obtain

tanψ =
SR − 1
SR + 1

tan ∆, (11.52)

and applying Eq. (11.51), |SI | can be determined.
Values of the scattering phase shifts δp and δd can be obtained from

relativistic ab initio calculations (see e.g., Ref. 28). These values are needed
and used, e.g., in bulk and surface-sensitive structural X-ray methods, which
employ electron scattering such as extended X-ray absorption fine structure
(EXAFS) and X-ray absorption near edge structure (XANES).34

In Figs. 11.6, 11.7 and 11.8, the calculated values of parameters SR, |SI |
and tanψ as a function of the photoelectron energy from 100 to 5000 eV
are presented. Different light atoms from carbon to neon are considered.
The values of non-dipole parameter SR were calculated using Eq. (11.50)
for 1s-state of these light atoms. The tabulated values22 of the parameter
γ were used in these calculations. The XSW phase tanψ was calculated by
expression (11.52) in which the phase shift difference ∆ = δd − δp for each
atom and energy was obtained from Ref. 28. The values of parameter |SI |
were determined from Eq. (11.51). In all calculations, the photoelectron
escape angle was fixed to the value ϑp = 45◦. We can see from Fig. 11.8
that the XSW phase ψ contribution can reach the value up to 0.1 rad for
light atoms and energies up to 5 keV. For many XSW measurements, the
error in determining the phase 2πP h+ψ is frequently larger than 0.1 rad. In
this case, the contribution of the phase ψ to the XSW photoelectron yield
as expressed in Eqs. (11.17) and Eq. (11.51) can frequently be neglected.
With this approximation we obtain

|SI | ≈ 0.5(SR + 1). (11.53)

For the typical values of SR ≈ 1.75 we get for |SI | ≈ 1.38, which underlines
the importance of these parameters and the necessity of using for the
XSW analysis an expression in the form of Eq. (11.17). This approach
to determine ∆ and consequently the XSW phase ψ was used in Refs. 16
and 35.

It follows from our analysis that non-dipole contributions change the
form of the total photoelectron yield curve described by Eq. (11.17).
Consequently, if both parameters γ′ and γ′′ are determined from the
experiment, then the values of the dipole and quadrupole integrals and
the values of the partial phase shifts δp and δd for the p- and d-asymptotic
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Fig. 11.6. Non-dipole parameter SR calculated by Eq. (11.50) with parameter γ
obtained from the tables.22 Photoelectron energy range from 2 to 3 keV is shown in
the inset.
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Fig. 11.7. Non-dipole parameter |SI | calculated according to Eq. (11.51). Photoelectron
energy range from 2 to 3 keV is shown in the inset.
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Fig. 11.8. The phase contribution tan(ψ) calculated by Eq. (11.52). The phase shifts
difference ∆ = δd − δp for each atom and energy was obtained by Ref. 28.

wave can be directly extracted. Indeed, inverting Eq. (11.48) we get

ρQd /ρ
D
p =

1
k

√
γ′2 + γ′′2, δd − δp = ∆ = arctan

[
γ′′

γ′

]
. (11.54)

By comparing measurements and theoretical predictions for these phase
shifts, additional information about the interaction potential of the escaping
electron and the residual ion could be obtained.

11.7.2. p-initial state

For excitation of initial states of the atom higher than s-state, the simple
relationship of the multipole parameters SR, SI and ψ with the atomic
parameters (see Eqs. (11.47) and (11.48)) is no longer valid. However, as
shown in Ref. 17, even in these cases, for the backscattering geometry, a
parameterization similar to that of the s-initial state can be used

SR =
1 +Q′

1 −Q′ =
1 + q cos∆φ
1 − q cos∆φ

, SI =
1 + iQ′′

1 −Q′ =
1 + iq sin ∆φ
1 − q cos∆φ

. (11.55)

Here q = 2|MQ|/|MD| and ∆φ ≡ φq − φd, where |MD|, |MQ| and φd, φq
are the amplitude and phase values of the complex dipole and quadrupole
matrix elements MD ≡ |MD| exp(iφd) and MQ ≡ |MQ| exp(iφq).
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For the amplitude |SI | in Eq. (11.55) the same expression as derived in
Eq. (11.51) can be applied if the parametrization in the form of Eq. (11.55)
is adopted. The relationship

tanψ =
SR − 1
SR + 1

tan ∆φ (11.56)

between XSW phase ψ and the phase difference ∆φ will be also valid. If the
non-dipole parameters q and ∆φ are determined by experiment, the value
of the non-dipole contribution parameter Q′ in (11.55) can be compared
with theoretical values. Using Eq. (11.6) we have for the non-dipole term

Q′ =
(δ + γ sin2 θp) cos θp

1 + βP2(sin θp)
, (11.57)

where θp is the angle for the photoelectron escape.
In experiment,17 a single-crystal Ge was used as a sample and the

parameters q and ∆φ were obtained by fitting experimental XSW angular
dependenceg to Eqs. (11.17) and (11.55). Coherent fraction Fh and coherent
position P h were determined by fitting the integral PE yield, which is quite
insensitive to non-dipole effects, to Eq. (11.11). The analysis yielded for
the parameters Q′ exp

3d = 0.219 ± 0.07 and Q′ exp
3p = 0.151 ± 0.17. The same

parameters calculated by Eq. (11.57) and β, γ, and δ from the Ref. 22
gives Q′th

3d = 0.226 and Q′th
3p = 0.099, which is in a good agreement with

experimental results.

11.8. Theory of Valence-Electron Emission by an X-Ray
Standing Wave

We turn our attention now to PE from the valence band of a single
crystal. Because the valence electrons are delocalized, we must consider
the emission from all of the atoms within the crystalline unit cell, rather
than from a single type of atom as is typically assumed for standard
XSW analysis. Furthermore, we assume that we do not energy discriminate
between valence states of different energy. For simplicity, we assume that
our unit cell has two atoms, and we label these atoms as a for the anion
sites and c for the cation sites, respectively. The initial bound-state wave

gThe same expression for the angular-resolved photoelectron yield in the form of
Eq. (11.17) will be valid for crystalline sample if the photoelectron escape depth Lyi

is much smaller then the extinction depth Lex of the X-ray field in crystal (see for
details Ref. 7).
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function of a valence electron can be taken in the tight-binding, bond-orbital
approximation36,37 as the sum of the hybridized valence atomic orbitals on
each of the cores. As a Bloch wave, our initial-state wave function may
therefore be written

|i〉 =
∑
Rn

eik·Rn [uaφa(r − ra − Rn) + ucφc(r − rc − Rn)]. (11.58)

Here φa(r) and φc(r) are the hybrid, atomic state valence orbitals of atom
a and atom c. For the III–V semiconductors, these are the hybridized s–p
states. Coefficients ua and uc are defined in terms of the bond polarity αp,
which is calculated from the Hartree–Fock term values of the free atoms36

ua =
√

(1 + αp)/2, uc =
√

(1 − αp)/2. (11.59)

The coordinate vectors Rn describe the positions of the unit cells and ra and
rc are the positions of the anion and the cation atoms within each unit
cell. For the (111) reflection of the group III–V semiconductors, rc − ra =
0.25a[111], where a is the lattice parameter.

Since typical XSW experiments are performed at several keV photon
energy, we may use the Born approximation38 that describes the final-state
wave function of the escaping photoelectron as a plane wave traveling with
the wave vector kf

|f〉 = eikf ·r. (11.60)

According to our general approach formulated in Secs. 11.2 and 11.3 in order
to calculate the cross-section of the photoelectron effect in the presence of
the XSW field, we must first calculate the differential cross-section using
the total electric field from Eq. (11.9). The intensity of the photoexcitation
process is proportional to the square modulus of the transition-matrix
element Mfi (see Eq. (11.2)) between the initial and final states given by
Eqs. (11.58) and (11.60). According to Eq. (11.13) the matrix element of
the photoelectron process is the sum of the matrix elements corresponding
to the direct and diffracted waves

Mfi = E0Mfi(s0) + EhMfi(sh), (11.61)

where matrix elements for the direct Mfi(s0) and diffracted Mfi(sh) waves
are defined in the Eq. (11.15).

We will now calculate each matrix element separately. Using
Eqs. (11.58) and (11.60) for our initial- and final-state wave functions, and
performing the change of variables to electron coordinates rae = r − ra−Rn
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and rce = r − rc − Rn in each anion and cation term, we arrive at an
expression for Mfi(s0)

Mfi(s0) =
∑
Rn

ei(k+k0−kf )·Rn · [uaei(k0−kf )·ra〈f |eik0·ra
e (e0p̂)|φa〉

+ uce
i(k0−kf )·rc〈f |eik0·rc

e(e0p̂)|φc〉]. (11.62)

Performing the sum in Eq. (11.62) over the coordinates Rn of the
unit cells, we obtain the conservation law of quasi-momentum for the
photoelectron process

∑
Rn

ei(k+k0−kf )Rn = N · δkf ,k+k0+g, where N is
the number of unit cells, δ is the Kronecker delta, and g is a reciprocal-
lattice vector.37 Finally, we obtain an expression for the matrix element
Mfi(s0)

Mfi(s0) ∝ [uaei(k0−kf )·raVa(s0) + uce
i(k0−kf )·rcVc(s0)], (11.63)

where the matrix elements Va,c(s0)

Va,c(s0) = 〈f |eik0·ra,c
e (e0·p̂)|φa,c〉 (11.64)

correspond to the elementary photoexcitation process from the anion a and
cation c sites for the incident beam. Integration in Eq. (11.64) is performed
over the electron coordinates rae and rce, which are the electron-position
vectors from the anion and cation sites in each integral, respectively.

Performing the same calculation for the diffracted beam, we obtain for
the matrix element Mfi(kh)

Mfi(sh) ∝ [uaei(kh−kf )·raVa(sh) + uce
i(kh−kf )·rcVc(sh)], (11.65)

where we also have

Va,c(sh) = 〈f |eikh·ra,c
e (eh·p̂)|φa,c〉. (11.66)

If we now substitute the expressions for the matrix elements of the incident
(Eq. (11.63)) and diffracted (Eq. (11.65)) beams into Eq. (11.61), after some
algebra we arrive at the most general expression for the transition-matrix
element for the photoelectron effect from a crystal-valence band

Mfi = E0{uaei(k0−kf )·ra [Va(s0) + (Eh/E0)eih·raVa(sh)]

+ uce
i(k0−kf )·rc [Vc(s0) + (Eh/E0)eih·rcVc(sh)]}. (11.67)

According to Eq. (11.2), the magnitude squared of this expression gives the
differential cross-section for the valence electron emission in the presence
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of two coherently coupled X-ray beams

dσ

dΩ
∼ u2

a|Va(s0) + (Eh/E0)eih·raVa(sh)|2

+ u2
c |Vc(s0) + (Eh/E0)eih·rcVc(sh)|2

+ uauce
i(k0−kf )·(rc−ra)[Va(s0) + (Eh/E0)eih·raVa(sh)]∗

× [Vc(s0) + (Eh/E0)eih·rcVc(sh)] + c.c. (11.68)

Here, c.c. denotes the complex conjugate. Note, that the equation con-
ventionally used in the studies of the X-ray PE from a crystal-valence
band from a single propagating electromagnetic beam39,40 is obtained from
Eq. (11.68) by setting Eh = 0.

As valence electrons have negligible binding energies (εb ∼ 0), the
product |(k0−kf ) · (rc−ra)| will be much greater than 1 at X-ray energies;
consequently, the phase factor ei(k0−kf )·(rc−ra) will be highly oscillatory,
and, therefore, one can neglect the cross-terms compared to the first two
terms of Eq. (11.68).39–41 This approximation leads us to the differential
cross-section for two independent mixed-site emitters in the presence of two
coherently coupled X-ray beams

dσ

dΩ
∼ u2

a|Va(s0) + (Eh/E0)Va(sh)|2

+ u2
c |Vc(s0) + (Eh/E0)eihρVc(sh)|2. (11.69)

As we are interested in the integral photoeffect, we will be integrating
Eq. (11.69) over all solid angle dΩ. It is also possible to take into account
non-dipole contributions to the XSW yield. According to the results
obtained in Sec. 11.5 (see Eq. (11.27)), integration of matrix elements
in Eq. (11.69) in terms of their dipole and quadrupole contributions is
given by ∫

|Va,c(s0,h)|2dΩ ∝ σDa,c + σQa,c,
(11.70)∫

V ∗
a,c(s0)Va,c(sh)dΩ ∝ CDσDa,c + CQσQa,c,

where σDa,c and σQa,c are the total dipole and quadrupole cross-sections
for the anion and cation atoms, and CD and CQ are the dipole and
quadrupole polarization parameters defined in Eqs. (11.33) and (11.34).
From Eqs. (11.69) and (11.71), we now obtain the intensity of the total



November 16, 2012 11:0 The X-ray Standing Wave Technique: Principles . . . 9inx6in b1281-ch11 FA

Theory of Photoelectron Emission from XIF 211

valence-electron emission from the two coherently coupled beams

YT ∼ u2
aσ

T
a [1 +R + 2CD(1 −Qa)

√
R cos(v + h · ra)]

+ u2
cσ
T
c [1 +R+ 2CD(1 −Qc)

√
R cos(v + h · rc)], (11.71)

where σTa,c = σDa,c + σQa,c, and Qa,c are the quadrupole contributions for the
anion and cation sites, respectively (see Eqs. (11.38) and (11.39)). Note that
the inclusion of the quadrupole contributions to the integral photoelectron
yield breaks the strict proportionality between the electric-field intensities
and the valence-electron emissions by reducing the amplitudes or coherent
fractions of the XSW modulations. The coherent position will also be
affected, but only in cases where Qa and Qc are large and differ by a
significant amount.

For the total valence band photoelectron yield in the dipole
approximation, i.e., if the quadrupole contributions can be neglected (Qa =
Qc = 0), Eq. (11.71) simplifies to

YT ∼ u2
aσ

T
a [1 +R+ 2CD

√
R cos(v + h · ra)]

+ u2
cσ
T
c [1 +R + 2CD

√
R cos(v + h · rc)]. (11.72)

Comparison with Eq. (11.10) shows that in dipole approximation the
valence-electron emission associated with each atom is directly proportional
to the electric-field intensity at the location of its electronic core.

Expression (11.71) for the total photoelectron yield can be written in
the usual parametrized form of the XSW yield from an ensemble of atoms

YT = 1 +R+ 2CD
√
RFh cos(v + 2πP h), (11.73)

where the parameters P h and Fh are the coherent position and coherent
fraction, respectively. Different from core-emission XSW measurements,
the photo-emitted electron can originate from different atomic species and
elements. Thus, for valence band or conduction band emission P h and Fh

may be described as the phase and amplitude of the hth Fourier coefficient
of the h residence probability function of the valence electrons, weighted,
however, by specific cross-sections.

Using a trigonometric identity, Eqs. (11.71) and (11.73) render

Fhe2πiP
h

=
(1 −Qa)u2

aσ
T
a e

ih·ra + (1 −Qc)u2
cσ
T
c e

ih·rc

u2
aσ

T
a + u2

cσ
T
c

, (11.74)
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which may be generalized for a unit cell with an arbitrary number of i
atoms

Fhe2πiP
h

=
∑
i (1 −Qi)u2

iσ
T
i e

ih·ri∑
i u

2
iσ
T
i

. (11.75)

Equation (11.75) is the XSW structure factor for valence-electron emission.
Note that both the bond polarities and photoelectron cross sections appear
in Eq. (11.75).

The main difference in the expression for the coherent fraction and
coherent position in the case of the photo-excitation from the valence
band comparing to the photoexcitation from the core is coming from the
contribution of the product of the cross-sections σTa,c and parameters u2

a,c

that are determined by the bond polarity value αp (11.59). Substituting
these values into expression (11.74) we have for the coherent fraction and
position for an arbitrary reflection h

Fh =
√
γ2
a + γ2

c + 2γaγc cos[h(rc − ra)],
(11.76)

tan 2π P h =
γa sin(hra) + γc sin(hrc)
γa cos(hra) + γc cos(hrc)

,

where parameters γa and γc are determined by

γa = (1 −Qa)
(1 + αp)σTa

(1 + αp)σTa + (1 − αp)σTc
,

(11.77)

γc = (1 −Qc)
(1 − αp)σTc

(1 + αp)σTa + (1 − αp)σTc
.

For the case of a heteropolar bond, the anions and cations have different
atomic cross-sections, and charge is transferred from the less electronegative
cation to the more electronegative anion. As the positions of the anion
and cation are known (h · ra = −π/4 and h · rc = π/4 for the (111)
reflections), we may use the XSW structure factor of Eq. (11.74) in the
dipole approximation to derive an expression for the coherent positions
and fractions for the XSW valence electron yield of the zinc blende
semiconductors. Due to the symmetry of the zinc blende structure, the
(-1-1-1) reflections will have the same coherent fractions as the (111)
reflections, but the coherent positions will be of opposite sign. For the (111)
reflection the result is

F 111 =

√
(1 + αp)2 (σTa )2 + (1 − αp)2(σTc )2

(1 + αp)σTa + (1 − αp)σTc
(11.78)
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and

tan 2π P 111 = − (1 + αp)σTa − (1 − αp)σTc
(1 + αp)σTa + (1 − αp)σTc

. (11.79)

This is an important result. We see, that in dipole approximation there
are two independent parameters, the bond polarity coefficient αp and the
cross-section ratio σTc /σ

T
a , that are contributing to the expression for the

coherent fraction and coherent position. If the bond polarity value αp is
known from theory, then the cross-section ratio σTc /σ

T
a can be determined

from the second equation (11.79) and vice versa. The valence band of GaAs,
InP and NiO crystals has been analyzed in this way and the results have
been published in 2001.42

11.9. Summary

The matrix element for the PE is usually treated in a first-order approxi-
mation (dipole approximation). It holds astonishingly well even for hard
X-rays with a wavelength much shorter than atomic dimensions as far as the
magnitude of the transition matrix element is concerned. However, higher-
order multipole terms introduce a deviation from the highly symmetric
dipole emission profile. The forward–backward asymmetry caused already
by the second-order multipole terms (dipole–quadrupole) cannot be
neglected when the photoelectron is emitted by the action of an XIF, i.e.,
by the coherent action of two X-ray waves traveling in different directions.
It has to be taken into account for the XSW analysis when analyzing
differential, non-angularly integrated photoelectron signals.

To identify which atom of a crystal contributes to the density of states of
a valence band, resonant photoelectron spectroscopy is traditionally used.
However, the corresponding theory is not simple. Using the site-specific
XSW technique is an elegant alternative and has been successfully employed
several times for binary (see Chapters 12 and 26) and ternary compounds.43
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