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We hypothesize that a charged particle in unbounded vacuum can be substantially accelerated by a

force linear in the electric field of a propagating electromagnetic wave only if the accelerating field

is capable of bringing the particle to a relativistic energy in its initial rest frame during the

interaction. We consequently derive a general formula for the acceleration threshold of such

schemes and support our conclusion with the results of numerical simulations over a broad range of

parameters for different kinds of pulsed laser beams. VC 2011 American Institute of Physics.

[doi:10.1063/1.3664226]

Energetic particle beams are crucial to the progress of

fields across the spectrum of science and technology, from

cancer treatment1 and particle physics2 to inertial confine-

ment fusion,3 nanolithography,4 and radioactive waste man-

agement.5 High-intensity laser systems, made possible by

chirped-pulsed amplification,6 can provide accelerating gra-

dients that surpass those of conventional accelerators by as

much as six orders of magnitude,7 paving the way to an era

of table-top particle accelerators and table-top x-ray laser

systems. Although plasma-based acceleration schemes8 have

had much experimental success, the possibility of accelerat-

ing particles in vacuum9,10 remains of great interest since the

absence of plasma would preclude problems associated with

the inherent instability of laser-plasma interactions.

Among the many vacuum-based acceleration schemes

proposed is the acceleration of particles (primarily) by a

force linear in the electric field of the laser.11–19 This scheme

may be realized with an electromagnetic wave that vanishes

completely on the beam axis except for its longitudinal elec-

tric field component. As a result, an on-axis charged particle

experiences only a force along the axis. Particles that are

slightly off-axis will experience some ponderomotive accel-

eration due to non-zero transverse field components, but the

longitudinal linear force should dominate.

In this letter, we obtain a formula for the threshold

power of net linear acceleration (a.k.a. direct acceleration) in

unbounded vacuum. We hypothesize that a charged particle

(regardless of initial energy) in unbounded vacuum can be

substantially accelerated by a force linear in the electric field

of a propagating electromagnetic wave only if the accelerat-

ing field is capable of bringing the particle to a relativistic

energy in its initial rest frame during the interaction. By

“substantial acceleration,” we mean the ratio of final to ini-

tial particle energy cf=c0 � 1. Based on our hypothesis, we

derive a formula for the threshold power and compare the

formula with the results of exact numerical simulations over

a broad range of parameters for different kinds of pulsed

laser beams. The accuracy with which the formula matches

our numerical simulations lends credence to our hypothesis

and sheds light on the physical mechanism that enables net

linear acceleration in unbounded vacuum: namely, that the

ability of the accelerating field to bring the particle to a rela-

tivistic energy in its initial rest frame is critical to substantial

net linear acceleration.

We will always assume that the pulse starts far enough

behind the particle that the particle is initially in field-free

vacuum, and that the particle’s final energy is evaluated

when the particle is once again in field-free vacuum (long af-

ter interaction with the pulse). In the rest frame of the on-

axis particle (of charge q and mass m) traveling at its initial

(t ¼ 0) z-directed velocity v0 in the lab frame, the Lorentz

force accelerates the particle as

dðc0b0Þ
dt0

¼ q

mc
Ezð0; 0; z; tÞ ¼ Aðz; tÞsinðxt� BðzÞÞ; (1)

where the last equality makes an assumption about the on-

axis form of the electric field Ezðx; y; z; tÞ, the longitudinal

component of the electric field in the laboratory frame.

v ¼ bc is the particle velocity and c � 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
, where c

is the speed of light in vacuum. Primes indicate variables in

the initial particle’s rest frame, so the Lorentz transform

gives z ¼ c0ðz0 þ v0t0Þ and t ¼ c0ðt0 þ ðv0=c2Þz0Þ, c0 being

the initial c. Let a particle be considered relativistic if

jcbj > gb, where gb is some reasonable value on the order of

1. The mathematical statement of our hypothesis is

�Mðcf=c0Þ � 1! �M
�

M
�
jc0ðt0Þb0ðt0Þj; t0

��
� gb; (2)

where Mðf ðxÞ; xÞ is the maximum of f over x, �Mð�Þ
� MðMð�;w0Þ; zð0ÞÞ. w0 2 ½0; 2pÞ is the carrier-envelope

phase and zð0Þ 2 ð�1;1Þ is the initial particle position.

Among the most commonly studied fields are the radially

polarized laser beam,11–16 for which Ezð0; 0; z; tÞ ¼ LrsinðwrÞ
sechðnr=n0Þ, and the configuration of crossed Gaussian

beams,11,17–19 for which Ezð0; 0; z; tÞ ¼ LcXc sinðwcÞsech

ðnc=n0Þ. Lr�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8g0P=p

p
=ðz0ð1þf2ÞÞ, wr�xt�kzþ2tan�1fþw0,a)Electronic mail: ljwong@mit.edu.

0003-6951/2011/99(21)/211101/3/$30.00 VC 2011 American Institute of Physics99, 211101-1

APPLIED PHYSICS LETTERS 99, 211101 (2011)

Downloaded 14 Dec 2011 to 131.169.239.204. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.3664226
http://dx.doi.org/10.1063/1.3664226
http://dx.doi.org/10.1063/1.3664226


nr � xt� kðz� ziÞ, Lc � sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8g0P=p

p
=ðw0ð1þ Z2ÞÞ, Xc

� expð�b2Þ, b2 � Z2tan2h=ðe2ð1þ Z2ÞÞ, wc � xt� kz
cosh� Zb2 þ 2tan�1Z þ w0, nc � xt� kðzcosh� ziÞ; h is

the angle each beam makes with the axis in the crossed-

beams scheme; k is the carrier wavelength; z0 � pw2
0=k;

k � 2p=k ¼ x=c; w0 is proportional to the beam radius;

f � z=z0; Z � fcosh; e � w0=z0; g0 is the vacuum wave im-

pedance; zi is the pulse’s initial position (effectively �1);

n0 controls the pulse duration; P is the total peak pulse power

(P=2 peak power for each pulse in the crossed-beam

scheme). Note that in either case, the field is of the form

assumed in Eq. (1). Since we seek the boundary of negligible

acceleration, where the particle energy does not change sub-

stantially according to our hypothesis, the particle approxi-

mately remains at its initial speed throughout (v � v0 6¼ c8t),
so zðt0Þ � c0ðc0zð0Þ þ v0t0Þ, tðt0Þ � c0ðt0 þ v0c0zð0Þ=c2Þ.
Equation (1) may be solved as

c0ðt0Þb0ðt0Þ�
ðt0

t0ð0Þ
ds0Aðzðs0Þ; tðs0ÞÞsinðxtðs0Þ�Bðzðs0ÞÞÞ

�
ðt0

t0ð0Þ
ds0Aðzðs0Þ; tðs0ÞÞsin xc0s0 � _Bðzðt0ÞÞc0v0s0 þconst:

� �

� �Aðzðt0Þ; tðt0ÞÞ
xc0 1� _Bðzðt0ÞÞv0=x
� �cos xc0t0 � _Bðzðt0ÞÞc0v0t0 þconst:

� �
;

(3)

where _B � dB=dz and t0ð0Þ ¼ �v0c0zð0Þ=c2. To arrive at the

second line of Eq. (3), we Taylor-expanded BðzÞ and dis-

carded higher order terms (assuming this is valid). We then

integrated by parts and noted that Aðz; tÞ � aðzÞsechðn=n0Þ,
the product of the beam and pulse envelopes, varies slowly

compared with the carrier sinusoid to arrive at the third line.

We then insert Eq. (3) into Eq. (2) to get

�M
cf

c0

� �
� 1! M

				 aðzÞ
xc0ð1� _BðzÞv0=xÞ

				; z
� �

� gb; (4)

where the optimizations over w0 and z(0) allowed us to set

the sinusoid and the pulse envelope, respectively, in Eq. (3)

to their maximum value of 1. It is straightforward to verify,

by taking first and second derivatives, that M’s first argument

in Eq. (4) is maximized at z ¼ 0 (ignoring singularities) for

both the radially polarized laser beam and the crossed-beams

cases. For the radially polarized laser beam, Eq. (4) becomes

�M
cf

c0

� �
� 1! P� c2

0

�
1� b0ð1� e2Þ

�2 gbmc2

qe2

� �2
p

2g0

:

(5)

Setting b0 ¼ 0 in Eq. (5) gives the threshold power for an

initially stationary electron obtained by a different procedure

in Ref. 13. For the crossed-beams configuration, we have

�M
cf

c0

� �
� 1!

P� c2
0 1� b0 cos h 1� e2

� �� �2 gbmc2

qe sin h

� �2
p

2g0

:

(6)

Equations (5) and (6) (and Eq. (4), of which they are special

cases) are useful analytical approximations of Eq. (2), but

only when the assumptions we have made in obtaining them

are valid. For instance, when c0 � 1 in the case of Eq. (5),

or c0 � 1 and cosh � 1 in the case of Eq. (6), the width of

aðzðt0ÞÞ in t0 may be comparable to the period of the sinusoi-

dal carrier in t0, contrary to our assumption in Eq. (3) that A
varies slowly with respect to the sinusoidal carrier in the par-

ticle’s frame. In such cases, one would expect Eq. (4) to be a

relatively poor estimate of Eq. (2). To compare our theory

with the results of exact numerical simulations, we solve Eq.

(1) and dz=dt ¼ v using a fourth-order Runge-Kutta algo-

rithm, optimizing for energy gain over w0–zð0Þ space in vari-

ous two-dimensional parameter sweeps. These are plotted in

Figs. 1 and 2, where the corresponding acceleration thresh-

old (setting gb ¼ 1) hypothesized in Eq. (2) as well as the an-

alytical approximations obtained from Eq. (4) are also

displayed. In all plots, Eq. (2) approximates the threshold of

substantial acceleration with high accuracy, and Eq. (4) is a

fair approximation of Eq. (2) most of the time.

Fig. 1 shows several parameter sweeps for electron

acceleration by a pulsed radially polarized beam. For many

plots, we have chosen n0 ¼ 13:37 because it corresponds to

a FWHM pulse duration of 10 fs for k ¼ 0:8lm. Fig. 2

shows parameter sweeps for the crossed-beams configura-

tion. We note from Figs. 1(a) and 1(b) and 2(a) and 2(b) that

the threshold power does not decrease indefinitely with

increasing Kð0Þ but scales as c2
0 when b0 ! 1 (one

FIG. 1. (Color) Color maps of log10ðcf =c0Þ (cf =c0 being ratio of final to ini-

tial particle energy) for linear electron acceleration by a pulsed radially

polarized laser beam as a function of various parameters: initial kinetic

energy Kð0Þ and peak pulse power P for normalized pulse duration

n0 ¼ 13:37 and (a) normalized beam radius w0=k ¼ 10, (b) w0=k ¼ 2:5;

w0=k and P for n0 ¼ 13:37 and (c) Kð0Þ ¼ 0:1 MeV, (d) Kð0Þ ¼ 10 MeV; n0

and P for w0=k ¼ 6:25 and (e) Kð0Þ ¼ 0:1 MeV, (f) Kð0Þ ¼ 10 MeV. Solid

black lines demarcate the acceleration threshold predicted by our hypothesis.

Dotted black lines correspond to the analytical approximation of this

boundary.
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intuitively expects this behavior from the fact that the theo-

retical energy gain limit scales as P1=2).13,16 This implies

that, unlike conventional accelerators, effectively unbounded

linear particle accelerators cannot be cascaded indefinitely

for greater gain: the energy of an output particle is ultimately

limited by the peak power of the strongest laser in the

cascade.

In conclusion, our simulations support our hypothesis

that substantial net linear acceleration is contingent on the

accelerating field’s ability to bring the particle to a relativis-

tic energy in its initial rest frame during the interaction, at

least for the types of beams and range of parameters consid-

ered in this paper. In the process, we have derived a general

formula for the acceleration threshold, which is practically

useful as a guide to the laser intensities that unbounded lin-

ear acceleration requires. The fact that a relativistic particle

can be further accelerated by unbounded linear acceleration

is important because this enables the injection of a relativis-

tic particle beam, which is more resistant to space-charge

effects than a non-relativistic beam is. Although we have

illustrated our theory with electron acceleration by a radially

polarized laser beam and the crossed-beams configuration,

our theory may be readily extended to any other unbounded

linear acceleration scheme that can be described by an equa-

tion of the general form in Eq. (1). Future work will concern

the optimization of multi-particle vacuum-based linear accel-

eration schemes.
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1D. Schardt, T. Elsässer, and D. Schulz-Ertner, Rev. Mod. Phys. 82, 383

(2010).
2See http://lhc.web.cern.ch/lhc/ for LHC-The Large Hadron Collider.
3J. P. Vandevender and D. L. Cook, Science 232, 831 (1986).
4F. Watt, A. A. Bettiol, J. A. van Kan, E. J. Teo, and M. B. H. Breese, Int.

J. Nanosci. 4, 269 (2005).
5C. D. Bowman, Annu. Rev. Nucl. Part. Sci. 48, 505 (1998).
6D. Strickland and G. Mourou, Opt. Commun. 56, 219 (1985).
7B. M. Hegelich, B. J. Albright, J. Cobble, K. Flippo, S. Letzring, M. Paf-

fett, H. Ruhl, J. Schreiber, R. K. Schulze, and J. C. Fernández, Nature 439,

441 (2006).
8V. Malka, J. Faure, Y. A. Gauduel, E. Lefebvre, A. Rousse, and K. T.

Phuoc, Nat. Phys. 4, 447 (2008).
9T. Plettner, R. L. Byer, E. Colby, B. Cowan, C. M. S. Sears, J. E. Spencer,

and R. H. Siemann, Phys. Rev. Lett. 95, 134801 (2005).
10G. Malka, E. Lefebvre, and J. L. Miquel, Phys. Rev. Lett. 78, 3314 (1997).
11E. Esarey, P. Sprangle, and J. Krall, Phys. Rev. E 52, 5443 (1995).
12L. C. Steinhauer and W. D. Kimura, J. Appl. Phys. 72, 3237 (1992).
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FIG. 2. (Color) Color maps of log10ðcf =c0Þ (cf =c0 being ratio of final to ini-

tial particle energy) for linear electron acceleration by the crossed-beams

configuration as a function of various parameters: initial kinetic energy Kð0Þ
and total peak pulse power P for normalized pulse duration n0 ¼ 13:37, (a)

normalized beam radii w0=k ¼ 15 and crossing angle h ¼ 45�, (b)

w0=k ¼ 3:75 and h ¼ 45�; w0=k and P for n0 ¼ 13:37, (c) Kð0Þ ¼ 10 MeV

and h ¼ 2:5k=pw0, (d) Kð0Þ ¼ 10 MeV and h ¼ 60�; h and P for

n0 ¼ 13:37, (e) w0=k ¼ 6:25 and Kð0Þ ¼ 0:1 MeV, (f) w0=k ¼ 6:25 and

Kð0Þ ¼ 10 MeV. Solid black lines demarcate the acceleration threshold pre-

dicted by our hypothesis. Dotted black lines correspond to the analytical

approximation of this boundary.
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