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A general theoretical approach based on the decomposition of statistical fields into a sum of

independently propagating transverse modes was used for the analysis of the coherence properties of

the new free-electron laser source FLASH operated at 13.7 nm wavelength. The analysis shows that

several transverse modes are contributing to the total radiation field of FLASH. The results of theoretical

calculations are compared with measurements using Young’s double-slit experiment. The coherence

lengths in the horizontal and in the vertical directions 20 m downstream from the source are estimated at

300 and 250 �m, respectively.
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Coherence is one of the most prominent features of laser
sources. With the advent of free-electron laser (FEL) based
on the self amplified spontaneous emission (SASE) prin-
ciple [1,2] the possibility of building coherent sources with
x-ray wavelengths has become feasible. Several projects
around the world are already under construction in the
USA, Japan and Europe [3]. The first FEL for extended
ultraviolet (XUV) wavelengths FLASH (Free-electron
LASer in Hamburg) has started its user operation at
DESY in 2005 [4]. The measurement of the coherence
properties of existing FELs is of vital importance for
understanding the physical principles that lie behind the
SASE generation of coherent beams, for optimization of
the parameters of these sources, and for the construction of
beam lines. These measurements are also important for
planning future experiments on these sources that exploit
the coherence properties of high power FEL beams. These
can be, for example, coherent diffraction experiments that
use sufficiently sampled diffraction data for phase retrieval
and reconstruction of the real space structure of a sample
[5,6]. The first demonstration experiments of the possibil-
ity of single pulse coherent diffraction imaging were per-
formed recently at FLASH [7,8]. In future when x-ray
FELs, with a unique femtosecond time structure, will
become available this approach can even be used for differ-
ent applications in materials science [9] and biology in-
cluding such exciting possibilities as single molecule
imaging [10].

Avariety of different approaches may be used to analyze
the coherence properties of FELs. One of them is based on
a detailed modelling of the SASE process by performing
calculations of nonlinear electromagnetic equations at dif-
ferent conditions of operation (linear regime, saturation,
etc.) [11]. Another possible approach is based on the use of
results of statistical optics [12,13], when the statistics of
radiation fields are analyzed with very general assumptions
about the origin of the radiators. In this Letter we choose
this second approach to describe the coherence properties
of the FEL beam originating from FLASH. In the same

way as for conventional lasers, FELs based on the SASE
principle can be described as a source with a finite number
of transverse and longitudinal modes [1]. As we are inter-
ested in the coherence properties of the FLASH beam in
the transverse direction, we use a decomposition of the
statistical field into a sum of independently propagating
transverse modes and show that for a source as coherent as
FLASH only a few modes contribute substantially to the
total radiation field.
Young’s double-slit experiment [12] is one of the most

efficient and widely used methods for measuring the trans-
verse coherence properties of light beams [14], VUV and
x-ray radiation produced by synchrotron sources [15,16],
electron beams [17] and even matter waves [18]. In our
experiments we have used the same approach and per-
formed double-slit experiments to analyze the transverse
coherence properties of FLASH.
The second order correlations of the wave fields are

described in the theory of coherence by the mutual coher-
ence function (MCF) �12ð�Þ, that defines the correlations
between two complex values of the electric field Eðr1; tÞ
and E�ðr2; tþ �Þ at different points r1 and r2 and separated
by the time interval �

�ðr1; r2; �Þ ¼ hEðr1; tÞE�ðr2; tþ �Þi; (1)

where the brackets hi indicate the ensemble average.
Correlations of the field in the spatial-frequency domain
are determined by the cross-spectral density function
(CSD) Wðr1; r2; !Þ, which is a Fourier transform of the
MCF

Wðr1; r2; !Þ ¼
Z 1

�1
�12ð�Þe�i!�d�: (2)

The spectral density of the field Sðr; !Þ is defined as the
CSD function taken at the same position Sðr; !Þ ¼
Wðr; r; !Þ. The normalized versions of the two functions
(1) and (2) are the complex degree of coherence �ðr1; r2; �Þ
and the spectral degree of coherence �ðr1; r2; !Þ,
respectively.
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It has been shown [13], that under very general condi-
tions, one can represent the CSD of a partially coherent
statistically stationary field of any state of coherence as a
sum of independent coherent modes [19] Wðr1; r2Þ ¼P

j¼0�jc
�
j ðr1Þc jðr2Þ, where �j and c jðrÞ are the eigen-

values and eigenfunctions that satisfy the Fredholm inte-
gral equation

R
Wðr1; r2Þc jðr1Þdr1 ¼ �jc jðr2Þ. For our

purposes it is especially important to calculate correlation
functions at different distances from the source. These
values of the CSD can be obtained at different distances
by propagation of the individual coherent modes. Because
of statistical independence of the modes [13] the CSD after
propagating a distance z is given as a sum of propagated
modes �jðr; zÞ with the same eigenvalues �j

Wðr1; r2; zÞ ¼
X
j¼0

�j�
�
j ðr1; zÞ�jðr2; zÞ: (3)

We apply this general approach to describe correlation
properties of the wavefield originating from the FEL. We
substitute a real FEL source by an equivalent model planar
source described by a Gaussian Schell-model (GSM)
with a CSD [13] Wðr1; r2Þ ¼ A2

0 exp½�ðr21 þ r22Þ=ð4�2
I Þ �

ðr2 � r1Þ2=2�2
��, where �I and �� are the values of the

standard deviation of the spectral density and spectral
degree of coherence at the source plane, coordinates r1
and r2 lie in the plane of the source and A2

0 is the normal-

ization constant. Coherent modes for the GSM source are
well known [20,21] and can be decomposed for each
transverse direction c l;mðx; yÞ ¼ c lðxÞc mðyÞ and �l;m ¼
�l�m [22]. The propagated modes �jðx; zÞ at distance z

from the source are described by the Gaussian Hermite-
modes [23]. The eigenvalues �j have a power law depen-

dence with the number of the modes �j=�0 ¼ �j, where �

is a constant depending on the parameters of the GSM
source [23]. Using these eigevalues and eigenfunctions in
Eq. (3) the CSD and hence correlations of the fields in the
coordinate-frequency domain can be calculated at any
distance from the GSM source.

We used this approach to make a realistic and simple
estimate of the coherence properties of the existing FLASH
source. For calculations we take parameters of FLASH as
reported in [4] at a fundamental wavelength of 13.7 nm.
Simulations were made for a GSM source with the value of
the standard deviation �I ¼ 68 �m. This corresponds
to the FWHM of the source size of 160 �m reported in
Ref. [4]. The value of the standard deviation �� ¼ 62 �m

was obtained by fitting using Eq. (3) to match the values of
the FWHM of the beam size, 2.1 mm, and the angular
divergence of 90 �rad measured 23.5 m downstream from
the source [4]. Seven modes were used in (3) for that
calculation. When parameters �I and �� of the GSM

source were defined the CSD was calculated at a distance
20 m downstream from the source using Eq. (3). In Fig. 1
results of these calculations are presented. An analysis of
the obtained results shows that for the parameters of
FLASH a small number of transverse modes contribute

to the total field [Fig. 1(c)]. Parameter � ¼ 0:414 in these
conditions that means that the contribution of the second
mode is about 40% of the fundamental, and the contribu-
tion of the sixth mode is more then 2 orders of magnitude
smaller than the fundamental �6=�0 ¼ �6 � 5� 10�3.
As a consequence this demonstrates that our model source
is not fully coherent. Using obtained values of the CSD we
also calculated the values of the spectral density SðrÞ and
the modulus of the spectral degree of coherence j�ðx2 �
x1Þj for different separations between the points x1 and x2
[Fig. 1(d)]. As our source is described as a Gaussian source
these functions can be described are Gaussian as well at a
distance 20 m from the source with �IðzÞ ¼ 764 �m and
��ðzÞ ¼ 715 �m.

The transverse coherence was measured using a double-
slit experiment at a fundamental wavelength of 13.7 nm
during the commissioning phase of FLASH. The average
energy per pulse during the experiment was about 10 �J
which is well below the saturation that was reached at
40 �J in an earlier experiment [4]. At these average en-
ergies about 1012 photons are produced per pulse. FLASH
was operated at 1 MHz repetition rate with 10 bunches per
train and a 5 Hz repetition rate of trains. Because of the
lower average energy the apparent source size during this
experiment was about 2.5 times bigger than reported in [4]
when measurements were done at saturation [24].
The experiment was performed with a set of horizontal

and vertical slits laser cut into an 80 �m thick stainless
steel foil that was positioned at a distance z1 ¼ 20 m

FIG. 1 (color online). (a) Modulus of the cross-spectral density
jWðx1; x2Þj. (b) Modulus of the spectral degree of coherence
j�ðx1; x2Þj. (c) The ratio �j=�0 of the eigenvalue �j to the

lowest order eigenvalue �0 as a function of mode number j.
(d) Modulus of the spectral degree of transverse coherence
j�ð�xÞj taken along the white line in (b). In the inset spectral
density SðxÞ is shown. Calculations are made in the frame of a
Gaussian Schell-model source 20 m downstream from the source
with the wavelength � ¼ 13:7 nm, when the FEL operates at its
saturation.
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downstream from the last operating undulator module in
the FEL tunnel. The distance d between the slit centers was
150, 300, and 600 �m for both vertical and horizontal
pairs. The individual slit width was a ¼ 30 �m for the
first two pairs and a ¼ 50 �m for the last pair. The detec-
tion scheme consists of a fluorescent screen (Ce doped
YAG crystal) converting the XUV radiation into the visible
range. The resulting fluorescent radiation was imaged with
a standard objective lens with a focal length f ¼ 50 mm
onto a Basler A311f CCD camera. In the geometry of the
experiment the effective detector pixel size was 29:4 �m
in the vertical direction and 20:8 �m in the horizontal. The
detector was located at a distance z2 ¼ 4:438� 0:005 m
downstream from the slit mask. Each interference pattern
measured in this experiment was a result of the accumu-
lation of ten bunches of a single train of FEL radiation.
Each measurement for a given slit separation was repeated
10 times.

The typical interference pattern measured on the detec-
tor with a vertical slit separation of 150 �m is shown in
Fig. 2(a). One can see that interference fringes are very
well resolved on the detector. From these 2D data sets 1D
interference patterns were obtained by choosing an area on
the detector centered at the maximum intensity and aver-
aging over three pixels [shown in Fig. 2(a)] in the direction
perpendicular to fringes. The averaging procedure was
necessary to increase the statistics of the measured signal.

The interference pattern IðPÞ measured at the point P of
the detector for the narrow band radiation [26] can be well

described by the following expression [12]

IðPÞ ¼ I1ðPÞ þ I2ðPÞ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I1ðPÞI2ðPÞ

q
j�12ð�Þj

� cos½!�� 	12ð�Þ�; (4)

where I1ðPÞ and I2ðPÞ are intensities at P corresponding to
propagation of radiation from each of the slits separately, �
is the time delay for the radiation to reach point P at the
detector from slits one and two and 	12ð�Þ is the relative
phase. For narrow bandwidth light, the complex degree of
coherence can be approximated by �12ð�Þ � �12ð0Þ�
expð�i!�Þ leading to a relationship j�12ð0Þj ¼ j�12ð!Þj.
Hence we can directly compare results of the double-slit
experiment with the results obtained from the mode repre-
sentation of GSM source. The periodicity of the fringes in
the double-slit experiment is determined by the phase
factor 
ðPÞ ¼ !�ðPÞ. In the paraxial approximation this
phase factor is given by 
ðxÞ ¼ 2�dðx� x0Þ=ð�z2Þ, where
x is the coordinate in direction perpendicular to interfer-
ence fringes and x0 is the center position of the inteference
pattern. Because of the small slit widths and a long distance
to the detector the far-field conditions are well satisfied and
the Fraunhofer limit for the diffraction pattern of individual
slits can be used with a good approximation.
Expression (4) was used for fitting all the series of

experimental data. Typical results of the fit for different
slit separations are shown in Figs. 2(b)–2(d). One can see
from these results that the experimental data are very well
reproduced by the theoretical fit. As a result of the fitting
the absolute value of the complex coherence factor j�12j
was obtained for each slit separation for both the horizontal
and vertical directions (see Fig. 3). To compare the ob-
tained values of the complex coherence factor with the
intensity distribution we plotted on the same figure the
intensity distribution obtained by rescaling the experimen-

FIG. 2 (color online). Results of a double-slit experiment.
(a) A typical data set measured on detector with the vertical
slits of 150 �m separation. Each image is a result of accumu-
lation of ten bunches. The framed region in the image of three
pixels wide was used for further analysis. (b)–(d) Results of the
fit (solid lines) to experimental data (points) for different slit
separation d ¼ 150 �m (b), d ¼ 300 �m (c), d ¼ 600 �m (d)
in the horizontal direction. The error bars of the data are less than
3% and are smaller than the symbols used to represent the data.
The error metric defined as E ¼ P

N
i¼1ðIexpi � Ifiti Þ2=

P
N
i¼1ðIfiti Þ2

was less than 0.002 for all fits.

FIG. 3 (color online). Modulus of the complex degree of
coherence as function of slit separation in the horizontal (circles)
and vertical (squares) directions obtained as a result of the fit to
experimental data. Lorentzian fit to obtained values of j�ð�xÞj is
shown by solid (horizontal direction) and dashed (vertical di-
rection) lines. The intensity distribution scaled from the results
of the Ref. [4] is shown in the inset.
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tal results reported in reference [4] to a 20 m distance from
the source.

Close inspection of the obtained results (Fig. 3) shows
the following. First, it is clear that the radiation field is not
fully coherent but is rather partially coherent at a few
hundred microns length scale. This was already expected
from our mode analysis of the radiation field with FLASH
parameters. However, a comparison with our previous
calculations [see Fig. 1(d)] shows that the measured values
of the degree of coherence for different slit separations
are considerably lower than ultimately predicted by the
model. The obtained values of the degree of coherence can
be approximated by a Lorentzian function LðxÞ ¼ 1=½1þ
ðx=�Þ2� with parameters �H ¼ 300� 15 �m and �V ¼
250� 13 �m which can be considered as an estimate of
the coherence length at that distance from the source.
These values show that the coherence properties of the
FEL are of the same order of magnitude in both vertical
and horizontal directions, though slightly higher in the
horizontal direction. The apparent source size correspond-
ing to these values for the coherence lengths can be calcu-
lated using the same Gaussian Schell-model. The analysis
gives a value �I ¼ 180 �mwhich is about 2.5 times larger
than considered in our theoretical modelling. This size is in
very good agreement with the source size observed with
the wave front sensor at similar operating conditions of
FLASH [25].

In summary we presented a theoretical and experimental
analysis of the coherence properties of FLASH at a funda-
mental wavelength of 13.7 nm. We used a very general
statistical optics theory to model the mode structure and
coherence properties of the beam. With this approach the
spectral density distribution as well as the complex degree
of coherence can be calculated at any distance from the
source with just a few input parameters. This very general
modelling can be applied as an effective and useful tool for
describing the coherence properties of SASE FELs. This
approach may also be conveniently extended in future to
calculate the coherence properties of FEL beams passing
through different optical elements [27,28]. Our analysis
shows that FLASH is a highly coherent source which can
be well described by a few coherent modes. We also
performed a detailed analysis of the double-slit measure-
ments at FLASH which showed that the values of the
degree of coherence are similar for the horizontal and
vertical directions, and the coherence lengths are about
300 microns at a distance 20 m downstream from the
source.
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