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We consider six-dimensional supergravity compactified on orbifolds with Wilson lines and bulk flux.
Torus Wilson lines are decomposed into Wilson lines around the orbifold fixed points, and twisted
boundary conditions of matter fields are related to fractional localized flux. Both, orbifold singularities and
flux lead to chiral fermions in four dimensions. We show that in addition to the standard bulk and fixed
point anomalies the Green-Schwarz term also cancels the four-dimensional anomaly induced by the flux
background. The two axions contained in the antisymmetric tensor field both contribute to the cancellation
of the four-dimensional anomaly and the generation of a vector boson mass via the Stueckelberg
mechanism. An orthogonal linear combination of the axions remains massless and couples to the gauge
field in the standard way. Furthermore, we construct convenient expressions for the wave functions of the
zero modes and relate their multiplicity and behavior at the fixed points to the bulk flux quanta and the
Wilson lines.
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I. INTRODUCTION

It is a well-known puzzle of the standard model of
particle physics that quarks and leptons come in three
copies of complete representations of the grand unified
(GUT) group SUð5Þ, whereas the Higgs doublet and the
gauge fields form incomplete or “split” GUT representa-
tions. This raises the question why the spectrum of light
scalars and gauge fields in the standard model directly
reflects the breaking of the GUT symmetry whereas, on the
other hand, the light fermions still show the unbroken
underlying GUT symmetry, accompanied by a threefold
replication.
Ingredients of a possible answer to this question can

be found in higher-dimensional supersymmetric gauge and
string theories [1]. These theories can lead to a chiral
spectrum of fermions due to background gauge fields or
singularities, as in orbifold theories. The corresponding
anomalies can be canceled by the Green-Schwarz mecha-
nism [2]. The presence of flux naturally leads to a
multiplicity of fermion zero modes [3], and Wilson lines
allow for various patterns of GUT symmetry breaking
which can be associated with the appearance of split
multiplets [4].
In this paper we study some aspects of supergravity

in six dimensions [5,6] compactified on T2 and one of its
orbifolds, T2=Z2. Orbifold field theories in five and six
dimensions have already been successfully used to con-
struct models of grand unification (see e.g. [7–10]), and

GUT scale extra dimensions can indeed arise as an
intermediate step in anisotropic compactifications of string
theories [11,12]. However, in all of these models possible
effects of bulk flux were ignored.
In six-dimensional field theories gauge flux plays an

important role for supersymmetry breaking [13] and
moduli stabilization [14]. In addition, flux leads to a chiral
spectrum of fermions in four dimensions. It is then
an important question of theoretical consistency how the
corresponding anomalies, which are not included in the
familiar bulk and fixed point anomalies, are canceled. In
the following, we study in detail how this is achieved by
means of the Green-Schwarz mechanism. An important
related question is the generation of a mass for the
anomalous Uð1Þ vector boson to which now two axions
contribute. Contrary to the standard Stueckelberg mecha-
nism [15], the vector boson mass is generated by both, an
axion-vector boson coupling contained in the Green-
Schwarz term and the classical flux. We also reconsider
the connection between twisted boundary conditions
and discrete Wilson lines. A simple picture for the possible
patterns of boundary conditions is obtained in terms of
closed Wilson lines around the orbifold fixed points.
Finally, we evaluate convenient expressions for the wave
functions of charged matter fields [16,17] which are
relevant for the calculation of Casimir energies on orbifolds
[14,18–20].
The paper is organized as follows. Some aspects of the

orbifold geometry are reviewed in Sec. II. Wilson lines on a
torus and an orbifold, with and without flux, and their
connection with twisted boundary conditions are discussed
in Sec. III. In Secs. IV and V we evaluate the effective
action of moduli and gauge fields, and we study the
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Green-Schwarz mechanism and the realization of the
Stueckelberg mechanism. The wave functions for fermion
zero-modes are investigated in Sec. VI. Summary and
outlook are given in Sec. VII.

II. THE INTERNAL SPACE

We consider supergravity theories in six dimensions, two
of which are compactified. As background geometry we
assume the product M × X of Minkowski space and some
internal space X with the metric

ðg6ÞMN ¼
 
r−2ðg4Þμν 0

0 r2ðg2Þmn

!
; ð1Þ

where μ; ν ¼ 0…3 and m; n ¼ 5; 6. Instead of the
coordinates ðx5; x6Þ of the internal space we mainly
use rescaled, dimensionless coordinates y ¼ ðy1; y2Þ ¼
ðx5; x6Þ=L, where L denotes a fixed, physical length scale.
Indices are raised and lowered with the metrics g6, g4 and
g2, respectively. The additional rescaling by the dimension-
less radion field r leads to standard kinetic terms for the
moduli and parametrizes the size of the extra dimensions.
In the following, we consider the two-dimensional torus

T2 and one of its orbifolds, T2=Z2. To set our notations
and conventions and to connect the properties of the two
internal spaces we briefly review their geometry with
emphasis on a convenient basis of 1-cycles.
The two-dimensional torus T2 is obtained by starting

from the universal covering space R2 and modding out a
two-dimensional lattice. This lattice is generated by two
vectors λ1;2 corresponding to the basic translations t1;2.
They describe the fundamental domain. An arbitrary lattice
vector λ can be parametrized as a linear combination with
integer coefficients, λ ¼ n1λ1 þ n2λ2. This gives rise to an
equivalence relation which can be expressed in terms of the
torus coordinates y ¼ ðy1; y2Þ as

y ∼ yþ λ; ð2Þ

and induces a Z2 group of translations. The corresponding
1-cycles and the fundamental domain of the torus are
depicted in Fig. 1. In these coordinates, the shape of the
torus is encoded via two real shape moduli τ1;2 in the
two-dimensional metric ðg2Þmn,

ðg2Þmn ¼
1

τ2

�
1 τ1

τ1 τ21 þ τ22

�
: ð3Þ

The shape moduli can be combined into the complex
parameter τ ¼ τ1 þ iτ2 and its complex conjugate τ̄. The
physical volume of the torus is VT2 ¼ r2L2.
For the orbifold T2=Z2 we have to further mod out a

Z2 rotational symmetry generated by p, which acts on the
internal space via

p∶ y → −y; p2 ¼ 1: ð4Þ

As a consequence, the fundamental domain of the orbifold
has half the area of the torus and is completely covered
by y1 ∈ ½0; 1=2� and y2 ∈ ½0; 1Þ. Thus, its volume is
VT2=Z2

¼ 1
2
r2L2. The extended group acting on the internal

coordinates, the so-called space group, is generated by
ft1; t2; pg. It is the semidirect product Z2⋊Z2, whose
structure becomes apparent in the relation

ptmp ¼ ðtmÞ−1: ð5Þ

This follows from considering an element of the space
group, ptmptm, which acts as the identity on the universal
covering space.
The space group does not act freely, i.e. there are fixed

points located at

ζ1 ¼ ð0; 0Þ; ζ2 ¼ ð1=2; 0Þ;
ζ3 ¼ ð0; 1=2Þ; ζ4 ¼ ð1=2; 1=2Þ: ð6Þ

The orbifold thus has the topology of a sphere with four
points removed. At each fixed point there is a conical
singularity with deficit angle π. This can be interpreted as a
singular curvature on the fixed points. The region away
from the fixed points, the bulk, is flat.
We can now study the orbifold 1-cycles and their

decomposition in terms of the torus 1-cycles. Orbifold 1-
cycles wind around the fixed points. The canonical basis is
given by three 1-cycles C1;2;3 encircling the associated fixed
point once, cf. Fig. 2. The Z2 operator p corresponds to the
1-cycle C1. Note that the 1-cycle around the fourth fixed
point C4 is not linearly independent,

C4 ¼ −ðC1 þ C2 þ C3Þ; ð7Þ

where the minus sign signals a reversed orientation.
In order to express the torus cycles in terms of the

canonical basis we project them into the fundamental
domain of the orbifold, see Fig. 2(b), and then deform

FIG. 1. A torus lattice Z2 and its fundamental domain (gray);
the canonical basis of 1-cycles T 1;2 is depicted by dashed arrows.
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them continuously, see Fig. 2(c). We thus obtain the
decomposition

T 1 ¼ C3 þ C4 ¼ −ðC1 þ C2Þ; T 2 ¼ C1 þ C3: ð8Þ
The geometry described above has physical consequences
for the fields of the theory, which are discussed in the next
section.

III. WILSON LINES

Given the background geometry of the internal space, we
can study its effect on the quantum fields of the theory. On
nonsimply connected spaces such as T2 or T2=Z2 there is
the possibility to introduce twisted periodicity conditions
with respect to the global symmetry group G of the fields.
If the global symmetry is part of a gauge symmetry, the
twisted periodicity conditions can be related to background
configurations of the gauge fields, so-called Wilson lines.
In the following, we restrict our discussion to a Uð1Þ gauge
theory, distinguishing the cases with and without bulk flux.

A. Twists and Wilson lines

We start by reviewing the basic concepts for twists and
Wilson lines on T2 and T2=Z2. Let ϕ be an arbitrary field of
the theory defined on the universal covering space. The
projection to the compact internal space leads to the
identification of field values at different points inR2 related
by the action of a space group element s [4,21],

ϕðsðyÞÞ ¼ ϕðyÞ: ð9Þ
This consistency condition leads, among other things, to
the usual Kaluza-Klein spectrum in the compactified
theory. In general, the field ϕ transforms under a group
of global symmetries G. These may contain global parts of
gauge symmetries as well as R- or flavor symmetries. As a
consequence, the periodicity conditions can be augmented
by so-called twists Ts ∈ G such that

ϕðsðyÞÞ ¼ TsϕðyÞ: ð10Þ

The twists Ts may further depend on the representation
of the fields with respect to the global symmetry group
[22]. The fields have to be well defined and single-valued
on the universal covering space, which means that the map
from the space group into G has to be a group homomor-
phism [21].
For the orbifold there is an additional generator p of

the space group, which corresponds to the element
Tp ≡ P ∈ G. Using Eq. (5) together with the Abelian
nature of the gauge group, one has

ðTmÞ−1 ¼ PTmP ¼ P2Tm ¼ Tm i:e:ðTmÞ2 ¼ 1: ð11Þ

This leads to a severe restriction for the allowed twists
under translations by lattice vectors. Below we discuss this
for a Uð1Þ gauge symmetry and relate it to continuous and
discrete Wilson lines on T2 and T2=Z2, respectively.
As mentioned above, the values of fields at points in R2

related by a space group action have to be identified. This
leads to equivalence classes of field values on the internal
space. Two values of the field ϕ and ~ϕ are equivalent if
there is an element s in the space group such that

Tsϕ ¼ ~ϕ: ð12Þ

Thus, not only the internal space gets modified by the space
group action but also the range of the fields fulfilling
twisted boundary conditions.
Let us briefly comment on the influence of different

representations under the Lorentz group of the internal
space. On the torus this does not change the above
considerations due to its flatness. On the orbifold, however,
the fixed points carry singular curvature. Consequently,
different Lorentz representations transform differently
under a parallel transport around the fixed points. It is a
subtle issue to arrange the global twists in order to obtain a

(a) (b) (c)

FIG. 2. The fundamental domain of T2=Z2; the black dots denote the orbifold fixed points. The canonical basis of the orbifold
1-cycles is presented in (a). (b) shows the projection of the torus 1-cycles T 1;2, and (c) illustrates the decompositions
T 1 ¼ C3 þ C4 and T 2 ¼ C1 þ C3.
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consistent field spectrum in the four-dimensional effective
theory. Concretely, one has to involve different R-
symmetry twists in order to retain fermion zero-modes
in gauge- and hypermultiplets, see e.g. [14,23]. This is
essential in order to preserve part of the supersymmetry. We
will not go into further detail here and only consider the
overall signs created by twists in the global symmetry
group that lead to chiral boundary conditions introduced in
Sec. V. The additional effect of Wilson lines is treated
explicitly.
For an Abelian gauge theory on the torus the commu-

tativity condition of the twist operators T1;2 is trivially
satisfied. Thus, one can choose two arbitraryUð1Þ elements
parametrized by real parameters αm,

Tm ¼ eiqαm: ð13Þ

Here, q denotes the charge of the twisted field under the
Uð1Þ gauge group. The inequivalent choices for αm take
values in the interval

αm ∈ ½0; 2π=qÞ: ð14Þ

Further, they are subject to the identification αm∼
αm þ 2π=q. For theories with fields of different charges
the classification of independent twists follows from (14)
by using the smallest charge in the spectrum.
The action of the twist operators on a field ϕ with charge

q, defined on the universal covering space R2, reads [24]

ϕðyþ λÞ ¼ TλϕðyÞ ¼ eiqðnα1þmα2ÞϕðyÞ: ð15Þ

Under gauge transformations the charged fields transform
as

ϕðyÞ → eiqΛðyÞϕðyÞ: ð16Þ

The local gauge parameter ΛðyÞ is an arbitrary, real
function on R2. The gauge field A transforms as usual,
A → A − dΛ. Its associated gauge invariant field strength is
denoted by F ¼ dA. Using the dimensionless coordinates
ym, the gauge field components Am are dimensionless, as
well. To restore their physical mass dimension they have to
be multiplied by 1=L; note that the 1-form A is not affected.
Similar reasoning holds for the field strength F.
We first consider the case where F ¼ 0. Performing a

gauge transformation on the universal covering space with
a gauge parameter obeying

Λðyþ λÞ ¼ −ðnα1 þmα2ÞΛðyÞ; ð17Þ

leads to trivial periodicity conditions for the gauge trans-
formed fields

eiqΛðyþλÞϕðyþ λÞ ¼ eiqΛðyÞϕðyÞ: ð18Þ

The gauge field, on the other hand, develops a background
value. Using ΛðyÞ ¼ −ðα1y1 þ α2y2Þ, which satisfies
Eq. (17), it reads

A ¼ −dΛ ¼ αmdym: ð19Þ

The associated Wilson lines are described in the usual way,
by the path-ordered exponential of the gauge field along a
(possibly open) path T ⊂ R2,

W ¼ P exp

�
iq
Z
T
A

�
∈ Uð1Þ: ð20Þ

If the path connects points separated by a lattice vector λ,
the Wilson line transforms under the gauge transformations
Eq. (17) as

W → eiqΛðyÞWe−iqΛðyþλÞ ¼ Weiqðnα1þmα2Þ; ð21Þ

where y denotes the starting point of T . Therefore, on the
universal covering space one can relate twisted boundary
conditions for charged fields and constant background
gauge configurations. This has physical consequences once
one projects to the compact internal space.

B. Wilson lines and flux

The constant gauge field (19) satisfies the periodicity
condition on the torus. As a result it can be straightfor-
wardly projected. But even though it was a pure gauge
configuration on R2 and hence unobservable, it is physi-
cally relevant on T2. This is due to the fact that valid gauge
transformations on the internal space are restricted to fulfill
periodicity conditions.
In order to be well defined the phases for charged fields

generated by gauge transformations have to coincide on
points related by a space group action. On T2 this means

eiqΛðyþλÞ ¼ eiqΛðyÞ: ð22Þ

Accordingly, the local gauge parameter Λ is constrained by

Λðyþ λÞ ¼ ΛðyÞ þ 2πk
q

; k ∈ Z: ð23Þ

For k ≠ 0 these are the large gauge transformations.
Without loss of generality we can parametrize the relevant
transformations on T2 by two integers k1;2,

ΛðyÞ ¼ 2π

q
ðk1y1 þ k2y2Þ: ð24Þ

These gauge transformations correspond to the gauge field
backgrounds
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A ¼
�
αm þ 2πkm

q

�
dym: ð25Þ

This is directly related to the inequivalent twists in Eq. (13).
Furthermore, the restriction of gauge transformations on
the torus ensures gauge invariance of the Wilson lines
around 1-cycles, see (21). The Wilson lines, or equivalently
the gauge twists on T2, are described by two continuous
parameters αm in the range of (14). They describe physi-
cally different background configurations, the continuous
Wilson lines on the torus. As long as F ¼ 0, the closed
path T around which the Wilson loop is evaluated can be
continuously deformed.
In the following we discuss the framework of canonical

Wilson lines on orbifolds and illustrate its advantages in the
presence of bulk flux. In particular, we explicitly construct
the gauge field configuration in terms of vortex solutions.
Modding out the rotational symmetry restricts the allowed
values of the Wilson lines, see Eq. (11). The possible twist
operators Tm, P are encoded in terms of phases, in analogy
to Eq. (13)

αm ¼ kmπ
q

; αp ¼ kpπ

q
; km; kp ∈ Z: ð26Þ

The parameters km and kp are integers and hence the
orbifold projection restricts the possible twists to a discrete
set. Our aim is to express these twists as a background
configuration of the gauge field that is well defined on
T2=Z2. The value of the twist operators T1; T2; P are then
obtained by evaluating the Wilson lines for the correspond-
ing 1-cycles T 1; T 2; C1.
In order to obtain a well-defined theory for the charged

fields, the covariant derivative Dm ¼ ∂m þ iqAm has to
transform as the ordinary derivative, leading to a sign
change of the internal components of the gauge field under
the Z2 transformation

P∶ Am → −Am: ð27Þ

Hence, the constant gauge background (19) is not allowed
on the orbifold. In fact, an appropriate gauge field should
not create any flux in the bulk of the orbifold, generate the
desired phases around the (projected) 1-cycles T 1, T 2, C1,
and satisfy condition (27) in the bulk. The correct con-
figuration is a superposition of vortex solutions in the
universal covering space that are centered around the
positions of the fixed points. In the vicinity of the vortex
center ζ it has the form [25,26]

Avort
m ðy; ζ; cÞ ¼ −

c
jy − ζj2 ϵmnðyn − ζnÞ; ð28Þ

where c is a real constant that parametrizes the phase
generated for charged fields around the vortex, as in the

Aharonov-Bohm effect. It plays a role analogous to that of
αm on the torus. On the covering space the complete
solution is a sum of vortices around the fixed point
positions

Aorb
m ðy; ciÞ ¼

X
λ∈Z2

�X4
i¼1

Avort
m ðy; ζi þ λ; ciÞ

�
: ð29Þ

Away from the fixed points the field strength F vanishes,
as desired.
Moreover, the correct transformation behavior of Aorb

m
under P is ensured. Since

P∶ Avort
m ðy; c; ζÞ → −Avort

m ðy; c;−ζÞ; ð30Þ

we find from Eq. (29) that

P∶ Aorb
m ðy; ciÞ → −Aorb

m ðy; ciÞ; ð31Þ

where we have used that 2ζi is a lattice vector. Therefore,
Aorb can be projected onto the orbifold. This gauge field
configuration allows us to express the phases of charged
fields as Wilson lines around the orbifold 1-cycles. The
relevant phases readI

Ci

Aorbðy; ciÞ ¼ πci: ð32Þ

For the Wilson lines corresponding to the basis of orbifold
1-cycles this yields

Wi ¼ exp

�
iq
I
Ci

Aorb

�
¼ eiqπci ; ð33Þ

and in order to satisfy Eq. (26) we find

ci ¼
ki
q
; ð34Þ

with integer parameters ki ∈ Z. Hence, the Wilson lines
take the values �1 and only a discrete set of valid gauge
field configurations exists. Thus, Wilson lines on the
orbifold are discrete.
Since C4 is a linear combination of the basis of 1-cycles,

we find an additional consistency condition

πc4 ¼
I
C4

Aorb ¼ −
X3
i¼1

I
Ci

Aorb ¼ −π
X3
i¼1

ci; ð35Þ

which, on the level of Wilson lines, yields

W4 ¼
Y3
i¼1

Wi: ð36Þ
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Hence, instead of describing periodicity conditions for
charged fields on orbifolds via the twist operators P, T1,
and T2, we can use a more convenient description in terms
of Wilson linesWi around the orbifold 1-cycles. We list the
relation between the two conventions for the eight possible
configurations on T2=Z2 in Tab. I. The classification in
terms of Wilson lines around the fixed points generalizes
to other T2=ZN orbifolds. There the advantages become
even more apparent, since the description in terms of torus
Wilson lines is redundant whereas the orbifold 1-cycles
are not.
The gauge field background (29) and the associated

phases further suggest an alternative interpretation in terms
of localized, singular gauge fluxes at the fixed points, see
also [27]. Wi ¼ −1 indicates a flux located at ζi that
generates a phase factor ð−1Þ for fields with electric charge
q. For a general configuration described above, this yields

F ¼
X4
i¼1

�
2π

q

�
1

2
δðWi;−1Þ þ ki

�
δðy − ζiÞ

�
v2; ð37Þ

where ki ∈ Z, v2 ¼ dy1∧dy2 denotes the volume element
and δðWi;−1Þ is the Kronecker delta. This formulation is
especially useful for the discussion of fixed point anomalies
in a Wilson line background and orbifolds T2=ZN with
N > 2, that will be discussed in future work [28]. Note that,
while the presence of localized fluxes is obscured using
torus cycles, they arise naturally in the above description.
The consistency condition (35) applied to the flux reads

X4
i¼1

�
1

2
δðWi;−1Þ þ ki

�
¼ 0: ð38Þ

Note that while the flux on the orbifold fixed points is
fractional the vortex configuration on the universal cover-
ing space creates integer fluxes. Furthermore, only the
fractional part in Eq. (37) contributes to the phases of
the charged fields in terms of the Wilson line values. The
integer part characterized by ki might, however, have
interesting consequences in terms of the charged spectrum
of particles located at the fixed points, see [29].
These observations fit nicely with the ones made in

heterotic string theory compactified on (blowups of)
heterotic orbifolds with line bundles. First, in [30] it was
observed that the cycles that resolve the orbifold fixed

points to a smooth Calabi-Yau manifold carry flux which is
determined by the local orbifold gauge data (i.e. the Wilson
lines plus a universal, constant flux called gauge shift).
Second, in [31] a local (noncompact) version of the
Hirzebruch-Riemann-Roch (HRR) index theorem was used
to show that there can be fractional multiplicities �1=N for
a ZN orbifold such that the contributions sum up to integers
for the full (compact) HRR index. They directly correspond
to the fractional localized fluxes which also add up to an
integer total flux when integrated over the internal space.
Matching between the orbifold blowup description in string
theory and the geometrical interpretation above is an
encouraging consistency check.
Now we generalize our previous results to nonvanishing,

constant bulk flux, i.e. to a constant field strength F with

hFi ¼ dhAi ¼ fv2 ¼ const: ð39Þ

On the universal covering space this can be described by
the gauge field background

hAi ¼ −fy2dy1: ð40Þ

The projection to the compact spaces becomes more subtle
because the gauge field is a linear function of the coor-
dinates. For a consistent background on T2 we have to
impose

hAðyþ λÞi ¼ hAðyÞi − dΛðyþ λÞ;
dΛ ¼ ðmλ2Þfdy1; ð41Þ

where ΛðyÞ is restricted by Eq. (17). The gauge field on
equivalent points on R2 is allowed to differ by a gauge
transformation that can be projected to T2. On the torus
the additional Wilson lines have no direct physical conse-
quence in terms of particle masses. They rather correspond
to a certain choice of coordinates [13] [32].
Inserting the ansatz in Eq. (40) and λ ¼ ð1; 1Þ, the gauge

parameter has to satisfy

Λðyþ λÞ − ΛðyÞ ¼
Z

yþλ

y
dΛ ¼

Z
1

0

fdy1

¼ f ∈
2π

q
Z: ð42Þ

This yields the appropriate flux quantization on the torus.
As required, we find integral periods on closed surfaces for
the field strength hFi,

q
2π

Z
T2

hFi ¼ qf
2π

≡M ∈ Z: ð43Þ

The same holds on the orbifold, which due to the reduced
area of the fundamental domain leads to [33]

TABLE I. Relation between the phases fP; T1; T2g and
fW1;W2;W3g generated by discrete Wilson lines.

ðP; T1; T2Þ ðþ;þ;þÞ ðþ;þ;−Þ ðþ;−;þÞ ðþ;−;−Þ
ðW1;W2;W3Þ ðþ;þ;þÞ ðþ;þ;−Þ ðþ;−;þÞ ðþ;−;−Þ

ðP; T1; T2Þ ð−;þ;þÞ ð−;þ;−Þ ð−;−;þÞ ð−;−;−Þ
ðW1;W2;W3Þ ð−;−;−Þ ð−;−;þÞ ð−;þ;−Þ ð−;þ;þÞ
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q
2π

Z
T2=Z2

hFi ¼ qf
4π

≡ −N ∈ Z: ð44Þ

Hence the flux density f is twice as big compared to T2,
see [14].
For nonvanishing flux a continuous deformation of

closed paths in the evaluation of Wilson lines is not
possible anymore. However, the discrete Wilson lines on
T2=Z2 can still be interpreted as singular gauge fluxes on
the fixed points and do not lose their relevance in the flux
background. In the description of vortices and localized
fluxes this can be directly observed, since the field strength
F characterizes the different configurations. The corre-
sponding gauge field background on the orbifold is simply
the superposition hAi þ Aorb.

IV. 6D SUPERGRAVITY

The bosonic part of the six-dimensional supergravity
action with a Uð1Þ gauge field is given by [34]

S¼
Z �

1

2
R−

1

2
dϕ∧ � dϕ−

1

2
e2ϕH∧ �H −

1

2
eϕF∧ �F

�
;

ð45Þ

involving the Ricci scalar R, the dilaton ϕ, the field
strengths of the gauge field A ¼ AMdxM and the antisym-
metric tensor field B ¼ 1

2
BMNdxM∧dxN ,

F ¼ dA; H ¼ dB − X0
3: ð46Þ

Here, we use six-dimensional Planck units M6 ¼ 1. The
3-form X0

3 is the difference between Chern-Simons forms
for the spin connection ω and the gauge field A,

X0
3 ¼ ω3L − ω3G;

ω3L ¼ tr

�
ω∧dωþ 2

3
ω∧ω∧ω

�
;

ω3G ¼ A∧F: ð47Þ
The exterior derivative of the 3-form X0

3 is a gauge invariant
4-form,

dX0
3 ¼ X4 ¼ trðR∧RÞ − F∧F; ð48Þ

and under a gauge variation

δω ¼ dθ þ ½ω; θ�; δA ¼ dΛ; ð49Þ

X0
3 transforms as

δX0
3 ¼ dðtrðθdωÞ − ΛFÞ≡ dX1

2: ð50Þ

Demanding a gauge invariant field strength H, which
means that δH ¼ δdB − δX0

3 ¼ 0, one obtains the gauge
variation of the antisymmetric tensor field

δB ¼ trðθdωÞ − ΛF þ dC ¼ X1
2 þ dC: ð51Þ

Note that the 1-form C parametrizes an additional gauge
invariance of the field strength H.
The allowed field content of supergravity in six dimen-

sions is strongly constrained by the requirement that all
bulk and fixed point anomalies cancel. The vanishing of the
irreducible gravitational anomaly implies the existence of a
large number of hypermultiplets. Reducible anomalies can
be canceled by the Green-Schwarz mechanism, but the
necessary factorization of the anomaly polynomial typi-
cally also requires a large number of hypermultiplets
charged under the gauge group [35]. In addition, fixed
point anomalies have to be canceled [36]. The focus of this
paper is on the cancellation of the four-dimensional chiral
anomaly, with contributions both from chiral boundary
conditions and gauge flux. For simplicity, in a first step, we
therefore ignore gravitational anomalies. We can then set
ω3L ¼ 0 and use X0

3 ¼ −A∧F. The complete cancellation
of the gravitational anomalies and the influence of the
singular curvature located at the fixed points will be
discussed in [28].
Consider now the orbifold T2=Z2 with background flux

A ¼ hAi þ Â; F ¼ hFi þ F̂; hFi ¼ dhAi; ð52Þ

where the hat denotes fluctuations around the background
field. In order to preserve four-dimensional Lorentz invari-
ance, the background field can only depend on the
coordinates y of the compact space. Neglecting the gravi-
tational backreaction [37], the equations of motion imply
that the flux is constant,

hFi ¼ fv2 ¼
1

2
fϵmndym∧dyn: ð53Þ

For the field strength H one then obtains [14]

H ¼ dB − X3
0 ¼ d ~Bþ Â∧F̂ þ 2Â∧hFi;

~B ¼ B − hAi∧Â: ð54Þ
The redefined antisymmetric tensor field can be written as

d ~B ¼ db∧v2 þ dB̂; ð55Þ

where b is a real scalar field. This yields for the field
strength H,

H ¼ ðdbþ 2fÂÞv2 þ dB̂þ Â∧F̂: ð56Þ

It is now straightforward to evaluate the gauge part of
the action with background flux. The four-dimensional
classical effective action of the zero modes is obtained by
neglecting the dependence of the fields Â; b; dB̂;ϕ, and r
on the compact coordinates, and by using Âm ¼ 0 on the
orbifold. The result takes the simple form
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SG ¼
Z
M×X

�
−
1

2
e2ϕH∧ �H −

1

2
eϕF∧ � F

�

≃
Z
M

�
−
1

2
sF̂∧ � F̂ −

f2

2t2s

−
1

2t2
ðdbþ 2fÂÞ∧ � ðdbþ 2fÂÞ

−
s2

2
ðdB̂þ Â∧F̂Þ∧ � ðdB̂þ Â∧F̂Þ

�
; ð57Þ

where we have replaced radion and dilaton by the real
scalar fields

t ¼ r2e−ϕ; s ¼ r2eϕ: ð58Þ

Further, we switch to four-dimensional Planck units
M2

P ¼ ðM6Þ4V2 ¼ 1, with V2 the physical size of the
internal space [38]. Note that SG is invariant under the
gauge transformation

δÂ ¼ dΛ; δb ¼ −2fΛ; δB̂ ¼ −ΛF: ð59Þ

The action (58) describes an interacting vector boson,
which becomes massive by absorbing the axion b, corre-
sponding to the field redefinition Â → Â − 1

2f db. The mass
of the vector boson depends on the vacuum expectation
value of the modulus fields s and t and can be read off from
Eq. (58),

m2
Â
¼ 4f2

s0t20
: ð60Þ

Contrary to the standard form of the Stueckelberg mecha-
nism the mixing between axion and vector field is not
generated by the Green-Schwarz term but by the classical
flux hFi. Hence the origin of the mass is the classical self-
interaction of the gauge field, encoded in the Chern-Simons
term, and the background flux.

V. ANOMALIES AND GREEN-SCHWARZ
MECHANISM

We now turn to the second source of the vector boson
mass, the axion-vector boson mixing due to the anomaly.
Let us first recall the anomalies associated to a 6d Weyl
fermion ψ with Uð1Þ charge q,

Lf ¼ ψ̄ðxÞiΓaeMa DMψðxÞ; Γ7ψ ¼ −ψ : ð61Þ

Here, Γ0;…;Γ6 are the Γ matrices in six dimensions, eMa
the inverse vielbein, and Γ7 ¼ Γ0 ·… · Γ6. The gauge
covariant derivative is DM ¼ ∂M þ iqAM. The 6d Weyl
fermion ψ contains two 4d Weyl fermions of opposite
chirality, ψ ¼ ðψL;ψRÞ, with γ5ψL ¼ −ψL and
γ5ψR ¼ ψR. We impose chiral boundary conditions,

ψLðxμ; ymÞ ¼ ψLðxμ;−ymÞ;
ψRðxμ; ymÞ ¼ −ψRðxμ;−ymÞ; ð62Þ

which correspond to one possible embedding of the
orbifold twist into the SUð2ÞR symmetry of the
Lagrangian (61).

A. Bulk and fixed point anomalies

The chirality of the Weyl fermion leads to an anomaly,
i.e. the effective action derived from Eq. (61)

Γf½A� ¼ −i ln
Z

DψDψ̄ exp

�
i
Z

Lf

�
ð63Þ

is not invariant under gauge transformations δA ¼ dΛ,

δΓf½A� ¼ −
Z

A: ð64Þ

The anomaly A contains a familiar bulk term [35] and,
due to the boundary conditions, additional contributions
which are localized at the fixed points [27,39]. An explicit
calculation yields [40]

A ¼ ΛF∧
�
β

2
F∧F þ αδOF∧v2

�
: ð65Þ

Here β ¼ −q4=ð2πÞ3, α ¼ q3=ð2πÞ2, and δOðyÞ, accounts
for the localized contributions to the anomaly, which are
equally distributed over the four orbifold fixed points
ζ1;…; ζ4,

δOðyÞ ¼
1

4

X4
i¼1

δðy − ζiÞ: ð66Þ

This expression is valid for pure chiral boundary conditions
without further Wilson lines. It can be explicitly derived
from the fermionic wave functions in the case without flux,
see [40]. Nevertheless, a more general form of the anomaly
similar to Eq. (65) can be found for arbitrary Wilson line
backgrounds by inserting the singular flux configurations
discussed in Eq. (37). The Wilson lines, however, do not
alter the number of fermionic zero modes generated by the
flux. They only affect the zero mode arising due to the
chiral boundary conditions. In the following we restrict the
discussion of the anomaly to the case without Wilson lines.
The completely general treatment will be subject of further
investigations [28]. The six-dimensional anomaly contains
an anomaly for the effective theory in four dimensions
which is obtained by integrating over the internal space.
Without flux, i.e. F ¼ F̂, the bulk term vanishes, and the
anomaly exclusively arises due to the fixed point contri-
butions. In our case the four-dimensional anomaly reads
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A4 ¼ α

Z
X
δOΛF̂∧F̂∧v2 ¼ αΛF̂∧F̂: ð67Þ

This is precisely the chiral anomaly of a single four-
dimensional Weyl fermion, which corresponds to the zero
mode of the six-dimensional Weyl fermion obeying chiral
boundary conditions.
Given the form of the anomaly (65), one can immedi-

ately write down the Green-Schwarz counterterm which
cancels this anomaly,

SGS½A;B� ¼ −
Z �

β

2
A∧F þ αδOA∧v2

�
∧dB: ð68Þ

Using the transformation property δdB ¼ −dΛ∧F and
performing an integration by parts, one obtains

δSGS ¼
Z �

β

2
F∧F þ αδOF∧v2

�
∧ΛF ¼ −δΓf; ð69Þ

i.e., the sum Γf½A� þ SGS½A;B� is indeed gauge invariant.

B. Effective action for gauge field and axions

We can now easily obtain the complete four-dimensional
action for the zero modes in the presence of the background
flux. Using Eqs. (55), (58) and (68) one finds

SG þ SGS ¼
Z
M

�
−
1

2
sF̂∧ � F̂ −

f2

2t2s

−
1

2t2
ðdbþ 2fÂÞ∧ � ðdbþ 2fÂÞ

−
s2

2
ðdB̂þ Â∧F̂Þ∧ � ðdB̂þ Â∧F̂Þ

−
β

2
Â∧F̂∧db −

�
αþ β

2
f

�
Â∧dB̂

�
: ð70Þ

Introducing Ĥ ¼ dB̂þ Â∧F̂ and a Lagrange multiplier
field c enforcing that Ĥ − Â∧F̂ is closed,

ΔSG ¼
Z
M
cdðĤ − Â∧F̂Þ; ð71Þ

one obtains after integration by parts

SG þ SGS ¼
Z
M

�
−
1

2
sF̂∧ � F̂ −

f2

2t2s

−
1

2t2
ðdbþ 2fÂÞ∧ � ðdbþ 2fÂÞ

−
s2

2
Ĥ∧ � Ĥ −

��
αþ β

2
f

�
Âþ dc

�
∧Ĥ

− Â∧F̂∧
�
β

2
dbþ dc

��
: ð72Þ

The field Ĥ can now be eliminated by its equation of
motion,

�Ĥ ¼ 1

s2

�
dcþ

�
αþ β

2
f

�
Â

�
; ð73Þ

which yields the final result

SGþSGS¼
Z
M

�
−
1

2
sF̂∧�F̂− f2

2t2s

−
1

2t2
ðdbþ2fÂÞ∧�ðdbþ2fÂÞ

−
1

2s2

�
dcþ

�
αþβ

2
f

�
Â

�
∧�
�
dcþ

�
αþβ

2
f

�
Â

�

−Â∧F̂∧
�
β

2
dbþdc

��
: ð74Þ

Note that the total action is invariant under gauge trans-
formations. Equation (73) implies

δc ¼ −
�
αþ β

2
f

�
Λ: ð75Þ

We are now ready to discuss the cancellation of the 4d
anomaly. The contributions from both, flux and orbifold
projection, are obtained by inserting F ¼ hFi þ F̂ into
Eq. (69), which yields

δΓf ¼ −
�
αþ 3

2
βf

�Z
M
ΛF̂∧F̂: ð76Þ

Note that in addition to the fixed point contribution (67)
there is now a second term proportional to βf, reflecting the
additional contribution form zero modes due to the index
theorem. Using Eq. (75) and δb ¼ −2fΛ one easily verifies
that

δΓf þ δðSG þ SGSÞ ¼ 0: ð77Þ
It is very satisfactory that the Green-Schwarz term designed
to cancel bulk and fixed point anomalies automatically
cancels the additional anomaly resulting from the flux by
modifying the transformation properties of both axions
[cf. Eqs. (59), (75)].
The action (74) contains two “axions,” b and c. Consider

first the case without flux, i.e. f ¼ 0. The field redefinition
Â → Â − α−1dc then turns the kinetic term of c into a mass
term for Â and, using

Γf½Â − α−1dc� − Γf½Â� ¼
Z
M
cF̂∧F̂

¼ −
Z
M
dc∧Â∧F̂; ð78Þ

the coupling of c to the Chern-Simons term in Eq. (74) is
removed. From Eq. (74) we then obtain an action for a
massive vector field and an axion b,
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Sb ¼
Z
M

�
−
1

2
sF̂∧ � F̂ −

1

2s2
α2Â∧ � Â

−
1

2t2
db∧ � dbþ β

2
bF̂∧F̂

�
; ð79Þ

which yields for the mass of the vector boson

m2
Â
¼ 1

s30
α2: ð80Þ

This is the standard Stueckelberg mechanism for generating
a vector boson mass. The axion b is massless and couples to
F̂∧F̂ in the familiar way.
The general case with nonzero flux is more complicated.

One linear combination, χ, of b and c gives mass to the
vector boson, and a second linear combination, a, of b
and c plays the role of a massless axion. Since the flux
is quantized, f ¼ −4πN=q with N integer [41], and
β ¼ −qα=ð2πÞ, the coefficient αþ βf=2 ¼ αðN þ 1Þ
counts the total number of chiral fermions.
The linear combination χ is determined by performing a

field redefinition, Â → Âþ dχ, and demanding that all
mixing terms between db, dc, dχ and Â vanish. This gives

χ ¼ −
2fs20bþ αð1þ NÞt20c
4f2s20 þ α2ðN þ 1Þ2t20

: ð81Þ

After this field redefinition, the kinetic terms for b and c
yield a mass term for the vector field and a kinetic term for
the linear combination

a ¼ 2fc − αðN þ 1Þb: ð82Þ

From Eqs. (74), (81) and (82) one obtains

Sa ¼
Z
M

�
−
1

2
s0F̂∧ � F̂ −

f2

2t20s0
−
s0
2
m2

Â
Â∧ � Â

−
κ

2
da∧ � daþ λaF̂∧F̂

�
; ð83Þ

where

m2
Â
¼ 4f2

s0t20
þ 1

s30
α2ðN þ 1Þ2; ð84Þ

κ ¼ 1

4f2s20 þ α2ðN þ 1Þ2t20
; ð85Þ

λ ¼ 2fs20 − αβðN þ 1Þt20
4f2s20 þ α2ðN þ 1Þ2t20

: ð86Þ

The mass formula (84) clearly shows the two contributions
to the vector boson mass from the classical flux and the
anomaly due to the total number of ðN þ 1Þ chiral zero

modes. Restoring dimensionful parameters, the vector
boson mass is

m2
Â
¼ m2

class þm2
anom

¼ 1

MPV
3=2
2

�
eϕ0N2

64π2

q2
þ e−3ϕ0ðN þ 1Þ2 q6

4π2

�
: ð87Þ

Both contributions scale in the same way with the 4d
Planck mass and the volume of the internal space whereas
the dependence on the dilaton field is different. In the case
without flux, N ¼ 0, we recover Eq. (80) with appropriate
dimensionful parameters. The axion coupling strength and
the normalization of its kinetic term are determined by the
vacuum expectation values of the moduli.
The mechanism to generate a vector boson mass dis-

cussed in this section is similar to observations made in
heterotic string theory compactified on 6d orbifolds. In [42]
it was discussed that a Uð1Þ vector boson can be massive
even if it is nonanomalous: the mass simply arises from
its coupling to the axion. Furthermore, [31,43] studied
anomaly cancellation on orbifolds and their smooth Calabi-
Yau resolutions with flux. On the orbifold without flux all
anomalies are canceled via the universal axion c which is
the partner of the dilaton. Going to the smooth blowup with
flux, it was found that the anomalies are canceled by a
linear combination of the universal axion and other axions
which are the partners of the Kähler moduli of the cycles
that carry the flux. In our setup they correspond to the
field b.

VI. WAVE FUNCTIONS

In this section we first briefly recall the bosonic and
fermionic mass spectra, both with and without bulk flux. In
the case with flux fermionic chiral zero modes arise and the
mass spectrum is independent of shape moduli and Wilson
lines. Nevertheless, the orbifold Wilson lines influence the
shape of the wave functions in a specific way. We construct
explicit expressions for the wave functions in a flux
background on T2 and their projection to T2=Z2.
Moreover, we explicitly demonstrate the matching of the
fermionic zero modes predicted by the index theorem and
the number of linear independent wave functions.

A. Mass spectra of the Dirac and Laplace operators

Without bulk flux the scalar mass spectrum on T2

including Wilson lines has been studied before in [19].
Implementing the Wilson lines as modified periodicity
conditions for charged fields, see Eq. (15), the wave
functions in the compact dimensions can be decomposed as
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ϕðyÞ ¼ eiqðα1y1þα2y2Þ
X
r;s∈Z

arse2πiðry1þsy2Þ

≡ eiqðα1y1þα2y2Þ
X
r;s∈Z

ϕrsðyÞ: ð88Þ

Plugging a mode ϕrs into the Laplace equation of the
internal space we obtain the Kaluza-Klein masses

ðgmn
2 ∂m∂nÞϕrs ≡ Δ2ϕrs ¼ −m2

rsϕrs: ð89Þ
For vanishing bulk flux they depend on the Wilson lines
and shape moduli τ,

m2
rs ¼

1

τ2
jð2πsþ qα2Þ − τð2πrþ qα1Þj2: ð90Þ

Restoring the physical dimension, the size of the internal
space enters the Kaluza-Klein mass formula,

m2
phys ¼

m2

V2

: ð91Þ

The fermionic mass spectrum is identical and supersym-
metry is unbroken.
For non-vanishing bulk flux the mass spectrum changes

dramatically [13]. We choose the gauge field background of
Sec. III B,

hAi ¼ −fy2dy1; hFi ¼ fv2; ð92Þ

where hFi is subject to the quantization condition (43) on
T2, which requires fq=2π ≡M ∈ Z. Due to the nontrivial
behavior of A under translations it is more subtle to find a
solution for the equations of motion. The explicit expres-
sion for the fermionic zero modes is presented in the
following section.
There is, however, a shortcut to obtain the bosonic and

fermionic mass spectrum. The commutator of covariant
derivatives does not vanish in the gauge background (92).
As a result, a treatment analogous to the harmonic oscillator
is possible [13] and yields for charged, bosonic fields

m2
n ¼ 4πjMj

�
nþ 1

2

�
: ð93Þ

The relation to dimensionful quantities is again given by
Eq. (91). Hence, the structure of the mass spectrum in the
flux background fundamentally differs from Eq. (89). Most
importantly, it is independent of the shape moduli and
Wilson lines. Hence, a stabilization of shape moduli in the
flux background via the Casimir energy, as in [19,20],
seems to be problematic.
In a similar vein, we follow [13,14] to find the fermionic

Kaluza-Klein masses. We decompose the charged 6d Weyl
fermion into a tensor product of a 4d and a 2dWeyl fermion
of opposite chiralities [17],

ψðxμ; ymÞ ¼ ψ4LðxμÞ ⊗ ψ2RðymÞ
þ ψ4RðxμÞ ⊗ ψ2LðymÞ: ð94Þ

The fermionic masses are determined by the eigenvalues of
the squared Dirac operator in the internal space. It acts on
charged 6d Weyl fermions as

ðΓmDmÞ2 ¼ ðg2ÞmnDmDn −
1

2
ΓmΓn½Dn;Dm�

¼ Δ2 − 2πMγ5Γ7: ð95Þ

Compared to the bosonic spectrum the fermion masses get
shifted depending on their 4d chirality

m2
n ¼ 4πjMj

�
nþ 1

2
∓ 1

2

�
: ð96Þ

The upper sign holds for the left-handed 4d compo-
nents ψ4L.
Therefore, the flux gives rise to left-handed zero modes

in four dimensions. As shown in Sec. V, these contribute to
the 4d anomaly. Finally, we want to point out that charged
scalar fields always have a mass m2 ≥ 2πjMj. Therefore,
supersymmetry is spontaneously broken at the scale of
compactification.
The mass spectra remain valid on T2=Z2 up to proper

flux quantization, cf. Eqs. (43) and (44).

B. Zero mode wave functions with Wilson lines

To find explicit expressions for the wave functions of
fermionic zero modes on T2 for nonvanishing bulk flux, we
follow [16]. However, we use the coordinates introduced in
Sec. II. They allow us to pick the particularly simple gauge
given in Eq. (92).
For a charged field this background implies a gauge

transformation associated with torus translations, see
Eq. (41),

Λ ¼ fy1 ¼
2π

q
My1: ð97Þ

Moreover, we absorb the phases associated to Wilson lines
into modified boundary conditions. For a field of charge q
these are

ϕðyþ λ1Þ ¼ eiqα1ϕðyÞ;
ϕðyþ λ2Þ ¼ eiqðα2þfy1ÞϕðyÞ: ð98Þ

While αm correspond to continuous Wilson lines on T2,
their values are restricted to be kmπ=q with km ∈ f0; 1g on
T2=Z2, see Eq. (26). These conditions are satisfied by the
ansatz
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ϕðyÞ ¼ eiqðα1y1þα2y2Þ
X
n

fnðy2Þe2πiny1 : ð99Þ

The functions fnðy2Þ only depend on the summation index
n and y2, but not on y1. They fulfill the recurrence relation

fnðy2 þ 1Þ ¼ fn−Mðy2Þ; ð100Þ

due to the associated gauge transformation, Eq. (97).
The Dirac equation in the internal space reads

iΓmDm

�
ψ2L

ψ2R

�
¼
�

0 τD1 −D2

−τ̄D1 þD2 0

��
ψ2L

ψ2R

�
¼ 0:

ð101Þ
It acts on the 2d component of the Weyl fermion. In
order to obtain left-handed zero modes in 4d we
need normalizable zero modes for ψ2R, i.e. M < 0.
There is a set of linear independent wave functions labeled
by j ∈ f0;…; jMj − 1g,

ψ j¼N eiqα1ðy1þτy2Þ−iπMτy2
2

×θ

�
j=M

− q
2πðα1τ−α2Þ

�
ðMðy1þτy2Þ;−MτÞ; ð102Þ

where N is a normalization factor. Further, we use the
Jacobi theta function [44]

θ
h α
β

i
ðx; yÞ ¼

X
n

eπiyðnþαÞ2e2πiðnþαÞðxþβÞ: ð103Þ

Our expressions match those of the torus wave functions
in [13,16].
To project the wave functions to T2=Z2, we construct

linear combinations with well-defined transformation prop-
erties under the action of P, see Sec. III B and [14].
Moreover, the flux quantization condition changes.
Therefore, we introduce −N ¼ M=2, the number of orbi-
fold flux quanta [45] defined in Eq. (44).
The linear combinations that transform even under P,

ψ j
þ ¼ ð1= ffiffiffi

2
p Þðψ j

2RðyÞ þ ψ j
2Rð−yÞÞ, can be expressed as

ψ j
þðy; kmÞ
¼ N 0e2πiNτy2

2

X
n∈Z

e2πiτNðn− j
2NÞ2−iπðn− j

2NÞðk1τ−k2Þ

×cos

�
2π

�
−2nN þ jþ k1

2

�
ðy1 þ τy2Þ

�
; ð104Þ

here N 0 is an adjusted normalization factor. For the P-odd
combinations, one has to replace the cosine with a sine.
In the case without bulk flux andWilson lines we expect a

single fermionic zeromode arising due to the chiral boundary
condition on the orbifold. Indeed, the constant wave func-
tion, see Fig. 3(a), solves the equation of motion with

vanishing mass. In the presence of Wilson lines around
the orbifold fixed points this zero mode disappears, since the
constant wave function does not satisfy the modified
boundary conditions. Even though the shape of this wave
function changes for nonvanishing bulk flux, the consid-
erations above remain valid. Moreover, the index theorem
predicts N additional zero modes corresponding to the
number of flux quanta. These are present independently of
theWilson line background. Thus, in the absence or presence
of localized fluxes we expect to find ðN þ 1Þ or N indepen-
dent zero mode wave functions, respectively. Note that the
localized fluxes influence the shape of the zero modes. In
particular, the wave functions vanish at fixed points with
localized flux. It is apparent that the description in terms of
orbifold 1-cycles significantly simplifies the treatment of the
different wave function profiles. The gauge field background
modifies the regions in the bulkwhere thewave functions are
concentrated. This has important consequences for phenom-
enology affecting e.g. interaction terms, see [16,46].
Consider now the configuration without Wilson lines,

k1 ¼ k2 ¼ 0. Manipulation of the sum in Eq. (104) reveals
that ψ j

þ and ψ2N−j
þ are identified on the orbifold, i.e., linear

independent wave functions are labeled by j ∈ f0;…; Ng.
Hence, there are (N þ 1) distinct, P-even zero mode
solutions of the equations of motion. These are accom-
panied by (N − 1) P-odd zero modes that are projected out
by the chiral boundary conditions (62). This is in agreement
with the number of zero modes found in the calculation
of the anomaly in Sec. V. As an example, Fig. 3 shows the
three independent, even wave functions on T2=Z2 for
N ¼ 2 without Wilson lines.
In the case of nonzero Wilson lines there are eight

possible configurations (cf. Table I). Since we restrict our
considerations to wave functions satisfying chiral boundary
conditions, these are reduced to four configurations. For
N ¼ 2 the three cases with nontrivial Wilson lines are
depicted in Fig. 4. There, empty circles mark fixed points at
which the wave function vanishes. Their patterns agree with
our expectation from the decomposition of torus Wilson
lines into canonical Wilson lines on T2=Z2 according to
Table I. For example, in the case k1 ¼ 1, k2 ¼ 0, corre-
sponding to ðP; T1; T2Þ ¼ ðþ;−;þÞ in the table, the wave
function vanishes at ζ2 and ζ4 where fluxes are localized,
i.e. ðW1;W2;W3Þ ¼ ðþ;−;þÞ. The same holds true for
the other configurations of localized fluxes in Table I. This
correspondence nicely illustrates the benefit of the canoni-
cal 1-cycle basis.
Notably, not only the shape, but also the number of

linear independent P-even and P-odd wave functions
changes when Wilson lines are turned on. As anticipated,
this reduces the number of independent zero modes
from ðN þ 1Þ to N. Indeed, for nonzero Wilson lines,
the range of j leading to linear independent, P-even
wave functions is restricted to j ∈ f0; …; N − 1g. The
same arguments show that the number of independent,
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P-odd wave functions is increased by one to a total
of N.

VII. SUMMARY AND OUTLOOK

We have studied supergravity in six dimensions com-
pactified on the orbifold T2=Z2. The standard discrete
Wilson lines have been decomposed with respect to a
canonical basis of 1-cycles which allow a direct interpre-
tation in terms of singular, localized flux at the fixed points.
The meaning of these “canonical Wilson lines” is inde-
pendent of the presence of bulk flux and helps to under-
stand their physical effects. We expect that the use of
canonical Wilson lines can also simplify the evaluation of
anomalies in general gauge backgrounds as well as the
treatment of discrete Wilson lines on other orbifolds.
In the case of chiral boundary conditions for 6d Weyl

fermions and bulk flux, but without Wilson lines, we have
considered the familiar 6d bulk and fixed point anomalies
and we have computed the additional 4d chiral anomaly in
the flux background. It is very satisfactory that the Green-
Schwarz counterterm designed to cancel the anomalies for
vanishing flux gets modified such that it also cancels the

additional contribution to the anomaly caused by the flux-
induced zero modes.
The dimensional reduction to an effective four-

dimensional theory reveals a particular form of the
Green-Schwarz mechanism involving two axions.
Depending on the background the two axions mix in a
way that depends on the expectation values of the moduli
fields. One linear combination, χ, contributes to the vector
boson mass via the Stueckelberg mechanism. The orthogo-
nal combination, a, is massless and enters the Lagrangian
through the standard coupling to the Uð1Þ field strength.
Explicit expressions for χ, a and the vector boson mass
were obtained as functions of the number of flux quanta
and the expectation values of the moduli fields. It is
interesting that the vector boson receives a mass even in
the absence of an anomaly, due to a classical self-inter-
action in the flux background.
Finally, we have considered mass spectra and wave

functions of charged bosons and fermions. They are
fundamentally different in the cases with and without bulk
flux. In particular, for nonzero flux, they do not depend on
shape moduli and Wilson lines. We have constructed a

FIG. 3. The (absolute square of the) P-even, constant wave function for N ¼ 0 (a), and the linear independent wave functions for
N ¼ 2 and km ¼ 0, (b) to (d). The scale is chosen such that the wave functions integrate to 1=2 on the orbifold.

FIG. 4. The (absolute square of the) two possible wave functions for N ¼ 2 and nontrivial Wilson line configurations, classified by km
are depicted. Empty circles denote fixed points at which the wave function vanishes. j ¼ 0ð1Þ is shown on the left(right).
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convenient form of the fermionic zero mode wave functions
on T2 and T2=Z2 in an arbitrary flux background. These
wave functions and their multiplicity show a characteristic
behavior if additional Wilson lines are switched on. The
counting of the linear independent wave functions matches
the expectations from orbifold projection and index theo-
rem and their zeros are directly related to the localized flux.
These results have important implications for model
building.
The present work suggests several further investigations.

First, it will be interesting to extend our discussion of
localized flux to general orbifolds T2=ZN where the
canonical Wilson lines show further advantages. Second,
one can extend our discussion to localized integer fluxes
that will modify the spectrum of charged fields and their
localization properties. Moreover, the evaluation of fixed
point anomalies for more general internal spaces and gauge
groups with arbitrary gauge backgrounds appears interest-
ing. The investigation of the gravitational anomalies, in
relation to the singular curvature at the fixed points, is
another important aspect which we have not addressed in
the present paper. Finally, a treatment of “magnetized extra
dimensions” within a UV complete theory, in particular

heterotic string theory appears very promising. These
issues are currently under investigation [28].
Orbifolds with flux and Wilson lines contain all the

ingredients needed to construct higher-dimensional models
of grand unification: The flux can generate a multiplicity of
generations, and symmetry breaking localized at the orbi-
fold fixed points can break a grand unified group down to
the standard model gauge group, thereby producing “split
multiplets” that are needed for the Higgs sector. It is
intriguing that such a pattern of symmetry breaking is
also connected with the breaking of supersymmetry.
These issues will be further discussed in a forthcoming
paper [46].
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