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ABSTRACT: We present a general formalism for the calculation of finite-width contributions
to the differential production cross sections of unstable particles at hadron colliders. In this
formalism, which employs an effective-theory description of unstable-particle production
and decay, the matrix element computation is organized as a gauge-invariant expansion in
powers of I'x /mx, with I'x and myx the width and mass of the unstable particle. This
framework allows for a systematic inclusion of off-shell and non-factorizable effects whilst
at the same time keeping the computational effort minimal compared to a full calculation
in the complex-mass scheme. As a proof-of-concept example, we give results for an NLO
calculation of top-antitop production in the ¢g partonic channel. As already found in a
similar calculation of single-top production, the finite-width effects are small for the total
cross section, as expected from the naive counting ~ T'y/m; ~ 1%. However, they can
be sizeable, in excess of 10%, close to edges of certain kinematical distributions. The
dependence of the results on the mass renormalization scheme, and its implication for a
precise extraction of the top-quark mass, is also discussed.
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1 Introduction

The performance of the Large Hadron Collider (LHC) so far has been extremely success-
ful, with about 5fb~! of integrated luminosity collected in the 2011 run and more than
20fb~! in 2012. This has led to an unprecedented accuracy in the measurements of many
Standard Model (SM) cross sections and distributions, both in the electroweak and strong
sectors, and also to the discovery of a new particle consistent with a SM Higgs boson. With
the high-energy run which will follow the 2013 shutdown, experimental errors are bound
to reduce even further, leading to higher-precision measurements and to the possible ob-
servation of new-physics effects beyond the SM. This high experimental precision clearly
motivates similarly accurate theoretical predictions for cross sections and kinematical dis-
tributions, so that on the one hand the clean extraction of signals from the data is possible
and, on the other hand, contributions to the backgrounds to processes of interest can be
accurately constrained.



Most of the phenomenologically interesting processes at the LHC, such as W and Z
boson production, top-quark production and Higgs production, not to mention beyond-
the-Standard-Model (BSM) processes, like supersymmetric (SUSY) particle production,
involve massive unstable particles. These particles are not asymptotic states and show
up in detectors as energetic jets and leptons, often being accompanied by large transverse
missing energy Fp. The necessity of precise theoretical predictions therefore raises the
question of how to correctly treat the decay of the intermediate unstable particle to the
physical final states. For observables which are inclusive in the final states originating from
the unstable-particle decay, it is often sufficient to treat the massive particles as stable,
ignoring their decay. The error associated with this approximation is formally of order
I'x/mx, where I'y and mx are the width and mass of the unstable particle. For the afore-
mentioned processes this corresponds to less than a few percent, i.e. typically smaller than
the experimental errors. Clearly, while the stable approximation is appropriate for the total
cross section, it cannot be used to predict arbitrary kinematical observables. Moreover, the
error associated with this approximation could actually be numerically sizeable for new,
yet undiscovered wide resonances, for example strongly-decaying SUSY particles.

A step forward towards a realistic description of production and decay of an unstable
particle X is the narrow-width approximation (NWA) which is a framework commonly used
in the context of high-energy calculations for hadron colliders. In the NWA the particle
is produced and allowed to decay to the physical final states while remaining on shell. At
next-to-leading order (NLO), radiative corrections are given by factorizable virtual and real
contributions to the on-shell production and decay subprocesses. While technically only
slightly more involved than the stable-top approximation, the NWA preserves spin correla-
tions between the production and decay subprocesses, and allows for realistic kinematical
cuts on the momenta of the physical final states (i.e. leptons and jets).

The NWA includes neither off-shell effects related to the virtuality of the intermedi-
ate unstable-particle propagator, nor non-factorizable corrections linking the production
and decay subprocesses. Sub-resonant or non-resonant contributions, which correspond to
diagrams with the correct physical final state but which involve fewer or no intermediate
unstable-particle propagators, are also neglected. As in the stable approximation, these
finite-width effects are expected to be small, of order I'x /mx, for inclusive-enough ob-
servables. This follows from the suppression of the non-resonant contributions and from
large cancellations between virtual and real non-factorizable corrections, with the width
acting as a natural infrared regulator whose dependence largely cancels in infrared safe
quantities [1]. However, for arbitrary kinematical distributions and in particular, close to
certain kinematical thresholds where the cancellations mentioned above are less effective,
finite-width effects can be large.

Strikingly, in refs. [2-4] it was pointed out that the naive expectation of the error asso-
ciated with the NWA can be underestimated by an order of magnitude for BSM processes
where the mass of daughter particles approaches the mass of the parent particle X. This is
relevant for searches of SUSY in decay cascades, where one often observes some degree of
mass degeneracy between particles in different steps of the cascade. Recently, non-negligible
off-shell effects (~ 10%) were observed even in light Higgs production and decay to massive



vector bosouns [5, 6], and shown to arise from Higgs-continuum interference at large values of
the boson-pair invariant mass. While these off-shell effects can be suppressed by means of
suitable experimental cuts, and are therefore not relevant to present Higgs measurements at
the LHC, they nonetheless show that the error associated with the NWA can be significantly
larger than its naive estimate. Thus, it is clear that an approach that goes beyond the NWA
and which includes at least the dominant finite-width effects is desirable. Note that for a
heavy Higgs the interference of resonant and non-resonant terms is large due to the large
value of the ratio I'yy/my. In this case the NWA is expected to be a poor approximation.

A possible solution to the issue of finite-width effects is clearly the calculation of the
full, gauge-invariant set of diagrams corresponding to a given physical final state. This
approach includes the coherent sum of resonant and non-resonant contributions, treats
the intermediate resonant particles as fully off-shell and contains both factorizable and
non-factorizable corrections at NLO. Self-energy contributions can be resummed in the
unstable-particle propagator in a consistent gauge-invariant way using, for example, the
complex-mass scheme [7, 8]. Examples applying the complex-mass scheme to production of
unstable particles at NLO include the calculations of four-fermion production at an eTe™
collider [7], Higgs decay to vector-boson pairs [9] and two recent independent calculations
of off-shell effects in ¢¢ production [10-12]. While the complex-mass scheme approach
is completely general and very flexible, allowing the calculation of arbitrary kinematical
distributions, the full NLO computation is technically challenging, requiring both the cal-
culation of a much larger set of diagrams than for the corresponding on-shell process and
special techniques to handle 5- or 6-point functions with complex masses.

An alternative approach to the full NLO calculation was presented in ref. [13] and
applied to processes of t-channel and s-channel single-top production [13, 14]. The ap-
proach of ref. [13] is the generalization of the effective field theory (EFT) description of
resonant-particle production of ref. [15], which was employed in the calculation of inclusive
W-pair production at an e*e™ collider [16, 17]. The EFT calculation results in a system-
atic, gauge-invariant expansion of the matrix elements in powers of I'x /m x, in a way which
can be considered a generalization of the pole approximation [18, 19]. Compared to the
full NLO calculation in the complex-mass scheme, the effective-theory approach has the
advantage of identifying the terms that are relevant to achieving a given target accuracy
prior to the actual calculation. This greatly reduces the complexity of the computation
while at the same time allows for the inclusion of the leading off-shell and non-factorizable
effects in a completely differential manner. For single-top production finite-width effects
were found to be small for inclusive-enough observables, although they can be large close
to the kinematical edges of some distributions. This general picture is consistent with the
results found by the full NLO calculations of top-pair production [20].

In this paper we give a second example of the application of the EFT formalism
of ref. [13] and calculate the cross section for the pair-production process q7 — tt —
WHW~bb. The top-pair production process has been studied extensively over the years in
the stable-top and narrow-width approximations and, more recently, using the complex-
mass scheme (a detailed list of references is given in section 3). It thus represents a perfect
proof-of-concept calculation by which to test the validity of the EFT formalism, extend



it to more than one unstable particle and to compare it to different available approaches.
The paper is organized as follows: in section 2 we review the effective-theory formalism
and introduce a treatment of real corrections which differs slightly from the one used in
ref. [13]. The calculation of the LO and NLO relevant amplitudes for the specific example
of tt production is described in section 3. In section 4 we present results for several
distributions and assess the effect of finite-width contributions by comparing the effective-
theory predictions with results obtained in the NWA. In that same section we also discuss
the effects of using different mass-renormalization schemes (more precisely the pole and PS
schemes) on the cross section and distributions, and their possible implications for a precise
extraction of the top-quark mass from data. Finally, our conclusions are given in section 5.

2 Effective-theory description of unstable-particle production

The effective-theory framework for the description of unstable-particle production used in
this work was first formulated for the total cross section in ref. [15] and applied to the case

Te~ collider in refs. [16, 17]. The formalism was

of inclusive WTW ™ production at an e
later extended to the more general case of differential cross sections and applied to single-
top production at hadron colliders [13, 14]. In this section we review the main features of
this approach, referring the reader to the aforementioned references for further details.
Unstable-particle effective theory is built upon the hierarchy of two scales, namely,
the typical virtuality of the resonant unstable particle X, which is set by its decay width,
p§< — mg( ~ mxI'x, and the particle mass myx. This hierarchy is encoded in the ratio
I'x/mx < 1. The latter is treated as a small parameter, J, in line with the strong and
electroweak coupling constants a, and ae,, and allows for a systematic expansion of the full

matrix elements. These different expansion parameters are related by the counting scheme!

mix ~ Qg ~ Oey - (21)

In the following we will generically refer to any of the above parameters as §. The expansion
in § is implemented at the Lagrangian level, replacing the (B)SM fields and interactions
with effective fields and vertices. The effective fields are associated with different mo-
mentum regions defined according to the scaling of their momenta with respect to the
parameter 0 and encode the physics at the two very different scales that characterize the
production and decay process.”? For the problem at hand these momentum regions are
a hard region (qo ~ |q] ~ mx), a soft region (gy ~ |q] ~ mxd) and collinear regions
(nj-q~mx0, n;-qr~mx, q. ~ mX\fd) Here n;, n; are light-like vectors associated with
the momenta of the external massless particles, n, = (1, p;/|pi|), 7i = (1, —pi/|pi|), and g
is the remaining, perpendicular component of the momentum gq.

In the effective theory only low-virtuality modes with p? < m§(5 are kept as dynamical
degrees of freedom, and are described by effective fields in the Lagrangian. These include,

!Note that in (2.1) we assume that the unstable-particle decay proceeds via electroweak decay channels,
I'x o< aew. For resonances decaying via strong interactions the counting scheme is I'x ~ as ~ \/Qew.

2Here and in the following we assume that the invariants sij = 2p; - p; constructed from the external
momenta are of the same order of m%, and we treat them as a single scale.



in particular, a field ®x to describe the resonant unstable particle X. The finite-width
of the particle is resummed into the leading EFT kinetic term in a generalisation of the
heavy-quark effective theory (HQET) Lagrangian in the case of a non-vanishing width [15],

N ) Q
ﬁ‘g)F)T,km = 2mX‘I)L (“’ -0 — 2X> Dy, (2.2)

where M xv, with v2 = 1, represents the large, on-shell component of the resonant-particle
momentum, and mx is the renormalized mass in a generic renormalization scheme. The co-
efficient Qx is related to the complex pole u%( = mﬁ( —imx'x of the full unstable-particle

propagator,
2 52
—m
Qy = IXx —Mx (2.3)
mx
In the pole scheme, mx = mx, Qx has the simple form Qx = —i['x. Additional terms

in the EFT Lagrangian are given by bilinear terms for soft and collinear fields, power-
suppressed corrections to (2.2) and terms describing the interaction of ®x and collinear
fields with soft fields. Hard modes are not explicitly part of the effective Lagrangian and
their contribution is encoded in matching coefficients multiplying effective interaction ver-
tices. These can be schematically parameterized as

Cip(1x) Fp(®, de. 65,0),  Cip(ix)Fh(®x, b, 05, 0p),  Crnr(ix)Fhp(be, b O))

(2.4)
where Fb, .7-% and ]_—]l% r denote functions of fields and derivatives and the indices i, j, k
label different Lorentz structures. ¢, generically represent collinear and soft fields and
Ci,p and C; p are the hard matching coefficients of the production and decay effective ver-
tices, which are computed from on-shell SM amplitudes. In this context “on-shell” has to
be understood as pg( = mg( + mxQx = ,ug(, meaning that the effective couplings in the
Lagrangian are in general complex. This is a feature that the EFT framework shares with
the complex-mass scheme. The interaction terms Cj, NR]-'JI%R encode the contribution of
non-resonant configurations which also contribute to the cross section starting from a cer-
tain order in . Note that in order to describe pair-production of unstable particles, e.g. tt
production, two distinct resonant fields, ®; and ®z, have to be introduced which annihilate
a top and an antitop state respectively. Furthermore, the kinetic terms will contain two
velocities v and v which are generally different.

2.1 Born amplitudes

From a practical point of view, at tree-level the EFT result coincides with an expansion of
the matrix element around the complex pole of the propagator. In fact, the EFT approach
can be viewed as a generalization, to arbitrary order in 4, of the pole approximation [18, 19].
To be specific, let us consider the process

i1(p1)ia(p2) = X(px), - = fi(k1)fa(k2), (2.5)

where the final-state particles f; and fs can originate from the decay of an intermediate
unstable scalar particle X (the generalization to higher spins is trivial), or from other pro-
duction mechanisms. The Feynman-diagram topologies contributing to this process at the
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Figure 1. Feynman-diagram topologies contributing to the process i1is — f1f2. (a) resonant
production through an intermediate unstable X; (b) non-resonant production.

tree-level are given by the resonant and non-resonant contributions drawn in figure 1, where
the grey blobs denote the model-dependent production and decay vertices. The tree-level
amplitude can be written as

VP({pi}7pX)V172(an{ki}) + N({pi}, {ki}), (2.6)

D)
DPx — My x

At ree —

where Vp and Vp represent the vertices for the production and decay of the (off-shell)
particle X respectively, while N contains the non-resonant contributions. mg x denotes
the bare mass of the particle X. It is immediately clear from eq. (2.6) that due to the
intermediate resonant propagator, p%c — ma x ~ m§(5, only resonant diagrams will con-
tribute to the amplitude at leading order in d, while A/ will generally be suppressed by
extra powers of §. The actual suppression of the non-resonant contributions is determined
from the interplay between the suppression from the missing resonant propagators and the
scaling of the couplings appearing in Vp, Vp and N, see eq. (2.1).

The gauge-invariant expansion in d of the amplitude, eq. (2.6), is obtained by expanding
the matrix elements for production and decay around pg( = ,ui-. This requires a projection
of the external momenta {p;}, {k;} onto on-shell configurations {p;}, {k;}, with

pi = Di(pi, px) ki = ki(ki, px) - (2.7)
The on-shell projection is chosen such that momentum is exactly conserved at each vertex
and ]3_2)( = ,u_zx. Note that the explicit form of the projection in eq. (2.7) is not unique, being
defined up to terms of order §. However, calculations at order 6" obtained with different
projections, deviate from each other by sub-leading corrections of order "1, i.e. always
an order higher than the target accuracy of the calculation.
Adopting eq. (2.7), the expansion in § of the tree-level matrix element reads

_ ApAp
Atree - AX
1 _.0Vp - 0Vp
Ay <(pz — pz)a—piAD + Ap (ki — k;) ok, > +N+... (2.8)

where Ap = Vp({pi}, px), Ap = Vp(px, {k:i}) are evaluated with the projected momenta
Pi, ki, and the ellipses represent higher-order terms in §. As expected, the leading-order
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Figure 2. Correspondence between the expansion by regions and the EFT calculation: the
hard-region contribution (top left) corresponds to a O(ay) correction to the production matching
coefficient C; p (top right), while the soft-region contribution (bottom left) reproduces one-loop
soft-gluon corrections in the EFT (bottom right).

amplitude (first line in eq. (2.8)) corresponds to the resonant diagram with the vertices
for production and decay of the unstable particle replaced by (gauge-invariant) on-shell
amplitudes. These amplitudes are in fact directly related to the matching coefficients Cy p,
Co,p of the (leading) effective vertices appearing in eq. (2.4). The modified propagator
Ax = p§( — /,@( = p?X — TAn%( — mxx Dyson-resums the finite-width effects related to the
self-energy I1x (p%) of the particle X:

1 1
p% —m% +x(p%)  Ax

+o (2.9)

with higher-order terms in J indicated by the ellipses. Note that it is not the full self-energy
that is kept in the propagator. Only the gauge-invariant hard part of the self-energy x
contributes to the matching coefficient and is resummed in the propagator. The sub-leading
gauge-violating residual soft terms are included perturbatively and are combined with other
contributions to form a separate gauge-invariant part of the one-loop amplitude. The next
term in 6 in the expansion of the amplitude (second line in eq. (2.8)) receives contributions
from non-resonant diagrams, as expected, but also from resonant ones in which the propa-
gator Ay is cancelled by terms of the form p; —p; ~ 6 and k; — k; ~ &, which originate from
the expansion around on-shell configurations. In the EFT language these contributions are
described by effective four-particle operators, i.e. terms of the form Cy nyrF’ x R ineq. (2.4).
We stress that while the leading resonant term is gauge-invariant, at higher orders in § only
the sum of resonant and non-resonant contributions is on the whole gauge independent.

2.2 Virtual corrections

Virtual corrections in the EFT framework are divided into two categories: loop correc-
tions to the EFT matrix elements, where the degrees of freedom flowing in the loops are



given by the effective fields ®x, ¢., ¢s, and corrections to the hard matching coefficients
Ci.p, Cjp, Cp nr- The latter are computed by a “matching procedure” which arises by
requiring that the full-theory matrix element and the EFT result coincide order by order in
0. They can be written as a power series in the couplings (the QCD coupling, in this case),

Cip =P+ 20 + .. (2.10)

with similar expressions for C; p and Cy yg. In practice, the EF'T matrix elements and the
matching coefficients can be obtained from an expansion of SM matrix elements using the
method of regions [21], which we find to be more convenient here than an explicit two-step
calculation of matching coefficients and effective-theory matrix elements. This is the ap-
proach we adopt for the calculation of the amplitudes for ¢t production in section 3, where
details on how the expansion by regions is implemented for the specific case of resonant
top-pair production are given.

As already outlined, the momentum regions relevant to the expansion are the hard,
soft and collinear regions. The contributions of hard momenta (¢ ~ mx) correspond to the
matching coefficients, while those from an expansion in the soft region (¢ ~ mxd) of the
full SM integrals reproduces loop contributions in the effective theory. This is schemati-
cally depicted in figure 2 for the case of the one-loop gluonic correction to the production
vertex. Hard corrections correspond to factorizable contributions to the production or
decay subprocesses [22], and, at leading order in ¢, coincide with the matrix element for
production or decay of the on-shell massive particle(s). On the other hand, soft correc-
tions encode non-factorizable interferences between the production and decay subprocesses
as well as off-shell effects. Note that in general the contribution from collinear regions
is needed to reproduce the full SM matrix element. However, for the case considered,
this contribution vanishes if loop integrals are regularized dimensionally and the external
light-fermion masses are set to zero, as done in this work. It can thus be safely ignored in
the following discussion. In the soft region, the unstable-particle propagator in the loop,

(px — q)? — m3% ~ m%4, is resonant and has to be Dyson-resummed,

1 1
- = _ +
(px — q)? —m3% +x((px —q)?) Ax —2px ¢

., (2.11)

with the ellipses denoting, as usual, higher-order terms in §. As in the tree-level matrix ele-
ment, only the on-shell gauge-invariant part of the self energy is resummed in the resonant
propagator. In the hard region, where (px — ¢)? — m3 ~ Mm% > mxIx, no self-energy
resummation is necessary and gauge-invariance is similarly preserved.

An important feature of the effective-theory approach is that the EFT counting scheme,
eq. (2.1), enables one to assign the correct parametric scaling to any particular contribution
of a Feynman diagram prior to its actual calculation. This determines whether or not it
has to be computed to obtain a given accuracy in d.

Suppose for example that one wants to compute all terms which scale as ag ~ 6%/2 rel-
ative to the leading tree-level contribution. From now on we will refer to such corrections
as NLO corrections. If we ignore the couplings appearing in the production and decay

vertices Vp and Vp, the leading tree-level matrix element (first term in eq. (2.8)) scales as
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Figure 3. Examples of triangle and box diagrams contributing to the production and decay of the
scalar X at one loop.

1/Ax ~ ', and NLO is thus defined as the sum of all terms scaling as §~16/2 = §=1/2,
One can then immediately see that the sub-leading tree-level terms in eq. (2.8), which
scale as 6710 = 1 (assuming that VpVp ~ N), are not part of the NLO matrix element,
contributing to the amplitude only at NNLO. Consider now the triangle and box integrals
shown in figure 3. In the soft region of the loop momentum (¢ ~ mxd), the unstable-
particle propagator inside the loop scales as § !, while the gluon and fermion propagators
scale as 2 and 6! respectively. Taking into account the scaling of the volume element
d*q ~ 6*, one finds the scaling 6 o, 64626716~ ~ 61/2 for the soft part of the triangle,
while the soft part of the box scales as a,6% 26167161 ~ §~Y/2. Therefore, the soft
limit of both the triangle and box contribute at NLO. In the hard region (¢ ~ mx) all
the propagators inside the loop scale parametrically as ~ 1 (in units of the mass my).
Thus, the hard part of the triangle scales as § 1a,1%/13 ~ §=1/2 while for the box one
finds a,14/1% ~ §1/2. In this case only the hard part of the triangle counts as NLO, while
the hard box integral is highly suppressed, scaling as a N3LO correction. Given that for
the simple process (2.5), the hard box in figure 3(b) is the most complicated integral at
one loop, discarding it simplifies the NLO calculation. As we will see in section 3.3, for
the phenomenologically relevant case of top-pair production one can use the same scal-
ing arguments to show that all one-loop hard 5- and 6-point functions are parametrically
suppressed and need not be computed to achieve NLO accuracy in the resonant region.

2.3 Real corrections

Even though the expansion by regions is well understood for loop diagrams, it is less clear
how the expansion can in general be implemented for real corrections, since in the presence
of an extra massless particle with momentum ¢, the expansion parameter can be pg( — ;@(,
(px +q)% — ,u%( or both. While the split into hard and soft contributions is possible for
the total cross section, by relating real corrections to cut one-loop diagrams via the optical
theorem, the formulation of the expansion in hard and soft contributions is not straight-
forward for an arbitrary observable. In refs. [13, 14] we proposed a way to circumvent this
problem by using the exact real-radiation matrix element and expanding the integrated in-
frared and collinear subtraction terms in ¢ so as to properly match the singularity structure
of the expanded virtual matrix element.



(a) (b) ()

Figure 4. Real gluonic corrections to the process i1is — fi fa.

While this “ad-hoc” treatment of the real matrix element was sufficient to illustrate
the basic features of the EFT approach and to assess the contribution of non-factorizable
corrections in single-top production, a theoretically more satisfactory treatment of real
corrections is certainly desirable. In particular, one would wish for a framework in which a
strict expansion in § for both virtual and real corrections is achieved and gauge-invariance
is exact order-by-order in §. Here we introduce such a framework which will be used in
section 3.4 for the calculation of real corrections to ¢t production.

Real gluon-emission contributions fall into three categories, as indicated in figure 4.
Topology (a) and (b) represent emission from the production and decay subprocess respec-
tively, whereas topology (c) is due to generic non-resonant real-emission. Analogously to
eq. (2.8), the corresponding amplitude can be written as

ApigApD n ApApig

-Area =
: Ax Axy

+ Asub-leady (212)

where Ax, = (px+q)*—p3 and Ap 4 (Ap,) is the amplitude for on-shell production (de-
cay) of the unstable particle with an additional real gluon. The first two terms in eq. (2.12)
contribute to the leading resonant real-emission amplitude, whereas Agyp-lead cONtains terms
sub-leading in §. Note that in this picture there is no topology with gluon emission from
the unstable particle. In the corresponding Feynman diagram either of the two unstable-
particle propagators can be resonant. In fact, when the emitted gluon is soft, ¢ ~ mx9d,
both propagators can simultaneously be resonant, p§( - ma x ~ (px + q)? — m%y X~ m§<5.
However, it can be shown [23] that the product of two unstable-particle poles can be written
as the sum of two terms containing a single massive pole and a soft singularity

1 1 1 1
Py — mg,x (px +q)? — my x

_ _ (213
Pk —md x)((px +@)> —m x)  2px-q 0 ] 21

so that the parameterization eq. (2.12) still holds true.
Following eq. (2.12), the squared amplitude, Mca1 = |Areal|?, can be written as

|ApigApl? N |ApAp.ig|?
|Ax|? |Axgl?

(Ap1gAp)(ApApiy)*

Mreal = AXA}'g

+ 2Re

+... (214)

The first two terms can be interpreted as factorizable real corrections to either production
or decay of the unstable particle X, while the interference term gives rise to non-factorizable

~10 -



corrections. Note that the interference term gives a sizeable contribution only if both Ax
and Ax, are resonant, i.e. when the emitted gluon is soft. This shows that, for the real ma-
trix element as well, non factorizable and off-shell effects are encoded by soft radiation. The
omitted terms in eq. (2.14), denoted by the ellipses, are suppressed by o, ~ §%/2 compared
to the leading tree-level contribution and first contribute to the matrix element at N3LO in
the power-counting. Hence, they can be neglected in most calculations relevant for hadron-
collider phenomenology. However, we point out that they can, in principle, be computed to
the desired accuracy in d, in a way similar to the expansion of the Born amplitude, eq. (2.8).

2.4 Cross sections

The real and the virtual amplitudes squared have been split into a hard factorizable part
and a soft non-factorizable part. The hard part is further divided into corrections to the
production and corrections to the decay. As usual, the virtual and real cross sections, ob-
tained by integrating the squared matrix elements over phase space, have infrared and/or
collinear singularities.

The cancellation of these singularities between real and virtual corrections takes place
separately for all parts of the cross section. The (hard) production part typically has
initial-state collinear singularities that have to be absorbed into the parton distribution
functions. It can additionally develop infrared singularities and, when particles other than
the unstable particle are present in the final state of the production subprocess, can develop
final-state collinear singularities as well. These singularities cancel against the correspond-
ing real singularities of the production part. The (hard) decay part typically has final state
collinear singularities and infrared singularities that cancel against the corresponding real
singularities.

Finally, the non-factorizable soft corrections only have infrared, but no collinear singu-
larities. Once again, these cancel between the real and virtual corrections. Also, with this
cancellation, all explicit scale dependence vanishes and the non-factorizable corrections
only depend implicitly on the renormalization and factorization scale. Because the soft
emission is governed by a soft scale, us ~ mxd, it is natural to choose a scale of this order
for the coupling from the additional soft emission. The factorization scale and the scale
related to the born term are not affected by this and should be kept at the usual hard scale.

2.5 Mass scheme

The results given in this section have been expressed in terms of the unstable-particle
mass in a generic renormalization scheme, My, which is related to the gauge-invariant
complex pole of the propagator by u% = mg( + mxx. While the EFT approach is not
limited to a particular scheme, it is more naturally formulated in a class of schemes related
to the pole scheme by (mx — mx)/mx ~ ¢, which have the property of preserving the
EFT scaling p% — m% ~ m%¢ under renormalization. The MS is not such a scheme since
(m XMS — mx)/m XMS ~ @ ~ V6 and the finite-width expansion becomes less transpar-
ent in this case. The pole mass on the other hand, which is the natural mass choice for
unstable electroweak gauge bosons and other particles which do not couple to strong in-
teractions, is affected by long-distance ambiguities related to QCD renormalons [24-26] in
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the case of heavy quarks. This makes a precise definition and extraction of this parameter
problematic. It is possible to circumvent these issues with the use of so-called “threshold
masses” [24, 27-29] or “jet masses” [30, 31|, which preserve the EFT counting and are not
affected by renormalon ambiguities. The implication of the mass-renormalization scheme
choice in the case of ¢t production is discussed in section 3.5.

3 Top-antitop production at hadron colliders

At hadron colliders the main top-production mechanism is the production of a tt pair,
which proceeds through strong interactions.®> At Born level two partonic processes con-
tribute to the cross section: gg — tt, which dominates at Tevatron, and gg — tt, which
is the dominant production channel at the LHC. Beyond leading order other partonic
production channels contribute as well. Next-to-leading order QCD corrections to the
tree-level results, both at the inclusive and differential level, have been known for more
than 20 years [32-35] and have been recomputed recently for helicity-specific amplitudes
using generalized-unitarity methods [36]. Omne-loop electroweak contributions are also
known [37-41]. At next-to-next-to-leading order in QCD several ingredients and partial
results have been known for some time [42-53] and the full NNLO calculations for the
fermion-initiated [54, 55] and gq(q) [56] production channels have been recently completed.
In addition, resummation of Coulomb singularities and soft logarithms up to next-to-next-
to-leading logarithmic accuracy has been studied by several groups [57-61].

All the aforementioned results were computed in the approximation of stable tops.
Results in the NWA, including the on-shell decay of the top-antitop pair to the physical
final state W+ W ~bb, were given in refs. [62-65]. The fully differential semi-leptonic decay
of on-shell top quarks is also now known to NNLO [66, 67]. Recently the full NLO QCD
calculation of the off-shell top-pair production and decay process in the complex-mass
scheme was performed by two separate groups [10-12].* As expected, finite-width effects
were found to be small for the total cross section. However, larger effects were observed
for more exclusive distributions, in particular near kinematic boundaries [20]. If such
distributions are used for a precise determination of the top-quark mass, the change of
shape of distributions caused by finite-width effects has to be under control. This can only
be achieved with a careful treatment of finite-width effects in ¢# production.

In this section we present the calculation of the LO and NLO virtual and real ampli-
tudes for tt production in the EFT framework, as a non-trivial example of application of
the formalism described in section 2. We will focus on the ¢ production channel,

qq — tt — WTW " bb

3While the electroweak-mediated production of a single top is numerically only 3-4 times smaller than
top-pair production, a much larger background makes the extraction of the signal in this channel more
challenging.

“The calculation of ref. [11] treats also the leptonic W decays completely off-shell, while in ref. [10] the W
decays are described in narrow-width approximation. The effects of finite W-width effects in ¢ production
have been investigated recently in ref. [12].
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where the decay of the two W bosons to leptons is understood. Our notation and con-
ventions for momentum and colour labelling is given in section 3.1 where we also give
explicit expressions for the leading tree-level helicity amplitudes. The calculation of soft
and hard virtual corrections as well as the renormalization necessary at NLO are detailed
in section 3.3, while the implementation of real corrections is described in section 3.4.

3.1 Leading tree-level amplitude

Throughout this work we adopt the following momentum labelling

a(p1; c1)q(p2; c2) = bW W™ — b(ps3; c3)b(pa; ca)l1 (ps)vi(pe ) l2(p7)72(ps) (3.1)

with ¢; ...c4 the colour indices of the four external quarks. The leptonic decay of the two
W-bosons is treated in the NWA. For sake of simplicity, we introduce the shortcuts

Pt = p3+ 5+ D6,
P = P4+ Dp7r+Dps,

and the on-shell projections p; and p;, with p? = ﬁtg = p?, which are necessary” for the
systematic expansion of the amplitudes in §. As usual p? denotes the complex pole of the

propagator, u? = m? — im;I';. We also introduce the abbreviations

Ay =p} — p? Ap=pi -, (3.2)

for the resummed inverse top and antitop propagator. The expression (3.2) is valid in the
pole scheme, i.e m; here denotes the pole mass. The conversion to other renormalization
schemes is discussed in section 3.5. The amplitudes for the ¢t production process are
decomposed onto a basis of colour-state operators, given by

@ _ 1 @) _ 2 A A
O{c} - FC6010250304 O{C} N \/ﬁquTcgm ) (33)

with T4 denoting the generators of the SU(3) algebra in the fundamental representation
and N, = 3. The two operators describe the s-channel exchange of a colour-singlet and
colour-octet state respectively, and satisfy the orthonormality condition

Y ool =5 (3.4)
{c}

At the Born level both doubly-resonant Feynman diagrams containing an intermediate
top and antitop pair, as well as singly-resonant and non-resonant diagrams, contribute to
the amplitude for the process (3.1). The dominant tree-level contribution to the amplitude
is given by the leading term in the expansion in § of the left Feynman diagram in figure 5.
In the effective-theory framework, the interaction mediated by the intermediate s-channel
gluon is replaced by a four-fermion contact interaction (right diagram in figure 5) of the form

igs

=Yoo Mmool oo, Tée (3.5)

coc1cco

5Note that in an NLO calculation one can set p2 = ﬁtz = m? instead, since the term —im:I+ ~ m2§ is
formally an NNLO contribution.
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Figure 5. Leading tree-level doubly-resonant contribution to qg — bbW W~ in the SM and
its EFT counterpart. The grey square and circles represent EFT production and decay matching
coefficients.

with § the partonic centre-of-mass energy, oy, as, «, & the Lorentz indices of the initial
quark and antiquark and final top and antitop, and ci, c2, ¢, ¢ the corresponding colour
indices. The tree level amplitude reads (omitting the on-shell decay of the two W's)

NZ 1
Atree = ¥—£— 0 A, (3.6)
with )
A = (B )y upr)a(Pa) ¢ (B, + Moy (—Fp +m)¢v(p) . (3.7)
t=t

€4 represent the polarization vectors of W*. Note that the numerator of A©) depends on
the projected on-shell momenta which guarantees the gauge-invariance of the result. The
contribution of resonant and non-resonant diagrams will be discussed in section 3.2.

Using eq. (2.1) one can easily determine the scaling of the leading amplitude, which is

AO B 512 (3.8)
tAf

As a consequence of the relative scaling of the top-quark width and the strong coupling
constant, as ~ /I't/my, the expansion of the amplitude is organized in powers of 812,
Thus in the following we define as N*LO all contributions to the amplitude that scale as
6 =1/2  1n particular, NLO corrections, which we will focus on in this paper, scale as
8. Potentially, these include sub-leading tree-level terms, O(as) hard and soft virtual
corrections to the leading doubly-resonant amplitude eq. (3.6), and real QCD corrections.
These three contributions will be discussed in turn in the following sections.

3.2 Sub-leading tree-level contributions

The first class of corrections which could potentially contribute at NLO in § is represented
by terms arising from sub-leading tree-level diagrams, which are shown in figure 6. These
include QCD singly-resonant and non-resonant topologies (diagrams (a) and (b)). Since
the effective-theory counting of eq. (2.1) relates the expansion in a; to the one in the elec-
troweak coupling constant, electroweak diagrams must also be taken into account beyond
LO in §. For all practical purposes it is sufficient to consider the leading doubly-resonant
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Figure 6. Subleading tree-level diagrams in the effective theory: (a) singly-resonant diagrams,
(b) non-resonant diagrams, (c) doubly-resonant diagrams with electroweak matching coefficients
(represented by the grey and white square in the figure). See the text for explanation.

topologies corresponding to diagram (c) in figure 6. Here we use scaling arguments to
determine the size of these terms compared to the leading-order amplitude, eq. (3.7).
Contributions with the structure of diagram (a) correspond to the terms on the second
line of eq. (2.8), where one of the resonant propagators is either cancelled by higher-order
contributions originating from the expansion around the pole, or is not present in the first
place. In the effective theory they are described by five-particle contact interactions, whose
matching coefficients are proportional to g2ge,. Their contribution to the amplitude thus

scales as

% ~ 812, (3.9)

which makes them an NNLO correction. Their interference with the leading Born ampli-
tude gives a NNLO correction to the cross section, while the square of diagram (a) con-
tributes to the cross section initially at N*LO. Non-resonant QCD topologies correspond to
six-particle effective interactions (diagram (b)) with matching coefficients starting at order
g2g2%,. Since they do not contain intermediate resonant propagators, these scale as

Qg ~ 63/2 (3.10)

and contribute to the cross section as N*LO in §, being suppressed by §? compared to the
leading Born amplitude.
The doubly resonant electroweak diagrams (diagram (c)) scale as

Oy 50 (3.11)

A Ag
Note that in this case the suppression is given by the electroweak nature of the match-
ing coefficients (~ ggw) of the four-particle production operator, rather than by missing
resonant propagators. The interference of diagram (c) with the LO amplitude thus gives
an NLO correction. However, due to the colour structure of the electroweak production
operators, this interference is non-vanishing only for a bb initial state. This contribution is
numerically suppressed due to the smallness of the bottom-quark PDF inside the proton
and is in practice negligible (< 0.1% of the leading doubly-resonant QCD-mediated dia-
gram). The squared electroweak matrix element counts as an NNLO correction and in this
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Figure 7. A sample of one-loop diagrams (above) contributing to the O(as) corrections to the
production matching coefficient (below).

case there is generally no suppression arising from the parton luminosities, since operators
with any light-flavour quark in the initial state contribute.

To conclude, if one neglects the (accidentally) tiny NLO contribution from the inter-
ference of diagram (c) with A(®, the first Born-level corrections to eq. (3.7) arise at NNLO
from the interference of singly-resonant QCD diagrams with the leading amplitude and
from the squared matrix element of electroweak doubly-resonant diagrams. Being sup-
pressed by 6 ~ I'y/m; compared to eq. (3.7) they are expected to contribute to the cross
section at the percent level. This is investigated more quantitatively in section 4, in par-
ticular to test whether the EFT counting applies in practice to the case of ¢t production.
As we will see, sub-leading terms account for at most a few percent of the cross section
which is in good agreement with the expectation from the EFT scaling arguments.

3.3 Virtual QCD corrections

As explained in section 2.2, virtual corrections in the EFT approach are classified into
corrections to the hard matching coefficients of the production and decay effective vertices
as well as soft corrections to the EFT matrix elements. The former encode physics at the
large scale, g ~ m;, whilst the latter describe long-scale physics, ¢ ~ m;§. To obtain NLO
accuracy, a; corrections to the hard matching coefficients and one-loop soft corrections are
required. As pointed out in section 2.2, O(«y) hard matching coefficients can be related
to one-loop corrections to the amplitudes for production and decay of on-shell tops. For
the production part we use the results of ref. [36], whereas the results for the decay can
for example be found in ref. [23]. A sample of the diagrams contributing to the production
matching coefficient is shown in figure 7. As for the toy model discussed in section 2.2,
hard loops connecting initial and final-state particles, or final-state particles originating
from different decays, are suppressed by higher powers of §. Consider, for example, the
two diagrams shown in figure 8. If the momentum flowing in the loop is hard, the in-
termediate antitop propagator in the first diagram is far off-shell. Thus the diagram is

~16 -



Figure 8. Two examples of one-loop diagrams which do not contribute to the hard matching
coefficients at NLO in §. See the text for further explanation.

suppressed by asAfz ~ 63/2 compared to the leading amplitude eq. (3.7), which makes it
a N3LO correction. The pentagon diagram, in which both top and antitop propagators
are off shell, is even more suppressed, ~ asA;A; ~ 6°/2, and contributes to the amplitude
starting at N°LO. These contributions do not have to be included in a calculation that
aims for NLO accuracy in §, thus dramatically reducing the computational complexity of
the EFT calculation compared to that in the complex-mass scheme.

Contrary to the hard corrections, non-factorizable soft diagrams that connect initial
and final states do contribute already at NLO in §, since the two intermediate top prop-
agators remain resonant if the loop momentum is soft. The complete set of soft one-loop
diagrams contributing to the amplitude at order 6° consists of:

e 2 self-energy corrections, to the top and antitop resonant propagator,
e § triangle diagrams, shown in figure 9,

e 6 box diagrams, shown in figure 10,

e 1 pentagon diagram, also shown in figure 10 (right bottom corner).

Note that the renormalization of the bare couplings and masses only affects the hard
matching coefficients, but does not contribute to the soft corrections. The contribution of
the soft diagrams listed above can be obtained by expanding full QCD diagrams in the
soft region. Only a consistent expansion in § guarantees the gauge invariance of the final
result. Most of the integrals shown in figures 9 and 10 were already computed for the case of
single-top production [13, 14], with the new soft integrals required given by the triangle in
figure 9d, the boxes 10e and 10f, and the pentagon. As a further example of how the method
of regions works we will now briefly discuss the calculation of the triangle diagram 9d.

All soft integrals can be written in terms of the colour operators eq. (3.3), the colour-
stripped leading-order amplitude eq. (3.7) and scalar functions depending on the invariants
sij = 2p; - p; built from the external momenta. In particular, the contribution to the
amplitude of the triangle in figure 9d can be written as

1),V VNZ =1
’Ag,; == 4Nc OF{Q)}A(O)IH?7 (312)
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Figure 9. Soft triangle diagrams contributing at NLO in the EFT counting. Dashed lines represent
soft gluons.

with the scalar integral I;; defined as

eVE 1 2¢ / diq 1 1 1
(47)e (2m)4 q? Ay — 2Py - q Ap + 27 - q

and d = 4 — 2¢. The simple expression of I;; follows from the eikonal form of the QCD

Iy = 167iag(py - pr) (3.13)

fermion-gluon interaction vertex in the soft limit, u(p)~y* (pt + ¢ +my) ~ 25, u(p), and from
the expansion of the propagators in the integrand of the full QCD triangle integral,

(prtq)* — i =p;£2p-q+q* — i ~ A £2p; - q, (3.14)

where the quadratic term ¢?> ~ 62 must be dropped, being sub-leading compared to the
term Ay £+ 2p; - g ~ 0. Note that in eq. (3.13) the off-shell top and antitop momenta p;
and p; have been replaced by the on-shell projections p; and pz, except in the combinations
p? — p? = Ay and p? — p? = Ay, In addition, finite-width effects have been resummed into
the top propagators, in accordance with the EFT Lagrangian eq. (2.2).

Using Feynman parameters and standard integration techniques eq. (3.13) can be re-

duced to the one-dimensional integral

I; = %ne“mf(l —OT(2¢) /OOO dyl(y — &)y — &) (_At_yAE> @)

mefh

where we have introduced the invariant n = 2p; - p;/m? and

+/n? —4+io
g =1 ”2 + (3.16)
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Figure 10. Soft box and pentagon diagrams contributing at NLO in the EFT counting. Dashed
lines represent soft gluons.

with 704 an infinitesimal and positive imaginary part. Expanding I;; in € one obtains

_as fop [l A (0)
Itt = 47-‘-77{Itt |:€ 2111( mt,u):| +Itt } y (317)

where the integrals I t({ D and T t(? )

g0 (&) —In(=¢-)

are given by

t{ S ’ (3.18)
1 = ot { -y e 4 A6 - (g ey - )
1

FIn(—€ ) (e — &) + 5 (6 — &) — S bl(E — &)

. &t s & 2 Ay 2 Ay
Lo (f+—€—> Lo <5_—s+> n <At+Atf+>““ <At+At5_>

N A
_2]n(—£+) In <At—|—At£+> + 2111(_5*) In <w>

, Al : Al

Note that the only explicit scale dependence in eq. (3.17) is due to the term In (—A/(myp)),
indicating that the natural scale choice for non-factorizable corrections is pigo ~ A¢/my ~
I';. All other terms in eq. (3.17) have no explicit u dependence and do not contain po-
tentially large logarithms. This is a common feature of all soft contributions in figures 9
and 10. The calculation of the missing box and pentagon integrals closely follows the one
outlined above for the triangle and will not be given explicitly here.
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Figure 11. Real-corrections diagrams contributing to the cross section at NLO in §.

3.4 Real QCD corrections

At NLO real QCD diagrams must also be taken into account. As discussed in section 2.3
and illustrated in figure 11, any real emission diagram can be split into a linear combina-
tion of terms containing a single resonant propagator. In turn, these can be interpreted
as corrections to either the production or decay subprocesses and their contribution to the
amplitude is obtained from the expansion of the full QCD matrix elements around on-shell
configurations. These on-shell configurations are defined by p? = p? = p? for diagram (a),
(pi+k)? = p? = i for diagram (b) and p7 = (p;+k)* = 7 for diagram (c), with & being the
momentum of the emitted gluon. Note that here only gluonic corrections to the tree-level
topology are considered, but a full calculation which also includes the gluon-initiated pro-
duction channel would require the calculation of diagrams with a gq(g) initial state at NLO.

Soft and collinear singularities are treated in the standard way, by adding a suitable
subtraction term to the real matrix element and subtracting the corresponding integrated
function from the virtual corrections, such that the cancellation of poles is manifest and real
corrections can be safely computed in four dimensions. In particular, for the calculation
of the results given in section 4, two independent numerical codes were used, one imple-
menting the FKS subtraction method [68, 69] and the other, the Catani-Seymour dipole
method [70, 71]. As explained in section 2.4, the cancellation of virtual poles against real
ones occurs separately for factorizable and non-factorizable corrections. For factorizable
corrections this follows from the cancellation of infrared and collinear singularities for the
on-shell production and decay subprocesses. On the other hand, the (infrared) poles of non-
factorizable virtual corrections (i.e. the sum of all soft virtual contributions) are given by

doy non-fact. = as [16 + 7Iln <812> + 7ln (82;1> + 21ln (81;1> +21ln <52‘3)
6me my my m; m3
534 St Sof S1f Sot
(3B 7 () — 7 () —om (2 —om (22

() on(3) B

with s;; = 2p;-p;. These can be shown to coincide with the pole structure of the production-

decay interference terms in eq. (2.14).
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3.5 Mass-scheme choice

The results shown in the previous sections have been computed in the so-called “pole-mass
scheme”, in which the renormalized mass parameter is chosen to coincide with the real part
of the complex pole of the top-quark propagator. This particular mass scheme is affected by
ambiguities related to QCD renormalons [24-26], making a determination of the top-quark
mass at an accuracy better than Agcp conceptually impossible. Avoiding these problems
requires the use of a mass scheme which is not affected by long-distance ambiguities. An ex-
ample of such a mass is the MS-renormalized mass, m%VTS On the other hand the MS mass
presents the unpleasant feature of not preserving the effective-theory counting (or, in other
words, it differs from the pole mass by terms of order «y), thus spoiling the EFT counting
scheme. More suitable choices are represented by the so-called “threshold masses” [24, 27—
29], introduced in the context of heavy-quark threshold physics, and “jet masses” [30, 31]
studied for boosted top-jet events in eTe™-collisions. These masses have the attractive fea-
ture of not being sensitive to low-momentum physics and of differing only by amounts of or-
der ~ mya? ~ m;6 from the pole mass, thus preserving the effective-theory counting. In the
following we will consider the “potential-subtracted” (PS) mass definition [27] as an alter-
native suitable mass scheme, illustrating how this fits into the effective-theory calculation.

The relation between the pole mass and the PS mass can be found in ref. [27], and up
to second order in a; (enough for applications in this work) reads

o g\ 2
My = My ps + pps | =01 + <*5) 5551, (3.21)
27 2

with

65 =20k

085 = Cp [al — b <ln <’i§;> — 2)] (3.22)

and a; = 31/3—10ns/9, by = 11 —2ny/3. The cutoff upg has to be chosen of order ~ mya,
to preserve the EFT counting. Substituting the pole mass in favour of the PS mass in the
(renormalized) resummed top propagator one obtains

1

; S (3.23)
P — m%,PS + imy psly — %2075

2
[iPSTI PS — 5705 D Upsmeps + - .-
with the ellipses denoting terms that scale as 62 or higher. Note that, counting upg ~ /9,
the term —asdfsﬂpsmt7ps/ﬂ scales as the leading term pf — mf’PS +1my psl’y ~ 0, and has
to be kept in the denominator of the propagator. The term proportional to a? is suppressed
by an additional v/d and can be re-expanded to fixed-order in the expansion parameters,

a?
1 1+ 55 085 ipsmy ps
p; —mj pgtimy psTy— % 58S ipgmy ps P; —mi pgtimy psTy— % 58S ipgmy ps
(3.24)
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Note that the replacement m; — my ps + g—;éfs ups + ... in the numerator of the matrix
elements does not generate extra terms at NLO since asups ~ d. Thus to convert the pole-
scheme result for the renormalized cross section to the PS scheme it is sufficient to replace
m? —imyly — mgps —imypsly + %(5{)8,[1,13877%’138 in the denominator of the top (antitop)
propagator (in both the LO and NLO cross section), m; — my pg in the numerator and to
add the higher-order propagator contribution

(1) A© 20;?2 855 ppsmy ps

le—PS — 2 2 ; s SP
pote Py — My ps + th,PSFt - %51 S,upsmt,Ps

0A (3.25)
to the NLO amplitude and a similar one for the internal antitop propagator.

The result for the conversion from pole scheme to PS scheme can be equivalently
obtained considering how the top-quark propagator is renormalized and resummed in the
two schemes. We introduce the short-cut D; = p? — m? and Dyps = pi — mips to
indicate the renormalized inverse propagator in the pole and PS scheme (without self-
energy resummation). In the pole scheme, the contribution of the hard part of the one-loop
QCD self-energy to the internal top-quark line can be written as [13]

5QCD(mt) D—t? ?tt — tT , (3.26)
with c )
aS 3 :Csc 3 m

while the correction to the top-quark line from the mass-renormalization counterterm dm;

reads )
K} 2im +m ;
my [ i (7%2 t) ““t] , (3.28)
my Dt Dt
In the pole scheme one has dm;/m; = —dqcp(m¢), which leads to the renormalized one-loop
propagator
P 0 baen(m). (3.29)
t
Including in addition the hard part of the electroweak self energy one obtains
Z( + mt)
P (01— daen(me)). (3.30)
t

In the PS scheme the self-energy correction to the propagator has the same functional
form as in the pole scheme, but it depends on the PS mass m; ps

2imi pg (P, + meps)  imyps i(p, +myps)
dqep (me,ps LA ’ e 7 3.31
“ ( b ) DtQ,PS Dt,PS Dt,PS ( )
Analogously, the mass renormalization gives the contribution
2 .
dmy ps Qth,Ps(Z/’t + meps) 1My PS (3.32)
M, PS Dipg Dy ps
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The mass counterterm in the PS scheme can be obtained using the relation between the
pole and PS mass, eq. (3.21), and the results given in egs. (3.20) and (3.24) of ref. [13]

My ps pups | s pg as\? pg
—— = —=J —9 (—) 0. R
Mg PS qcp(meps) + myps | 2T 1t o) 2 *

Thus the one-loop renormalized propagator in the PS scheme reads

(1 = dqen(meps))

Dy ps
. 2 .
HPS | Os cpS Qs \ 2 PS Zlmt,PS(pt—i_mt,PS) 1Mt PS
+EES N Segts g (22) s } + . 3.33
my ps [27r 1 or/) 2 DtQ,PS D, ps (3.33)
Remembering that upg ~ asm; and keeping only the parametrically relevant terms one
obtains
2
i(p, + my ps 2 6PS pgmy ps + =565 S upgm
(P, t,PS) 1 — doon (myps) + 2 PPSTPs + 57303 "HPSTILPS | (3.34)
Dy ps Dy ps

The terms proportional to dqcp and 6y S scale as ~ oy ~ v/ compared to the leading propa-
gator, and can be included perturbatively in the calculation of the cross section. In contrast,
the term proportional to 5}38 is a correction of order one, since agpupsmyps/Dypg ~ 1. It
thus has to be resummed into the leading-order propagator. Including the contribution of
the one-loop electroweak self energy, the resummed renormalized propagator reads

2
i(p, + mups) s 58S ipsme ps
: 1 —dqep(meps) + —2= ’ : (3.35)
Ay ps — 2675 upgmy ps @ Ay ps — 265 ipgmy ps

with Ay ps = p% — m%,PS + imy psI's. This confirms that the conversion from pole to PS
scheme amounts to the replacement A; — A; pg — %(ﬁsupsmt,ps in the denominator of
the resummed top-quark propagator and the addition of the term

(1) 0%, 65S pipsmy,ps
sA" = A0 ___2r% 2 ’ 3.36
pole=PS A¢ps — 2675 upgmy ps (3.36)

to the NLO amplitude for each intermediate top or antitop quark line present at LO.

3.6 Validity of EFT results

We conclude this section with a remark on the validity of the EFT results for ¢¢ production.
As outlined in section 2, in our effective-theory framework the unstable particle is correctly
treated by HQET (plus finite-width effects). Strictly speaking, for production of a pair of
unstable particles this is true as long as the two velocities v, v are relativistic, which is
the case if v/ > 2m;, namely when the partonic centre-of-mass energy v/3 is much larger
than the pair-production threshold. When v/§ — 2m; ~ I'; the two particles become non-
relativistic, v ~ v ~ (1, 6), and the correct effective theory to describe the pair-production
process is non-relativistic QCD (NRQCD). In the expansion by regions this is seen as an
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additional potential region which develops when the heavy particles become non-relativistic,
and describes Coulomb interactions of the two slow-moving particles. This breakdown of
the expansion in § was already noticed in the context of the pole approximation for W-
pair production, with the double-pole approzimation quickly loosing accuracy when v/
approaches 2My, [72]. While this is relevant for an e~e™’ collider, where the centre-of-
mass energy can be tuned to probe the threshold region, at hadron colliders the physical
hadronic cross section is obtained by convoluting the partonic cross section and parton
luminosities over the full range v/3 = [0, v/s]. For a multi-TeV hadronic c.o.m. energy /s,
and particle masses in the range of 100-200 GeV, the contribution of the threshold region is
expected to be small, so that the error introduced by using the wrong EFT description near
threshold is negligible. We have checked this explicitly for the total NLO cross section in
the stable-top approximation and found that the threshold region, defined by v < 0.1-0.2,
contributes 1-5% of the total hadronic cross section. The Coulomb terms, which are the
ones incorrectly reproduced by HQET in the threshold limit, are in fact less than 1%.

Below threshold, doubly-resonant configurations do not dominate the cross section
because the phase space for production of two resonant tops is strongly suppressed for
V/§ < 2my. In this region NRQCD should be replaced by a new effective theory describ-
ing singly-resonant production of a tt* (¢*t) pair, which would require the calculation of
non-trivial QCD corrections to the processes g7 — tW ~b(fW*b). For this reason, below
threshold we switch to a Born-level prediction of the top-pair production cross section, and
set virtual and real corrections to zero. Once again, one expects the error in introducing
this approximation to be below the accuracy of a few percent which we pursue here. Ac-
tually, in the results presented next, we impose a physical cut on the final state so that we
never run into the complications near threshold.

4 Results

In this section we present explicit results for a sample of representative kinematical distri-
butions relevant for top quark pair production studies. Our main purpose here is to discuss
the importance of off-shell and factorizable corrections by making a direct comparison to
the NWA approach. The distributions presented in sections 4.1-4.3 are computed in the
pole-mass renormalization scheme whilst a comparison to results obtained in the PS scheme
is given in section 4.4.

The input values for the SM parameters are given in table 1. For the convolution of
the partonic cross section with the PDFs we use the MSTW2008 NLO set [73] for both LO
and NLO cross sections, taking the corresponding value for o for consistency. In addition,
for all contributions involving the top decay width we use the NLO width, F};ILO. Using
NLO PDFs and T'NFO throughout is a choice that has been made to ease identification of
off-shell effects, ensuring that corrections arising from changes in PDFs or decay widths
do not cloud the effects introduced by the off-shellness of the tops. Our default choice of
factorization and renormalization scales is ugp = ur = m:. Where present, bands around
LO and NLO off-shell results are obtained by simultaneously varying the renormalization
and factorization scales in the interval [m;/2,2my].
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Collider: Tevatron, /s = 1.96 TeV

pr(Jy) >15GeV  pp(It) > 15 GeV Er > 20 GeV
pr(Jp) > 15GeV  pr(l7) > 15 GeV Diet = 0.7

M; =172.9 GeV  T'NO =1.3662 GeV Mz = 91.2 GeV

My = 80.4 GeV 'y =2.14 GeV Qew = 0.03394

Table 1. Example process definition at the Tevatron collider and parameter setup.

Throughout the following discussion we assume that the final state contains a b and
a b jet and furthermore that the W-bosons are perfectly reconstructed. Despite the latter
not being feasible in the di-lepton channel it allows one to identify features arising from
the off-shellness of the top quarks that will also be relevant in an experimentally rigorous
analysis. It is emphasised however, that wherever we discuss an observable related to the
(anti)top, it is understood this is the reconstructed (anti)top quark, defined in terms of the
W+ (5-boson and (b)b-jet, Jy .-

In order that the EFT approach and counting remains valid the following conditions
on the reconstructed top-quark momenta, p(t) = p(J,) +p(W) and p(t) = p(J5) +p(W ™),
are also imposed:

140 GeV < M (t) = 1/ (p(t))? < 200 GeV,
140 GeV < My (8) = 1/ (p(1))? < 200 GeV,

Miny (#1) = 1/ (p(1) + p(£))* > 350 GeV. (4.1)

The experimental setup we consider, typical for a study of top-pair production, is detailed
in table 1 and defines the process

pp — S 3 Brlt T + X, (4.2)

We note that the jets have been clustered using the standard k;-algorithm with jet resolu-
tion parameter Dje; = 0.7.

The implementation of the factorizable corrections to production and decay subpro-
cesses has been checked in the limit of on-shell top quarks against the di-lepton channel
implementation in MCFM [65]. Very good agreement was found both for inclusive cross
sections and for all distributions we have checked. The analytical expressions for the virtual
non-factorizable corrections have been put through extensive numerical checks and corre-
sponding real corrections display the correct independence on the soft FKS parameter &qyt.

4.1 Invariant and transverse masses

We start by presenting results for the invariant and transverse masses of the reconstructed
tops, displayed in figures 12 and 13 respectively. These observables are expected to be
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sensitive to the off-shellness of the top quarks. The off-shell LO (o"©: °®5  oreen band)
and NLO (O'NLO’ offsred band) results are displayed in the upper plots, as is the NLO
prediction in the NWA (gNFOon-s: blye, solid). Note that even though the top quarks are
strictly on-shell in the NWA, beyond LO the invariant mass of the reconstructed top (i.e.
the W™ J, system) is not necessarily equal to m;. In order to straightforwardly assess the

oNFinterference between ra-

O.sub-lead.

importance of off-shell effects, non-factorizable corrections (
diation from production and decay) and sub-leading contributions ( , non-resonant

tree-level contributions), we study the quantities

O.NLO, off-s. __ O,NLO, on-s.

o NLO, on-s. (red, solid), (4.3)
NF
O .
SNLO, on-s. (blue, solid), (4.4)
O_sub-lead.
SNLOon-s. (green, dashed), (4.5)

in the lower panel of each figure. The non-factorizable corrections have been evaluated at
the scale pgory =~ m¢ 9, as motivated at the end of section 3.3. For the case at hand this
amounts to multiplying o™ (1 = my) by the factor as(psof ) /cts(my) =~ 2.24, when ¢ = 0.02.
It would also be desirable to include a resummation of logarithms of pseft/m: by running
the hard matching coefficients down to the soft scale using RGEs, however this will not be
discussed here.

Firstly we focus on the invariant mass distribution of the reconstructed antitop quark,
shown in figure 12.° An important feature present in the upper plot is that the shapes
of the NLO off-shell and on-shell distributions are significantly different, particularly near
and beyond the peak position. This is made clear in the lower inset where one observes
that off-shell effects are indeed sizeable, exceeding 60% around the peak. However, one
also notices that they change sign in this region, resulting in the net off-shell effects being
small due to an averaging out that occurs for inclusive enough observables like the total
cross section. The lower inset in figure 12 also shows the effect of strict non-factorizable
effects and sub-leading contributions, both normalized to the NLO on-shell results. Non-
factorizable corrections, given by the sum of virtual and real soft contributions, are very
small, ~ 1% over the whole invariant-mass range considered, except around the pole, where
they grow to roughly 6-7%. The contribution of sub-leading diagrams is also very small
close to the peak, where 6 <« 1 and the effective-theory counting is satisfied, but becomes
sizeable in the tail region for M., (t) > m;, as one would expect.

We now consider figure 13 which displays the transverse mass distribution of the re-
constructed top quark, defined via

Mr(t) = ((1Fr(Jo)] + B + [Er@)))® = Gr(J) + e + prum)?) 2

(4.6)
where pr(k) is the transverse momentum of the final state k.

Once more, it is clear that there are substantial differences between the shape of the
distribution in the on-shell and off-shell approaches. In particular, the relatively sharp

5The LO on-shell result is a delta function centred at m; and it is omitted in the plot.
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Figure 12. Invariant mass distribution for the reconstructed antitop quark. Upper plot: results for
the off-shell LO result (green), off-shell NLO result (red) and on-shell NLO prediction (blue). Lower
inset: relative contributions of total off-shell effects, non-factorizable corrections and singly-resonant
diagrams. See the text for explanation.

edge in the on-shell calculation becomes much less steep once the on-shell assumption is
relaxed. The size of off-shell effects are quantified in the lower inset where one observes that
these constitute a negative 2-3% correction to the NWA result, except near and beyond
the edge (at Mp ~ my) where much larger effects are present. In this region, the averaging
effect mentioned earlier is less effective leading to enhanced corrections. The pure non-
factorizable corrections are negligible for almost the entire range, but do grow to 5-6%
near the edge. Finally it is clear from the figure that the sub-leading terms are also small
(~ 2%) for values of M7 below m; and become more important for values beyond the edge.

The common characteristics shared by the contributions (4.3)—(4.5) for this observable
can be understood by the fact that the distribution in the on-shell approach has a fixed
edge at my at LO, whilst at NLO it can only receive contributions beyond m; from events
involving additional radiation that is clustered into Jj,. In the off-shell computation (at both
LO and NLO) this region receives additional contributions from events where Mipy (t) > m;
and thus differs from the on-shell result distinctly. It should be noted that in this region
soft-gluon resummation or parton shower effects are also expected to play an important role.
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Figure 13. Transverse mass distribution for the reconstructed top quark. Upper plot: results for
the off-shell LO result (green), off-shell NLO result (red) and on-shell NLO prediction (blue). Lower
inset: relative contributions of total off-shell effects, non-factorizable corrections and singly-resonant
diagrams. See the text for explanation.

4.2 Individual NLO contributions

We now examine the relative importance of the different contributions to the cross section
for the distribution Hr(Jy, J;) = pr(Jp) + pr(J;). The findings, illustrated in figure 14,
are typical of observables that are inclusive in the invariant masses of the top quarks.

It is clear from the figure that the corrections to the top and antitop decay subprocesses
are important for the correct normalization of the distribution, each separately correcting
the LO results by about —10%. The negative sign of the latter means that there is a
partial cancellation of NLO corrections between the production and decay subprocesses. It
is evident from the almost flat shape of the decay corrections in the lower inset of figure 14
that these do not noticeably alter the shape of the distribution. Rather, any significant
correction to the LO shape comes about through the factorizable corrections to the pro-
duction subprocess. The non-factorizable corrections have not been included in the plot
as they are tiny, as expected by the almost complete cancellation between real and virtual
corrections for inclusive observables. In fact, the off-shell effects (also not displayed) are,
as a whole, also small over the full range of Hy considered, in agreement with the a priori
expectation that these effects are of order ~ I'y/m;. The sub-leading contributions consti-
tute a 1-2% correction to the LO result (except at very low Hr), indicating that the EFT

power-counting is working well.
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Figure 14. Hr(J,, J;) distribution. Upper plot: off-shell LO (green, solid) and NLO (red, solid)
results. The factorizable corrections to the production (blue, solid), top decay (pink, solid) and
antitop decay (dark green, dashed) subprocesses are also displayed along with the tree-level sub-
leading contributions (purple, dashed). The ratios of the latter four contributions with respect to the
LO results are shown in the lower inset (same colours and line-styles). See the text for explanation.

4.3 Forward-backward asymmetry

Figure 15 displays the differential distribution relevant for the study of the forward-
backward asymmetry of the top quark,

do _ do
dy(t)  dy(t)

The important feature to pick out is that off-shell effects amount to a small negative

. (4.7)

top asymmetry:

correction to the on-shell asymmetry of less than 4% in magnitude. This is fully expected
for an observable that is inclusive over the invariant mass of the top. The sub-leading
terms display a small asymmetry, giving a ~ 7% correction to the on-shell asymmetry.

4.4 Pole mass versus PS mass

In this subsection we examine the effects of using the PS-mass scheme as an alternative
to the pole scheme. As discussed previously, the PS mass has the advantage of being free
of non-perturbative ambiguities whilst still being a suitable mass for the effective-theory
setup as long as the choice upg ~ asm; is made.

We illustrate the above statements in figures 16 and 17 where the reconstructed top-
quark invariant mass and pseudo-rapidity are shown respectively. Distributions in the pole
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Figure 15. Differential forward-backward asymmetry for the reconstructed top quarks, see
eq. (4.7). Upper plot: off-shell (red, solid), on-shell (blue, solid) and sub-leading (purple, dashed)
asymmetries. Lower inset: ratio of the off-shell correction (red, solid) and sub-leading asymmetries
(blue, dashed) with respect to the on-shell asymmetry. See text for further explanation.

scheme and PS-scheme with pps € {10,20,30,50} GeV at LO (Lh.s. panels) and NLO
(r.h.s. panels) are plotted. In detail, we fix the numerical value of m; ps(ups) to the pole
mass m; = 172.9 GeV at next-to-leading order, i.e. including the term ~ 675 in eq. (3.21)
and obtain my pg(10) = 172.44 GeV, my pg(20) = 171.97 GeV, m; pg(30) = 171.53 GeV
and m pg(50) = 170.6 GeV respectively. The width of the top is also adapted in accordance
with m; at next-to-leading order in as.

According to our discussion in sections 2.5 and 3.5, we would expect the suitability of
ups = 50 GeV to be highly questionable, whereas pupgs = 10 GeV should be perfectly ac-
ceptable. To confirm this, firstly, we point out that at LO the distributions in all schemes
agree very well with each other (within ~ 5% for all bins), even for ‘bad’ scheme choices.
This is clear since terms affecting the perturbative stability of a particular mass scheme
only enter at orders beyond LO. In the RH panel of figure 16, where the NLO invariant
mass distributions are plotted, it is evident that the choice upg 2 30GeV leads to seri-
ous deviations in shape from the pole-scheme curve and to large NLO corrections. This
shift is due to the term given in eq. (3.25) and, to a lesser extent, due to non-factorizable
corrections. The size of the NLO corrections implies that a NLO description of the line-
shape for pupg 2 30GeV is not trustworthy. In the same plot however, we observe that
sensible scheme choices (upg = 10, 20 GeV) give lineshapes that have a stable perturbative
expansion. Thus it is perfectly legitimate to use such schemes rather than the pole-mass
scheme for the extraction of the top mass from a measurement of the invariant mass of its
decay products. Moreover, at NLO it is only observables that are more exclusive in the
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Figure 16. Invariant-mass distribution for reconstructed top quark at LO (left panel) and NLO
(right panel) for pole and various PS-schemes. See the text for explanation.
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Figure 17. Pseudo-rapidity distribution for reconstructed top quark at LO (left panel) and NLO
(right panel) for pole and various PS-schemes. See the text for explanation.

invariant mass that will display significant differences in shape for different schemes. The
latter feature is illustrated well for the top pseudo-rapidity in the RH panel of figure 17,

where all schemes display the same shape and the NLO corrections are under control.
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Figure 18. Invariant-mass distribution for reconstructed top quark at NLO for pole and various
PS-schemes. See the text for explanation.

In order to investigate the impact of mass-scheme ambiguities on the determination
of the top mass, we now consider in a toy analysis the invariant mass distribution for
pps € {0,10,20} GeV, where upg = 0 of course corresponds to the pole scheme. We want
to compare the extraction of the top mass in these schemes at LO and NLO. We stress
that we only consider effects from scheme changes and ignore all other effects, such as
colour-reconnection effects and many more.

Starting at LO, we extract the mass in all schemes by adjusting its value to obtain
optimal agreement with the measured distribution. Let us assume in the pole scheme the
measured distribution is matched perfectly for m; = 172.9 GeV. After the extraction of this
value for the pole mass we can now convert the latter to the MS scheme to obtain m = 162.2,
where the conversion is done at three loop [74] with a crude Pade estimate” for higher-order
corrections. However, as we have argued above, we are also entitled to use the PS scheme
with pupg = 10 GeV or pupg = 20 GeV for such an analysis. Given the results shown in the
left panel of figure 16, the extracted values for the masses in these schemes are extremely
close to the NLO converted masses given previously in this subsection and listed in the
first column of table 2. If we now convert these values to the MS scheme with precisely the
same procedure used for the pole scheme, we obtain the values for m listed in the second

"We emphasise that the precise method employed to estimate effects of higher order corrections does
not play a major role here. For all numbers quoted in this subsection, including table 2, the estimate of
the error in the conversion is < 100 MeV.
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LO NLO

KPS | Mexp m my Mexp m my
0 | 1729 162.2 172.9 | 172.9 162.2 172.9
10 | 1724 162.7 173.5 | 172.2 1624 173.3
20 | 172.0 163.0 173.8 | 171.5 162.5 1734

Table 2. Extraction of the top mass in various schemes at LO (left panel) and NLO (right panel).
All numbers are in units of GeV.

column of table 2. These values differ by 600 — 800 MeV from m = 162.2. Alternatively, if
we convert the extracted values of m; pg(10) = 172.44 GeV and my pg(20) = 171.97 GeV
back to the pole scheme, we obtain the values m; = 173.5GeV and m; = 173.8 GeV
respectively, as listed in the third column of table 2. This conversion is done at O(a?),
again supplemented by a crude Pade approximation to estimate higher-order effects. We
stress that all values given in the left panel of table 2 are of course consistent at O(ay)
and differ only by terms that are formally of higher order. The crucial point is that the
numerical effect of these higher-order terms lead to an ambiguity of 500 — 900 MeV in the
LO extraction of the top mass from the invariant mass distribution.

We can now repeat this exercise at NLO where we begin by stressing that NLO in this
context implies the inclusion of NLO corrections to the propagation of the top quark, in
addition to the factorizable and non-factorizable corrections. Simply taking into account
NLO corrections to the production subprocess alone does not improve the LO toy analysis
presented above. We again assume that the experimental measurement of the invariant
mass is perfectly matched in the pole scheme by setting m; = 172.9 GeV. To extract the
PS-mass from this measurement we would have to perform a best-fit analysis in the PS-
scheme and extract the best value for the top mass. We have found that this best value is
very close (but not exactly identical) to the value obtained from two-loop conversion of the
pole mass to the PS mass, listed in the first column in the right panel of table 2. In figure 18
we show the corresponding distributions to confirm that they are indeed very close.

As in the LO case we then convert the extracted values for the mass to the MS scheme
(second column) and back to the pole scheme (third column). Not surprisingly, the ambi-
guities in the extraction of the mass has decreased compared to the LO case and is now
about 200 — 300 MeV for the determination of m and 400 — 500 MeV for the determination
of the pole mass.

Let us conclude this subsection with a few comments regarding this toy analysis. First
and foremost, this is of course only a basic investigation. Apart from taking into account
all partonic channels, a fully rigorous analysis would have to include numerous effects be-
yond fixed order in perturbation theory. However, the main result that there is an existing
additional ambiguity due to the scheme dependence, is unlikely to change drastically. In
particular, it is not justified to blindly identify the extracted mass of the top quark as the
pole mass. The size of this additional error will depend most of all on whether the analysis
is done at LO or NLO. It also depends on what values of upg are considered acceptable -
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increasing the range in upg increases the spread in the extracted mass. We find that the
ambiguity in the (indirect) determination of 7 is smaller than that present in the deter-
mination of the pole mass. This could be due to the better convergence of the associated
perturbative series relating the different masses, which in turn is related to the renormalon
ambiguities inherent to the pole mass.

5 Conclusions

We have presented an approach that allows the computation of cross sections involving
heavy unstable particles, formalising the physical picture of production and subsequent
decay. Our approach makes use of techniques common to effective-theory calculations,
organizing the amplitude into contributions from matching coefficients and from dynamic
soft degrees of freedom in the effective theory. This split allows one to disentangle and
separately study effects from widely different scales. Compared to computations using
the complex-mass scheme, our approach leads to calculations that are considerably sim-
pler technically. However, our results do have the disadvantage of being valid only in the
resonant region. To relax this constraint within the effective theory approach, we would
have to match our results to a strict fixed-order calculation (without any self-energy re-
summation) outside the resonance region. Similarly, if we wanted to extend the results to
the threshold region, we would have to match our effective theory to another NRQCD-like
effective theory that describes a top pair near resonance.

The approach applied in this paper to top pair production from initial state quarks is
a generalization and development of an approach applied earlier to single-top production.
In particular, the real corrections are expanded at the integrand level so that no further
expansions after phase space integration are required.

Generically, off-shell effects are found to be small and only have an impact near kine-
matic edges where distributions are not inclusive in the invariant mass and, therefore, the
corresponding cancellations are not complete. As a toy application we have investigated
the impact of mass-scheme ambiguities for the extraction of the top mass from the invari-
ant mass distribution. In a simple analysis we found scheme ambiguities of 500 — 900 MeV
and 400 — 500 MeV for the determination of the pole mass using LO and NLO calculations
respectively. Future applications of the EFT method include the possibility of studying
resummation of logarithms of ratios of widely separated scales for fully differential cross sec-
tions. The fact that effective theories disentangle effects from different scales is a promising
starting point for such an investigation.
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